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T he Earth as Viewed From a Satellite 

ERW I:\ SC I !M I D, Mathematician 

C .S. Coast and Geodetic Survey 

T HE ADVENT of manned space flight r e news inte r est in the question of what the earth 
looks l ike from an arbitrary point above its s urface. Drawing the curves to represe nt the 
meridians and para llels of the earth, a necessary prerequis ite in the constr uction of any 
map, can be accomplis hed in accordance with the bas ic principles of descr iptive geome try, 
but the literature on the s ubject is rather s ke tchy and limited to s pecial cases due , no 
doubt, to the arduous ness of point-by-point construc tion. 

In the first part of this paper the attempt is made LO s how how this grid can be drawn in 
the mos t general ca se, using only the barest elements of descriptive geometry and a mini­
mum of individual point projections . Part II develops the analytical theory of the projection 
directly from the sy nthe tic cons truc tion of Pare I. Formulas are given for computing the 
plane coordinates of the grid inter sections and for the defining charac teris tics of the ell ips es 
representing the grid lines . Pare Ill couches on some theor em s from analytic geometry used 
in the cons tructions and proofs . 

I. CONSTRUCTION OF T HE P ERSPECTIVE 
GRID BY SYNTHETIC MET HODS 

1. The Problem From the Point of 
View of Descriptive Geometry 

The grid form ed by the meridians and parallel c irc les of a s pher e , as seen along a line 
perpendicular to the s urface of the s pher e at the pole or the equator and at a distance infi­
ni te r e lative to the dimens ions of the spher e , are the s o- called normal aspects of che 
orthographic polar and e quatorial projec tion, famili a r ro s tudents of mechanical drawing . 
Figure l s hows these two basic aspec ts of the s pher e which will be used to develop, by the 
methods of descr iptive geometry , the general, oblique, projective as pec t of the earth' s 
geographic grid as s een by the eye of an observer , or a camer a , from , say, a sa te lli te at 
a given arbitra r y poin t above che earth' s s urface. The principa l a im will be to de termine 
minimum defining charac teristics of che curves tha t form che grid, in order to avoid point­
by -point cons truc tions depending on auxiliary curves , s uch as the meridian ellipses in the 
front (equa torial orthographic) view of figure 1, which are themselves point- by-point con­
structions , hence s ubject to error s which will be propagated in s ubsequent projec tions to 
the oblique s ide view. The purpose of this figure is m er ely to present the problem and to 
show the basic curves involved even though their construc tion m ay not be needed for the de­
s ired per s pective view. 

2. Orthographic Front and Top 
·View of the Geographic Grid 

The front vi ew s hows the grid as seen in pa r a lle l projection, from a poin t infinitely dis ­
tant and on a line passing through the center of the s phere and a point on the equator, s uch 
that both these points project into the point 0 F The meridian plane perpendicular to the 

plane of the paper has trace N pS F which is a ls o the trace of the polar axis . NF is the trace 

of the north pole, and che circle about 0 F with radius 0 ;v Fis the meridian whose longitude 

differ s by 90° from that ofche mer idianN ~F" The plane of the equator has for its tr ace the 

line through 0 F perpendicular to N pS F the other parallels of la titude are lines parall el to 

the equator, s paced s uch that the a r c , i nte r cepted on the circular meridian in the plane of 
the paper by the paralle l and che equator, is equal to the latitude of the parall el in question. 
T hus the horizontal lines in the front view r epresent the par allels of latitude 4' = 00, t 15°, 
± 30°, .. . up to 90° (the poles), a nd are obtained by dividing each quadrant of the outline 
meridian circle into 6 equal arcs by means of divider s . 
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In the top (polar) view the eye is likewise at an infinite distance and on the extension of 
the polar axis above the north pole whose image NT now coincides wi th that of the polar 

axis . The meridian planes all contain this axis and appear as a bundle of straight lines 
through the center NT' The parallels appear in true l ength and s hape as a family of circles 

concentric at NT' the diam eter of each circle being the length of the trace of the par allel 

in the front view. The angle between the meridian lines in the top view is the true longitude 
differ ence; wi th each quadr ant in the top view divided into 6 equal parts the meridians arc 
ther efore separated by 15° of longitude ~ . 

In order to draw the mer idians in the front view and thu s complete the grid of the bas ic 
figur e i t is mer ely necessary to remember from geometry that every parallel projection of 
a circle is an ellipse including, as limiting cases, the circle itself and a line segment (its 
diameter). From the symmetry of the figure and the fac t that all meridians pass through 
the poles it follows that Lhe center of each meridian ellipse in the front view is the point 0 F 

and that the line N E5 F is in each case the major axis. The minor axis lies along the line 

r epresenting the equa tor, its end points be ing de ter mined by parallel projection from the 
top view onto the trace of the equator , of the inter sections of the s traight line meridian 
with the outline circle . I laving determined the four vertices of the ellipse, the curve can be 
drawn, us ing proportional divide r s as described i n section 13. 

Er 

Figure 1 
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3. The Oblique Side View of the 
Intersection of Spher e and Cone of Sight 

All this is elementar y descriptive geometr y and sketched here mer ely to fix the ideas . 
Consider , next, a point E F at a given distance from, and directly over, a given point on the 

surface of the sphere. In figure l the latitude of this point is 30° N. and its meridian plane 
is assumed, for convenience , to be the plane of the paper in the front view. The correspond­
ing point in the top view is E T" From E the eY.e can see tha t portion of the s phe re enclos ed 

by a right circular cone with vertex E and tangent to the spher e . The circular intersection 
of this cone and the sphere lies in a plane perpendicular to the axis 0 pE of the cone, its 

tr ace in the front view be ing the chord A 13 F' By parallel projection in the direction 0 r F 

this circle with di ameter A 13 F appears in its true shape as seen from E and forms the 

outline of the vi s ible portion of the earth' s s urface . It is our purpose to draw within this 
circle the geographic grid of meridians and parallels as they would appear from E if they 
were actually e tched on the sur face of the spher e . T his , it must be borne in mind, will be 
a perspective view or projection in contr adistinction to the auxiliary front and top views 
which are, as usual , parallel or orthographic projections . The intersection of the cone of 
sight and the spher e is a lso shown in t)1e top view because we s hall have occasion to r efer 
to it in the following, although we s hall circ umvent its use in our constructions for the 
r easons stated at the outset. It is an ellipse whose minor axis lies on N ~T' the ends being 

projections of AF and BF' and whose major axis has the length of chord A FB F 

4. The Projective Projection of 
Points on the Spher e 

In figure 2 le t PF be the arbitrary point on the vis ible spherical cap whose image in the 

oblique per s pective view, the s ide view, is sought. The corresponding point Pr in the top 

view i s found in the usual way, by parallel projection. The eye, or the ca mera lens, "pro­
jects " the point P along E pP F to CF on plane AB which is parallel to the cam era plate . 

This point CF is the r efore wher e P is "seen," and projection parallel to 0 pE F will give 

the ordinate Y of the image of P. In the top view the line E Tp T r eprese nts the same line 

in space as line E? F and the image mus t ther efore lie on ETP T Hence the point in the 

top view corresponding to the interior point C of the front view is CT , the intersection of 

Err and the vertical from CF. The distance C~CT from the central meridian plane to 

CT is ther efor e the abscissa x of the image, or map, of P--completing the transfer of the 

point P on the s phere to its full scale vis ual image . It should be noted that the construction 
is c arried out entirely with lines and circles, and the attainable accuracy of cons truction is 
limited only by the precis ion of the drawing instruments . 

It would now be possible to choose a number of other points on the s traight line r epre ­
senting the parallel of P F in the front view and proceed to plot this parallel in the perspec -

tive view point by point, us ing the front and top views for each one . Similarly, by choos ing. 
additional points PT on the straight line meridian of P in the top view the meridian of P 

could be completed. This procedure, however, is tedious and unsatisfac tory in othe r r e­
spects . We seek ther efore more elegant methods of cons tructing these curves , both with 
and without computa tions , that is to say a nalytically and synthetically. 

5. Characteristics of the 
Projected Grid L ines 

The completed meridian and parallel of P are s hown in figure 2 to illus trate the discus ­
s ion. Some features common to all s uch curves are at once apparent. 

(1 ) Each curve is the inter section with plane AB of the cone whose vertex is E and whose 
base is a circle on the sphere, and i s ther efore a conic sec tion. 
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(2) Furthermore, s i nce the tangent cone to the spher e contains all of these cones i ts pro­
jection, the circular outline of our map, mus t enclose all of these sections . T hey are the r e ­
fore bounded, hence ellipses . 

(3) In aspects, such as figure 2, that do not include a vi sible pole each curve i n the vi s ible 
portion of the s phere crosses (twice) the plane AB separating the visible portion from the 
invisible and therefor e all cur ves have points in common with the cir cular boundary of the 
map. 

( 4) At such points the curves must be tangent to this circle s ince by (2) they cannot leave 
(cross) it. These points of tangency are ther efor e the end points of the rwo arcs constitut­
ing the ellipse, one of which is the visible and the other the invisible branch of the meridian 
or parallel. 

(S) Each of the meridian ellipses passes through two fixed points, the images of the 
north and south poles which lie on the y-axis, the trace on the m ap of the central (zero) 
m eridian. 

We conclude, therefore, that the vis ibl e meridians are a family of ellipses which are 
tangent to the boundary circle exactly twice and which have two fixed points in common. The 
parallels also form a family of tangent ellipses but without a fixed point condi tion. How ­
ever, the family of parallel e llipses has a furth er geom etr ic property which we s hall see 
pr esently . In ei ther case, after having determined the points of tangency on the outline 
circle with a s imple a nd precise constr uction the vertices of the ellipse in question ca n be 
r eadily found, and the cur ve therefore constructed by any of a number of convenient methods. 

y 

Nr 

Figure 2 

4 



6. Construction of the 
Parallel of Latitude 

We cons ide r first the construction of a given straight line parallel L? F (fig . 3) inter ­

secting A ifl F at CF. l ts latitude .:P is the angle in the front view form ed by L FO F and the 

trace of the equator. T he point CF projected paralle l to 0 FO inte r sects the outline circle 

at C and c' which are the points of tangency . Since the points C and C are located symmet­
r ically wi th r espec t to the map of the c entral mer idian OA, the minor axis of the ellipse 
will lie on OA and the major axi s will be parallel to the chord CC' , in accordance with the 
theor em: "lf a c ircle has double contact with a conic the chord of contac t is parallel to one 
or other of the axes. " 1 When the c ircle encloses the conic , as in the present ca se, the 
chord is parallel to the major axis. The points of the ellipse on OA, and hence the ex ­
tremities of the minor axis, are L and K, the map images of L F and K F' Kand L are de-

termined from K F and L F by the general method of section 4, and the center M of the el ­

lipse is located by bisecting the segme nt KL. T he latitude e llipse is now completed by the 
method illus trated in figure 4, an abstract from figure 3. 

Our giv en data at this point cons is ts of the major axis , the two vertices K and L on the 
m,inor axis , the center M, the chord cc' parallel to the major axis, and the points C and 
C at which the ellipse is tangent to the outline c ircle . The tangents at these points are 
also tangents of the circle and are the r efore cons truc ted perpendicular to the radii OC and 
OC' , inte r secting the major axis at P and p ' . Er ect a perpendicula r through C (or c' ) to 
the major axi s MP. A circle with diameter MP inter sects this perpe ndicular at D, and the 
circle with center M and radius MD is the major auxilia r y circle of the ellipse, cutting the 

1 Elememary Treatise on Conic Sections by C. Smith. Macmillan, New York, 1910. p. 252. 
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major axis in V and W, the vertices on the major axis. MD cuts cc' in S, and MS is the 
radius of the minor auxiliary circle that cuts the minor axis in the vertices L and K. Since 
these latte r points wer e part of the given data it is seen that the construction could have 
proceeded in reverse order, i. e ., construct the c ircle with r adius ML, intersect it with 
CC

1 

for S and produce MS to inter sect the perpendicular through C for D. T he former 
method, however, is preferable, especially when MS is s mall s ince it does not involve the 
extrapolation of MS to D. Furthermore this method is applicable when, as in the case of the 
longitude ellipses, only the center M , but not the vertices L and K, are given. 

T he above construction is based on the well-known property of the ellipse, that a tangent 
to the ellipse a nd the tangent to the auxiliary circle a t the corresponding point of the circle 
intersect on the axis of the ellipse . 

p p • 

F IGURE 4 

T he complete ellipse, or the vis ible portion of it between the points of tangency with the 
outline circle , can now be drawn by one of the methods suggested in part lll. It may be 
noted in figure 6 that one of the parallel s in the map degenerates into a s traight line. This 
is characteristic of all per spective views in which neither of the poles is in the fie ld of view. 
lt is the parallel of the front view which, if produced, would pass through the observation 
point E F• and the visible arcs of the latitude ellipses on ei ther side are concave with re-

s pect to it. 
T he discussion up to this point has been limited to aspects in which neither pole is vis­

ible . In cases where one of the poles is in the field of view the plane A~ F inter sects the 

polar axis, and parallels of latitude s uffic iently close to the pole are not intersected by 
A~ F I le nee the ellipses representing these parallels will nowher e be tangent to the out-

line of the map, so that a modification of the above procedure is necessar y. The s i tuation 
i s analogous to the invisible parallel s in the case we have been discussing and the necessary 
procedure can be illustrated by constructing the parallel S FT F of figure 3. The vertices 

S, T on the minor axis are found, as before , by way of points s and t on A F8 F' T he mid­

point U of ST is the center of the ellipse and the major axis is the perpendicular to ST 
through U. To find the extremities of the major axis project u, the midpoint of st, from E F 

to the parallel S FT F into RF and onto the trace of the parallel in the top view into RT. In­

ter sect RrT with the parallel to Nill T through U, cutting Rr'l in UT and N rT in u' T· 

The length of the segment ur'' T is the semimajor axis UR, thus fixing the four vertices of 

rhe latitude ellipse. It can be seen that this method is perfectly general and could be used, 
if preferred, for all lati tude ellipses . The method does, however, introduce an additional 
source of error, the use of both front and top view, whereas the first method uses the front 
view only. 

6 



7. Construction of the Meridians 

The points of tangency of the ellipses that r epr esent the meridians in the pers pective 
view correspond again to the inter sections of the meridians on the sphere with the base of 
the tangent cone of s ight. T hese points can the r efore be derived, either from the inter­
sections of the s traight line A~ F and the elliptical mer idians shown in the front view of 

figure 1, or from the intersections of the e lliptical section of the cone and s phe r e in the top 
view of the same figur e with the family of s traight line meridians . For a rough s ketch i t 
would be s ufficient to draw this elliptical section into the top view which would then im­
mediately yield the necessary points of tangency for any desired vis ible m er idian. For a 
careful cons truc tion, however, it is advisable to de termine dir ectly each point of the ellipti­
cal section as needed . T his r equires the construction: Given the defining elements of an 
ellipse--say , the four vertices , or the two auxiliary circles and the directions of the princi ­
pal axes; to find the intersections of the ellipse with an arbitrary given line . This con­
struction i s explained in section 16. 

ln figure 5 the m ethod is illustrated using the top view al though in certain cases the 
front view would give a more pos i tive inte r section. If , for instance , the eventual projection 
of the inter section from the top to the perspective view s hould be at a distance close to the 
radius of the outline circle of the perspective view, then the arc of this circle and the line 
of projection would inte r sect at an angl e near Qo . In this case the projection from the 
front view would intersect the arc ar nearly a r ight angle and would, the r efore, be preferable . 

Let the meridian to be constructed be the indicated dia meter in the top view. T he sec­
tion of plane AB in the rop view is an ellipse whose minor axis lies on N T ET, the plane of 

the central meridian. A T a nd BT ar e the vertices of the minor axis, and bisection of this 

segment gives the cente r CT. The major axis lies along the projection line CTCF, its 

length being that of A~ F" On the segme nt JCT, the intercept of the mer idian on the semi­

major axis , determine point K so that KCT: JCT "' C0T: CTC' T" This is done most con­

veniently wi th proportional divide r s , but in the abs ence of these can be accomplished with 
a rul er by exteniling the meridian and drawing the tangents to the auxiliar y cir cles as indi­
cated in the top view. N r1< intersects the minor auxiliary circle in H' T and c' r· Parallels 

to the major axis through c' T and H ' T intersect the m eridian in GT and HT, the sought in­

tersections, and the central meriilian in G'r and Hr. Parallels to NS at distances H1'f "T and 

GTG"T r espectively intersect the outline circle of the perspective view in H and G, the points 

of tangency . 
The tangents to the c ircle at H and G, inter secting at T, and obtained by erecting per­

pendiculars through H and G to the radii EH and EC r espectively, a r e again tangent to the 
ellipse as well. The line TE i s the perpendicul ar bisecror of the chord HG a nd hence the 
minor axis of the ellipse, from the theor em quoted in section 6. The poles N and S s hould 
also be projected from the front view s ince these two points are common tO all m eridians. 
With these four points and two tangents the projection of the m eridian e llipse is now fixed, 
in fact overdetermined; but these are all cri tical data for the curves and should be used in 
the cons truction. 

Next, draw a line through one of the poles, s ay S, paralle l to the minor axis ET. On this 
line we will find the othe r extremity, D, of the chord of the ellipse, us ing the theor y of the 
Pascal line . (See s ection 19 .) The perpendicular bisector of SD will d1en be the major 
axis and we can proceed with the construction of the ellipse as in section 6. There are a 
number of differ ent possible procedur es to effect this construction, such as the choice of 
poles just mentioned, bm these choices will in most cases be obvious as well as immaterial. 

Extend the line connecting S and one of the points of tangency, say H, to intersect the 
tangent TC at the othe r point in !vf . The line joining M a nd L , the intersection of the chor d 
HG and the chord SD, curs d1e tangent TC in Rand is the Pascal line of the combination . The 
inter section of GR and SD is the r equired point D. 

Due to the symmetr y of the perspective view with r espect to the plane of the central m e­
riilian, ever y meridian >. constructed yields at the sam e time the construction of the cor­
r esponding meridian - >- by r e flection through the axis NES. 
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This completes the synthetic, or purely geometric , cons truction of the grid of the sphere 
as viewed normally from an arbitrar y height above an arbitrary point on its surface. Figure 
6 shows, on an enlarged seal~. the completed side view of figure 1. The dashed (invis ible) 
arcs of the various ellipses ar e included in this figure as a matter of inter est and do not, 
of course , form any part of the camera picture . By themselves, the dashed grid lines form 
a map of the invisible major portion (not r ealizable in its entirety in our space of three 
dimensions) of the surface of the s phere, often r eferred to as the external projection. As 
shown in the next section, this sy nthetic approach r eadily yields the trans formation equa­
tions needed for an a nalytical treatme nt of the projection. 

11. ANALYTlCAL TREATMENT 
OF THE PROBLEM 

8. Plane Coordinates of a Point 

ln figure 2 let E, the viewing point, be given in latitude 'fl . longitude 0, and at distance h 
above the surface of the s phere of radius R , so that 0 ;£ F = R + h. Le t the trace of the equa-

tor in the front view be the X axis of a r ectangular coordinate sys tem in the plane of the 
front view, with the center 0 F of the c ircular trace of the meridian of E F' the zero merid-

ian, as origin and 0 ~ F as Y axis . AF and BF are on the intersection of the tangent cone 

with the sphere and E ~ FO F is therefore a right angle . The angle E FO ~Fis designated 

Figure 5 

Sr 
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e and its cosine is A FO F/O FE F ' or 

cos 9 =R/R + h. (8.1) 

This definition r eplaces, for convenience, the parameter h with 9. The l ength of the nor­
mal OD to line AB is R cos e and its inclina tion is cp

0
. The normal, or perpendicular, form 

of the equation of A B is ther efore 

X cos i:i>o + Y s in ::PO - R cos El = 0 (8.2) 

Similarly, the equation of OE is 

x sin ci> o - Y cos ci>o = o (8.3) 

FIGURE 6 

Assume an arbitrary point P on the spher e with given latitude cp , and longitude :\. with r e­
spect to the meridian plane of E . T he ordinate Y p of PF is constant for all points that lie 

on the given parallel cp since their locus is the s traight line through PF parallel to the X 

axis. By considering the end point of thi s chord it is apparent that Y p is R s in cp , and that 

half the length of the chord which, by construction, is also the r adius N? Tin the top view, 

is R cos cp . The longitude :\. appears undis torted in the top view as < Pi"'~r The X coordi­

nate of PT• hence also of PF! is ther efor e R cos cp cos :\. . These coordinates of P F (R cos ::P 

cos :\. , R sin i;p) substituted in (8.2) and (8.3) yield the perpendicular distances LPF and 

MP F from A~ F and 0 ~ F r espectively to PF: 

LP F = R (cos 'Po cos cp cos :1. +sin ci>o s in -ti - cos e) 

MP F = - R (s in ::Po cos qi cos >.. - cos rp0 sin qi) 
(8.4) 

Assuming a second coordinate system (x,y) in the plane of the map (the oblique s ide view), 
with 0 as origin and the axes as indicated in figure 2, it follows from the me thod of con-
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struction of the map point P that its y coordinate Yp is the distance DC F' and from s imilar 

triangles 

y = DC= R sin9tan9 
R (s in e tan e - cos cp0 cos cp cos ). - s in cp0 s in cp +cos 9) 

or 

R s in2 e (cos :o0 s in cp - s in cpo cos cp cos ). ) . 
y = -------"'-------"'------

1 - cos e (cos cpo cos cp cos ). + sin cp0 s in cp) 
(8.5) 

c' C Cr DC CrF Cr 
From the figur e we have the proportions P' T T =~and____£_ =~· But __ T_ 

rr rr MPF Py-F Prr 

C ~F. all the segments in this proportion being corresponding projections of the same 
p F 

line in space. C~CT being, by cons truction, the map abscissa x of point P we have x = CTCT 

P'TPT.DCF , 
= MP or, since PrT = R cos cp s in i and DCF = y, 

F 

x = _____ R_c_o_s_cp_s_i_n_). _ _____ y, and finally from (8 .5) 

R (cos cpo s in cp - s in cpo cos cp cos ). ) 

:x • R s in2 e cos cp sin ). 

l - cos e (cos cp0 cos co cos ). + s in cpo sin co) 
(8.6) 

Equations (8.5) and (8 .6) are the mapping equations for the projection, the word "pro­
jection" being applicable in this cas e, both in its literal sense and in the extended meaning 
used in the mathematical theory of cartography. They enable one ro compute so-called plane 
coordinates (x,y) of any point P with s pher ical (geographic) coordinates (co,).) as seen from 
an exterior point E with spherical coordinates (cp0 , ).

0
) and elevation h. The elevation is ex-

pressed in the same unit of length as the r adius R of the spher e and transformed by (8 .1) 
ro the parameter e. ).O is, for convenience, set equal ro zero so that the ). ro be used in 

(8.5) and (8.6) is actually the difference, ). - ).
0

, of the Greenwich longitudes of P and E, 

with a suitable convention as to s ign. 

9. Equations of the Grid Lines 

Since the mapping equations are linear in the two variables s in cp, cos cp , they can be 
solved explicitly by elem entary me thods for these two variables. Squaring and adding the 
r esulting two e quations eliminates cp and results in the equation of the meridians : 

x 2 (cos2 co0 tan2 
). + sin2 P) + y2 tan2 ). (cos2 co0 cos2 e + s in2 9) +2xy s in qiO s in2 e tan ). 

- 2x R cos Q>O s in2 9 cos 9 tan ). - 2y R s in :o
0 

cos :iiO s in2 9 cos e tan2 
). (9 .1) 

-R2 cos2 cpO s in4 e tan2 ). = 0 
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Oper a ting similar ly with r es pect to the linear variables sin >.., cos >.. in (8.5) and (8.6) 
eliminates >.. a nd yields the equation of the parallels : 

x2 (s in cp
0 

- cos e s in I'll)'" + y 2 {(s in <PO - cos e s in cp)'" + cos 2 qi
0 

s in'" e } 
+ 2y R cos qi

0 
s in2 e (s in CDO cos e - s in m) + R'" s in4 

P (s in'" cp - s in'" <P0) = 0 
(9.2) 

10. Inver se Mapping Equations 

Arranging (9.2) in the form A s in'" cp + 2B s in cp + C = 0 and solving by the quadratic 
formula we obtain the expression 

{
x '" s in <Po cos e +y:a sin cp o cos e+yR cos '.'!l o s in:a e ~ s in e (R s in ro

0 
sin:ae } 

-Y cos :;i0 cos e) (R
0
s in:a e - x :a - y:a )2 • ( l O. l ) 

x'" cos'" e +y:a cos:a e +R'" s in4 8 
s in <P = 

An analogous pr ocedure with r espect to tan >.. in equation (9 .1) yields 

. { s in e (y s in cp
0 

- R cos cpo cos e) ± cos cp0 (R :a s in'" e - x'" - y '" )1 
tan >.. • x s in 9 - - - . 

(R cos mo s in'" e + y s in cpO cos B):a - (x2 cos3 qiO + y2
) 

} ( 10.2) 

or, alternatively, 

tan >.. = x s in e 
( 10.2 ') - - --------- --------- - - --- ! 

s in e (R cos cp
0 

cos e - y s in qi
0

) ± cos cp
0 

(R'" s ina e - x 2 
- y :a )"i 

Equations ( 10.1) and (10.2) ar e the inve r se mapping equations by means of which a point 
on the map with given coordinates (x,y) can be tr ansfor med back on the spher e . As was 
to be expec ted from previous geometr leal cons iderations , the ambigui ty introduced by the 
radic al indicates that to each point in the map correspond two points on the s pher e , the two 
points (one vis ible and the other invis ible) in which the ray from E pier ces the s pher e . 

11. The Enve lope and Singularit i es 

The discr iminant B :a - A C of the abov e -mentioned quadr atic equation set equal to 0 gives 
in each case the condi tion 

(11.1) 

-- the equation of the outline circle or tr ace of the plane AB-which is ther efor e the envelope 
of both families of curves (10.1) and (1 0.2) or, equivalently, of (9 .1 ) and (9 .2) . 

In addi tion, the fam ily of parallels (10 .1) has the s ingularity found by setting the factor 
(R sin qi

0 
s in :a e - y cos cp

0 
cos 9) of the discr iminant equal to zero. The r esul ting condi tion 

R sin cp0 s in2 e 
y = -----'~-­

cos cp
0 

cos e 
(11.2) 

is the equation of the parallel for which s in qi = sin cpof cos Sand which maps into the degen­

erated s tr aight line ellipse mentioned in section 6. The geometrical s igni ficance of this 
s ingularity is appar ent from a consider a tion of figure 6. 

The family of meridians (10.2) also ha s a fur ther s ingularity which was anticipated in 
the synthetic tr eatm ent. It r esults from setting the factor x in the discriminant of (10.2) = 0 . 
The corresponding y values from (9 .1) are 

R s in:a e cos qi
0 

- R cos cpo s in:a e 
Y1 = 1 Y :a " 

1 - sin cpo cos e 1 + s in :v0 cos e 
(11 .3) 
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which are independent of A. , so that the two points (O,y1) a nd (0.Y.a) are common to all me­
ridians . The points are, in fact, the images of the north and south poles as can be verified 
by setting :p = :!:: 90° in the mapping equations (8 .5), (8.6). 

12. Analysis of the Equation 
of the Parallel of Latitude 

By completing the square in the quadratic latitude equation (9.2) it can be transformed 
into the s tandard form of an ellipse 

(x - h)
3 +<Y - k )3 = l 

a 3 b3 

in which (h,k) are the coordinates of the center, and a, b are the lengths of the major and 
minor semi -axes . The r esulting latitude ellipse in standar d form is 

{ 
R sin3 e cos c;i0 {sin a> - sin a>O cos 9) } 2 

xa y - ( 1 - cos e cos Ill - :Po)( 1 +cos e cos qi + cpo) 
~---------------- + 1 

R2 sin4 9 cos3 qi( cos e s in ..., - s in cpo) 2 

( 1 - cos e cos cp _ tilo) ( 1 + cos e cos cp + qio) ( 1- cos e cos a> - c;i0)
2 

( 1 +cos e cos cp + cp0)a 

from which it follows that the centers lie on they axis, the ordinates being 

Y = _ _ R_co_s_a>~0_s_i_n_a_e_( s_1_·n_a>_-_s_in_cp~0_c_o_s_e )_ 
( 1 - cos e cos cp - cp

0
) ( 1 + cos Q cos ~) 

(12.1) 

(12.2) 

The minor axis coincides with they axis and the vertices V 
1

, Va at the extr emities of the 
minor axis have coordinates 

R s in3 e sin q;-:qlo ) 

1-cos e cos cp - qi0 

R s in2 e sin ~ ) 
1 + cos ? cos ~Q 

The vertices on the major axis ar e V3 , V4 : 

( 
R sina ecosa> R s ina 9cosa>

0
(s inai- simo

0
cos9) ) 

= IT1- cos9coscp- a>0) ( l +cos9cos:P+qi0)] t '{ l -cosecosqi- cp
0

) ( 1 +cosecosa> +qi
0

) 

(12 .3) 

(12.4) 

Solving (9.2) s imultaneously with (11. 1) yields the points of tangency of the latitude ellipse 
with the envelope: 

x = ± R sec qi0 [{sin e-=-al0 +sin qi) {sin e + a>o - sin a>)] 1 } (12.S) 

y = R sec QJO (s in cp - s in a>o cos e) 

13. Analysi s of the Equation 
of the Meridians 

Analysis of equation (9.1) is complicated by the presence of an xy term with the conse­
quent skew of the me ridian ellipse wi th respect to the coordinate axes. In view of the fact, 
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however, that we are dealing with a two-parameter family of projections the computational 
complications would not appear at a ll excessive . 

Rotating the coordinate axes through angle a , wher e 

tan a = sin cpO tan >.. (13. l ) 

eliminates the xy term and gives the equation of the curve with respect to the rotated axes in 
the form 

x' 2 (s in2 e + cos2 'l>o cos2 e s in2 >..) + y' 2 cos3

1 
cpO sin3 >.. 

- 2x' Rcoscp
0

sin2 9cos9sin>.. (l-cos3 cp
0

s in2 >.. )2 = R3 cos3 m0sin4 9sin2 >.. 
(1 3.2) 

an ellipse whose c ente r lies on they ' axis and one of whose principal axes the r efore passes 
through the origin. It may be noted tha t equation (13. l ) is independent of e, which means 
that the skew of the m eridian ellipses is independent of the height of the observer above the 
gr ound, a fac t which is not obvious from the synthetic treatment of part I. 

Completing the square in (13.2) and following the procedure outlined in section 12 we can 
find the lengths of the principal axes and the coodinates of the cente r . These coordinates 
are then projected through angle a onto the original x,y axes to give the coordinates of the 
center with respect to this coordinate system. 

Summarizing the results thus obtained we have for the length a >.. of the major semiaxis 
and for the length b >.. of the minor s emiaxis (which passes through the center with inclina­
tion a) the following: 

R sin2 e R sin3 9 
a>. = 

(sin3 e + cos2 cp0 cos" e s in2 >.. ) I T 

R s in3 e cos cp0 s in >.. 

b').. = s i n3 e + cos2 cpO cos" e s in3 >.. 

a>,. cos cpo sin >.. 

T 
I 

with T ;; (sin" e + cos2 cpo cos2 e sin
3 

>.. )2 

The cente r (x c' y cJ of the mer idian ellipse is 

R cos cpo sin3 e cos e s in >.. cos >.. 
= b >.. cos 9 cos >.. x = c 

Ye= 

s in3 e + cos3 cpO cos2 e sin2 >.. 

R s in cpo cos cp0 sin" e cos e s in2 >.. 

s in3 e + cos3 .,o0 cos2 e s in3 >.. 
= b >.. s in cpO cos 9 s in >.. = x c ta n a 

( 13. 3) 

(13.4) 

Computing the numer ical values of (13.1), (13.3), and( l 3.4) , in that order, gives suffic ient 
data to plot the meridian ellipse . Alternatively, the four vertices can be computed and con­
s tructed. Their x,y coordinates can be obtained from the coordinates of the center (13.4) by 
adding and subtracting the appropriate x or y component of a>.. and b >..· The r esult for the 
vertices on the minor axis is 

{ 
x "' b>,. (cos 9 cos >.. ± cos a) 

Vi' Va: yv .,, b>,. tan a (cos e cos>.. ± cos a )= x tan a 
v v 

( 13. 5) 

wher e the two upper s igns of the ambiguities are used for one vertex and the two lower for 
the other. 

Similarly, the two vertices on the major axis a r e 

Va , v. :{xv "' bA cos e COS A ±a').. sin a 

y v = b">.. cos e cos >.. tan a + a l cos a 

13 
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a a 
Simultaneous solution of (13.2) and its envelope x' + y' = R" sin" e gives the points of 

tangency in terms of rotated coordinates x', y'. A rotation through - a: then yields these 
points in terms of the x,y coordinate system of figure 2 as 

f 
x = 1 _co:" s!~ ~in" >.. ( cos ~O cos e cos >.. ± sin l'Jlo (sin" e - cos" cpo s in" >..)"t ) 

(1 3 . 7) 

y = ~ . a ( s in l'Jlo cos cp0 cos e s in" >.. +cos >.. (s in" e - cos" ttJO s in" >.. )+ ) 
l - cos l'Jlo s in >.. 

An inter esting geometr ical property of the center s ( 13 .4) of the meridian ellipses is that 
they all lie on an ellipse; this curve can ther efore be used in locating the centers by inter­
secting it with the perpendicular bisector of the chord connecting the points of tangency 
(13.7). This . locus of center s is found by eliminating>.. from equations (13.4). Since y / xc 
= sin l'Jlo tan >.. it follows that sin" >.. = y 3 /(x2 c s in" cpO + y" c), and this quantity substituted 

in the second of equations ( 13.4) effects the desired elimination of >... Dropping the subscript 
c of x and y, since these are now running coordinates, and arranging the equation in standard 
form r esults in 

a 
x 

R 3 cos2 
qi sin2 e cos3 e 0 

4(1 - sin2 cpO cos" 9) 

+ 
[ 

y _ R sin co0 cos cpO s in2 e cos e] " 

2 (1 - sin2 l'Jlo cos" e) 

R" sin" cpo cos" cpo s in4 e cos" e 

4 (1 - sin" cpo cos" e)" 

= 1 ( 13.8) 

an ellipse whose minor axis lies on the y axis, one of the vertices being at the origin of the 
coordinate system. 

14, Formulas for the Orthographic 
Projection 

The orthographic, or parallel, projection is a limiting case of this class of projections 
obtained by letting h in equation (8.1) approach infinity. Setting, in consequence, e = 9Cf , 
s in e = 1, cos e = 0 simplifies the various equations considerably. We list, for r efer e nce, 
some of the r esults . 

The mapping equations (8.5), (8 .6) 

x = R cos cp sin >.. 
y = R (cos cp0 s in qi - s in cpo cos qi cos >..) 

The inver se mapping equations (10.1), (10 .i) 

x 
tan >.. = --------------, 

- y sin l'Jlo ± cos cpo (R" - x" - y 2 fi 

The vertices of the latitude ellipse 

V1 : (0, R sin cp - cp
0

); Va: (0, R s in cp + cp
0

); V3, V4 : (± R cos cp, R cos <Po s in :p) 

The meridian ellipses all have their center s at the origin. The inclination of the major 
axis is s till 90° -r a .. 90° + arctan (sin <Po tan >..) , but its l ength is constant and equal to the 

diameter of the circular e nvelope x a + y a = R a, so that each meridian ellipse is tangent to 
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this circle at the extr emities of the major axis . The two vertices a t the extremities of the 
minor axi s have coor dinates x = ± R s in a , y = ± R cos a . 

Making the further simplification of setting cp
0 

= 0, co
0 

= 90° , we obtain the fa milia r equa-

tor ial and polar orthographic projection respecti vely of the sphere which we assumed as 
known a priori , and used as our front and top views . 

M · · f . { x = R cos cp s in ). apprng equanons r ont view R . 
Y = s rn co 

M . . . { x = R cos co s in ). appmg equan ons top view R 
y = - cos cp cos ). 

z 

FIGURE 7 

Ill. AUXILIARY TH EOREMS 
AND CONSTRUCTIONS 

15. Cons truction of the E llipse 
With Proportiona l Div i der s 

When a circle of radiu s a is rotated about a diamete r through an angle i and projected 
orthogonally onto the plane of the circle in i ts original position, the resulting trace is an 
ellipse whose major axis coincides with the axis of revolution of the circle and whose min­
or semiaxis is b = a cos i . Obvious ly every chord of the circle perpendicular to the axis 
of r evolution, the major axis of the e llipse, i s reduced in the ratio 1: cos i or a:b. Revers­
ing the motion it is seen tha t, conversely, if the chor d of an ellipse parallel to the mi nor 
axis i s extended in the r atio a:b its end points will lie on a circle with radius a and con­
centric with the ellipse, the so-called major auxiliary circle . 

Similarly, if the ellipse wi th major semiaxis a and minor semiaxis b is r otated about i ts 
minor axi s through the angle i , the correspondi ng trace on the ini tial plane will be a circle , 
concentric with the e llipse a nd with radius b, the minor auxiliary circle of the ellipse. Any 
desired number of points P on the ellipse (see fig . 7) can the r efor e be construc ted by draw­
ing an arbitrary half- chord RQ of the mi nor auxiliary cir cl e parallel to the major axis, and 
extending it in the ratio a:b to P , or, by cons tructing a half- chord TS of the major auxiliary 
circle parallel to the minor axis and reducing it in the r atio b:a to P . 

T his optional expansion or r eduction is easily and accur ately accomplis hed with one 
fixed setting of proportional divider s for a given ellipse and this method of constructing the 
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points of an ellipse with prescribed axes seems superior to other methods when an adequate 
instrument is available. 

16. Chords and Tangents of the E llipse 

The r a tio a:b is also the key to the cons truction of the points of inter section of an ellipse 
with an arbitrary chord and to most other constructions i nvolving ellipses. In figure 7 let 
UV be the given chord, where, as before, the ellipse is defined by the auxiliary circles with 
center 0, radii a and b, and the indicated directions of the axes . Set one end of the propor­
tional dividers to a with the other end b, clamp, and divide OV at Win the ratio a:b. The 
line UW is the locus of points which divide perpendiculars from points on UV to the line OU 
in the ratio a:b. (A diligent student of high school geome try will also be able to construct 
this line UW with mer ely a ruler.) Through the inter sections Q and Q' of UW with the minor 
auxiliary circle draw par allels QR and Q' R' to the major axis cutting UV in P and P' , the 
points sought. An alternative and analogous construction, involving the extens ion of the 
minor axis segment OU in the ratio a:b to Zand us ing the inter sections Sand s ' of ZV with 
the major auxiliary circle, is a lso s hown in the figure . Depe nding on the s lope of the given 
chord UV one or the other of these two alternatives will, in general , be mor e accurate. 

A tangent to the ellipse is the special case of a chord for which the points of inter section 
P and P' merge into a single point p as indicated in the lower right- hand quadrant of figure 
7. The auxiliary lines U W and VZ become in this case tangents to the auxiliary circles and 
can therefore be constructed without r ecourse to proportionali ty. A number of problems 
involving tangents to an ellipse can be solved by using the interrelations of the lines i n this 
figure. 

17. Ruler - and- Compass Constructions 

In the absence of proportional dividers a number of other methods of constructing the 
ellipse exactly, though not in genera l precisely, due to propagation of errors resulting from 
interdependent cons truc tions and the like , are available, not to mention the variety of con ­
structions for quasi-ell ipses by means of circular arcs . The best known, probably, i s the 
one using the angle variously called eccentric , parametric , or auxiliary angle a nd designated 
by astr onomer s as the eccentric anomaly. In figure 7 the points 0, Q, and S are collinear 
and thi s line OQS forms with the major axis the angle in question, or its s upplement. Hence 
to construct a point P of the ellipse, corresponding to an ar bitrary radius vector (line 

Figure 8 
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through 0), determine its intersections Q and S with the two auxiliar y circles and produce 
parallels to the major and minor axes respectively, as indicated, to dete rmine P. 

A template, based on this principle of construction, can be r eadily constructed to draw 
points on an ellipse of a ny shape or s ize, not exceeding that of the template. On a piece of 
square- section coordinate paper draw a series of lines radiating from a central point 0 . 
P lace the drawing, with the two auxiliary circles and the principal axes sketched in, on a 
light-table and over the template with the center of the ellipse on 0 and the axes coinciding 
with the two perpendicular grid lines through 0. From the _intersections of each radia ting 
line with the auxiliary circles follow, by eye, the corresponding s quare-grid lines to deter­
mine a point on the ellipse. 

Another method depends on a well- known property of the foci. With center on a minor­
axis vertex and radius a, the length of the major semiaxis, draw an arc intersecting the 
major axis in F i and Fa, the foci. Choose an arbitrary point on the major axis, dividing 
the latter into two segments . Two circles, centered at Fi and F a with radii equal, respec­
tively, to the lengths of the two segments, will inter sect in four points of the ellipse. 

18. A New Method of Constntcting E llipses 

Figure 8 illustrates a simple and precise construction which may be new. Determine the 
foci Fi and Fa as above and draw circles about them with radius 2a, the length of the major 
axis . From any point Pi of one of these circles as center and with the constant radius 2a 
strike off an arc on the other circle and draw the chord connecting the two points so fou nd . 
The chord will be a tangent of the ellipse, and the intersection of the chord with F i Pi the 
point of contact. The focal chord from F a through this found point must give the same r e­
sult . It inter sects its circle at Pa, and the circle with radius 2a and center Pa cuts the 
first circle in two points collinear with the tangent determined from Pi. 

This method ha.- a number of advantages over the others in s implicity as well as preci­
sion and generality: 

(a) no small circles are used; in fact only one fixed setting of the compass is needed; (b) 
the tangents to all the points are an automatic byproduct if needed; (c) there is a simple 
check for each point, as described above; (d) with the foci separated by a distance greater 
than 2a the construction will r esult in a hyperbola , the method being per fectly gener al for 
all types and s hapes of conic sections except the parabolas which are, in any case, all the 
same s hape. (Placing the foci a distance = 2a apart produces the straight line ellipse of 
length 2a.) 

19. Pascal's Theor em 

The theor em concerning the Pascal line, used in section 7 in the construction of the me ­
ridian ellipse, can be stated as followsa: "If 1,2,3,4,5,6 are points of a conic (fig. 9), the 
points of intersection of the pairs of lines 12 and 45, 23 and 56, 34 and 61 are on a straight 
line (Pascal line); and conver sely." The order in which these 6 points are designated is 
optional , each essentially differ ent arrangement giving rise to a different Pascal line. The 
points given in figur e 9 represent a special case in which the points 2,3 a nd 4,5 a r e coin­
cident, so that the chord 2 3 as well as chord 4 5 are actually given tangents with their 
points of contact.3 Points l to 5 are given and point 6 is to be found by use of the theorem. 
We specify an arbitrary direction for the chord 16, and find 6 on this line by satisfying the 
requirements of the theorem . The intersection of 12 with 45 at M is one point on the Pascal 
line , and the inter section of 16 and 34 at L is another , thus fixing the line. The theorem 
sta tes that 23 meets 56 on ML, hence at N, the inter section of 23 with ML. This fixes 56 
and the inter section of 56 with 16, which i s therefore the point 6. ore that the line 16 is 
used for intersection with other lines in the construction even though the point 6 itself is 
not fixed until the final step . 

20. Mapping Equations for the 
Tilted A spect 

In all that precedes it is assumed that the eye or the camer a is s ighting down along the 
normal to the sphere, the so- called normal aspect. If the optical axis of the camera devi-

2 Projective Geometry by John W. Young, Carus Monogr aph No. 4, Mathematical Association of America p. 67. 
3 Ibid, pp. 71- 72. 
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ates from this line the resulting image on the plate will be correspondingly distorted. The 
consequent complica tions in the analysis take us beyond the scope of this paper, but we in­
dicate her e one optional course of procedure in developing for this general ca se mapping 
equations corr esponding to (8 .S, 8.6). 

In figure 10, E F (AF D B ~ is the trace of the tangent cone from the front view of figure 

2. A tilt of the camera through an angle i in the plane of the central meridian rotates line 
A F D BF around E F into position A'F D' B' F" Since we have left aside, throughout, all 

cons iderations of scale reduction depending on the optics of the camera we may assume 
the points (8.S,8.6) of the normal aspect of our map to lie in the plane A~ F which is, of 
cour se, the trace of the oblique section of figure 2. 

FIGURE 9 

F IGURE 10 

Let Q be an arbitrary point of the normal aspect with coordinates (x,y) as computed 
from mapping equations (8 .S,8 .6). The ray QE F intersects A'F BF in Q', the ima ge of 

Q in the tilted aspect. The ordinate y of Q projects orthogonally, in true l ength, into QD of 

figure 10 which lies in the plane of the central meridian . Hence 

y = p tan DE FQ' (20.1) 

with P = DE F or, from figure 2, p = R s in e tan e. 

The trace of the straight line cPntral meridian projects in the rotation into a straight 
line on plane A'~· Fand through D', the center of the camera plate. This line is desig-

nated the y' axis of the coordinate system on plane A' FB 'F with D' as origin. T he ab­

scissas of points Q remain unchanged, x' = x , and the ordinates y' become Q' D' =D'E F 

tan D
1 

EFQ
1 

= p tan (DEFQ - i ), or 

, tan DE FQ - tan i 
y =P --------

1 + tan i tan DE FQ 
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With the substitution p = R s in 9 tan e and tan DE FQ = y/ o from (20. 1) the complete trans­

formation becomes 

x' : ~ . e e y cos e cos i - R sina e s in i I 

Y - s rn tan y cos e s in i + R s i n2 6 cos i 
(20.2) 

On the other hand a deflection of the optical axis of the camera from its normal posi tion 
through an angle j in a plane perpendicular to the plane of the central meridian would r esul t 
in a transformation analogous tO (20.2), with the roles of x and y interchanged . Since ever y 

>i Cf so H f 1S0 2Cf 2S0 3lf Points of 
cp 

3. 707 7.S28 11.604 16.130 21.462 28.S04 - s0 grid l ines 
x on perimeter 
y 42.099 41.S86 -10.638 39.062 36.407 31.202 

x 0.000 ! 6S0 

42 .262 y 

x 0.000 S.200 10.094 14.430 18.043 20. 417 
6D° 

41.1 77 40.960 40.332 39.3S8 38.130 37.003 y 

x 0.000 7.081 13.619 19.193 23 .S80 26.744 28. 789 28.849 
S5° 

37.108 36.860 36. l SS 3S.087 33. 783 32.366 30.939 30.884 y 

x 0.000 9.166 l 7.4Sl 24.223 29.221 32.504 34.322 34. 819 
Slf 

28.86 1 28.669 28 .130 27.333 26 .393 2S.409 24.4SS 23 .9S2 y 

x 0.000 11.118 20.966 28. 706 34.080 37.289 38. 76 1 39.010 
45° 

16.02S 16.034 16.061 16.100 16.144 16.189 16.23 1 16.2S8 y 

x 0.000 12.4S8 23 .34S 31.670 37.208 40.288 41.474 41.S24 
4D° 0.000 0.350 1.313 2.680 4.217 s. 741 7.143 7.862 y 

x 0.000 12.841 24 .017 32.498 38.070 41.104 42 .203 42.246 
3S0 

- 16.02S - 1S.31S - 13.36S - 10.610 - 7.S28 - 4.491 - 1. 712 - 1.173 y 

x 0.000 12.283 23 .036 31.289 36.809 39.909 40.86S 
3Cf - 28. 861 - 27.91S - 2S .30S - 21. S92 - 17.408 - 13.248 - 10. 778 y 

x 0.000 11.111 20.9S6 28.693 34.06S 36.744 
2S0 

- 37.108 - 36.096 - 33.28S - 29.231 - 24.S83 - 20. 879 y 

x 0.000 9.698 18.415 25.465 28.28S 
2D° 

-41.178 - 40.228 - 37.S63 - 33.6S7 - 31. 401 y 

x 0.000 I 15° 
- 42.262 y 

8.403 16.645 24 .S30 31. 786 37.949 4 1. 959 Points of x - s0 grid lines y - -11.-118 - 38. 846 - 3-1.414 - 27.8S2 - 18.599 - S.OS2 on perimeter 
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FIG. 11.-Aerial view of the United St ates-An observer, approximately 400 miles vertic ally above the central 
point in lat. 40°N., long. 95° w., and looking s traight down, could see all of the continental U.S. exc luding Alaska . 

deflection can be decomposed into two independent rotations of this type, the r esultant gen­
eral transformation for tilt is the linear fractional transformation 

XT "' R sin e tan e 

Yr = R s in 9 tan e 

xN cos e cos j - R s in2 e s in j 

xN cos e s in j + R sin2 e cos j 

YN cos 9 cos i - R s in2 e s in i 

YN cos 9 s in i + R sin2 e cos i 

(20. 3) 

where (xT, YT ) are the coordinates in the tilted as pect corresponding to the point (xN' YN) 

of the normal aspect as derived from (8.5,8.6). By s ubs tituting the equations (8.5,8.6) in (20.3) 
we can obtain these mapping equations in terms of the orig inal spherical coordinates . 
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21. An Aerial View of the United States 

Assuming the point with latitude ·"o = 40°N.and longitude >. 0 =95° W. of Gr eenwich to be , 

roughly, the center of the continental U.S. , exclusive of Alaska, it will be found, by rough 
measurement on a globe, tha t a value for the parameter 9 of 25° in formulas (8.5,8.6) will 
extend the horizon sufficiently to include all of this area. An exact value for 0 can be com­
puted from the formula 

cos e = cos 'Po cos rJ) cos ). .... sin +'o s in ·.o ( 21.1) 

which expresses the functional relation between "!l and > for points on the horizon, found by 
setting LP = 0 in (8.4) . lt may be noted conversely that, having fixed S, for a given value of 
Cl> (respectively >) the corresponding value of). (respectively ·•) of the parallel (meridian) on 
the horizon can be found by solving this equation (21.1). 

Figure 11 is a sketch of this area on the above assumptions. The 5° grid lines were 
drawn by connecting the points tabulated in the accompanying table in which the main body 
was computed from (8.5,8.6) with e = 25° , ,,

0 
= 40° and R = 100. The points listed at the top 

and bottom margins are the intersections (points of tangency) of the meridians with the cir­
cular perimeter, or horizon, of the map as computed from (13.7). The points to the right 
of the main body of the table are the tangent intersections of the parallels of latitude with 
the perimeter, computed from (12.5) . 

Since the map is symmetrical with respect to the central meridian (>. = 0), points to the 
east o f this meridian (>. positive) only are listed. Thus , for example, t he entry in the table for 
"' = 30°, >.. = 20° (x = + 36.809, y = - 17.408) represents the coordinates of the inter section of 
the 30th parallel with the 75th Greenwich meridian, 20° to the east of the 95th, or central, 
meridian. The symmetrical point on this parallel , 20° west of the central meridian, i. e ., the 
115th meridian would therefore have the same y coordinate, - 17.408, bur its x coordinate is 
- 36.809. 
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