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Mathematical Basis of Analytic Aerotriangulation 

G. C . TEWINKEL, Photogrammetric Engineer 

U.S. Coast and Geodetic Survey 

ANALYTIC aerottiangulation is a method for ac
curately determining the ground positions of objects 
throughout a s trip or block of overlapping aerial 
photographs , using a relatively few known ground 
positions, by mean s of digital calculations based on 
coordinate measurements of pertinent image posi
tions on each photograph . This method differs from 
the us ual instrumental method that i s based on 
measurements of a s tereo scopic model which is per
fected or solved by means of an analogue device 
(stereoscopic plotter). The analytic method offers 
cenain wonhwhile advantages accruing from auto
mation, digital accuracy, systematic adjustment, 
and freedom from the discrepancies contributed by 
the plotting ins trument. 

The method discussed here is none other than 
that of Dr. Hellmut H. Schmid1 2 of the Ballistic 
Research Laboratories. It i s presented in a simpler 
manner for practical operation in the Coast and Geo
detic Survey . 

The general s ubject has received cons iderable 
attention in recent years but computational difficul
ties prevented any practical application until the 
advent of the elec tronic computer. 

Von Gruber3 presented a remarkable treatment 
of the subject in 1932 concluding that it had "no 
practica l s ignificance for the c urrent work of map 
making." It is noteworthy tha t the Schmid approach 
is essentially identical to that of von Gruber. 

Church4 utili zed an analytical approach which 
simulated ground s urvey practices for teaching pur-

Mc. Tewinkel is Oiief, Research Branch, Photogram
meuy Division. 

1 An analytical ueatment of the orientation of a photo
grammeuic camera by Hellmut H. Schmid, Ballistic Re
search Laboratories , Aberdeen P roving Ground, Md., Re
port No. 880, 1953. 

2 An analytical u eatment of the problem of uiang ula
tion by stereophotogrammetry by Hellmut H. Schmid, 
Ballistic Research laboratories, Aberdeen Proving Ground, 
Md ., Report No. 961, 1955. 

3 Photogrammetry, collected lectures and essays by 
0. von Gr uber, Chapman and Hall, pp. 13, 38, 1932. 

4 Revised geometry o f the aerial photograph by Earl 
Oiurch, Syracuse Universit y, Syracuse, N . Y., Bulletin 
15, 1945, and others . 
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poses at Syracuse Universi ty, reporting his work in 
a series of bulletins between 1930 and 1950. 

Herget5 of Ohio State University announced 
another solution for the problem in 1954 which has 
since been developed in detail at Cornell Univers icy6 

(1956-58) under contract with the Engineer Research 
and Development Laboratories. The approach s imu
lates the solution used in plotting ins truments . This 
method i s currently being programmed by the U. S. 
Geological Survey and i s reported by Dodge . 7 

In Eng land a different form of analytical method 
has been in practical use s ince about 1945 and is 
reported by Arthur8 in 1955 . 

In summary, the general solut ion is currently 
being programmed for computation in one form or 
another at Balli s tic Research Laboratories , Air 
Force Missile Test Cente r, Engineer Research and 
Development Laboratories, Army Map Service, Ohio 
State University, Corne ll University, Aeronautical 
Chart and Information Ce nter, U.S . Geological 
Survey, as well as the Coast and Geodetic Survey. 

THE GEOMETRIC BASIS 

An object A on the ground (fig . 1), an aerial 
camera statio~ 0 (perspective center) and a photo
graphic image a of the object are considered to lie 
on a line. Rectangular coordinates of the three 
points are considered to be expressed in related 
systems : A ( X, Y, Z);O(X

0
, Y

0
, Z

0
);a(x•, y•, z • ). 

The derivation is entirely independent from the fact 
that the coordinate system may be geodetic or 
geocentric. 

5 Reduction of aerial photographs on electronic com
puters by Paul Herget, Photogrammetric Engineering, 
Vol. XX, No. 5, p . 842, 1954. 

6 A solution of the general analytical aerouiangula
tion problem by Corne ll University, Engineer Research 
and Development Laboratories, Final Technical Report, 
June 1956 to May 1958. 

7 Sequential presentation of anal ytic aerotriangula
tion by the direct geodetic res u aint method by Hugh F. 
Dodge, U. S. Geological Survey, October 1957 (typescript). 

8 A s tereocomparator technique for aerial triangula
tion by D. W. G . Arthur, Ordnance Survey, London, P ro
fessi onal Papers, New Series No. 20, 1955. 
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FIGURE 1. 

In this x•y•z •- coordinate system the image 
plane i s considered to be parallel to the XY-plane: 
the photograph is not tilted. In the presence of tilt, 
x•, y•, z• are evaluated by means of a transforma
tion (analytic rectification). An aerial photogr aph 
is a lways considered to be tilted . The observed 
rectangular coordinates of the image a on a tilted 
photograph are called x, y, z. The x, y, z and the 
x• , y•, z • systems of coordinates have the point 0 
as their common origin, and they differ only in angu
lar orientation. (z i s the focal length of the aerial 
camera .) By the usual analytic geometry formulas 
for rotation of the axes in three dimensions, one set 
of coordinates can be expressed in terms of the 
other se~:· 

( 1), (30) 
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A method for the evaluation of the cosines 
A 1 ••. C3 is given below in Algebraic Derivation of 
the Rotation Formulas. 

The following ratio is evident from the similar 
triangles in the figure: 

Letting (X) = (X-X
0

), etc., and solving for x• 

x • =(X) z• / (Z) . 

Simila rly, by visualizing the Y Z-plane , 

y• = (Y) z•/ (Z) . 

By algebraic identity 

z • = (Z) z• / (Z) . 

If (3), (4), and (5) are substituted into (1), 

or, recognizing the common factor z* / (Z), 

x = [(X)A 1 + (Y)A 2 + (Z)A 3] z• / (Z) 

y = [(X)B 1 + (Y)B 2 + (Z)B
3
] z • / (Z) 

z = [(X)C 1 + (Y)C2 + (Z)C
3

] z•/ (Z) 

(2) 

(3) 

(4) 

(5) 

(6) 

The expressions for x and y are each divided by that 
for z: 

x (X)A 1 + (Y)A 2 + (Z)A 3 

z (X)C 1 + (Y)C2 + (Z)C3 
(7) 

y (X)B 1 + ( Y)B 2 + (Z)B3 

z (X)C 1 + (Y)C2 + (Z)C
3 

Expressions (7) constitute the equations for a 
line in space on which lie the three points-the 
ground object, the camera lens point, and the photo
graphic image. The equations appear in many texts 
on photogrammetry9 and are also familiar to students 
of projective geometry. The equations are said to 

9 See footnote 3 above . 



represent a projective transformation. They are 
also regarded as the conditions for a three•point 
collineation. They are the fundamental condition 

equations o f the Schmid approach to analytic aero· 
triangulation . 

Fractions are cleared £or convenience: 

x [(X)C 1 + (Y)C2 + (Z)C
3

] - z [(X)A 1 + (Y)A 2 + (Z)A
3

] = 0 

y [(X)C 1 + (Y)C2 + (Z)C
3

] - z [(X)B
1 

+ ( Y)B 2 + (Z)B
3
] = 0 

(8) 

All nine cosines A 1 ... C 3 can be expressed in 
t e rms of three angles as shown by Equations (~3) 

below. Angles a, b, c have been adopted; they are 
.associa ted respectively wi th the x, y, z axe s . A 

sequenti al, r ather than simultaneous application of 
these angles has been selected because of certain 
s i mplifications introduced thereby . If Equations (33) 
are s ubs tituted into (8), 

x [(X-X ) s in b + (Y-Y ) (- sin a cos b) + (Z· Z ) cos a cos b] - z[(X-X ) cos b cos c 
0 0 0 0 

+ (Y- Y 
0

) (cos a sin c +sin a s in b cos c) 

+ (Z-2
0

) (s in a s in c - cos a s in b cos c)] = 0 
(9) 

y [(X-X ) s in b + (Y- Y ) (- s in a cos b) + (Z-Z ) cos a cos b] - z [(X-X ) (-cos b s in c) 
0 0 0 0 

+ (Y- Y 
0

) (cos a cos c - s in a sin b s in c) 

+ (Z-2
0

) (sin a cos c +cos a s in b s in c) ] = 0 

An inverse form of the equations i s also needed 
during the process to express ground coordinates in 
terms of photographic image coordinates on two over· 
lapping photographs. ' lf Equation (2) is solved for X, 

X = X
0

' + (Z-Z
0

')x• '/ z •' 

where a s ingle prime mark (') re fers to the fi rst of the 
two photographs and a double prime (") re fers to the 
s econd . By equa t ing the two expressions and solv
ing for Z, 

(X
0

" - X
0

')z •'z •"+ Z
0

'x •'z•" - Z
0
"x•"z •' 

Z=-------------------
(10) 

This equation permits one to compute Z for any 
image in terms of the six orienta tion and position 
parameters of each of two overlapping photographs 
in the event X, Y, or Z are not known from control 
data. The denomina tor will neve r approach zero. 

Once Z is determined, e ither from (10) or from 
control da ta, X and Y are explicitly de fined: 

X = X + (Z· Z )x • / z • 
0 0 

( 11) 
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However, if X and Y only are given for a control 
point, then Z can be computed from one photograph 
using the same relations in a different form: 

(12) 

The terms x • , y•, z • are defined in Equations (31). 

DERIVATION OF THE ITERATIVE EQUATIONS 

Inasmuch as the geometric condi tion equations 
(8) or (9) are too involved to be solved in a direct 
manner for each of the s ix parameters for each 
photograph, special equations are more s uitable for 
a n iterative type of so lution . These special ite ra· 
tion or observation equations need to be a ugmented 
to include a least square adjustme nt of the observed 
image coordina tes, which are s ubject to random 
types of discrepanc ies from several sources, and 
where the number of images observed is considerably 
larger than the number of unknowns. 

The iterative solution i s based on initially 
selected logical approximations for the six unknown 

parameters a, b, c, XO. yo• zo' and a solution for 
correc tions to the m, 6.a, 6.b, c, X

0
, 6.Y

0
, Z

0
• 

which, when applied, will make the corrected ap
proximations conform more nearly to the geometry 



implied by the Equations (9). Thus the orig inal 
equations (9) are replaced by a differen t set of cor· 
rection (observation) equations which are linear, 
whose unknowns are the corrections !ia .. . !12

0
, and 

which derive from (9) by partial different iation . The 
purpose of this section is to show the derivation of 
the observation equations and to indicate how the 
coefficients in the observa t ion equations can be 
computed from the observed and estimated data. 

The observation or correction equations are 
formed from Equations (8) or (9) by partial differ
entiation of calculus . Equation (8), demonstrates 
the orderliness and relationships of the terms, and 
(9) is the identical equation expressed in terms of 
the fundamental variables. Most comments about 
ei ther form apply to both forms. Equation (8) is 
sometimes more convenient to discuss because of 
its relative brevity. 

For purposes of further brevity in this discus
sion, Equation .(8) is expressed as 

WX - UZ = Q 

(13) 
wy - vz = 0 

These relations state the condition tha t the s ums 
are zero for any image-lens-object collineation. But 
if incorrectly estimated values for the six unknown 
variables are s ubstituted into the equations, it is 
obvious that the sums will probably not be zero. 
Let F x and FY denote the sums using the estimated 
values: 

w'x - u'z = F x 

w'y - v'z = F y 

(14) 

F x and FY are a lso the total changes in the values 
of the functions caused by all the discrepancies in 
the estimations of the variables, and may be written 

liF x and !iF Y in the sense of calculus. They are 
normally re latively small . These functions may 
be regarded as measures of incorrectness of the 
estimates . 

We seek relatively small changes !ia .. . !1Z
0 

in 
the est imated variables, and minimum res idual cor· 
rections !ix and 6.y (vx• vy) to the observed quanti
ties, such that !iF x and FY will be zero simul
taneously for all the image-lens-object collineations 
under consideration (18 to 25 on each of an unlimited 
number of photographs). Partial differential calculus 
is used to derive expressions involving the various 
changes: 

aF aF aF • 
- x !ia + - x lib + ... + - x tiz + !iF = o 
aa ab azo 0 

x 

(15) 

F = 0 
y 

The terms like aF x/aa represent numerical coeffi. 
cients which can be determined with sufficient ac· 
curacy from the approximated parameters by means 
of formulas derived presently. Terms l ike !ia are 
the corrections, unknowns, which are to be deter
mined by a s imultaneous solution of a set of equa
tions like (15), which are linear. 

An interpretation of Equation ( 15) is that a dis
crepancy in F, say liF x, is equal to the s um of the 
individual discrepancies caused by a change aF x/aa, 
etc., of one unit in each variable multiplied by the 
total number of units !ia of change in the corre· 
sponding variable. It is noteworthy that, inasmuch 
as the correct values of the variables cause liF to 

be zero, !iF i s equal to the inequality o f Equation 
(9) when the estimated values are s ubs ti tuted. 

In Equation (14) Fx and FY are u eated as though 
they are e"ors caused by using the estimated values. 
As a result, the values of the variables in the solu-· 
tion will indicate the errors in the estimations. But 
it is more convenient to consider these values as 
corrections which can be added to the estimates. 
Whereupon it i s expedient to reverse the a lgebraic 
signs of !iF and !iF , and a lso to transpose them 
to the other ~ides of t~e equal s igns, which is done 
in Equatio n (15). 

The complete expansion of the partial deriva· 
tives of Equation (9) a re as follows: 

[(X-X )sin b + (Y-Y ) (-sin a cos b) + (Z-Z )cos a cos b] !ix 
0 0 0 

+ lx[(Y-Y 
0

) (-cos a cos b) + (Z-2
0

) (-sin a cos b)] 

-z[(Y-Y 
0

) (-sin a s in c +cos a s in b cos c) 

+ (Z-Z
0

) (cos a s in c + sin a sin b cos c))} !ia 

4 



+ l x[(X- X )cos b + (Y·Y )sin a s in b + (Z·Z ) (· cos a s in b)] 
0 0 0 

-z[(X· X ) (· sin b cos c) + (Y· Y )sin a cos b cos c 
0 0 

+ (Z· Z ) (· cos a cos b cos c)]} 6.b 
0 

-z[(X-X ) (· cos b sin c ) + (Y-Y ) (cos a cos c - s in a s in b sin c) 
0 0 

+ (Z- 2
0

) (sin a cos c + cos a s in b sin c)] /).c 

- (x sin b - z cos b cos c) 6.X
0 

- [ ·x sin a cos b - z(cos a sin c + s in a sin b cos c )] Y 
0 

- [x cos a cos b - z (sin a sin c - cos a s in b cos c)] 6 2
0 

+ (x s in b - z cos b cos c) 6.X 

+ [-x s in a cos b - z(cos a sin c +sin a sin bcos c)] Y 

+ [x cos a cos b - z(sin a sin c - cos a s in b cos c)] Z 

+ lx[(X-X
0

)sin b + (Y· Y 
0

) (-sin a cos b) + (Z·Z
0

)cos a cos b] 

-z[(X-X
0

)cos b cos c + (Y· Y 
0

) (cos a sin c +sin a sin b cos c) 

+ (2·2
0

) (sin a sin c - cos a si n b cos c)]} = 0 ; 
(16) 

[(X·X
0

)sin b + (Y· Y 
0

) (-sin a cos b) + (Z-Z
0

)cos a cos b] 6.y 

+ {y[(Y·Y 
0

) (-cos a cos b) + (Z·Z
0

) (-sin a cos b)] 

-z[( Y·Y 
0

) (-sin a cos c - cos a s in b s in c) 

+ (Z· Z
0

) (cos a cos c - sin a s in b sin c)]j /).a 

+ {y[(X-X )cos b + (Y-Y )sin a sin b + (Z-Z ) (-cos a sin b)] 
0 0 0 

-z[ (X-X )sin b sin c + (Y·Y ) (-sin a cos b sin c) 
0 0 

+ (Z-Z )cos a cos b s in c]I ().b 
0 

- z [(X-X ) (-cos b cos c) + (Y·Y ) (-cos a sin c - sin a sin b cos c) 
0 0 

. ' + (Z· Z
0

) (-sin a s in c + cos a s in b cos c )] 6.c 

- [y s in b - z (-cos b sin c)] 6.X
0 

- [-y s in a cos b - z (cos a cos c - s in a s in b sin c )1 Y 
0 

- [y cos a cos b - z (sin a cos c + cos a s in b sin c)] 6.Z
0 

5 



+ [y s in b - z (-cos b s in c)] X 

+ [-y s in a cos b - z (cos a cos c - sin a si n b sin c)l Y 

+ [y cos a cos b - z (sin a cos c +cos a sin b sin c)] Z 

+ (y [ (X-X )sin b + (Y-Y ) (-sin a cos b) + (Z-Z )cos a cos b] 
0 0 0 

- z [(X-X ) (-cos b s in c) 
0 

+ (Y- Y
0

) (cos a cos c - s in a s i n b s in c) 

+ (Z-7.
0

) (sin a cos c +cos a s in b s in c)]I = 0 

The next s teps consti tute a simplificat ion of 
the appearance of Equations (16) for the purpose of 
aiding in the ir utili zation. Inasmuch as the deri va

tion is complete, the s implifica tion adds no photo
grammetric nor mathematical principles . Firs t the 

trigonometric terms are grouped as they are in 
Equation (8), with the int roduction of te rms like 
A 1 •, mean ing the partial derivative of A 1 with re· 
spect to the angl e b. At the same time, x and y 
(v , v ) a re solved for: 

1t y . 

v = 
l[ 

v y 

(x [-C
3

(Y) + C2(~)] - z [-A
3

(Y) + A2(Z)] I t:J.a 

+ lx[c 1 •cx) + c2 ·er)+ c
3 
·cz)J -z [A 1·cx)+A 2 · cr )+A 

3 
·czrn b 

- z [B 1(X)+ B2(Y)+ B
3

(Z)] ~c 

-(C1x-zA
1

) X
0

-(C2x-zA 2) Y
0

- (C
3
x-zA

3
) Z

0 

+ (C 1x-A 1z) X + (C 2x-A2z) Y + (C
3

x-A
3

z) Z 

+ (x[ C 1(X) + C2(Y) + C
3

(Z)] -z [A 1 (X) + AiCY) +A 
3
(z )JI 

C 1(X) + C 2(Y) + C
3
(Z) 

IY [- C3(Y) + C/7.)] - z [- B3(Y) + B2(Z)JI /).a 

+ (y[C 1*(X)+C2• ( Y)+C3•( Z)] - z [B 1*(X)+B/(Y )+B
3

•(Z)]) M 

+ z[A 1(X) + A2(Y) + A
3

(Z)) c 

+ (C 1y-B 1z) X + (C2y-B 2z)!:J.Y + (C
3
y-B

3
z)!:J.Z 

+ (y[C 1 (X)+C /Y)+C3(Z)] -z [B 1(X)+B 2(Y)+B
3 

(Z)]I 

C 1(X) + CiCY ) + C3(Z) 

(17) 

It seems desi rable to express (17) usi ng s till s impler looking coefficients: (compare with (15)) 

6 



If a chronological set of new letters A, B, C. .. T 
(which bear no s ignificance to the derivation) is in
troduced for common groups of trigonometric terms, 
a computational routine is fairly obvious. Also, it 
is convenient to let the letters a, b, c represent the 
sines of the three angles instead of the angles them
selves, which provides a significant curtailment of 
computation inasmuch as the angles themselves are 

a' (l-a2)Y, 

A b' c ' 

B -b'c 

c -ab' 

D a' b' 

E -be' 

For each image: 

x• = Ax + By + bz 

y • = Alx + Py + Cz 

z• = Nx + Qy + Dz 

b' (l-b 2)y, 

F be 

G ab 

H -a'b 

-c'C 

J -c' D 

(31) 

(X ''-X ')z*'z•' ' + Z 'x•' z *'' - Z ' 'x*' 'z •' 
0 0 0 0 

z = ---- -------- ---00) 
x•'z•" - x•"z• ' 

X = X + x• (Z-Z )/ z• 
0 0 

(11) 
Y ~ Y + y• (Z-Z )/ z • 

0 0 

Z = Z + z• (X-X )/ x • 
0 0 

(12) 

R = ------------
b(X-X ) + C(Y-Y ) + D(Z-Z ) 

0 0 0 

(20) 
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(18) 

not needed. 
A large part of the program consists of comput

ing the numerical values of the 14 coefficients of 
the observation equations (18), or p 1 .. . qT The 
given data consist of the estimated values for the 
six terms a, b, c, X

0
, Y 

04 
2

0
• The following equa

tions are useful in programming. 
For each photograph: 

c' (l-c 2)Y, 

K cC 

L cD 

Al a'c + c'G (19) 

N ac + c'f-1 

p a'c' - cG 

Q ac' - cf-I 

(21) 

(22) 

Then the 14 coefficients are: 

p1 = RISx - z [ M(Z-Z ) - N(Y- Y )]I 
0 0 

p2 = RITx - z [E(X-X ) + l(Y-Y ) + /(Z- Z )]I 
0 0 0 

P 4 = - R(bx - Az) 

p5 = - R(Cx - Mz) 

P6= - R(Dx-Nz) 

(23) 

p7 = x - Rz[A(X-X ) + Al(Y-Y ) + N(Z-Z )] ; 
0 0 0 



q1 = R{Sy - z[P(Z·Z ) - Q(Y· y )]} 
0 0 

q
4 

= _ R(by - Bz) 

q
5 

= _ R(Cy - Pz) 

% = - R(Dy - Qz) 

ALGEBRAIC DERIVATION OF 
ROT A TION FORMULAS 

(24) 

An xyz-coordinate system, based on the photo 
fiducial axes, is used to identify the position of an 
image on a photograph . An auxi liary x•y•z•-system 
is introduced, being comparable to the xyz-system, 
having the same origin, and differing in angular 
orientat ion only. The x•, y•, z• axes are selected 
parallel, respectively, to the X, Y, Z axes of the 
local geocentric or other rec tangular ground co· 
ordinate system in which +Z is upward, and X and Y 
form a right handed sequence, ~uch that if +X is 
eastward, then +Y is northward. 

A sequence of rotations i s cons idered (fig . 2) 
through which can be expressed x•y• z • -coordinates 
in terms of the x, y, z-values, and vice versa. The 
firs t rotation a (fig. 2a), like <U or x·tilt, is about 
the x•-axis considered counterclockwise positive as 
viewed from the plus end of the x•-axis, which cor· 
responds with textbook notation in plane analytic 
geometry. (Rosenfie Id lO considers the rotation 
clockwise as viewed from the origin, which is phys· 
ically ident ical.) The second rotation b, like </> or 
y·tilt, is about the inclined y• '·axis, and the third 
rotation c like K or swing, is about the twice rotated 
z• -axis, which is the photograph perpendicular (lens 
axis), or the z-axi s. 

By plane analytic geometry11 the new x •', y•', 
z•' coordinates of an image point P are expressed 

10 The problem o f exterior orientation in pbotogram
metry by George H. Rosenfield, RCA Service Co., Patrick 
Air Force Base, Fla., preliminary publication, January 
1958. 

l l Analytic geometry by Frederick. H. Steen and 
Donald H. Ballou, Ginn and Company, p. 101, 1943. 
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FIGURE 2. 

in terms of the original x•, y •, z• coordinates for 
the first a rotation: 

y•' = y • cos a+ z • s in a 
(25) 

z • ' = -y• sin a+ z • cos a 

The x• coordinates are unchanged. The second 
rotation b is strictly related to this once-rotated 



x•y• 'z• '-sys tem inasmuch as this rota tion is about 
the y • ' axi s as shown in figure 2b. Applying the 
same rotational formulas to the x • z • '-system, 

x = x•' cos c + y•' sin c 

y = -x•• s in c+y•'cosc 

(28) 

z = z• ' cos b + x• sin b 
(26) 

The z• coordinate is unchanged. The expres
s ion for x•' from E quation (27) and y • ' from Equa
tion (25) are s ubstituted into Equation (28): 

The y• coordinates are not changed. The ex
pression for z • ' in Equation (25) i s substi tuted into 
Equation (26): 

z = -y• s in a cos b+ z • cos a cos b 
+ x• sin b 

x •' = y • s in a sin b - z • cos a s in b 
+ x• cos b . 

(2 7) 

The fina l c ·rotation is about the z· axis as s hown 
m figure 2c . Applying the same rotation formulas: 

x = x• cos c cos b + y• s in a sin b cos c 

-z• cos a s in b cos c + y• cos a sin c 

+z• s m a s in c 

y = -x• cos b s in c - y• sm a sin b s in c 

+z • cos a sin b sin c + y • cos a cos c 

+z• s in a cos c 

Factoring, 

x = x• cos b cos c + y• (cos a sin c +sin a s in b cos c ) 

+z • (s in a sin c - cos a sin b cos c ) 

y = x• (-cos b sin c) + y• (cos a cos c - s in a s in b sin c) 

+z • (sin a cos c + cos a s in b s in c ) 

z = x• sin b + y• (-s in a cos b) + z • (cos a cos b) • 

This compl etes the derivation . 

Terms A 
1 
... C 

3 
are introduced for convenience: 

In matrix nota tion: 

x = A 
1 

x• + A 
2 

y • + A 
3 

z • 

y = B 1 x* + B 2 y • + a
3 

z• (30) 

z = C 
1 

x• + C 
2 

y • + C 
3 

z • 

To be explicit, the inve rse expression is : 

(29) 

(31) 

(32) 

x • = A 1 x + 13 1 y + C 1 z 
and the coe fficients of Equation (29) are displayed 
in tabul ar form: 

I . . . b I · 
1 cos a sin c + sin a s in cos c 1 s in a 
: cos a co s c - sin a s in b sin c : sin a 

- s in a cos b 

sin c - cos a sin b c ~s c] 
co s c + cos a s in b sin c 

cos a cos b 

Equation (32) 1s identica l to Rosenfield ' s Equa
tion (2 . 7) 12. 12 See foo tnote 10 above. 
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(33) 


