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Film Distortion Compensation 

for Photogrammetric Use 

G. C. T E Wl>."KEL, Photogrammetric Eng ineer 

C . S. C oast and Ceodetic Sun•ey 

THE irregular distortion of aerial photographic 
film has been a subject of concern ever since the 
metrical use of aerial photographs began. The 
ease of handling film as compared to glass plates, 
results in a preponderant economical advantage 
for the use of film. A focal-plane reseau plate 
is currently being used successfully in Great 
Britain, but American photogrammetrists tend to 
avoid its use because of several inconvenient fac­
tors. In about 1940, manufacturers began supply­
ing aerial film on a "topographic" base, which 
had improved stability over the former bases 
normally used in roll-film photography. 

Not until 1959, were further changes made in 
the film base (except for some nonphotogram­
metric applications), although certain polyester 
and other plastics having greatly improved sta­
bility had been used for about 10 years for draft­
ing and cartographic materials. In March 1960, 
Mr. William T. Harmon of the U. S. Geological 
5urvey reported, at the annual convention of the 
o\merican Society of Photogrammetry, that tests 
made with a new plastic aerial film showed an 
instability of essentially one-fifth of that ob­
tained for the conventional topographic (acetate) 
base. 

MAGNITUDE OF INSTABILITY 

The measurement of the quantitative amount of 
distortion has been made by various authors and 
is repeated here. For introductory purposes, it 
may be said that the maximum distortion for the 
topographic base film along one diagonal of a 
9-by 9-inch photograph varies between 500 and 
1,000 microns (0.5 to 1.0 millimeter ; 0.02 to 
0.04 inch). Not only does the magnitude of the 
radial distortion vary greatly from photograph 
to photograph in the same roll of aerial film, 
but also the tangential component varies from 
photograph to photograph as well as within a 
s ingle photograph. 

As a c rude example, if a piece of film is 
laid over a master camera plate on a light table, 
one can see, without any viewing aid, a dis ­
cr epancy of roughly 1 millimeter on one diagonal. 
In this study, however, measurements were made 
with a comparator which had a standard error 

of only 2 microns, where the least reading was 
1 micron, and which printed out coordinate data. 

The 1,000-micron variance may be considered 
for rough purposes as composed of four linear 
and two nonlinear constituents: 

Linear components Microns 
1. Over-all uniform scale .... . . (about) 585 

2. A scale in the y- direction dif­
ferent from that in the x- direc-
tion .. .. .. . . . . . . .. . . . .. .. . . . . . . . . . . .. . . . . . . . . . 110 

3. Uniform rotation of the coordi-
nate system............ . .................. . 90 

4. A rotation of the y- axis different 
from that of the x- axis . . . . . . . . . . . . . . . . 40 

(A straight line remains invariantly a str aight 
line under all of the linear components. ) 

Nonlinear components 

1. A curvature component in the x-
direction... . ................... . ...... . .... . 60 

2. An independent curvature com-
ponent in the y- direction . . . . .. . . . . .. . . 40 

Uncorrectable residual ...••• . ..... .. . .. 75 

Total .. . ............................ ....... 1,000 

These rough figures represent maximum errors 
if a given component is neglected. As the dis­
crepancies tend to be randomly distributed with 
r espect to the dir ection and magnitude of the 
distortions, the standard deviations may be con­
sidered to be roughly one-third of these values. 
Thus, the standard residual error after all efforts 
are exerted to eliminate the effect of the distor­
tion is about 25 microns, based ona total of 1,000 
microns gross initial discrepancy. Actually, most 
maximum gross disc repancies are of the order 
of 500 to 750 rather than 1,000. Consequently, 
one frequently refers to 15, 20, or 25 microns 
as the discrepancy to be expected from film 
shrinkage. 

COMPENSATION EQUATIONS 

Mr. Tewinkel is Chief, Research Branch, Photogram- A primary objective of this study is the de-
metry Division. termination of a system for the adjustment of 
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FIG !.--Diagram of camera format indicating 
corner numbers. 

image coordinates to compensate them for the 
effect of film distortion. As a basis for the study, 
a fiducial mark is located in each of the four 
corner s of the aerial camer a (fig. 1), and these 
marks are projected onto the film at the ins tant 
of photography. The specific orientation of the 
marks is assured by a group of data instruments 
photographed along one margin: a clock, a level 
bubble , an altimeter, and an exposure counter. 
A master photograph of the marks and data 
instruments was made on a thick glass plate in 
the laboratory to determine the correct locations 
of the fiducia l marks. 

After ordinary aerial film is exposed, devel­
oped, and dried, a contact pr int on glass (diapos i ­
tive) is made to arrest any further distortion. 

Consider two lists of coordinates of the four 
fiducial marks, one list measured on the master 
glass plate and the other on a conventional dia­
positive. To s tudy the discrepancies , the coordi­
nates need to be expressed in a compar able Car­
tesian or other system, whereas a measuring com­
parator yields coordinates in an arbitrary instru­
ment sys tem which can best be transformed into 
any other desirable system numerically by affine 
translation, rotation, and dilation techniques of 
analytic geometr y. In figure 1, the corners a r e 
arbitrarily numbered 1, 2, 3, and 4. Corner 3 
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is made to agree in the two systems by a tr ans­
lation of the diapositive coordinates; then the 
diapositive coordinate system is rotated abo11t 
Corner 3 so that Corner 2 agrees in the y-dire 
tion. Thereupon discrepancies may be evide ... 
in the values of the coordinates at Corners l 
and 4. By the use of different scales in the x 
a nd y-directions, Corner 4 can also be made to 
agree. To make the last two coor dinates at 
Corner l agree, the following non-affine equa­
tions proposed by the writer were used: 

where 

in which 

x' = x + r xy 
y' = y + s xy 

xr _ X1 

r = 
X1Y1 

u: - Yi 
s = 

X1Y1 

x 1, y 1 = diapositive coordinates for Corner l 

xf, y f = corr esponding mast e r plate coordi­
nates . 

Consequently, Corner l will thereafteralsoagree 
in both x and y. 

Thus all four corner marks can be made 
agree in a systematic manner, a nd the distortion 
due to film ins tability is "compensated." The 
degree of compensation remains to be discussed. 

RESULTS 

Although this method of compensation may be 
a logical manner of solving the problem, it can­
not be assumed that the kind of compensation 
will necessarily agree with the character of the 
film instability. The studies showed, however, 
that the character of instability was not constant 
and varied in an apparent random fashion, there­
fore this manner of compensation is considered 
to be appropriate until more knowledge is gained 
about this "character" of instability. Mor eover, 
it is obvious from the equations that: (1) no bow 
or bending is allowed for points along either of 
the x or y axes through Corner 3; (2) the dis­
crepancies are "squeezed" by the equations from 
the four corner s into the midpoints of the four 
sides; (3) the corrections at the midpoints of the 
sides are a bout one-half of those at the corners; 
and (4) the compensation at the photo center is 
about one-fourth that of Corner 1 (see fig. 2. ) 
Nevertheless, a gross discrepancy of 1,000 mi­
crons will proba bly result, before a ny of t h "" 



operations, in a standard discrepancy of about 
25 microns after compensation; inas much as 
images a re utilized only four-fifths of the dis­
tance from the center to the fiduc ial marks, this 
value may be considered as reduced to about 
20 microns. 

The value of 20 microns is too large for the 
best use of photography analytically where it is 
possible to measure and compensate for other 
systematic discrepancies (lens, earth, air, obser­
vations), with a r esidual of only 4 microns, and 
where glass plates and reseaus yield a value of 
zero . However, the value is considerably better 
than making no compensation at all for differen­
tial scale , differential rotation, and the non-affine 
effects, which the current map plotting apparatus 
tolerates . As previously indicated, these compen­
sations account for 250 microns of distortion, 
leaving 75 uncompensated, whe re 675 microns 
have little or no serious effect on the photo­
grammetric solution, and where the total gross 
discrepancy is considered to be 1,000 microns. 

NEW PLASTICS AND MORE FIDUCIAL MARKS 

By the use of a special plastic stable film base, 
the value of 20 microns standard error can be 
reduced to less than 5 microns, which is very 
attrac tive indeed. This is a practical value, in­
asmuch as it may be some time before small 
values can be obtained in practice for the other 
systematic residuals . 

+y 
/Corner 4 

9 I 

I 
8 I 

1 
1 

7 I 
I 

6 I 
\ 
\ 
I 

I I 
I I 
I I 

I \ 
3 I \ 

2 
\ \ 
\ \ 

' ' ..... 
' ''5% 

Cor. 1 
100% 

90% 

80% 

' ............ _ - ---
--2.5% ---------Cor. 3 Cor. 2 

0 2 3 4 5 6 
inches 

Film length 

7 8 9 +x 

FIG. 2.-Distribution of nonlinear portion of film dis ­
tortion over photographic area by employing the formu­
las x' = x + r xy and y ' = y + s xy, and corner 3 as 
origin. 
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But it is also possible to go a step further: 
install more than the four fiducial marks and 
proceed to "squeeze" the discrepancies into 
s maller confines; and also install one fiducial 
mark in the cente r. This has been proposed to 
the manufacturer of the aerial camera, and the 
firm is very attentive inasmuch as it will allow 
the camera to compete favorably with glass 
plate and reseau cameras for analytical photo­
grammetry. The marks near the midpoints of 
the sides of the format present no particular 
mechanical difficulty but the one in the center 
is not so easy. However, the center mark is 
possible inasmuch as the nine-lens camera of 
the Coast and Geodetic Survey has been function­
ing with one since 1944 . The mark is projected 
from the rear through the antihalation backing 
of the film. The effect of using more fiducial 
marks is to reduce the residual err or in pro­
portion to the square of the dis tance between 
adjacent marks. Consequently, if five more fi­
ducial marks are installed, reducing the distance 
from 9 to 4 1/ 2 inches, the residual errors 
from this source will be quartered; if the center 
point is omitted, the ratio will lie somewhere 
between 1/ 2 and 1. 

CONCLUSIONS 

Thus it is evidently possible, with the use of 
eight or nine fiducial marks and the new stable 
film base, to compensate for film distortion to 
the extent that standard relative residual errors 
of distances measured with a comparator can be 
reduced to the order of 2 microns, which is 
comparable to, or less than, the reliability of 
observations and image r esolution. This is the 
goal toward which this s tudy was instituted and 
for which the compensation equations are a nec­
essary adjunct. The s tudy has shown that without 
the latter two innovations (new film base and 
more marks), topographic-base film may not 
yield an accuracy consistent with the other ac­
curacies of the system. A computational routine 
is given below. 

These equations were adopted by the Photo­
grammetry Division of the Coast and Geodetic 
Survey-they were formulated r eady for pro­
graming by computer along with the routines for 
lens distortion and atmospheric r efrac tion cor­
rections. To test these principles further, a r oll 
of the new stable film was procurred, and ex­
perimental photography was r ecently completed 
over a special targeted test area along U. S. Route 
11 in the Shenandoah Valley, Va. This test area 
is approximately 100 miles long and 5 miles wide. 
It contains 40 horizontal contr ol points which can 
be marked with panels large enough to be imaged 
on 1:40,000 scale aer ial photographs . Also, in 
the area are sufficient pr ecise level lines from 
which the elevations of photogrammetric level 
points can be measured. 
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APPENDIX l 

LIST OF COMPENSATION EQUATIONS 

The equations for all the necessary computa­
tional s teps are stated. Consider that a list of 
measured x and y coordinates are given for a 
scor e or so of images on a photograph, where 
the firs t four images are those of the corner 
points. 

1. Trans lation 

2. Rotation and sca ling 

X II 
l D mxf + nyf Y'/ = pxf + qyf 

let d = x2 ' y4 ' -x4 'Y2 ' 

then m = (X 2 u. I - x , Y2 ')/d 

n = (X 4 X2 I - x 2 X4 ' ) / d 

p r, Y 2 , / d 

q = Y4 x2 ' / d 

3. The hyperbolic correction 

X' 1' - x," (1 + ry,'~ y' 1' = Y,"((l + sx, ") 

r - (X 1 - x;'l/ x1 "y1 " s = (Y1 - y{' )/ x1 "Y1 " 

Although this completes the film dis tortion com­
pensation, a further operation is needed which, 
although entirely independent in purpose, must be 
incorporated. For the photogrammetric problem 
the origin of image coordinates is the princ ipal 
point, or photo center. Consequently, a final 
translation is required which could not have bee n 
performed previously: 

x~ - x, ' ' ' - Xp 

where xp and Yp must be known constants . 
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APPENDIX 2. 

NUMERICAL EXAMPLE 

Consider the following table of coordinates Ol 

the four corners of the master plate and a test 
plate (fictitious example}, where it is possible 
to place the test plate on the meas uring com­
parator in only an approximate position and 
orientation. The coordinates of the test plate 
corners have already been transformed into the 
indicated form by affine operations. 

Mas te r pla te T est pla te 
Corne r x y x y 
ma rk mm. m m. mm . mm. 

l 212.0718 211.9859 245.2260 251.4210 

2 212.0129 0 245.2530 39.8000 

3 0 0 33.5500 39. 7350 

4 0.0550 211.9771 33.6000 251.3920 

The purpose of the affine transformation is to 
adjust the test plate coordinates so tha t zeros 
occur in the same three places indicated by the 
master values, a nd also the other cordinates, 
except for Corner 1, should be identical. It is 
accomplished by two computationa l steps: (1) 
translation, a nd (2) rotation combined with dif­
ferent scale factors in the x and y directions, 
where the rotations about the x and y axes are 
a llowed to be different . 

TRANSLA TlON 

Obviously, the two zeros in Corner 3 can be 
obtained by subtracting the indicated values from 
each of the values in the columns of the coordi­
nates of the test plate . In general, for any image 
on the photograph, the translated coor dinates x', 
y ' are: 

xf - x,-x3 

Y[ - Y1 - Y3 
If these equations are applied, the new coordinates 
for the test plate are: 

Corner x • 
1 

2 

3 

4 

211.6760 

21 1. 7030 

0 

+0.0500 

Y' 
211.6860 

+ 0.0650 

0 

211.6570 

ROTATING AND SCALING 

The specific purpose of this transformation is 
to e nforce the four master-plate values at Cor­
ner s 2 am! 4, allowing Corner l to take on wha t­
ever va lues it may. All four parameter s are en­
forced s imulta neous ly. 



We recall the form of the standard rotation 
formulas : 

x ' = xcos8 - ysin 8, or x ' = ax - b y 

y' - x sin 8 + y cos 8 or y ' - bx + a y 
-lere the angle between the axes is 90° ; and the 

scale factor is unity: a 2 + b2 = 1. The 90° con­
dition is enforced by having the same terms, a and 
b, in both equations. 

But in our problem we do not want to enforce 
these restrictions, but allow a and b to take on 
other values: 

x" - mx ' + ny' 
y" ~ px ' + qy' 

Now m2 + n2 i: p2 + q2 f 1 necessarily, but values 
are found such that the four corner numbers will 
agree . This is done through the use of simul­
taneous linear equations for determining the 
values of m, n, p. q. 

X 2 = X2 m + Y2 n 
X 

4 
• x4 m + y4 n 

Inasmuch as all the x's and y 's are known values 
from the master and test plates, 

X2u.-x.u2 X4 X2 -X2X4 
ll = ---- n = -----

Two similar equations can be written for y­
coordinates of Corners 2 and 4: 

from whence 

y2 = X2 p + Y2 q 

r. = x. p + Y4 q 

-r. Y2 
p =----

x2y4 - x.u2 
Y4 x2 

q =----
X2Y4 - X4 Y2 

The values form , n, p, qforthis problem, there­
fore are: 

m = + 1.00146383 

n = + 0.00002328 

p = - 0 .00030751 

q = + 1.00151242 
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and the new coordinates for the test plate after 
application of these equations are: 

Corne r 

1 

2 

3 

4 

x 
mm. 

211. 9908 

212.0129 

0 

+ 0.0550 

y 
mm. 

211.9411 

0 

0 

211.9771 

Thus the only values which are different from 
those of the master plate are the values for Cor­
ner 1. The residual discrepancies after the fore ­
going linear transformations are : 

X 1 212.0718 mm. Y1 211.9859 mm. 
x 1 211.9908 y 1 211.9411 

+ 0.0810 mm. + 0.0448 mm. 
or 81 microns in x a nd 45 microns in y. 

Therefore, the d is c r e pa n c i es have been 
"squeezed" into Corner 1 by affine methods, that 
is, without applying any curve techniques, and 
preserving the collinearity of all lines on the 
photograph. 

THE NON-AFFINE OR HYPERBOLIC 
TRANSFORMATION 

The formulas are repeated in ~eneral form: 
x' = x + r xy y' = y + s xy 

Inasmuch as the algorithm is based solely on the 
two coordinates of Corner 1, after the linear trans­
formations , the values for r and s can be solved 
directly by transposition: 

r - (X 1 - xi)/x1 y1 s = (Yi - Yi) / x 1Y1 • 

ln the numerical example , 
r = + 1.8028 x 10-6 s = + 0.9971 x 10 -6. 

Then the compensated coordinates of the corner 
points are exactly identica l to the master values 
given initia lly. 

Now the coordinates of a ny other image on the 
photograph may be compensated for film dis tor­
tion by the application of the foregoing formulas , 
using the values x 3, y 3 , m, n, p, q, r, s as con­
s tants. 
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