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Technical Bulletin Series 

This series of Technical Bullecins was inaugurated to present primarily to the personnel 
of the Coast and Geodetic Survey and incidentally to others technical information related to 
the Bureau's scientifi c and technical activiti es Since many of the bulletins deal wi th new 
practices and new cechniques, the views expressed are those of the authors and do not nec­
essaril y r epresent final Bureau policy. 

Technical Bulletin No. 21 constitutes a report on the present s tare of the deve lopment of 
analytic aerotriangulat ion and complete formula tion su itable for computer progra ming. The 
system is based on relatively simple and unconventiona l apparatus: a point-marking stereo­
scope , a monocu lar comparator, and modera te s ize e lectronic compute r . Accuracy im­
provement over conventional fir st-order stereoscopic plouing instruments has been ex­
perienced. 
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Analytic Aerotriangulation 
\\' . D. 11 :\RR J , G. C. TE\V l:\KEL, .\:\D C. A. 'v\' i-IITfE)I 

U.S. Coast a nd Geodetic Survey 

ABOUT five years ago it was decided in the 
Coast and Geode tic Survey to explore the possi­
bilities of analytic aerotriangulation in an effort 
to improve accur acy, to augment its productive 
capacity in this fie ld, to automate some of the 
more tedious operations, to exploit the advan­
tages of the Bureau's computer fac ilities, and 
to avoid the procureme nt of addi tional mechanica l 
analog plotter s . To this end it was necessar y 
to formulate various mathematical relations hips , 
procure some s pecia l instrume nts , devise ne w 
computer programs and make numerous tests. 
Now that 25 strips of aerial photographs have 
been processed successfu lly for productive uti­
lization, it is with a measure of confide nce 
through exper ience that the system is reported 
here in cons iderable detail. Most of the goals 
have been realized in pare, with the poss ible 
exception of automation, whic h is sur e ly to fol­
' low, and many improvements a r e naturally ex ­
pected as furthe r experience is gained. 

The development of the system has been ac­
complished through the cooperative effort of 
several organizational units and a la r ge number 
of individuals within the Bureau without whom 
the project could not have succeeded. Capt. Law ­
r ence W. Swanson maintained the inte r est, un ­
swerving convic tion, vis ion, encouragement, and 
propu lsion that are a lways needed in thi s kind 
of developme nt whe r e the study extends over 
several ye ars. Although formulation was done in 
the P hotogra mme cry Division, significant con­
tributions we re added and several changes made 
in the Electronic Computing Divis ion, where all 
of the computer programing and data processing 
we re accomplis hed. Even after developme nt and 
during present produc tive work, the Photogram ­
metry Division furni s hes digi ta l image coordi ­
nate data to the Computing Division which pro ­
vides all the processing and returns "answer s" 
to the original division for use in subsequent 
map compilation or othe r applications. Of the 
Photogrammetry Divis ion, Mr. Morton Kel le r 
assisted with the formulation and performed 
many sample computations with des k calculator; 
Mr. B. Frank Lampton di d all the ini tial observ ­
ing and data collection and aided mate rially in 
overcoming sever a l initial difficulties with e lec­
tronic equipme nt; Mr. Ray J . Puhl has s ince 

Mr. Harris is Deve lopment Assis tant to the Chief of the 
Pbotogrammetry Division; Mr. Tewlnke l is Photogram­
metrlst in the Office of Research and Development; and Mr. 
Whitte n is Chief of the Electronic Computing Division. 
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furni shed a large amount of obser vational data. 
Miss Rosemary Riordan of the Electronic Com ­
puting Division did all the compute r pr ograming, 
debugging, and initial computer operations. Fi ­
nally, one cannot overestimate the contribution 
of Dr. Hellmut H. Schmid of the Ballistic Re­
sear ch Laboratories, Aberdeen P r oving Gr ound, 
Md., who furni shed the initial bas ic ma thema tics, 
instructed photogrammetric per sonne l of the 
Coast and Geodetic Survey, and acted unoffic ially 
in the capacity of a wi lling consultant in all 
phases of the work. 

The author s humbly and gratefully acknowledge 
these many contributions and the eager and un­
selfi sh cooperation of those named and many 
unnamed who devoted their special tale nts to 
the s uccess of the pr oject. 

INTRODUCTION 

Ana lytic aerotriangulation i s a me thod for 
accurate ly determining the ground positions of 
objects throughout a s trip or block of overlapping 
ae rial photographs, using r e lative ly few known 
ground positions , by means of digital calculations 
based on coordinate measurements of pertinent 
image posi tions on each photograph. This method 
diffe rs from the mor e conventional instrume ntal 
me thod that is based on measurements of a 
s ter eoscopic model whic h is perfected or solved 
through the use of an analog device (first-order 
ster eoscopic plotte r ). T he analytic method offers 
certain worthwhile advantages accruing from 
automation, digital accuracy, least-squares ad­
jus tment, and freedom from the mechanical 
di scr epancies contributed by the plotting ins tru­
me nt. 

In the syste m developed in the Coast and Ge­
odetic Survey, emphasis has been placed on the 
use of r e lative ly simple instruments of moderate 
cost a nd of r eady availability. Conseque ntly, a 
stereoscopic point-transfe r device is utilized 
which i s alr eady being manufac tured in series 
lots and which is s imple in the sense that it ha s 
very few moving parts and the only c ritical 
feature is that a neat, sm all, round hole be 
placed in the photographic e mulsion at the same 
location as indicated by the index marks wi th an 
accuracy of a few microns (1,000 microns is 
one millimeter ; one mic r on is approximate ly 
1/25,000 inch). Also a conventional comparator 
originally developed for astronomer s is used in 



distortions, every image- lens-object set of three 
points lies on a common straight line . If all 
systematic distortions of the photographs are 
corrected so that any remaining discrepancies 
are randomly distributed, then all such three­
point collineations in a group of overlapping 
photographs should be satisfied simultaneously 
such that the r esidual discrepancies in the cor ­
rected image coordinates obey the principles of 
least squares. 

l. DATA PROCUREMENT 

Data procurement is considered here to in­
clude the three phases: aerial photography, 
image identification and coordinate measureme nt, 
which are discussed separately. 

l. l Aerial Photography and Photo Preparation 

All photographs processed to dace have been 
obtained with one of the three camer as: Wild 
RC-5, RC-8 or RC-9 . All of them are film cam­
eras, the first two having focal lengths of 6 
inches and aviogon lenses, the last one, 3 .6 
inches and a superaviogon 120° lens. A fiducial 
mark is automatically photographed sharply in 
each of the four corners of the picture format 
(a reseau is not used). Generally the film had 
the P lus-X emulsion on the s tandar d topographic 
base, except for rests with polyester bases. T he 
exposed film was normally airexpressed to Wash­
ington for processing from various project s ites 
throughout the nation. Thus a few days time 
elapsed between photography and processing. 
Oiapositives we r e prepared usually about 30 
days after development using a LogEtronic print­
e r . Diapositives ar e printed on the commercial 
1/ 4-inch superflat plates. No attempt has been 
made to use thinner plates. 

Le ns- distortion data consisted of the manu­
facturer's r eports indicating the radial distor­
tion on each of the two diagonals to the nearest 
micron together with the calibrated focal lengths 
to the near est 10 micr ons . These data were 
verified by testing photographs taken of the Bu­
reau' s Ohio Calibration Area .3 

Aerial photography was usually at 20,000 feet 
altitude, using the standard camera mount (no 
automatic stabilization) and without any glass 
between the camera and ground, nor any special 
heating arrangements around the camera. 

The system is generally independent from the 
type of photography- any focal length, format, 
distortion pattern, tilt, altitude, and r elief is 
acceptable. Obviously, the accuracy of the sys­
tem depends on, among ocher ite ms , a knowledge 
of the focal length and lens distortion pattern 
within close tolerances . 

3Nine-lens calibration area by Louis J. Reed, The Jo um e l, 
Coest end Goodetic Survey, No. 2, p. 60, 1949. 
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1.2 Stereoscopic Marking of Images 

It is cons ider ed to be a basic and fundamental 
concept of photogrammetr y that ster eoscopic 
observation is a necessary operation in any 
aerotriangulation system. Eventually automatic 
mac hines may be developed to perform this func­
tion, but here the manually operated and rela­
tively simple stereoscopic marking devise, Wild 
PUG-2 (fig. 2), is used. The purpose of the 
operation is to select and mark images which 
are unmis takably and accurately identified on 
two photographs of the same area. The images 
must also be identified on a third photograph in 
the aerotriangulacion of strips of photogr aphs, 
and perhaps on as many as nine for blocks of 
photographs . 

Three categor ies of points are employed: pass 
points, control points, and photo points. Pass 
points are located in the usual rectangular pat­
tern in six locations of each overlap area. Two 
points, a few millimeters apart, are selected in 
each of the six locations . 

Control points are those for which survey data 
are available-either their positions (X , Y, or 
latitude and longitude (horizontal control)), or 
their elevations (vertical control), or both, are 
known from ground surveys. Ordinar ily these 
points are not pre marked except for accuracy 
studies, although it is r ecognized that the failur e 
to premark horizontal control introduces into 
the system one of the largest sour ces of e rror. 
In lieu of premarking, a system of "substitute" 
stations is applied--a system in curr ent use in 
instrumental aerotriangulat ion. Near each hori ­
zontal station the field surveyor identifies at least 
two natural objects which are discernible on the 
aerial photographs and determines their positions 
by short traverses including the necessary ob­
servations for geodetic azimuth. One of these 
substitute s tations is treated during data process­
ing as a control station and the ocher as a check 
point. Ordinarily a larger number of control 
points is used than is uniquely r equired to contr ol 
the computation. The frequency of control sta­
tions i s governed by the accuracy specifications 
for the particular project and the avai lability of 
stations already established dur ing pr evious sur­
veys. As an example, the control for a str ip 
of photographs may consist of horizontal stations 
distributed roughly one in every s ixth photograph 
and a pair of vertical sta tions s ituated near the 
edges of the s trip in roughly every fourth pho­
tograph. 

Photo points are images whose ground coordi­
nates are wanted from the computation for a ny one 
of sever al applications in subsequent mapping 
or charting work. Presumably it is thi s group 
of points for which the aerotriangu lation is per­
formed, although pass points frequently serve this 
purpose. 



The instrument contains a "floating" dot in 
the optica l train and a system of pris m s enabling 
:mages to be viewed in any orientation, i.e ., 
n the normal manner, pseudoscopically, and at 

right angles so that y-parallaxes appear as e le­
vational discrepancies. A fine drill can be 
pressed so that a small hole is formed in the 
emulsion of the diapositive at the same location 
as indicated by the floating dot. The drills are 
honed by the operator to yield desirable sizes. 
A diame te r of 65 microns seem s to be about the 
smallest that can be produced r e liably, and 150 
micr ons is needed for eventual mapping with the 
Kelsh Plotter. As no loss of accuracy in using 
the larger holes has been indicated in recent 
r esults, it may eventually be cons ider ed advisa­
ble to standardize on this s ize . lnc idently, the 
diapositives cannot be stacked after marking 
without damaging the holes. 

1.3 Measurement of Coordinates 

The purpose of coordinate measureme nt i s to 
assign x and y linear coordinates to all marked 
images and the four fiducial marks for each pho­
tograph. The origin of coor dinates is immaterial 
as later any or igin can be r eadily applied by the 
computer (See Section 2. 11) based on the ob­
ser ved values a t the fiducial m arks. The ac­
curacy of the measurements is important: the 
fidelity and stabili ty of the machine , the straight­
ness of the ways, the right-angle validity of the 
· and y carriages, the acuteness of the viewing 

~YStem, human fatigue during operation, etc. 
An important auxilliary is the digitization of the 
observations so that the operator need not write 
down the coordinates. Instead, the coor dinates 
are punched into paper tape which is fed directly 
into the compute r processing phase without manual 
intervention. 

A sample form of the digital r eadout is: 

15 16 3 11 02135010 02281120 99. 

The first seven digits comprise the point identi­
fication number, the next two e ight digit numbers 
are the x and y coordinate values, and the final 
two digits are a computer program code number . 
Photograph number s are conceived as consisting 
of only two digits, 00 to 99. The value 15 is the 
photograph number on which the measur e is 
made; 16 is that of the photo whose cente r is 
nearest the point be ing measur ed; 3 is the class 
of point, s uc h a s control point or pass point; the 
next 1 is the number of the pass point location, 
and the second 1 is the serial number of the pass 
point in the location . The initial and termina l 
zeros in the coor dinate values are dumm y char ­
acters, and the r emaining six digit values are 
number of microns from the fixed machine origin. 
The computer code number r efer s to fiduc ia l 
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marks and is dr opped afte r the first computer 
program. The identification and code numbers 
are di aled on the Telecordex prior to pr essing 
the r eadout switch which actuates both the dia led 
number s and coordinate values. The coordinate 
values are also displayed a t all times. Identifi ­
cation numbering is normally uniform from plate 
to plate. 

Ordinarily the operator makes 5 r eadings on 
each of the four fiducial marks and 3 r eadings 
on each other point, numbe r ing at least 18 per 
plate . Averages are determined by the compu ter 
and retained to the near est 0 .1 micron. Seldom 
does the spread between the thr ee r eadings ex­
ceed 2 microns, which indicates the repeatabili ty 
of the device and also may indicate that plural 
readings may not be necessary. Thiscompar ator 
mode l has a motor drive for only one coor dinate 
direction for rough pos itioning. The retic le 
consists of a combination of a dot to fi t just in­
side the drilled holes and also a system of diago­
nal lines to facilitate setting on the fidu cial marks . 
Incidently, it i s unnecessary to position or orient 
the plate precisely before observing. 

Because of unavoidable backlash in a scr ew­
type comparator , the operator must always ap­
proach a mark from the same direction and must 
not overrun. If overrun does occur, one must 
backup at least 3mm . before returning. The 
operator seldom glances at e ithe r the di splay 
panel nor the typewritten r ecor d during the 
r e ading of an entire plate . If he i s cognizant of 
a mistake , a means is provided for obliterating 
the err oneous portion of the paper tape r ecord . 
T he typed r ecord is scanned befor e the tape is 
r e leased for data processing, and the typed form 
compr ises a r ecor d for any subsequent r efer­
ences. Hand notes ar e added to help identify 
specific control points , etc . 

The cathode ray tube display of the light 
ene r gy passing through a drilled hole has not 
yet been rigidly tested, but ini tial observations 
indicate that r epeatability is excellent and ope ra ­
tor fatigue is r educed. The system seems to 
wor k equally well with drilled holes, black dots, 
or grid intersections. 

The comparator is qui te sensitive to tempera ­
ture variations. Not only is the room temperature 
c lose ly maintained but an off-duty heater is a lso 
provided in the instrument maintaining at a ll times 
a heat flow equal to that of the projection lamp. 
Otherwise 2 hours of warmup time i s needed 
unti l the machine r eaches a stable condition. 
Difficulties of this nature are detected at the end 
of observing a pla te by r eobserving the initia l 
point. 

2. DATA PROCESSING 

As indicated in figure 1, data processing in­
cludes all the computer steps beginning with the 



digi tal xy -coordinates produced by the compara ­
tor and e nding with the computed X, Y, Z co­
ordinates of points on the ground in any con­
venie nt system such as a State Plane Coordinate 
System , the form of the output is both printed 
and on 1 BM cards. 

Data processing is considered as being com­
posed of four stages. T he stages are not ide nti ­
ca l to computer programs a s , for example , the 
fir st stage is accompli shed with a s ingle pro­
gram a nd six programs are used in the second 
stage. Again it is emphasized that no practical 
work has yet progressed beyond the Cantile ver 
Adjus tme nt in the second s tage although Earth 
Curvatur e and the Inverse Transform have been 
applied occasionally omitting Resection and Block 
Adjustme nt. 

2. 1 Reduction of Measured Coordinates 

The r e duction of the measured coor dina tes 
includes the several steps needed beginning with 
the punched paper cape output of the compar ator 
and e nding with a set of image coordinates in a 
form suitable for e ntry into the perspective 
computation phase. T he r eduction includes the 
ave raging of multiple obser vations, corrections 
for all known sources of systematic error s, and 
a tr a ns formation of the image coor dinates into 
a system in which the pe r spective center serves 
as the origin. 

Fiducial mar11 

X3 •Y3 

D 0 

Principal point + Xp . Yp 

0 0 

FIG. 5.-Diagram of photograph format indica ting the order 
of numbering the corner fiducial marks. 
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2.11 Film Distortion Correcti on 

Any type of plas tic aerial film changes shapr 
s lightly and nonuniformly be tween the time th1 
photograph is exposed and the time it is printet.. 
on glass, whe n any furthe r c hanges ar e consid ­
ered to be arr estetl. Evidence of the distortion 
is r evea led by the comparator measure me nts 
of fiducia l marks a s compa r ed to the known fixed 
measur e ments in the ca mera i tself. The followi ng 
aquat ions4 are used to corr ect for the dis tortion 
in the best manner avai lable co date, as de­
scribed more fully in a ppendix 1. 

The corner fi duc ial marks are considered co 
be numbe r ed clockwise from l co 4 (fig. 5), a nd 
corne r 3 i s arbitrarily selected as an interim 
computational origin, with the or dinate passing 
through corne r 2. The given constant camera 
coordinates of the corne r fiduc ia l marks and 
princ ipal point ar e designated as Xj, Yj ; XP ' Yp 

whe r e Ya == Xa = Ya= 0, j-= 1. . .4. The observed 
coordinates of the four corne r s based on the com ­
parator coordinate system are correspondingly 
designated by small letters xj' Yf 

A ser ies of coe ffi cients a r e defined: 

U. = X. - X a 
J J 

d == U :a V4 - U4 V:a 

v. = y. - ya 
J J 

m = (Xa v4 - X 4 v 2 }/d u
1

' = m u 1 + n v 1 

n = (X4 u2 - X 2 V 4 )/d v1 ' = pu 1 + qv 1 

q = - Ua Y,. / d 

r =(X1 - u
1
')/u

1
'v

1
' 

s = (Y 1 - u 
1 

')/ u 1' v 
1
' 

Once the s ix coefficients m, n, p, q, r, s have 
been determined for a given diapositive, then 
the observed coordinates x., y., of any image i 

i i 

on the photograph can be transfor med into com­
pensated coordinates x .', y .' through the applica­

i i 

tion of the formulas: 

xi' = (mu1 + nv1) [l + r(pu
1 

+ qv
1

) ] ... xp 

yi' = (pu1 + q1•) [l + s( mu1 + nv
1
)] + Yp 

. (3) 

The e ffect of the trans forma tion is co apply 
linear transformations (translation, rotation, di­
lation) to correct three corner s a nd then to apply 
a confor mal fi tting to correct the fourth point 
without dis turbing the other three. Tests so far 

4FUm distortion compensation for photogrammetric use 
by G. C. Tewinke l, Coas t and Geodeti c Survey T echnical 
lJulle t in No. 14, 1960. 



have indicated sm alle r r em aining r esidual dis­
crepancies from film distortion than was origi-
1ally anticipated, but it is neverthe less recog­
tized that a more effec tive corr ection me thod 

is needed in order to exploit fully the accuracy 
pote ntial of the analytic system. l t is also 
r ecognized that some r esidual systematic distor­
tions can be absorbed in the r e lative orie ntation 
program and attributed to orientation parame te r s 
without indicating any abnormal y-parallax r e­
siduals. The e ffective ness of the correction is 
exhibited only by an analys is of the r esu lts of 
bloc k adjustment in an overcontrolled a r ea. 

It should be pointed out that the application of 
Equation (3) not only corrects for film distortion 
but a lso tr ans lates the origin of the final coor di ­
nate system to the princ ipal point of the photo­
graph, through the presence of the te rms xp, Yp• 

thus furnishing the data in the form needed in 
subsequent operations . 

2.111 Translation to the Perspective Center 

Although the tr anslation of the image coordi ­
nates to the perspective center (or the principal 
point} as the origin is not theore tically associated 
with film distortion, ne vertheless the film - dis ­
tortion computational phase offers a conve nient 
place for accomplishing the step. T hi s is exe­
cuted through the addition of the values x P' y p 

shown in Equa tion (3). The two values are con­
stants associa ted with the particular camera, 
its fiducial marks and the system adopted for 
numbering the marks (fig. S). 

2. 12 Radial Lens Dis tortion 

Corrections for lens distortion are applied in 
two s teps , one for the asymmetric, elliptical or 
tilt e ffect, and the other for the normal sym ­
metrical rad ial d istortion. No e ffort is made 
in the present programs for the correction of 
ta ngential di s tortion. This i s not to deny the 
exis tance of tangential distortion, but only to 
admit that it ha s not yet been determined for 
the cameras. 

2 .121 Asymmetric Radial L ens Distortion 
Correction 

In all of the aerial came ra s used to date, the 
r adial le ns dis tortions are not identical for the 
diffe r ent radii , resulting in noticeable r esidual 
discr epancies if an ave rage uniform di s tortion 
is a ssumed . Anothe r way of visua lizing the 
condition i s that lines of equal di stortion are 
not symme tric or circular with r espect to the 
principal point. However, the patte rn in each 
case c losely conforms to an e llipse drifted off 
center and, as indicated by F. E. Washer5 , is 
nrac tically identical to a s mall ti lt of the focal 
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plane. Consequently, a false tilt is introduced 
as s hown in appendix 2 to correct all image 
points for the asymmetr ic e ffect, after whi ch the 
total remaining correction for uniform radi a l 
di stortion i s applie d. 

The false tilt is composed of two parame te rs: 
a direction and a magnitude . The ~upper" 6 e nd 
of the axis of the ellipse is consider ed to form 
an a ngle e wi th the x-axis of the photograph in 
the sense o f analytic geometry, and i t is defined 
that a= sin e, b = cos e, which become constants 
for a came r a. It i s convenient first to r otate 
the coordinate axis for an image through this 
angle e, make the asymmetric correc tion and 
then rotate back into the original photographic 
coor dinate system. 

The formulas for the initial rotation a r e : 

x e = ax + bv Ye = -bx + ay (4) 

where x, y ar e the coordinate values of an 
image afte r film distortion compensation. 

Based on the analysis in the Manual of Pho­
togra mmetr y7 and utilizing the formula 

d = x3 (sin t)/ f x 

in which d is the x-component of the radial tilt 
displacement of an image having an abscissa x 
on (the "upper• side of) a photograph of tilt t 
and focal le ngth f, it can be shown that the cor­
r ected coordinates of the image a r e 

xt = x e [l + x e (sin t)/f] 
Yt "" Ye [l + x e (sin t)/f] 

(S) 

The term {s in t)/f becomes a constant fora cam­
era. The angle t i s determined from an ana lysis 
of the radia l distort ions on four or more diago­
nals. T he s mall value s of for t of 10, 17, and 18 
seconds, r espective ly, for the three cameras 
used to date, allows certain approximations in 
deriving the simplified Equations (5) . 

Then the final rotation is the inverse form of 
the initial one: 

x' = axt - byt 

y ' =bx + ay t t 

2.122 Radial Lens Distortion Correction 

(6) 

Uniform radial lens distortion is corrected 
along with atmospheric r efraction through the 
use of the formulas 

SPrism effect, camer a tipping and tangential distortion by 
Frances E. Washer, PhotogrBt11metric Engin eering, v. 23, 
p. 72 1, 1957. 

6Manual of Photogrammetry, American Society o f Phnfr 
grammetry, second edition, p. 32 1, 1952. 

7Ibld. 



ra = xa +ya 

x' = x[l + (rd)/r 2 + k1 + k 2 r2] 

y' = y[l + (rd)/r2 + k1 + kar 2
] (7) 

in which the k1 and k2 terms relate to atmos­
pheric r efraction, which is discussed later. He r e 
our interest is confined to the te rm (rd')/r2

. The 
coordinates x, y are t hose of any image after 
they have been corrected for the asymmetric 
condition, x ' and y' are the r esulting corrected 
values, and d i s the uniform radial distortion 
factor at radius r after the r emoval of the asym ­
metric portion and i s essentially the average 
distortion factor along all four radial directions. 
(See a lso app. 3). 

The value r d 1i s obtained in the computer through 
table lookup and interpolation based on r 2 as the 
indepe nde nt argument. Values of the pr oduct 
rd are supplied as cons tants for each camera for 
150 values of r , tha t is, one for each millime te r 
ranging from the princ ipal point to any corne r . 
T he values ar e determined by desk calcu lator 
from the lens distor tion data. 

The numerical error of these methods for 
distortion compensation for asymmetric and uni ­
form radial lens distortion is in the or der of 0.1 
micron, which is somewhat be tter than the validity 
of the distortion data. 

2.13 Atmospheric Re fraction Correction 

As indicated previous ly, the k1 and k 2 term s 
in Equation (7) r e late to the atmospheric re­
fraction for near vertical photographs only: if 
oblique photographs are used, thi s method of 
correction will need to be r evised. 

Based on the tables by Axel Leiyonhufvud8
, the 

values of the k 's have been determined by desk 
calculator to correct the coor dinates through 
their radial distances in accordance with the 
s implified powe r series (Appendix 4), 

x' = x(l + k1 + k 2 r 2
) 

y' = Y(l + k
1 

+ k
2
r2) (8) 

where r is as defined by Equation(7). The values 
of the k' s have been determined so that a very 
close agreement is obtained with the tables. 
The photogrammetrist who s ubmi ts the compara ­
tor da ta for computer processing is supplied with 
large scale graphs of the k-values in terms of 
the camer a altitude and terrain e levation a s 
independe nt arguments . He reads off the two 
values and enters the m as constants on the 
record form which accompanies the coordinate 
data for a strip of photographs. 

son astronomic, photogrammetric and trigonometric re ­
fraction by Axel Leljonhufvud, Kung!. BoktryckerietP. A. 
Norstadt & Soner, Stockholm, 1950. 

8 

Thus Equation (7) is used to compe nsate image 
coordinates both for radial lens distortion by 
table- lookup, and for refraction by using the twc 
constants . 

lt is rea lized that the refraction correction 
i s based on the a ssumption that the nadir point 
of the photograph coincides with the principal 
point, that i s , that the tilt is zero. Thus a small 
error is introduced because the rms of the tilt 
is a little less than l 0 . However, this error is 
probably not as gr eat as the assumption of a 
standard atmospher e nor as applying no factors 
for surface and aerial variations in temperature, 
humidi ty and barometric pressure. 

2.2 Provisiona l Data for the B lock Adjustment 

As indicated in the Introduc tion, a series of 
computational steps is utilized to obtain a n ap­
proximate , provisional solution so that the block 
adjustment can be accomplished with a s ingle 
i teration. The reason for the provi sional solu­
tion i s an economic one inas much a s each itera­
tion of the block adjustment involves the solution 
of a ve ry large system of s imultaneous equations 

Origin (perspective center) 
----.---- (Jlo, Yo . Zo) 

Z-Zo 

Ground Datum 

_x_-_X_o __ .. Object 
(X, Y, Z) 

__ y 

-­~::;_-------y• 

F IG. 6.-Geometry of the projective situauon, colineation 
and r otation. 



whose unknowns may number in the hundreds 
whereas the provis ional solution i s relatively 
easy and short. 

2.21 Relative Orienta tion 

Re lative orientation is defined both he r e and 
in conventional instrumental photogrammetry as 
the determination of the three angular and two 
linear parameters that specify the attitude and 
position of one photograph (camera s ta tion) with 
r espect to another (overlapping) one that shows 
a sufficiently large common area. Relative orien­
tation is perhaps the most important i tem in this 
analytic system: it embodies all the basic 
mathematics that i s peculiar to the syste m, is 
utilized again later in r esection and the block 
adjustment, and r equires the second- lar gest com­
puter effort next to the block adjustment (never ­
theless it i s accomplished through a single lBM-
650 program). It is in relative orientation that 
the principles of projective geometry are applied 
wherein the mathematics of the system may 
differ from that of other engineering and com­
putational disciplines . 

A classic geometric rotation of the axes in 
three dimensions (fig. 6) is needed in r e lative 
orientation to express the attitude of one photo­
graph to another. Instead of using the three 
angles between the r espective axes as in analytic 
geometry, a system of three sequential rotations 
are used, the primary one w about a horizontal 
x-axis, the secondary one co about the once ro­
tated y-axi s , and the tertiary one K about the 
camera axis, as explained by G. H. Rosenfield9 

and also derived in appendix S. The rotation 
equations are 

where x , y, z are the coordinates of any image 
on a photograph and x *, y *, x* are the corr e ­
sponding coordinates in an erect, untilted (recti­
fied) system in which the x*, y*, z* axes may 
also be conceived as being parallel, resp~ctively, 
to those of a ground sur vey coordinate system, 
X , Y, Z . The coordinate z corresponds to focal 
length. Equations (9) m ay be written in the form 

x = a1 1 x * + a12 y * + a13Z* 

y "' a a 1 x * + aa 2 y * + aa 3 z* 

z = G31 x* + a32 y * + G33Z* 

In matrix notation this becomes 

[~] [a" a12 a,:l [~:] G2 1 a22 G2 3 

G31 G32 G33 

The inve r se notation is also useful: 

l~l [a" a21 a,:l 
[:l a1 2 a22 G3 a 

G13 a a3 G3 3 

(10) 

(11) 

(12) 

It is also convenient to write Equations (11 ) and 
(12), respectively, as, using X to include a ll 
x, y, z, 

X = AX* 
-1 T X* "' A X = A X. (13) 

in which explicitly 

x = x * cos '.D cos K + y*(cos w sin K +sin w sin co cos K)'+ z*(sin w sin K - cos w s in co cos K) 

y = x * (-cos co s in K) +y* (cos w cos 11. - s in w sin qi sin 11.) + z*(sin w cos K +cos w s in cp sin it) (9) 

z "' x* sin CD+ y* (-sin w cos C?) + z*(cos w cos co). 

COS cp COS K 

[a" a1 2 a,:] A"' a21 a22 G23 -cos cp sin K 

G3 2 G31 aa 3 

sin cp 

9The problem of exterior orientation in photogrammetry 
by George H. Rosenfield, Photogrammetric Engin eering, v. 
25 (2. 7), p. 544, 1959. 

cos w s in K sin w sin 11. 

+sin w sin rp cos 11. -cos w s in cp cos K 

COS W COS K sin w cos 11. 

- s in w sin CD sin K +cos w s in CD s in K 

9 

-sin w cos co cos w cos co ( 14) 

It i s convenient to note that the values of the 
nine elements of A are ha ndily formed in a com ­
puter by matrix multiplication as indicated by 



Rose nfie ld10 which demonstrate s that A is com - The n E quation (17) can be expre s sed in determi-
posed of the three sequentia l plane rotations: nant notation: 

- s in qi] [ l 0 OJ 
0 0 cos w s in w 

cos qi 0 -sin w cos w 

(15) 

1 t is also useful later to form the product of the 
las t two matrices first inas much as the order 
of formation is othe rwise irre le vant: 

z 
A3 B 0, 0 . 

(19) 

t cos • sin • °] cos cp sin w s in cp -cos w sin qi 

A = - sin x. cos x. 0 0 cos w sin w (16) 

0 0 l s in qi -sin w cos qi cos w cos cp 

As de rived in appendix 6, the bas ic projective 
transformation equations are (fig . 6): 

x = (X-X0 ) a 11 + (Y-Y0 ) a 1 2 ~ (Z-Z0 ) a 13 

z (X-X0 ) a31 + (Y - Y 0 ) asa + (Z-Z0 ) a33 

(X-X0 ) a21 + (Y- Y0 ) a 2 2 + (Z-Z0 ) aa 3 
X=----------------
Z (X -Xo ) aa 1 + (Y-Yo) aa 2 + (Z-Zo) aa a(17) 

wher e X, Y, Z are the coor di a tes of an object 
on the ground, X 0 , Y 0 , Zo are the coordinates of 
the camera s tation in the same system and x ,y,z 
are the image coordinates , in which z = -f, the 
c amera focal length. (Compare Equation (1) .) By 
clear ing fractions and transposing, 

It s hould be noted that Equations (17), (18), 
and (19) are mer e ly differ e nt forms of the same 
equation whic h expresses the condi tion tha t the 
image , object and per spective center are colinear. 
It is thi s condi tion we seek to enforce, and if 
pe rchance the condition does not exi s t, we wi s h 
to allow inc r emental corrections to the obse r ved 
coordinates x , y, such tha t s um of the s qua r e s 
of the corrections is minimum. • 

Equa tion (18) is t r anscendental and, in the most • 
gene ral case , all twe lve terms are conside r ed 
as unknowns . Conseque ntly a form of ewron' s 
Me thod1 1 i s used to solve the m as s hown in 
appe ndix 8. Thi s is an ite ra tive method based 

x[(X-Xo )sin cp + ( Y-Y0 ) (- s in w cos co)+ (Z-Zo) cos w cos co] 

-z [ (X-X0 ) cos ro cos x. + ( Y-Yo) (cos w s in K +sin w sin cp cos x.) 

-+. (Z-Z ) (sin w s in x - cosw sin cp cos x.)]= 0 
(18) 

y [ (X-Xo) s in co+ (Y-Y0 ) (-sin w cos cp) + (Z - Zo) co s w cos cp] 

-z [ (X-Xo) (- cos cp s in x) + (Y-Yo) (cos w cos x - sin w sin co sin x) 

+ ( Z-Zo ) (sin w cos,..+ cos w s in co s in x)] .. 0 . 

If Ai is defined as r epresenting the three e le ­
ments in row i of the matrix in Equation (11) 

A. = (a. a. a.) 
i tl i 2 t3 

and also 

[X-X~ B = Y-Yo 
Z -Zo 

IO!bid. 
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on initia l approximations whic h are qui te easily 
obtained for a ll the unknowns . Experience in­
di cates that about 95 pe r cent of the proble ms 
r equire three ite rations. Applying partia l dif­
fe r entiation a nd r earra nging the terms, us ing 
v = dx and v = dy, the following obser vation 

x y 
equations can be formed (a s explained in app. 
8) 

llHandbook of e nginee r ing funda mentals by Ovid W. Esh­
bach, john Wiley & Sons, second edition, pp. 2- 16, 1957. I 



A 3Bvx=P11 +P1adw+P13d~ + p1 4dK-p15dXo -PlBdYo - p 17dZ;, + p1s dX + P1 s dY-'-P17dZ 

A3B v = p21 + Pa a dw + Pa3dqi + Pa 4 dx - Pa 5 dXo - p26 dYo - p2 7 dZo + Pas dX + Pa6 dY ... />2? dZ y 

( 20) 

in which the p-coefficients a r e defined by Equa­
tion (21 ) {table 1). (See also app. 10. ) 

Table 1.- The basic coefficients of the observa­
tion equati ons (Equation (21)) used in r el.ative 
orientation, r esection, and block adjustment 

x 
P11 = 

x 
P1 2 = 

o A 1 OA3 
-B -B 
oW oW 

x z 

oC!l o'll 

x 
P14 = 

x 
Pis= 

x 
P1 6 = 

x z 
P11 = 

P22 = 

p23 = 

P24 = 

P 2s = 

P2 6 = 

p27 = 

y 

oA2 
--B 
ow 

y 

y 

y 

y 

y 

The partial derivatives of A are formed from 
Equation (14): 

0 - s in w sin K cos w s in it 0 
+cos w sin C!l cos K +sin w sin C!l co& K 

o A = 0 -sin w cos it cos w cos)(. 
0 ;y.v - cos w sin C!l sin it -sin w sin C!l sin it 

0 -cos w cos C!l -sin w cos m 0 

(Note for computation that Equation (23) closely 
resembles Equation (16): the first two rows can 
be formed from the . third row of Equation (16) 
by multiplying by (-cos it) and (+sin it), respec­
tive ly, and that the third row of (23) is the first 
row of (16).) 

-cos rp s in k cos w cos it 

-sin w si n ro s in it 

-cos ro cos k -cos w sin k 
-sin w sin ro cos k 

0 

sin w cos it 
+cos w sin C!l s in x 

-sin w s in k 
+cos w sin ro cos k 

0 

0 

Equation (20) is in a sense a "univer sal" type 
of formu la for analytic phorogrammetry. It is 
used here to solve three somewhat different 
problems: relative orientation, r esection, and in 
the block adjus tme nt of either a strip and a gen­
uine block of photographs . If the approximate 
values of X, Y, Z are sufficie ntly near correct 
(which is the function of the Provisional Solution, 
fig. 1), the dX, dY, dZ te rms may be neglected 
leaving six unknowns. In r e lative orientation, 
howe ver, the se three terms cannot be neglected, 
and also the te rm in dX o has no s ignificance. 
It is shown presently how the three terms can be 
e limina ted, leaving five independent unknowns. 

It is s hown by He llmut Schmid13 as well as in 
appendix 7 that the e levation Z of an object whose 

12An analytical creacment of che problem of triangulat ion 
by stereophotogramme cry by Hellmuc H. Schmid, Reporc No. 
961, Ballistic Research Laboratories, Aberdeen Proving 
Ground, Md., p. 14, 1955. 

-a13 a1a 

- a 23 a2 a 
(22) 

-aa3 aa2 

- = 
oC!l [

-s~n C!l c~s K sin w cos CD cos x 

sm ro sm K -sin w cos C!l sin K 

cos qi s in w sin C!l 

oA -cos w cos CD c~s KJ 
COS W COS "tl Sin it 

-cos w s in ro 

(23) 

11 



images appear on two photographs can be ex­
pressed in general as 

Z= (Xo - Xo ) z*' z*" + ZOx* ' z*" - z;;x*" z*' (25) 

x*' z *" - x*" z*' 

wher e the primes r e fe r to the first and second 
photographs and the asterisks are defined by 
Equation (12) . Once Z is e valuated, 

X 2 Xo +x *' (Z - Zb)/z*' 

Y= Yo + y *' (Z - Z~ )/z* ' (26) 

In the r e la tive orientation problem these equa­
tions s implify to 

Z "'* * Z= 9 ... - z , X:xZ/z , Y =Y Z/z (27) 
x* - (x/z)z*, 

because the first photograph is consider ed as 
untilted, the fir st camera s tation can be selected 
as the origin, and the abscissa of the second s ta­
tion can be selected as unity. As a conseque nce 
of Equations (27), the terms in d.X, dY, dZ in 
Equation (20) can be e liminated by substitution 
and expre ssed in terms of the other unknowns 
dJJ, drtJ, d x. and dZ o r esulting in the specia l 
observation equations for r e lative orientation 
(app. 9) 

nates on the second photograph, AT be ing defined 
by Equations (13) and (12). Specifically 

T 
A 1 C = x* = a 1 1 Xa 

T 
Aa C = z * = a 1 ., Xa 

and the partial terms refer to e le ments of col­
umns in Equations (21), (22), and (23) . (See also 
app. 10.) 

The pair of observation Equations (28) occurs 
for each image on each photograph. In the r e­
s ection and aerotriangulation problem s both equa­
tions apply, whe r eas in r e lative orienta tion only 
the y-equa tion is s ignificant . Nevertheless both 
equations ar e utilized for programming uniform­
i ty. The problem then becomes one of solving a 
large number of s imultaneous linear equations , 
applying least s quares, for unique values of the 
five unknowns dJ», dcp, dx., dY0 , d,Z, . These are 
changes which need to be made in the five ap­
proximate values of the unknowns the mse lves, 
a fte r which the computation is r epeated using 
the corrected values. The i te r ation terminates 
when the corre~tions become insignificant, s pe­
c ifica lly, when e ach of three dJ», dcp, d 'll is less 
than 10-s rad ians. 

Initial approximations consist of zeros for all 
five parame ters but other values can be e nte r ed 
if they are conside r ed to be more appropriate. 

AaB vx = P1 i +(Pia + S1 Ta) dJ» ~ (Pia + S1 Ta) dcp + (p14 + S1 T. ) d 1t - Pie dYo - (p17 - S1 T?) dZo t 
A aB vy =Pai +(Paa +Sa Ta) dw +(Paa +Sa Ta) d r:tJ +<Pa. +Sa T4 ) dx. - Pae dYo - <Pa? - Sa T?) dZ0 (28) 

in which 

X-1 
Z - Z 0 l 

Ta= 
(oA{/?J»)C (aA'!'/ov)c 

X-1 Z-Z0 I 
Ta = T 

(.oA'f / aro)C (aA1 /aro)C 

X-1 Z -Zo I r. = T 
(OA[/ a11. )C (oA1 /01t)C 

T ? = T 
A1 C( = x*) 

c [~:1 
S1 = (l/ua) (P1 5 Ua + Pie U4 + pp ) 

Sa = (l/ua) (P25 U a + Pa e U4 +Pa? ) 

U1 = Z x*-z* 

ua = x* - ua z * 

ua = x/z 

U 4 '"'yjz 

The subscript 2 in C indicates the image coordi -
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The output of the computation cons ists of (1) 
the values of the five parameters, (2) the value s 
of the nine elements in the final A- matrix, (3) 
provisional or " model " coordinates for each ob­
ject, (4) and the r esiduals (p11 , Pai) for each 
image. 

The purposes of the r elative orientation pro­
cedure consists of: (1) grossly mistaken data 
are indicated by the r esidua ls e nabling discarding 
and r ecomputing; and (2) an interre lated syste m 
of Cartesian coordinates of ground objects which 
can be transformed into a single continuous 
coordinate system for an e ntire strip or block 
of photographs. 

In r e lative orientation, each pair of photographs 
is treated e ntire ly independe nt from the others. 
Consequently no special problem occurs if one 
or more inte rmediate pairs are r ecomputed. 

Re la tive orientation is arranged as a s ingle 
IBM 650 program r equiring about five minute s 
per model. 

2.22 Cantilever Assembly 

Afte r the comple tion of the r e lative orientation 
computation for each mode l of a s trip of pho--



tographs , the models are connected into a s ingle 
continuous chain by means of successive co­
or dinate tr ansfor mations of r otation, dilation, 

~ and tr ans lation for a ll the objects in the models 
based on the coor dinates of common objects in 
adjacent models , along with the orie ntation data, 
and wi thout a ny gr ound control information, but 
r eferred to the first model as a refer ence sys­
te m. It is ter med "cantilever " because of the 
successive attachment of each model to the pr e­
ceeding one . As one might expect, the assembly 
is affected by an accumulation of systematic 
err or s, but these er rors are adjusted as de ­
scribed in the next section. 

If Ri denotes a r ota tion matrix for the model 

coor dinates of the i -th model in the same sense 
that A is used in Equations (13), (12), (11), (10) 
and 

X' =RX (29) 

s uch that X cons ists of the mode l coordinates 
befor e r otation and X' those after r otation, i t 
can be shown that 

T R . = R . A . 
i i- 1 i -1 

(30) 

In wor ds, the . r otation ma trix for any mode l can 
be determined by forming the matrix product of 
that of the previous model and the transpose 
matr ix from r e la tive orie nta tion. In or der to 

~ ge t the system s tarted, ( l ) the mode l coor dina tes 
' in the fir s t model a r e consider ed to be already 

in the desired system and r equire no further 
r otation; (2) those in the second model are r o­
tated by the application Equation (29) in which 

t 

R = A T of the fir st model; (3 ) the reafter Equation 
(30) applies . It may be noteworthy that R is a 
function only of angular parameter s , w, ".?, it, 

A scale factor m is determined from 

in whic h X , Y, Z ar e the model coor dinates of 
a selected common object and X', Y' , Z' a r e 
its final coordinates in the previous model. The 
two objects a r e selected by a photogrammetrist 
from opposite s ides of the model on the basi s 
of favor able r esidua l par allax values from rela­
tive or ientation. All coor dinates of objects in a 
model being attached ar e the n c hanged by mul­
tiplying by the common fac tor m . T he coor di ­
nates Xo, Y o, Z, of both came r a stations ar e 
a lso multiplied by this factor . (In the present 
program the initia l camera station in each model 
is assigned arbitrary, cons tant, nonnegative co­
or dinates, wher eas some s implification might 
have been achieved by assigning zer os.) 
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A trans lation of coordinates is needed so as 
to for m a s ingle continuous system . The tr ans­
lation e leme nts a, b, c are based on the coordi ­
nates of the camera station which i s common 
to the two models: 

a = x ;, - Xo , b = Yb - Yo , c = z.;, - z<l (32) 

whe r e the primed coor dinates a r e those of the 
previous model and the unprimed coordinates 
are those of the s ubject model afte r r otating and 
scaling. Then the tr ans lated coor dinates of any 
object point ar e 

x = x + a, Y' = Y + b, z· = z + c (33) 

whic h is applied to all the object coor dinates in 
the subject model and also those of the second 
camera statio-n for use in the next model. 

Afte r the three operations of rotation, scali ng, 
and translation are complete, those object points 
common to both mode ls will obviously have two 
s lightly diffe r ent sets of coor dinates. The mean 
value is computed and adopted as the final value , 
and the deviation from th~ mean for each of the 
thr ee coordinates is printed our. The function 
of the deviations is to e nable the detection by 
vi sua l scanning of any unusua lly large error s 
which might be s ufficie nt reason to dis r egar d 
a given point in s ubsequent mapping applications. 

2. 23 Adjus tment of the Cantilever Data 

For the adjustment of the canti lever strip, 
two computer pr ogram s normally used in the 
adjustment of data from plotting instruments a r e 
applied wi thout change. T hese were described 
by W.D. Ha rris 1 3 14 based on the wor k of R. S. 
Brandt1 5 a nd C. W. Price16 and the formulation 
is r epeated her e . The programs are relatively 
s hort and might easily be combined into a 
s ingle step. T he formulas pr ovide a gener a lly 
conforma l transformation of the coordinates of 
points us ing quadr a tic and cubic terms to corr ect 
for the accumulation of systematic e r rors. The 
i nput of the horizontal program 1 7 cons ists of a 
list of cantilever coor dinates (Equation (33)) 
for four to ten control points and also a list of 
the State P lane Coor dinates of the same points, 

lJAer otr iangulation adjustment of instrument data by con­
ventional methods by William D. Harris, Coast m d Geodetic 
Su rvey T echnical Bull e tin No. 1, 1958. 

14 Vertical ad justme nt o f instrume nt ae r otrlangulatlon by 
computational methods by William D. Harr is , Coas t and 
Geode tic Survey T echnical IJul/e tin No. JO, 1959. 

lS Resume of aerlal t riangula tion adjustment at the Army 
Map Service by Robert S. Brandt, P hotogrsmme tric En gi­
neering, v. 17, 195 1. 

16Some analysis and adjustment methods in planimetr lc 
aeria l triangulation by Charles W. Price, Photogramm etric 
Engineering, v. 19, 1953. 

17 Harris , Will iam D., see footnote 13, above. 



in addition to a list of me cantilever coordinates 
of all the other points in the strip of photography. 
The vertical program18 similarly consists of 
a list of coordinates of points in the two system s , 
including the ground e levations of the objects. 
The positi ons of be nch marks are obtained from 
the horizontal adjustment; and the vertical pro­
gram furnishes elevations of horizontal control 
stations, values which are us ually not determined 
during fie ld operations. The output consists of 
the State P lane Coordinates and e levations of a ll 
the points used in the strip. The coordinates ar e 
convened to geographic positions by a separate 
computer program. 

As the programs were devised for use wi th 
plotting ins trument data, some features and pre­
cautions might be unnecessary in analytic work. 
But the cost of reprograming, and the added work 
load on the programing sta ff, precludes unneeded 
r eprograming for the present since the program 
serves adequate ly. 

Horizonta l Adjustment. - The origin of the co­
ordinate system is preferred to be at the center 
of a strip because of symme try and computer 
scaling, and the abscissa is assigned to the 
longitudua l axis of the strip. To transform the 
centilever strip coordinates x, y, into such a 
system, a standard type of combined rotation and 
translation is introduced: 

x' = ax - by + c, y' = bx + ay + d (34) 

in which x ' , y' are the transformed va lues. The 
constants a, b, c, d, determined by solving (34) 
for two known points simultaneously, are 

a .. 

b = 

(xi - xa)(.xi. - .x;) + (y1 - Ya)(y~ - Ya ) 

(.x1 - .Xa)a + (yl - Ya)a 

(Xi - ·Xa )(Yi. - Ya ) - (Yi - Ya )(..x ~ - .Xa) 

(.x1 - Xa)a + (Y1 - Ya)a 

in which x1, y 1 , .xa, Ya a r e the coordi nates in 
the cantilever of points near the centers of the 
first and last photographs of the strip, r espec­
tively, and xi_, Yi. , Xa, Ya are the transformed 
coordinates of these two cente r s having the values 

Y~ "'Ya = 0. 

Once a, b, c, d are determined, all the points 
in the strip are transformed using Equation (34). 

The next part of the solution uses the same 
type of transformation to convert the new strip 

18 Harris, William D., see foocnoce 14, above. 
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coordinates into ground coordinates, and the in­
ver se transformation to convert the State P lane 
Coordinates of horizontal grou nd control stations~ 
into the s trip coordinate system for purposes of, 
compari son. Actually the inverse is utilized 
fir st, and the n the direct transformation is used 
later a s a fina l step in the procedure . This 
routine was considered necessary because of the 
use of diagonally flown photographs. The trans­
formation is based on the State Plane Coordinates 
X 1 , Y1, Xa, Ya of two control points near the 
ends of the strip, together with the ir strip co­
ordinates x1, Y1, x a, Ya. The direct transforma­
tion i s 

X= ax - by+ c, Y .. bx +ay + d (35) 

wher e the inve r se is 

x = a' X + b' Y - c, y = -b' X + a' Y - d· (36) 

and the values of the coefficients are 

(x1 - Xa)(X1 - Xa) + (Y1 - Ya)(Y1 - Ya) 
a '" (.x1 - Xa)a +(Yi - ya )a 

{x1 - Xa)(Y1 - Ya) - (Y1 - Ya)(X1 - Xa) 
b= 

(x1 - Xa)a + (y l - Ya )2 (37) 

c = X1 - a.xi + by1, d = Y1 - bx1 - ay1 
a'= a/(aa + ba), b' = b/(aa + ba) 

c' • (ac + bd)/(a2 + ba), d' = (ad - bc)/(aa + ba) . 

Consequently, the constants are determined after 
which Equation (36) is used to transform the 
coordinates of all the horizontal control stations 
into the cantilever coordinate system. The 
similarity between Equations (34) and (35) is 
utilized advantageously in computer programing. 

The cantilever coordinates x, y ordinarily 
differ from the transformed control coordinates 
x', y ' for all the control points except the two 
that are used to de term ine the cons tants in Equa­
tions (37) . A conformal polynomial transforma­
tion1 9 is used to express the relationship between 
these differing coordinate values: 

x ' = Ax3 + Bxa + (C+l ) x - 2Dxy - Ey - F 

4 

y' = 3A_x'ly + 2Bxy + (C+l ) y + Dx2 +Ex+ G. (38) 

These equations are used firs t with control 
point coordinates to determine the values of the 
seve n unknown coefficients A ... G. Ordinarily 
more than four control points are used, making 
more tha n e ight equations which are solved ap­
plying leas t squares in the same routine as 

19Harris, William D., see foomote 13, above. 



Equations (28) earlier. Then the equations are 
applied co determine corrected cantilever co­
ordinates for all the oche r points in the strip . 

~ Next, Equation (35) is applied co transform the 
' cantilever coordinates into the State Plane Co­

ordinates. This is the place wher e the program 
for horizontal coordinate s has terminated for 
all production jobs to date . 

Vertical Adjustment.- The vertical adjustme nt 
follows the horizontal adjustment although i t is 
consider ed tha t they ought to be done s imultane­
ously. The horizontal data from the pre vious 
program i s utilized. Spe c ifically, the values 
afte r the application of Equations (38) (and not 
Equation (35)) are us ed beca use they a r e s ym­
metrically arranged with r egard to the cente r 
of the strip. 

As a pre liminary me asure, the ground e leva­
tions are transformed into the cantile ver sys te m 
through scaling and translation using 

z' = Z/ g + k (39) 

whose inve r se form is 

Z = g(z' - k) (40) 

where 

(41) 

~ the coordinates being those used to de te rmine the 
cons tants in Equation (37), and whe r e k is a 
r ough constant determine d by solving Equation 
(39) with any normal vertical control station. 
Once g and k are evaluated, all the control e le­
vations in the strip are transforme d using the 
same equation. 

As with the horizontal coordinates, the vertica l 
cantile ve r coordinates z at control points do not 
agree wi th transformed values z' except for the 
single point used in deriving k. A polynomial 
similar to that used in Equation (38) is used to 
indicate the r elations hip of the d iffe r e nt values: 

z' = z + Hx3 + Ix2 + Jx + Kx3 y + Lxy + My + N(42) 

whic h introduce s seve n new unknown coeffic ie nts 
H ... N. Using at leas t s e ven vertical control 
points, Equation (42) is formed for each point 
wher e the coeffi cients are r egarded as unknowns. 
Solving thes e a s simultaneous linear equations 
using le ast squares (a s for Equations (28) and (38)), 
unique values are obtained for the coeffic ie nts. 
The n with the coeffic ie nts known, Equation (42) 
is applied to all the othe r points in the strip to 
determine z'. The next s te p is to find the cor­
rected ground ele vation Z (or h) for each of the 
points with Equation (40) . 
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This until now complete s the provisional ad­
jus tment, yielding coor dinate value s which are 
r eady to use for map compilation or ocher ap­
plications as survey data. The print-out includes 
the computed coordinates at control stations 
which should be identical to known correct values 
and allows one to scan the r esults to de tect 
faulty data. Lar ge differ e nces are due to er­
roneous data. As the computer program r equires 
but ten minutes for a long strip, little cost is 
involved by r e computing with any erroneous or 
questionable data deleted. 

Whe r e s trips have bee n very long and involve 
mountainous te rrain, the secant pfane system of 
the next section has bee n applied . The s e canti­
le ve r adjus tme nts are r e peated with the diffe r e nt 
system of control data. The initial adjus tme nts 
furnish sufficiently accurate e levations o f hori­
zontal control s tations and the pos i tions (which 
ordina rily do not r e sul t from fie ld surve ys) of 
ve rtical control stations for the secant plane 
transformation. The r eadjustments to the secant 
plane data fully recognized the e ffect of earth 
cur vature . Obviou s ly, the secant plane coordi­
nates need to be transformed back into the State 
Plane Coordinate sys tem for mapping use s as 
indicated by the Inver se Tra ns form (fig. 1) . 

2.24 Transformation of Control Data to a Secant 
Plane Sys tem 

As pointed out heretofore , the purpose of the 
s ecant plane transformation is co a ccount for the 
curvature of the e arth. The te rm "secant plane " 
is used inste ad of "geocentric " to maintain a 
corre ct nome nclature inasmuc h as the classic 
geocentric sys te m r e sul ts in coordinate values 
whic h a r e too large for conve nie nt handling in a 
computer and also bear little r esemble nce to 
map coordinates except in special cases . T he 
secant plane syste m i s a local system pe rtine nt 
to the map project a nd in whic h the coordinate 
directions are comparable to map directions. 

The formulation for the block adjustme nt in­
troduces a three dimensional Cartesian coordi­
nate syste m in whic h X and Y are comparable to 
horizontal grid coordinates and Z i s comparable 
co e le vation. Geographic positions and e le vations 
of control points (data obtained from the pre vious 
sec tion) may be transformed into s uch a s pace 
syste m in whic h the Z-axis is the e xtension of 
the nor ma l co the ellips oid of a point near the 
cente r of the mapping pro ject. Thi s point (the 
origin) may be any se lected value of latitude 
and longitude a nd not neces sarily a control or 
pass point. The XY -plane s hould be "secant" 
co the e llips oid in orde r co avoid negative Z­
values. The l' axis i s in the plane of the me ridian 
of the origin and thus may be considered as the 
north-south axis . 



Formulas for this trans formation are derived 
by rotating and trans lating modified geocentric 
coor dinates. Classical geocentric coordinatesao 
ar e 

X = (N + h) cos CD sin A 

Y = (N + h) cos (I) cos A 

z., [N(l - ea) + h]sin CD (43) 

where Ill and A are the latitude and longitude of 
any point, h is the e levation (the geoid separation 
may be included with h if thought essential), and 
N is the length of the normal through co, A. (Con­
s ider A negative in the wes tern hemisphere) . 

The center of rotation of this system is the 
intersection of the normal and the earth's axis 
of rotation (Z- axis) (fig. 7). Therefore a small 
increment, N 0 e s in i:oo , should be added to the 
Z-coordinates. N is the le ngth of the normal 
for the origin and CDo is the latitude of the origin. 
Thus, 

The computation of the r otation process de­
pends on the angular r elation in s pace of the two 
sets of axes. The rotated X -axis will r emain 
in the original XY-plane and will make an angle 
of Ao with the original X- axis . The rotated 
Z-axis will make an angle of (90° - ...,) with the 
original Z-axis. The direction of the Y-axis 
should be r ever sed so that pos itive Y would in­
dicate north. Also, positive X indicates east. 

The nine cos ines of the angles in s pace be­
tween the two sets of axes can be expressed as 

computation, being of the order of Nor 6,380,000 
meter s :!. Therefore, the system may be tr ans­
lated along the Z-axis to a "secant" position. 
The amount of trans lation i s a quantity slightly ~ 
less than N so that all values of Z will remain 
posmve. T he X and Y va lues in Equation (46) do 
not change during the translation to this "secant" 
position. 

a 

FIG. 7. -Geometric elements used ln the secant plane trans­
formation. 

These X , Y, Z-coordinates are in the form re­
quired for either the r eadjustment described in 
Section 2.23 or for the next Section 2.25 on Re- • 
section. • 

After the block adju s tment has been comple ted 
(Section 2.3.1), the final adjusted X, Y, Z's need 

-sin Cllo s in A0 

-sin Cllo cos Ao 
+cos <:Do sin Ao] [XJ 
+cos Cllo cos Ao Y 

s in i:po Z 

( 45) 

cos CDo 

in which the subscript e i s used to indicate · the 
modified geocentric coordinates of Equations 
(43) and (44), and from which the inverse expan­
s ion may be stated as 

x "' Xe cos Ao - Ye s in Ao 

to be transformed back to latitudes, longitudes 
and e levations. (Conver s ion to State P lane Co­
ordinates is accomplished by a separate computer 
program. ) 

Y = -Xe sin Cll0 sin Ao - Ye sin tl>0 cos Ao + Z e cos co 

Z = XG cos CDo s in A0 + Ye cos% cos Ao + Ze sin <n. (46) 

These Z - coordinates are too large for practical 

20Transformatlon of r ectangular space coordinates by 
Erwin Schmid, Coas t and Geodetic Survey Technical Bull e tin 
No. 15, 1960. 
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T he direct expansion of Equation (45) , after 
applying the const~mt of translation to the Z-co­
ordinates, is 



t 

Xe == X cos A0 - Y s in C!l0 s in Ao + Z cos ~ sin A0 

Ye == -X sin Ao - Y sin il>0 cos Ao + Z cos qi0 cos Ao 

z == e 

From Equation (43), 

+ Y cos :Po + Z sin% 

from whic h the longitude is calculated. Also 
from Equations (43) and (44), 

tan qi == Zel<Xe2 + Y e2
)
11 2 approximately. (49) 

By an i terative process involving two i terations, 
the second term of Equation (44) can be corrected 
to be consistent with the latitude of the point 
be ing transform ed rathe r than based on the 
origin, the n the Z of ( 44 ) is 

(47) 

Although most of these parameters were con­
s idered in the Section 2.21 on relative orientation, 
these e le ments were r eferr ed to different as­
sumed and unrelated r efe r ence systems for each 
separate photograph. Now after Section 2 .24 on 
each photograph are ordinarily available 18 points 
whose ground coordinates are known with a fair 
degree of accuracy expressed in a &ingle secant 
plane syste m for the e ntire block of photographs. 
Inasmuch as all large mistakes have been de­
tected, and as the accuracy cannot be improved 
appreciably at this stage, a unique solution using 
only three points is applicable. 

A form of Equation (20) is repeated: 

A,, B V X == P 11 + P1 ':la» + P13d'fl + p14dX - P1 5dXo - P1 sdYo - P1 7 dZo 

A B v == Pa1 + Pa2 dW + p2 3dqi + P24 dx - p26dX - P26dY - p2 7dZ0 • (52) 
3 y 

Z == (N + h) s in qi (50) 

and Equation (49) is adequate to compute an 
accurate la titude. The e levation h may be com­
puted from Equation (43), 

h-= (Xe/cos 'Jl sin A) - N or 

h = (Y efcos qi sin A) - N , (51) 

using the equation with the larger function involv­
ing A. 

The computer program for the direct trans ­
formation may be modified to make the inver se 
become the s imilarity of operations and equations. 
The input and output of the two types of computa­
tion are merely r eversed. 

2.25 Resection 

A solution of the resection proble m is needed 
for each photograph as initial approximations for 
the block adjustme nt. However, this portion of 
the program is designed not only to yield the 
six parame ters, but also to fu rnish the coeffi ­
cients of the normal equations for the block ad­
justment inasmuch as the routine is a r elative ly 
short one and as this is a favorable stage for 
terminating one program a nd beginning the next 
one. 

Resection in photogrammetry is defined as the 
de te rmination of the s ix fu ndame ntal parameters 
w,qi,x , X 0 , Y0 , Z0 of a s ingle photograph from the 
given posi tions and e levations of at least three 
non-colinear points imaged on the photograph. 
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These equations with the coefficients already 
defined by Equation (21) apply to the resection 
proble m. The S and T te rms of Equation (28) 
are not used because at this stage it can safely 
be assumed that dX, dY, dZ are insignificantly 
small. Thus by using an abbr eviated form of 
the routine for relative orientation, six simul­
taneous linear observation equations can be 
formed for a photograph and solved in the same 
iterative manne r for the unknownsasusedbefor e. 

The initial approximations of the angular terms 
w, qi can a.gain be zeros, but x and the l inear 
term s X o, Yo, Z o are not zero. As an image 
near each principal point is invariably selected 
a nd carried with the othe r s through Section 2.24 , 
the X - and Y-coordinates of thi s point are satis­
factory first approximations for Xo, Y0 • ln the 
first photograph of block, Z o is taken initially 
as the r eported flight altitude. For all the o ther 
photographs, the finally iterated value of the 
previous photograph, is used as the initial ap­
proximation. 

The a ngle x is approximated ini tially through 
the following analysis involving the photo coordi­
nates x1 , y 1 , Xa, Ya of the two well-separated 
images and the gr ound coordinates X1 , Y1 , X2 , 

Y;i of the two corresponding objects . The angle 
x may be defined (app. 5) as the counter clock­
wise angle from the reference X-axis to the cor­
responding photo x-axis. Inasmuch as the line 
joining the two points in one coordinate system 
is identical to the line of the other system, x is 
the difference in the inclinations: K = a 1 - a2 

whe r e a 1 r efers to the photo system. 



From trigonometry, 

tan x= (can a 1 - can aa )/(1 +can a 1 can aa ). 

But from analytic geometry 

can a 1 = (yz - y 1 )/(xa - x1 ) 

tan aa =(Ya. - Y1 )/(Xa - X1 ) . 

Through substi tution and s implifi cation, 

also from trigonometry 

sin x =tan x/(l ... ta n2 x)1 1 3 

defining sin x which i s the form needed in the 
computation. 

Thus no new proble m is involved in determin­
ing the coefficients of the s ix observation equa­
tions and solving the m for the unknowns us ing 
the same routine a s alr eady used for Equation 
(28), (38), and (42). But an i mportant principal 
at this point fac ili ta tes the computation: the 
coefficients of the observation equations on the 
last iteration of resection are exactly the ones 
that are also required in block adjustment f It 
is only necessary lO inc lude not only the three 
points used in r esection but also al l those wante d 
in the computation. 

Then a lso it is not necessary to stor e the co­
efficients themselves of e ac h observation equa-

' ' ' 

' ' ' 
FIG. 8.-Dlagram of non-zero coefficients in the system of 
normal equations for the block adjustme nt. 
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rion, but as each equation is formed, i rs contri­
bution to the norm a l equation system is r eadily 
computed and accumulated insofar as possible 
into a system of "normal" te rms and " partial"~ 
normals. (Howeve r, the coefficients are punched• 
out, one equation per card, for later use in de­
te rmining the values of the r esiduals .) As a 
simple example, suppose the observation equa­
tions had only three unknowns in the form 

ax + by + cz = d . (54) 

(53) 

Regardless of how many observation equations 
ther e wer e , the norma l e quations would consist 
of exactly three equations of the same form and 
just 12 number s . The firs t te rm of the first 
normal equation would consist of wha t had ac­
cumula ted previou sly plus the produc t aa; rhe 
second term consists of what had accumulated 
prev ious ly plus the produc t ab. In a s imilar 
way, all the terms of the normal equa tion system 
are accumulated from the contributions of each 
observation equation at a time, after which the 
equation can be " forgotten" and then the next 
one formed. T hus after each r esection solution 
for a photograph, the output is not only the six 
paramete r s, but also the contribu tions to the 
normal equation system for the block adjust-
ment. ~ 

One of the principal parts of the r esection • 
solution i s then a systematic method for num ­
bering the normal e quation coeffic ients. This 
becomes somewhat involved in a pure , large 
block of photographs, but has been wellorganized 
in the Electronic Computing Division for the 
conventional geodetic problem. 

2.3 Block Adjustment 

The normal equation s computed in the r esec­
tion procedure are very s imilar to those which 
are developed i n the adjus tment of area triangu­
lation. The matrix consists of a serie s of dis­
connected sets of three unknowns each (for the 
ground points) and blocks of six -column data 
for the camer a unknowns (fig. 8). 

The normal equations are solved by the clas ­
s ical Gauss elimination with the Cholesky modi­
fi cation in order co r educe the computer s torage 
r e quireme nt and to improve the numeric al s ig­
nificance . T hese sets of equations are quite 
large but may be solved by direct me thods 
without unreasonable e ffort. 

An optimum number of pass points should be 
used to avoid developing a n unduly la rge ne t­
work . The number of unknowns in the set is 
e qual to s ix times the number of photographs 

t 



plus three times the number of ground points . 
For example, a project with 20 phorographs and 
an average of 5 additional ground points per 
additional plate would produce a ne twork of 
(20 x 6) + (5 x 20 x 3) or 420 unknowns. Con­
sequently it is planned to use only one of the 
two pass points observed in each of the locations. 
1f a s ide overlap of 60 percent is used in a 
block of photographs, then the number of ground 
points need be only a few more than the num ber 
of phorographs ins tead of five times the number. 

The control points may be entered as observa­
tion equations and added directly to the normal 
equaLions prior to solu tion. If a point is a tri ­
angulation station wi thout a known elevation, 
rwo equations X = 0 and Y,. 0 are used. These 
may be weighted to s uit the proble m. For ex­
ample , if a weight of 4 is used , 42 or 16 may 
be added to each r espective diagonal term in the 
normal equations prior to solution. Similarly, 
Z., 0 may be used as the equation for elevation. 

When control data are used in this manner, 
the X, Y, Z secant plane coordinates cons i stem 
wilh the control (Section 2.24) should be used 
in Section 2.25 for developing the r espective 
observation equations, rather than use the X , Y, 
Z coor dinates for the same points which re­
sulted from the cantilever adjusonenr and sub­
sequent transformation. 

2.4 The Inver se Transformation 

T he inve r se transformation consists of the 
use of Equation (46) to c hange the coordinate 
system back from that of the secant plane to a 
system which is pertinent to the mappi ng proj­
ect, presumably a State Plane System for the 
X, Y coordinates and e levation above sea leve l 
for the Z coordinates. Obviously the final co­
ordina te system might be any one of several 
systems , such as the Military Grid System, the 
Universal Transverse Mercator, or simply lati ­
tude, longitude and e levation (Ct>, >. , h). Programs 
had a lr eady been developed for these trans for ­
mations. 

• Hor11ont1I Controt b. Honzont1l Test Po+nts 

• . .. 
• • • . • 4' • + .. . + ~ 

• • • • ~ 

• VertalControl o Verncal Test Potnts 

FIG. 9.-Control diagram for a portion of U.S. Route 11 tem­
porary test area used for a compari son between analytic 
and Ins trumental me thods . 
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3. REPORT OF RESULTS 

As noted earlier, all productive r esu lts a nd 
rests completed prior to 1962 terminated with 
the adjustme nt of the cantilever scrip (Section 
2.23) wher eas the block adjustment is only in 
the stage of preliminary testing. However, 25 
s trips of various le ngths and various locations 
in the Uni ted States have been sati s fa ctorily 
aerotriangulated in this manner for productive 
work a longside of conventional methods us ing 
fir s t-order plotting (ana log) instruments. 

3.1 Accuracy Tests 

Each computer program was rested ini tiall y 
with fic titious data as it wa s comple ted, but the 
most inter esting part of the development of 
analytic aerotriangulation was the step by step 
testing with r eal photographs and the compari son 
of r esults with the r a ther well- perfected in­
strume ntal method. A comparison was made on 
11 models of a strip of over controlled 1:40,000 
scale photographs {fig. 9) , which was flown 
specially for the evaluation of the ana lytic 
method. The upper diagram shows the distri ­
bution of horizontal ground control stations all 
of which wer e premarked with temporar y pho­
tographic target panels. T he six solid triangles 
indicate the control points that wer e used for 
a leas e squares adjustment of both ins trumental 
and analytic aer otriangulations , and the open tri­
angles the points chat wer e withheld from the 
adjustme nt but included in the accuracy evalua ­
tion. T he lower diagram s hows the 'distribution 
of vertical points. T hese points , though nor 
premarked, were established at sites wher e the 
terrain was flat. The same diapositives wer e 
used for both methods with the following r esults . 
The rms errors for the ana lytic method wer e 
1.6 feet (12 µ (microns) at photo scale) for hori ­
zonta l position, and 1.4 feet for elevation, while 
the instrume ntal method gave rms errors of 
6.4 feet for position and 3 .5 feet for e leva tion. 
The a nalytic method was used on another scrip 
of photographs of the same area to compar e the 
elevations obtained for the 69 common pass 
points be tween the strips: the rms eleva tion 
differ ence wa s 2.4 feet for the two independent 
analytic aerorr iangulations , wher eas, i t was 6 .9 
a nd 7.4 feet between the instrumental a nd rwo 
a nalyti c solutions . T he maximum obser ved dif­
fer ence for the pass points was 6.6 feet (5l µ) be­
tween the rwo analytic s trips and 16 and 22 feet 
between the instrumenta l and the analytic strips. 

As mentioned ear lier, the Coast and Geodetic 
Surve y method uses a thir d-degree conforma l 
adjustment for the cantilever s trip to obta in a 
better fir to ground control points and refined 
camer a-orientation parameter s for the final block 
adjustment. The adjus tm ent curves s hown in 
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FIG. 10-Scale and azimuth correction curves for compara­
tive test of analytic and Instrumental strip aerotrlangulations 
o n area shown In figure 9. 

figure 10 were obtained for the ana lytic and 
instru_mental aerotriangulations in the rest just 
described. The upper diagram shows the r e­
quired scale correction for each method as a 
solid line. The dashed lines show the third­
degree corrections that were applied by the leasr­
s_quares curve- fitting adjustment and the separa­
t10n between the solid and dashed lines shows 
the r esidual errors afte r adjustment. T he lower 
diagram shows the same curves for the azimuth 
of the strip. The increased precision of the 
analytic method is indicated by the r educed am­
plitudes and smoothness of the respective curves. 
Notice also that the r esidual errors in azimuth 
are smaller, even to the point of practical 
nonexistence. T he plotter curves are typical 
of our experience over the years and consequent­
ly an effort is always made to plan flight lines 
and control surveys so that a minimum of four 
we ll-spaced control points occur in each strip 
aerotriangu lation. 

The real rest of analytic aerotriangulation 
was made by extending the number of models 

Stn11 width 4 7 ,,..les ie<1tlth 38 ,,..les 

t II :f J J: f: FE! ~11 H '.I '.H 
• Horizontal Control A Honzont..t Test Potnts 

[ !J l :1 J l Illl :1 :i Il:!J 
• Venal Control e Vert>c.al Test Pomt.s 

FIG. 11.-Control diagrams for a portion of U.S. Route 1J 
test area used for the comparison of two Independent analyt­
ic aerotr langulatlons. 
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from 11 to 16 (fig. 11), thereby including 7 
bands of vertical ground control points so that 
alternate bands could be withheld to serve as 
midspan and midstrip check points. At the same 
rime , all but four of the horizontal control points 
were withheld. This arrangement of control 
permined the use of the third-degree adjustment 
curves and gave a spa n of 8 models or 19 miles 
between points of known position and a span of 
5 1/2 models or 12 miles between points of 
known elevation. Two separate sets of 1:40,000 
scale photographs made wilh a 6-inch camera on 
a low distortion polyester aerial film were used 
on this test to determine Lhe r epeatability of 
r esults , and to compare the positions and eleva­
~ons of hundreds of pass points obtained by rwo 
independent aerotriangularions . The rms hori­
zontal error, based on all 15 control points, 
was 3.2 feet (24 µ) for one strip and 4.4 feet 
(33 µ) for the other. The corresponding vertical 
errors were 1.6 and 3.1 feet. Expressing these 
accuracies as fractions of the flight a ltitude, 
the standard error of position for 8 model s pans 
was 1/5000 of the flight altitude , and the standard 
error of elevation for 6 model spans was 1/8000 
of the flight altitude. From the cartographer's 
poin_r of ~iew, r_he accuracy of these aerotriang­
ular1ons is equivalent ro having all model pass 
points located and leve led by high-order field 
surveys. That i s, with any but the most precise 
stereoscopic plotting instruments, working at 
scales up to five times the scale of the phowg­
raphy, the resulting improvement of r elative 
and absolute orientation could not be set on the 
instrument and, even if it could, the additional 
accuracy would be lost in drafting. Ir was sur­
prisi ng to find that, prior to the nonlinear ad­
justment, the accumulated scale e rror at the 
center of the 38 mile strip amounted to 40 feet 
or 300 microns at plate scale even though the 
standard y -parallax within the models was only 
5 microns and the standard error of tie between 
models was only 16 microns. It is expecte d that 
the use of a block adjustment may increase the 
y-parallaxes and r educe intermodel tie and ac­
cumulated scale errors. 

In addition to the absolute accuracy evaluation 
of these two s trips, all pass points wer e inter­
transferr ed between the rwo sets of photographs 
so that the agreement between independent aero­
triangu lations could be determined for points 
along the edges of the strip. Therms differences 
in pass point position and elevation de termination 
between the two aerotriangulations were 3.5 feet 
(27 µ) a nd 3.8 feet respectively, and the maximum 
observe d differences were 8 feet (61 µ) in posi­
tion and 12 feet in elevation. The block adjust­
ment of these two s trips i s awaited with interest 
to see how much more im provement can be made 



with our pr e sent knowledge of systematic errors, 
such as le ns and film di s tortion. 

In another serie s of tests , the permanently 
targeted Ohio te st area (fig . 12) was photographed 
with several stable base aerial films and with 
both wide-angle and the supe rwide -angle cameras . 
By selecting a photographic scale of 1:24,000, 
it was possible to obtain a short s trip of five 
photographs on which the model pass-point areas 
contai ned premarked hori zontal and vertica l con­
trol points . The s ter eo-model limits, shown by 
the four r ectangles, are r epre sentative of all 
strips used for · camera and film comparisons . 
The 65 triangles show the distribution of pre ­
marked geodetic points of known pos i tion and 
elevation, and the crosses s hown unmarked areas 
wher e the terrain elevation is known. T he e ight 
solid triangles indicate the thr ee-dime nsional 
control that was used for the adjustm ent of the 
strip. 

Data r eduction i s not complete on this airborne 
comparison of camera-film combinations, but 
r e sults to date (table 2) indicate that both film 
and lens dis tortions ar e now well enough de ­
termined and compensated to enable the ir use 
with confidence as to the ir e ffect on accuracy. 
The firs t two columns s how the s tep by step 
comparison of the two cameras us ing the same 
film, and the last two columns the comparison 
of two types of film bases in the same camera. 
The only significant differ ence in the s ize of 
Y-parallax r e siduals was the low 4 .8 microns 
obtained in r e lative orienta tion with the wide 
angle camer a . This figure , which wa s obtained 
from clusters of four points at each of the pas s 
point areas, increased to 6.3 microns wheri all 
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F IG. 12.- Control diagrams of the C&GS Ohio Camera Cal­
ibration Ar ea used for comparisons of wide and s uper-wide 
angle cameras and several aer ial film s. The tr iangles show 
the dis tribution of pre manently marked control points and 
the c r osses indicate points of known e leva tion. 

300 points in the strip wer e included. The dif­
fer e nce in the base- he ight ratios of the cameras 
explains the r ever sal of position and e levation 
precisions indicated by the intermodel ties, ex­
cept for the topographic film base in the RC-9 
s uperwide angle camer a which g ive essentially 
the same r esults as the polyester base in the 
wide angle camer a . Thi s will probably be ex­
plainable when data r eduction i s complete on 
the wide -angle camera with topographic base 
film. The only significantly different value in 
the final adjusted ground position and elevation 
errors is the 37. 7 microns or 2. 9 feet for vertical 
points in the s uperwide- angle-camera - topo- base 
combination, which i s twice that of any other 

Table 2.- Results of Ohio Camera Calibration test s of two cameras and two fi.lm bases 

FILM- CAM ERA COMBINATIONS 

RC-8 ca me ra RC -9 camera RC- 9 camera 
polyester base polyeste r base topo base 

--
microns microns microns 

RMS residual y- parallax: 
72 Relative orientation points ..... . .. . . ......... 4.8 7.6 7.5 
300 Photogr ammetric points ..... ....... .. ... ... . 6.3 7.3 7.6 

RMS intermode l tie r e siduals: 
36 Horizontal positions . .... . ....... .. . . .. ... .. .. .. 7.2 11.5 6.7 
36 Elevations ... ..... .. ... . .. .. . .... . .. .. ... .. ........ 12.9 7.8 10.4 

RMS error s after adjustment 
Horizontal control points .... ... .. ..... ..... . .. ... 16.3( 1.3 ft.) 15.4(1.2 ft.) 18.2( 1. 4 ft. 
Vertical control points ........................... 15.3( 1.2 ft.) 18.2(1.4 ft .) 37.7(2.9 ft. 

RMS er ror s after bloc k adjustment ? ? ? 
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combination. This is . directly related to the 
intermodel tie discrepancy above it, and will 
also probably be r esolved when data r eduction 
i s comple te . Again the results of the block ad­
justment on this test ser ies is awaited with par­
ticular inter est because the residual plate-co­
ordinate err or s may indicate the existance of 
any r esidual systematic distortions. 

It may be significant that the best accuracy 
attained was of the order of 15 microns which 
is considered to be composed largely of r esidual 
film distortion discrepancies. 

3.2 Film Distortion Studies 

While the accuracies already attained with 
the analytic method are pleasing indeed, the 
staff i s now more determined than ever to re­
duce the r esidual systematic errors of the pho­
tograph. The largest of these is probably the 
residual film distortion that r emains after mathe­
matical r estoration of the fiducial marks. An 
aversion to the use of glass negatives or pres­
sure plate reseaus in the aerial camera has lead 
to an investigation of the m etric characteristics 
of the aerial film after processing , dr ying and 
stor age. For this investigation, a calibrated 
grid plate was contact-printed on several types 
of film along with aerial photography so that 
the grid exposures would be treated as ordinary 
aerial photography. (Incidentally, through the 
use of these grid exposur es, one of our older 
developing machines was found to be contributir.g 
measurably to film di stortion.) At r egula r time 
intervals , the grid exposures are printed on 
glass plates and measured with the preci sion 
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FIG. 13.-Diagram of film distortion illustrating (1) over­
all shrinkage, (2) differential s hrinkage, (3) angular dis­
tortion, and (4) random distortion. 

22 

0 

4 fiducials 8 fiducials 

FIG. 14.-Diagrams showing residual film distortions after 
numerical compensae!on using four and e ight fiducial marks. 

comparator . The r esulting plate coordinates are 
fir st treated with a regular scale change to 
determine the r esidual di stortion which exists 
in the mode l formed in the s tereoplotter during 
map compi la tion, then they are treated with the 
analytic nonaffine transformation (section 2.11) 
to determine the residuals that are propagated 
through the strip or block. 

The firs t diagram in figure 13 illustrate s regu­
lar shrinkage which is r eadily compensated by 
ratio pr inting or by the principal di stance ad­
justment on a plotting instrument. This results 
in an averaging of the differential distortion as 
shown in the second diagram. A closer look at 
the r esiduals a t this point r eveals that the origi­
nal square figure has not become a true r ecta ngle, 
but is more like a parallelogram as shown in 
the third diagram. Finally, a ver y close examina­
tion shows the parallelogram to be actually an 
irregular quadrilateral, something like diagram 
four . Thi s is the figure that is compe nsated 
in the a na lytic distortion compensation program 
(2.11) which r estores the fiducial marks to their 
calibrated positions. 

Through the use of the grid exposur es, it has 
been possible to investigate the effectiveness of 
the analytic compensation at points betwee n the 
fiducial marks . As one might expect, the residual 
distortion, a lthough quite small, was nonlinear . 
This type of distortion is shown in a gene ral way 
in the first diagram of figure 14. Although 
analysis has not progressed sufficiently to draw 
fina l conclusions r egarding the adequacy of film 
negatives for aerotriangulation or the required 
density of film distortion control points, it is 
apparent that film s having smaller regular shrink­
age do not necessarily have smaller residual 
distortion after mathematica l distortion com­
pensation. It is also apparent that tha center 
point defined by the intersection of lines con­
necting the fiducial marks is determined with 
onl y a li ttle more precision than the midpoints 
of the sides. Nevertheless, it is r ecommended 
that aerial cartographic cameras used for ana­
lytic photogrammetry be equipped with a t least 



eight fiducial marks located at the four corners 
and the midpoints of the s ide s. Furthermore , 
the s e marks should r eproduce on the negative 
with sufficient legibility to enable de termination 
of the ir plate coordinate s within 3 mic rons. The 
r eason for eight marks is twofold: first, as 
shown in the second diagr am of figure 14, the 
r es iduals are r educed to one quarter of the ir 
magnitude if the span be tween m arks i s r educed 
one -half; a nd secondly, eight fiducial marks pro­
vide local control of film distortion near the 
six normal pass -point area s , so that the large r 
r esidual discre panc ies are confined to inte r­
mediate mode l areas whe r eas only the s malle r 
di screpancies are propagated in aerotriangula­
tion. 

3.3 Control Point Identification 

If the r e is any source of e rror gr eate r than 
film di stortion, it is control point identifica tion. 
Analytic aerotriangulation prec is ion has made the 
need for premarking horizontal control points 
muc h more appare nt. In fact, it now s eems that 

eve n the mos t expert fie ld men can seldom, if 
ever , find nearby objects suitable for use as 
substitute control points for analytic aerotriang ­
ulations whic h have s tandard e rrors as small 
as 25 to 50 mic rons at plate scale . Inasmuch 
as pre marking i s not a lways practicable , present 
r equirements for the selection of s ubs titute 
s tations s tate that unless the object is ver y small 
and s ymmetrical in s hape , the contr ast be tween 
it and i ts background must be low, and its r e­
flectivi ty mu st be such that the r e sulting image ­
de ns i ty will occur in the middle gray tones to 
minimize image- s pread in the e mulsion. Further­
more , at least two substitute points mu s t be 
establis hed for each horizontal control s tation. 
In s pi te of these preca utions , the r esidua l error s 
be tween the pair s of adjacent substitute control 
points a r e freque ntly gr ea ter than the maximum 
error s obta ined in premarked test area aero­
triangulations. It is the r efore concluded, that 
whe n maximum accuracy is desired, horizontal 
control points mus t be pr e marked with symmet­
rical photographic targe ts . 

Appendixes 

APPENDI X l 

DERIVATION OF FORMULAS FOR F ILM 
DISTORTION COMPENSAT ION 

Formulas we r e s tated in Section 2.11 for cor­
r ecting the measured coor dina tes of images for 
the effect of the irregula r di stortion o f the ae rial 
film based on the dis locations of the fi duc ial 
ma r ks in the four corne r s . T he fiduc ial marks 
are pr ojected onto the film in the came r a a t the 
instant the ae ri al photogr aph i s e xposed . A glass 
plate photograph exposed in the came ra in the 
labor ator y serves as the ma s te r specime n on 
whic h ar e measur ed the fiducia l coor dinates that 
become the fixed came ra cons ta nts on whic h the 
compens ation formulas are based. It is assured 
that a ny uniform expansion caused by the therma l 
differ e nce between the e nvironme nts at flight a l­
titude a nd in the laboratory has a n ins ignifi ca nt 
effect as indicated by E. D. Se we ll3 1 inas muc h 
as the c ha nge is e quiva le nt to a s ma ll error in 
focal le ngth. 

2 1 fnvestigation of the magnitude of error s in ground po­
s itions caused by error s in the focal length or in the princi­
pal distance of the aerial camera by Eldon D. Sewell , Syra­
cuse Univers i t y Press, 1940. 
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T he symbols X ., Y ., j = l. . .4, denote the meas-
} J 

ur ed cons ta nt fi ducia l coordinates for a given 
came ra a nd Xp, Yp are the coordinates of the 

princ ipa l point in the same coor dinate system 
as determined from the camera calibration data . 
As indicated in Section 2.1.l, the mark in one 
corne r (Corner No . 3) is arbitrarily selected as 
the origin of the coordinate system, a nd the X -
axis i s selected so as ro pass through a nother 
corne r (Corne r 2). (See fig. S .) T he terms x., 

t 
Yi' i = l .. . n, denote the coordi nates of a ny point 

on a photograph a s measur ed on the compar ator, 
a nd xj' yj a r e the corresponding coor dinates of 

the fiduc ial marks whe r e the coor dina te system 
is that of the comparator and is random with 
respect to the fiducial marks. The purpose of 
this routine is to de termine the constant co­
e ffic ie nts of a n or derly transformation that will 
convert xi' Yi image coordinates into cor rected 

x .: y .' values s uc h that the observed x
1
., y . values 

t t J 
at the corners are converted exactly into the 
corresponding Xj, Yj fixed constant values at all 

four of the corne r s for every photograph, a nd 



finally to trans late the on grn of the coor dinate 
syste m to the princ ipa l point. T he gene ral 
sc he me is to apply linear transformations inso ­
far as possible to achieve the desired agr eeme nt 
at thr ee corne r s , and then to apply a nonlinear 
sche me for the fourth corne r. 

The fir s t s te p is to m ake x a = Ya .. Xa = Ya = 0 
(translation) by subtracting x a from each ab­
s ci ssa and Ya from each ordinate , calling the ne w 
coordi nate s ui, vi: 

(1. 1) 

T he second s tep cons ists of (1) a rotation of the 
coor dinate axes a bout Corner 3 so tha t the u -axi s 
passes throug h Corne r 2 (vi = 0) , (2) a n adjus t­
me nt of the angle between the u a nd v axes so 
that the v-axis passes through Corne r 4 (u: = 0) 
and (3) changes in the scales along the u and v 
axes so that the ne w value u ;;f = Xa and V,( = Y..,. 
All four of these conditions can be sa tis fi ed 
through the use of the He lmert tra nsformation 

u' =mu + nv v; = pu + qv (1.2) 

whic h is linear. By subs tituting the known co ­
or dinates at Corners 2 a nd 4 into Equation (1.2), 
rwo pairs of s imultaneous linear equations are 
formed in the unknowns m, n, p, q: 

j Xa = u a m + Va n 

l X.., "' u4 m + V 4 n 

J y 3 = U a p + Va q 

l y4 .. u ... p + v ... q. (1.3) 

If these are solved for the unknowns , recogniz­
ing that Ya = 0 a nd defining d as the determina nt 

d ~ lua Va l , 
u.., V4 

m = (Xav.., - X,.va)/d p = Va Y..,/d 

n = (X4 ua - X 3 V4 )/d q = -u3 Y4 /d. (1.4) 

Based on these known va lues for m, n, p, q, 
Equation (1.2) can the n be applied to Corner 1: 

lf the film di stortion is linea r, t"{ = X 1 , v{ = Y 1 , 

but normally they will not. be equal except for 
g lass plates . l t is note worthy that a ll ope rat ions 
thus far have been affine or linear r athe r than 
conformal, rhat all the a ffine sche mes for fitting 
a t Corner 1 are exhausted, and that any further 
a tte mpt at fi tting must be nonlinear. The follow­
ing e quations have been selec ted for ma king this 
"warping": 

u* = u' + r u' V' v* = v' + s u' v' . (1.6) 
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lf r and s a r e solved for in term s of Cor ner 1, 

l t m ay be obviou s that Equation (1.6) applies a 
maximum correction at Cor ner 1 and that the 
correction d imini s hes linea r ly to zer o along both 
of the coordinate axes so tha t the corrected co­
ordinates at the fir s t thr ee corne r s are no t di s­
turbed . 

Fina lly, if Equations ( 1.2) are substi tu ted into 
(1.6), and the coor dina tes of the princ ipal point 
applied so as to trans late the origin from Corner 
3 to the photo center, the ne w compe nsated co­
ordina tes ar e 

%1' = (mui + nvi ) [l ..._ r (pui + qv i )] - Xp 

y1' = (pu. + nv.) [l + X(mu. +nv.)] - Yp (1. 8) z z z z 

whic h we r e s tated in Section 2.11 and which fol­
low Equations (1.1), (1.4), a nd (1.7) in applica tion. 

APPENDlX 2 

DERIVATION OF FORMULAS FOR 
ASYMMETRIC L ENS DISTORTION 

An ideali s tic m e thod for adjus ting image co­
ordinates for the systema tic effects of lens 
di stortion might consist of a table lookup system 
in whic h the corrections in x a nd in y are stor ed 
in the compute r for, say, eac h millime te r squa r e 
over a ll the pho togr aphic a r ea . In s uch a system 
i t would be possible to correct for asymmetric, 
r adia l, and a lso tangential distortion accur ately 
a nd in a s ingle operation. However, the da ta 
s torage for this amounts to a bour 100,000 thr ee ­
digit wor ds eac h wi th a decima l point a nd an 
algebra ic s ign. 

An a l ternative approxima te sche me is used 
her ein. To avoid this stor age pr oble m, thi s 
sche me has the c ha r acteris tic of leaving a r esid­
ual e rror, whic h is made sufficiently s mall so 
as to be of little or no pr actical conseque nce. 
In this a lterna tive scheme, r adia l d istortion i s 
corrected by means of a table- lookup involving 
150 s tor ed va lues, a s imple second-degr ee cor ­
r ection is used for the asymmetric characteris ­
tic , and tangential dis tortion is cons idered to be 
nonexi s ta nt (ba sed ma inly on a lack of data at 
this t ime) . 

As indica ted in Section 2.121, the asymmetric 
di stortion is corrected by fir st r ota ting the co­
ordinate axes through the use of the for mulas 

x
8 

= ax+ by yA = - bx + ay , (2.1) 



then correcting the coordinates by 

(2.2) 

and finally rocating back into the original coordi ­
nate system using the inver se of Equation (2.1) 

(2.3) 

We shall proceed to show how the constants a, 
b, c are de termined and to justify the use of 
these formulas. 

F igure 15 is a graphic r e presentation of the 
total radial distortion a long each of the four 
semidiagonals of a photograph as r eported for an 
aerial camera. Ir is note worthy char the values 
differ along the four directions , and it is thi s 
difference which is referred to as asymmetric 
distortion. Here, an average correction is af­
fected through rad ial distortion compensation 
discussed in appendix 3, and the r emainder by 
the present analysis . 

F igure 16 s hows the differences from the aver­
age with the negative values (as a long the D-
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FIG. 15. -Radial lens distortion along the four semi-diagonals 
of the aer ial photograph. 
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F IG. 16.-Asymmetrlc radial distortion on the four semi­
diagonals derived by s ubtracting the average from t he total 
distortion at each radi us and plotting negative values ln the 
positive direction. 

radial) plotted as posrnve values. Ir should be 
expected char the B graph should be identical 
to the D, and the A to the C. The fact char they 
are not identical is partly explained by un­
avoidable observational errors which occur in 
the practical de termination of the distortion 
values. We approximate the 8- D and A-C en­
ve lopes by the rwo expressions 

(2.4 ) 

to whic h we limit ourselves. Her e c ,. (s in t)/f, 
bur one need nor be concerned with the te rms t 
or f . It is sufficient ro r ecognize that this is 
quite s imilar to a tilting effect on the photo plane 
as shown by F . E. Washer 22 and that it be­
haves like tilt as de picted by L. W. Swa nson23

• 

22washer, Frances E. , see footnote 5, above. 
23Topographlc Manual by Lawrence W. Swanson, Coast 

and Geodetic Survey Special Publicat ion No. 249, Pan II, 
p. 162, 1949. 
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FIG. 17.-Graphic depiction of asymmetric lens distortion. 

Specificall y, if a plane is tilted, points in a per ­
spective system on the upper s ide are d is placed 
inward toward the center, points on the lower s ide 
are displaced outward, and any corrective meas­
ures are in the opposite directions. Points equi ­
distant from the cente r on opposite sides are not 
displaced e qually, bur if the inc lination is s ma l_I, 
the inequaliry is ins ignificant and in this appli­
cation the inc linations e ncounte red are ve ry, ve ry 
small. Moreover , the displacement is zero for 
points along the tilt axis through the center. 

It wa s a lso indicated by L. W. Swans on24 that 
points not along the principal direction can be 
cons ide red as though they are also in a special 
principa l di r ection whose inc lination is s imply 
but systematically s maller than that along the 
actua l principal direction. In figure 17, the 
point a on the upper side needs to be corrected 
to the location a'. Let the coordinates of a be 
x i:i, y

11 
and those for a ' be xt, Yr In the right tri -

angle a a' k, 

From the proportiona lity of the s ides in the s im­
ilar triangles a k a' and o a1 a, 

a'k/ak =a a1/ oa1 = Yq/x A 

a'k -= (cx0 a) Ye/x0 = cx 0 Yii· 

T hen the corrected coordinates of a' are 

xt.,, oa1 + ak - x
9 

+ cxA a = xll (1 +ex A) 

(2.6) 

Yt,. a 1' a' +a ' k"" Ya + cxAyA ~ yA ( 1 + cxii_(2 .7) 

24Jb!d. 
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Inasmuch as it is unli ke ly that the pri nc ipal 
direction coincides with the ficucial x-axis de­
te rmined in appendix 1, a rotation is implied 
whe r e Equations (2. 1) and (2.3) are s tandard ro­
tation formulas in which a is the cosine of the 
r otation angle and b is the sine . Also involved 
in the analysis is an a ngle of 45° inas much as 
distortions are normally observed and reported 
with reference to the corner diagonals as indi­
cated in figure 15. We consider a n angle of ro­
tation (A + n n/4) whic h transforms x, y coordi ­
nates into appropriate xi:i , y

0 
values . 

With r eference to figure 16, consider the two 
second-degree curves (Equations (2.4)) which 
are appr oximations to the observed e nvelopes of 
values along each pair o f semidiagonals. How 
does one determine the values of c1 and Ca ? Pre­
s umably the best answe r is find an appropriate 
value based on successive trial s together with 
one's best judgment. In ae r otriangulation one i s 
particu larly i nteresred in th~ distortion correc­
tion in the r egion from 9 to 12 c m. as this is 
whe r e s ignificant points ordinarily lie. T he 
s mall number of observations and the r e lative ly 
large dispari ty of values scarcely justify a least 
squares approach. Thus, values c1 = 0. 100, 
ca = 0 .035 seem to be appropriate values in this 
example (d is measured in microns, r in centi ­
meters). Ye t these values indicate that some 
r esidual discr epanc ies of nearly 3 microns may 
ex is t if the observations are valid. 

C(neg) 

- ler0 ___ or Tift . 

---~~ ---

B(pos) 

D 

I 

I 
c: I 
of 
tr/ 
fE I 

c1 
70 I 
·3-1 

.f:/ 
<t I 

I 

0 

D(neg) 

+x 

----- --- --
A(pos) 

0 0 

F IG. 18.-Dlagram of a photograph indicating the analysis 
of the angle of r otation from the +x-axis to che+ r 9- axls. 



ow that c1 and c2 may be evaluated, it is pro­
posed that 

c"'(c1 2 + c22 )~ 
tan ~ "'C2/C1 

a'b "' xd/r, ab"' yd/ r . 

From the figure , 

:x' "' x - a ' b "' x - xd/r '"' x( l - d/ r ) 

y• "'y - ab .,, y - yd/r ~ y(l - d/ r ), (3 .1 ) a"' cos (A + tl TT/4) 

b"' sin (9 + n•/4) (2.8) and als o, 

Thus, in the example, 

c,. 0.106, A"' 29.3° 

The direction quadrant for rotation i s deter­
mined by inspection from the r e lative di splace­
ments along the separate semidiagonals. Thus , 
the upper end of the inclined princ ipa l direction 
(fig. 18) is in the general direction of the D-di­
agonal, (which is defined as the positive end of the 
xA-axi s ) because the greatest negative distor-

tion must occur between the diagonal C and D 
(which are both negative) atanangleof 29 .3° from 
the D- diagonal. Thi s selection is veri fied by 
the fact that the zer o tilt axis (perpendicular to 
the principal direction) occurs be tween the di­
agonals wher e the distortions change sign. Thus 
the analytic rotation angle from the x-axis to 
the principal direction is s imply, from the fig­
ure, 29.3° + 45° "' 74.3° , and 

a .,, cos 74.3°"' + 0.271 

b "' s in 74.3° ,. + 0. 963 . 

The logic of this formulation i s included on 
page 341 of the Manual25

, on pages 162 ff., by 
L. W. Swanson26

, and is not r epeated here . 

APPE DIX 3 

SYMMETRICAL RADI AL LENS DlSTORT lON 

The word symmetrical applied here to lens 
distortion implies that the distortion is consid­
e r ed to be identical a long a ll radii. In the pres­
ent application, the distortion is the average 
value along four semidiagonal s wher e systematic 
departures from the average ar e accounted for 
as shown in appendix 2. 

In figur e 19, dis the positive distortion which 
has di splaced an image a' at radius r to its 
observed pos ition a. The observed coor dinates 
of a are x, y and the desired corrected coordi ­
nates of a' are x' , y' . T hrough the proportion­
a lity of corresponding s ides in the s imilar tri ­
angles aa'b and Oac, 

25Manual of Photogrammetry, see footnote 6, above. 
26Swanson, Lawrence w., see footnote 23, above. 
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Obviously it is sufficient in making a desired 
correction to know mer e ly the value of the ratio 
d/ r. However, the ratio is undefined if r is 
zero, which creates an awkwar d .condition. To 
avoid this, one might tabulate simply the values 
o f d and then perform the division operation as 
needed la te r. Be tter yet, inasmuch as r 2 is 
needed a lso for other purposes and 'Y i s not 
needed, the values of the product dr are enter ed 
into the computer, late r to be divided by r2 as 
needed, which avoids computing the square r oot 
of r2 . Consequently the values of dr are pre­
pared by desk calculator for each millimeter of 
r for each aerial camera as input data to the 
computer for table lookup and interpolaLion. Cor­
r epondingly, the independent argume nt in the 
table is a lso r2 instead of r. A portion of one of 
the tables is included as an example (table 3). 

APPENDIX 4 

DERIVAT ION OF THE CORRECTION FOR 
ATMOSPHER IC REFRACTION 

Except for an im age at the nadir, atmospheric 
r efraction causes photographic images to be dis-

0 

Distorted 
a/posit ion 

a'Y: ~ ~-- -_Jb / ,.....____1 
// 1 1- corrected 

,,,,, 1 I position 
,,,/' y' I I 

/,,,, I I 
/ I I 

,,,,/ I I 
,,,. x ' 

x c 

FIG. 18. - Diagram s howing the analysis of radial lens dis­
conion. 



Tab le 3.-Sample of tabular values stor ed in 
computer for correcting radial lens distortion 

Distortion tabular 

Average values for computer 

Radial · radial Distortion d is tance dis tor- Square 
fa ctor r t ion of radial dr d distance xl 0- 6 r 2 

(per sq. m.) 

cm. micron m . x 10- 4 

l - 16.0 l +0. 1600 
2 - 20.0 4 +0.4000 
3 - 6.0 9 +0.1800 
4 +28 .0 16 -1.1200 
5 +43 .9 25 - 2.1950 

6 +49 .2 36 - 2.9520 
7 + 45.5 49 - 3.1850 
8 +37.4 64 - 2.9920 
9 + 23 .8 81 - 2.3220 

10 + 11.6 100 - 1.1600 

11 + 7.0 121 - 0. 7700 
12 +5.8 L44 - 0.6960 
13 - 3.3 169 + 0.4290 
14 - 19.5 196 + 2. 7300 
15 - 38.4 225 + 5. 7600 

placed outward radially from the nadir point in 
increasing amounts depending on the distance 
from the nadir to the image. To correct image 
coordinates it i s therefore necessary co r educe 
the ir va lues . The basic cause of rhe r efracrion 
is explained by Sne ll's Law inas much as the at­
mospher e , through which the lighr is transmitted 

from the ground to the aer ial camera , i s com­
posed of a gas whose density normally decr eases 
with alrirude due to the differing compressional 
mass of air above and, co a lesser extent, in­
c r eases with alrirude due co the decrease in air 
remperarure with alrirude . 

A srandard atmosphe r e , called the LC.A .. 
atmospher e, is assumed as explained by Axe l 
Lei jonhufvud27

. No arcempr is made her e to 
account for temperarure , humidity, or pressure 
variations whic h may arise from meteor ological 
or geographical considerarions . It is also as­
sumed that nearly ve rtical phorographs are used 
whe r e rhe principal point is sufficiently near rhe 
nadir so that no significant error arises from 
us ing the principal point insread of the nadir. 

As indicated previously, rhe r efrac tion cor ­
r ections are based on the publi cation by A. Lei-

27 Leijonhufvud, Axel, see footnote 8, above. 

Non-refracted ray 

~ f 

FIG. 20. -Dlagram showing the r elative linear displacement 
d cased by atmospheric refraction to the angle 9: d = I can 9/ 
cos2z. 

Table 4.- Angular distortion e in centesimal seconds due to atmospheric r efraction at varying angles 
Z from the vertica l (portion of tab le by Axel LeijonhufuucJO.J 

Flight Angle Z from the vertical in centesimal degrees a ltitude 

(km.) 5 10 15 20 25 30 35 40 45 50 55 60 65 

Ground Elevarion-1.5 km . 

3.0 0.8 1. 7 2.5 3.4 4.4 5. 4 6.5 7.7 9. 1 10.6 12.4 14.6 17.3 
6.0 2.1 4.3 6.6 8.9 11.3 13.9 16. 7 19.8 23.3 27.3 32.0 37.6 44 .5 
9.0 3.0 6.1 9.3 12.6 16.0 19. 7 23.7 28.l 33.l 38. 7 45.3 53.3 63.2 

a On as tronomic, phocogrammecr ic and trigonometric refraction, 1950. 
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jonhufvud2 8
. Table 4 is a sample of a portion of 

one of the published tables. As depicted by the 
table, the angular r efractive error is stated in 
centesimal seconds, the zenith angle of the r e ­
fractive r ay is given in centesimal degrees , and 
the airplane and te rrain heights a r e given in 
kilometers. In orde r to express the tables in 
units more dir ectly applicable to the specific 
problem, the reference table s wer e convened 
into table 5 which s tates the distortion va lue s in 
microns based on a camera focal length of 153 
mm. , and s tates the linear distances in feet. 

Figure 20 indicates the angles e and Z stated 
in the r efer ence and a lso the corre sponding 
displaceme nt d utilized her e in. F rom the geom ­
etry of the figure it is evident that 

d "'f tan A/ cos2 Z 

r = f tan Z 

28Jbid. 

(4 .1) 

lnasmuch a s the lar gest value of e is le ss than 
one minute of a r c, ll "' tan e essentially, and 

d = f P/ cos2 Z. (4.2) 

As f is taken as l.53 x 106 u and as one cente simal 
second is equal to 1.5708 x 10-s radians, 

d .,,, 0.24033 9/ cos2 Z (4.3) 

in which d is in microns and A i s in ce ntes imal 
s econds . For example, the value e = 38.7 and Z 
., soc "' 45° appears in Table 4 for a flight al­
titude of 9.0 km. and a gr ound e levation of 1.5 
km. Applying Equations (4 .1 ) a nd (4.3), 

d "' 0. 24033 x 38. 7 /cos2 45° "' 18.6µ 

r = 15.3 tan 45° = 15 .3 cm . 

whic h occurs in table 5 for the ground e levation 
of 4, 920 fee t = 1.5 km . 

Tab le 5.-Radia l linear image dis tortion d in microns due to a t mo sphe r ic refraction for a focal 
length of 15.3 cm. as converted from Axel Leijonhufvucfl tables 

Radial dis tance r from photo center to image Coefficients * 
F light 

- 1 - 6 altitude kl x 10 lea x 10 1.2 2.4 3.7 5.0 6.3 7.8 9.4 11.1 13.1 15.3 

fee t cm. cm . cm. cm. cm. cm. cm. cm . cm. cm. 

Ground Elevation- 0 feet 

9,842 0.4 0.9 1. 4 1.9 2.6 3.4 4.5 5.9 7.9 10.7 3.4 1.53 
19,684 0.7 1.5 2.3 3.3 4.4 5.9 7.7 10.1 13.5 18.3 6. 1 2.50 
29,257 0.9 1.9 3.0 4.2 5.7 7.5 9.9 13.0 17.3 23.4 7.7 3.23 

Ground Elevation-1,640 feet 

9,842 0.3 0.7 1.1 1.6 2. 1 2.8 3.7 4.9 6.4 8.8 2.8 1. 25 
19,685 0.7 1.3 2.1 3.0 4.0 5.3 6.9 9. 1 12.2 15. 4 5.4 2.30 
29,527 0.9 1.8 2.8 3.9 5.3 7.0 9.2 12.0 16.0 21. 7 7.2 2.99 

Gr ound Elevation- 3,280 feet 

9,842 0.3 0.6 0.9 1.3 1. 7 2.2 2.9 3.9 5. 1 6.9 2.2 0.99 
19,685 0.6 1.2 1.9 2.7 3.6 4.8 6.3 8.2 10.9 14.5 4.8 2.08 
29,527 0.8 1.6 2.6 3.6 4.9 6.5 8.5 11.2 14.9 20.1 6.7 2.76 

Ground Elevation- 4, 920 feet 

9,842 0.2 0.4 0.6 0.8 1.2 1.6 2.2 2.8 3.8 5.1 1.6 0.74 
19,685 0.5 1.1 1. 7 2.4 3.2 4.2 5.5 7.3 9.7 13.1 4. 2 1.87 
29,527 0. 7 1.5 2.4 3. 4 4.5 6.0 7.8 10.3 13. 8 18.6 6. 1 2.59 

a On astronomic, photogrammetrlc and trigonometric r efraction, 1950. 
•The coefficients are scaled so that both r and d are expressed In meters Inste ad of centimete r s and microns. 
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Distorti on values for any other focal length 
are directly proportional to these values which 
are based on 15 .3 cm . wher e the radial di stances 
r must also be changed to agree with the differ ­
ing values of the angle Z. However, the l atter 
can be accompli shed by simply r el abelling the 
columns in table 5 with the appropriate values 
of r. 

As a practi ca l m ethod for appl ying the L ei ­
jonhufvud data, a power series 

(4.4) 

is adopted wher e d, k, r are indicated in table 5 
and wher e the equation ser ves as an approxi ­
m ation of the table of d va lues r el ative to r for 
a.ny given values of terrain height and flight al­
titude . The va lues of the coefficients k wer e 
computed by desk calculator using the follow ing 
schem e. 

a. The value of k1 i s determined using Equa­
tion (4.4 ) by substituting the d and r tabul ator 
values at th e> smallest radius ( 1.2 c m. ) and 
assuming k 2 r3 i s zero. 
b. T he value of k?. i s found by substituting in­
to Equation (4.4) at the largest radius (15.3 
cm.) utiliz ing the val ue found in k1 . 

c. Other values for dare com puted using k1 and 
ka and compared to the table as a check. 

The rms discrepancy between the computed and 
tabular values was less than a micron. 

The values of the two k's are plotted on l arge­
scale graphs similar to figure 21 so that the 
values for any given set of photogr aphs can be 
ascertained and enter ed onto a form for sub­
mission to the data processing unit. 
. By app lying the same analysis used 111 Equa ­

tion (3. 1), Equation (4.4 ) can be applied in the 
form of a factor as shown by Equation (8) wher e 

the k's have negative values. The added correc­
tion for radial l ens distortion results i n Equa­
tion (7) . 

APPENDIX 5 

A ALGEBRAIC DERIVATION OF T HE 
ROTATION FORMULAS 

An algebraic derivation of Equati ons (9) and 
( 14) i s presented although the G . H. Rosenfield2

!1 

r e fer ence may be suffici ent. 
J\n xyz- coordinate system based on the photo 

fiduc ial axes i s used to identify the position of 
an image on a photograph. An auxiliary x*y*z*­
system i s introduced, being comparable to the 
xyz - system, having the same origin, and differ­
ing in angular orientation only . The x*, y*, z* 
axes are selec ted parallel, r espectively, to the 
X, Y, Z axes of the local geocentric or other 
r ectangular ground coordi nate system i n which 
- Z i s upward, and X and Y form a right handed 
sequence, suc h that if - X is eastward, then -'- Y 
is northward. 

A sequence of rotations is consider ed ( fig. 22) 
through which can be expressed x*y*z*-coordi­
nates in terms of the xyz-values, and vice versa. 
The first rotation (fig. 22a) w or x-tilt is about 
the x*-axis consider ed counter cl ockwi se pos itive 
as vi ewed from the plus end of the x *-axis, 
which corresponds with textbook notation in plane 
anal ytic geometr y . (Rosenfield3 0 consider s the 
rot_atio~ clockwise as viewed from the origin, 
wh ich 1s physically i denti ca l. ) The second ro­
tat ion ro or y - tih i s about the inclined y*' -axis, 
and the third rotation 1t or swing i s about the 
twice rotated z* - axis, whic h i s the photograph 
perpendicular (lens axis), or the z-axis . 
• ~Y plan~ analytic geometry the new x * ' , y*', 

z coordmates of an image point P are ex­
pressed in terms of the original x • , y* , z* co­
ord inates for the first w rotation: 

y*' .. y* cos w + z* sin .v 

z * ' = -y• sin w + z* cos w. (5 .1) 

T he x • coordinates a r e unchanged. T he second 
rotation "> i s strictly r elated to th i.s once-rotated 
x*y*' 2* ' -system inasmuch as this rota t ion i s 
~bout the y * ' axi s as shown in figure 22b. Apply­

------1---i. 0 mg the sam e rotational formul as to the x* z*' -
1------"--'.£-.4-----1'• '-'---+------1--~ 3 " system, 

JO 000 20.000 JOOOO 
flt&ht a1titude '" teet 

FIG. 21.-Graph of the two coeffic ients for the compensation 
o r atmos pheric refraction. 
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z = z*' cos qi + x* sin ro 

x *' = - z* ' sin 'll -'- x • cos ""· 

29Rosenfie ld, George H., see footnote 9 above 
30 Ibld. ' . 

(5.2) 



The y* coordinates are not changed. The ex­
pression for z*' in Equation (5.1) is substi ruted 
into Equation (5.2) : 

z = -y* sin w cos ro + z * cos w cos en 

+x * sin q> 

x *' = y* sin w sin co - z* cos w sin q> 

+x* cos q> . 

z*'-axis \ 

\ 
\ 

z*-axis 

\ 
f 
\ 
\ 

y• p 

--

(5.3) 

__ __,...,.;.... ____ __. ____ ~ y• -axis 

-- x• \ 

(a ) \ 

x *-axis 
x• '-axis 

\ 
\ 
\ 
\ 
\­
\ 

z*' p 

-r -- \ •' 
x• \1-

~---\ 
__ _,, __ ic;;.... ____ __,,__ ___ ...... z*' -axis --- \ 

y *' 

(b ) \ 

y•'-axis 

y-axis 
\ 
\ x• ' p 

\ - \ --\... - 1- \'; 
y*' \ 

\ )..--

\ ---z 
---.,,,...,,::;_ ___ ....a... ___ --' x•'-axis -- \ 

(C) \ 

F IG. 22.-Dlagram showing the three sequential plane ro­
tations for camera or ientation. 
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The final x-ro ta ti on is about the z-axis as 
shown in figure 22c. Applying the sam e rotation 
formulas: 

x = x *' cos x + y*' sin K 

y "' -x*' sin x + y*' cos x. (5.4) 

T he z* coordi nate is unchanged. The expr es ­
sion for x*' from Equat ion (5.3) and y* ' from 
Equation (5.1) are substituted into Equation (5.4): 

x = x• cos x cos co + y* sin w sin Cl> cos x 

- z* cos w sin a> cos K .._ y* cos w sin x 

-'-z* sin » sin x 

y = - x* cos ro sin x - y* sin w sin q> sin x 

+z* cos'" sin ;i sin x + y* cos w cos x 

+z* sin w cos x · 

Pactoring, 

x = x* cos '!l cos x 

+ y* (cos w si n x +sin w sin ro cos x) 

+z * (sin w sin x - cos ..v sin co cos x) 

y "'x* (-cos a> sin x) 

+y* (cos w cos x -sin JJ sin q> sin x) 

+z* (sin w cos x +cos w sin co sin x) 

z = x* sin rp +y* (-sin JJ cos Cl>) 

+ z*(cos w cos co). 

wh ich is Equation (9) shown in the main text. 

APPENDIX 6 

THE PROJECTIVE TRANSFORMATIO 

Equation (17) is derived from the upper part 
of figure 6, utilizi ng Equation (10) . I t is evi dent 
from the s imi tar triangles in the figure that 

from which 

x* = (X- X 0 ) z * /( Z - Zo ). (6.1) 

Similarly, by viewing the figure from the side, 

(6.2) 

and by algebraic identity 

(6 .3) 



If Equations (6.1), (6. 2), and (6. 3) a r e subs tituted into Equation (10) , 

X = a 11 (X- Xo) z*/( Z - Z0 ) +a12 ( Y- Y0 ) z*/(Z- Z 0 ) +a13 /(Z - Z o) z*/(Z- Z0 ) , e tc. 

Recognizing the common factor z* /(Z- Zo ), 

x .. [a1 1 (X- Xo ) + aui ( Y- Y0 ) + a13 (Z- Z 0 )] z* /(Z- Zo) 

Y = [p.21 (X- Xo) + a2 2 (Y- Y0 ) + a:a a (Z - Z 0 )] z*/(Z-Zo) 

Z = ~a 1 (X- Xo) +aa 2 ( Y- Y0 ) +aaa (Z- Z:0 }] z*/(Z- Zo). 

If the expressions for x and y are each divided 
by that for z, Equation (17) i s derived. 

APPENDIX 7 

T HE ELEV A T ION OF AN OBJECT 
FROM ITS IMAG ES ON TWO 
OVERLAPPING PHOT OGRAPHS 

T he derivation of Equa tion (25) is repeated 
he r e although i t is included in the r eference . 

Cons ider a n object, recalling that its coor di ­
nates a r e r epresented simply by X, Y, Z , a nd 
solve Equation (6 .1) for X: 

X :o X 0 + x* (Z- Z0 )/z*. (7.1) 

If the values pertaining to the fi rst of two over­
lapping ph o t og r aphs are indicated by s ingle 
prime marks (' ) and those for the second by a 
double pr ime marks (" ), Equation (7 .1 ) can be 
expressed for both photographs: 

X = Xd + x *' ( Z - Zo' )/z*' 

X = X (,' + x*" (Z- Zr!/ )/ z*" (7.2) 

If the second of Equations (7 .2) is subtr acted 
from the first, 

[Xo + x* ' (Z-Zo' )/z*'] - [X~' + x*" (Z-Z~' J = 0 

which, if so lved for Z , r esults in Equation (25) 
of the rext. 

APPENDIX 8 

T HE COEFFICIENTS FOR THE 
OBSERVATION EQUATIONS 

Equations (20) and (21) stared the form ulation 
of the coeffic ie nts for the obse rvation equations . 
Equations (19) (a nd the equivalent expressions 
(17) a nd (18)) specifi ed the colineation condi tion 
on whic h the solution is based. Only the first 
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one of Equa tions ( 19) i s discussed here as the 
second one is a nalogous: 

= 0. 
(8.1) 

He r e x is the only observed quantity, z is the 
fixed constant focal le ngth of the came ra, a nd 
the AB- term s are composed of several e le­
mentary angular a nd li near geometric param ­
eters associated with the attitude a nd position 
of rhe camera: w, . .. Z0 • 

Equation (8. 1) pertains to an image point whose 
coordinates ar e x, y, z on a photograph. The 
equation is valid for as many images as the re 
are independent parame ters. But, because x i s 
a n obser ved qua ntity, if the num ber of points ex­
ceeds the num ber of parameters, Equation (8 .1) 
cannot be va lid for them all, and a ny solution 
will necessar ily yield r esidual values v: 

(8.2) 

Presumably thi s r e lation can be solved for any 
number of image points so that the s izes of rhe 
v' s conform to the principles of least squares-­
pr ovided the AB- te r ms are properly eva luated . 

Nqw let us cons ide r the values of the AB terms . 
Although Equations (18) and (19) indicate formu­
la s for AB in te rm s of the parameters w . . . Zo , 
the parameters the mselves are actua lly unknown. 
Estimated approximate values are r eadily avai l­
able , but they are not sufficie ntly accurate . Ir 
becomes convenient to use Equation (8 .2), not 
only to distribute v' s but also to improve the es­
timates of these parameters . Presumably the 
v' s could be found in a very direct manner; bur 
to improve a lso the estimates, three or more 
i terations (successive approxima tions) will be 
needed to arrive at a sati sfactory solution for 
both problems . 

If rhe right s ide of Equation (8 .2) is r e pre ­
sented by F whe n rhe approximate parame te rs 
are used in determining rhe AB' s , then 

v = F + dF (8.3) 



would be a valid stateme nt in whic h dF is the 
necessary correction to F. Bu t dF can be ex ­
pr essed thr ough the application of pa rtia l dif­
fer e ntials of calculus in te rms of a ll of the e le­
me ntar y photo param eter s : 

dF = oF/ow dJJ - oF/ ot:D d'!l ... aF/?ix. dx. 

- o F/oX0 dXo - -;.. F / o Y0 dYo - F/ oZo dZo 

.!. oF/?i X dX .._ oF/o Y dY + oF/oZ dZ. (8.4) 

In Equation (20) , p
11 

,. F, p1 2 = F />!», etc . By 
recalling that F r epr esents the determina nt of 
Equation (8 .1), the der ivation of Equation (21) is 
fully indica ted. It may be he lpful in vi sualizing 
the pr ocedure to point out that the de te rminant is 
completely expanded in Equation (18); to expr ess 
a parti a l derivative one assumes that only the 
one variable at a time i s a true variable and a ll 
the ochers are consider ed as constants ; a nd to 
comment tha t the determinant notation in Equa ­
tion (21) is used to demonstrate the or derliness 
of formation of the coeffic ie nts as a n a id in pro­
gr a mming the computation. 

The procedur e consists of solving the set of 
s imulta neous linear Equations (20) for correc­
tions dw, e tc ., adding these corrections to the 
t r ial values w, ere., a nd r epeating. It is s ignif­
icant that wi th each iteration dw, etc. , a nd dF a r e 
s malle r than in the pr evious ite r ation, a nd tha t 
the i terative procedur e can be continued unt il 
dF is any desired sma ll value , specifically of in­
s ignificant size r e la tive to v . 

APPENDIX 9 

SPECIAL FORM OF OBSERVATION 
EQUAT IONS FOR RELATIVE 

OR I ENT A T !ON 

Equat ion (28) of the main text states a n a l­
ternative form of Equa tion (20) for the proble m 
of r e la t ive orie ntation wher e the ter m s dX, dY, 
dZ are e liminated by subs ti tu ting appropriate 
amounts of the o the r variables dw , di:D, d11. , dZo . 
An e xpla nation is now pr esented . 

Equat ions (27) ar e r ecalled introduc ing the 
u-te rm s for the sake of conve nie nce: 

z ,. U 1 /u3 , X = t4a Z, Y = U 4 Z 

u1 = Zo x* - z * ua = x/ z 

u a "' x* - ua z * tt 4 = y/ z (9.1) 

Alte rnate expressions are desired for dX , d Y, 
dZ . Inasmuc h as X and Y are expressed in 
term s of Z , and 

33 

dX e U3 dZ a nd dY = U 4 dZ (9.2) 

i t is logical to cons ider dZ specifica lly. 
Applying differ e ntia l c a lculus to Z = u2 / u 1 , 

But 

dZ = d(ui/Ua ) 

= (u 2 dui - U1 du2 )/u 2 
2 

= (l /ua )(du1 - Z du2 ) . 

du1 = d(Z0 x* - z*) 

(9.3) 

= x*d~ + Z0 dx* - dz* (9 .4) 

dua = d(x* - ua z*) = dx* - ua dz* . (9.5) 

By substi tution into Equation(9.3), noting tha tua Z 
= X, 

dZ = (l / ua ) [x* dZ0 - (Z - Z0 ) dx* 

+ (X - 1) dz*] (9.6) 

It is pertine nt to expr ess dx* a nd dz * in ter ms of 
diJJ, di:p, di'. • Re ferring to Equations (12) a nd (14), 

x * ., a1 1 x + aa 1 y + aa 1 z 

= x cos C'D cos 'X. .!. y( - cos r.o s in x) 

+ z sin cp 

,, x (sin w s in x. - cos w sin C'D cos x. ) 

+ y(sin w cos x +cos w s in '!l s in x.) 

+ z cos w cos f:D, 

Ther efor e 

(9.7) 

dx* = 0 dlli -'- [ x ( - s in C'D cos x. ) + y(sin C'D sin x.) 

+ z cos cp] d cp 

-'- [x( - cos i:p s in x. ) + y( - cos qi cos x.)] dx.. 

Applying the notations used in Equations (13), (19), 
(22), (23), (24), 

T T 
dx* • (OA1 /~) C dw -'- (OA1/ow) c dcp 

T 
+ (oA1 / ox. ) C dx. (9.8a) 

whe r e C is de fined in te rms of the image coor di ­
nates of the second photogr aph: 

c . [~1 



Similarly 

T T 
dz *== (aAa/O.JJ) C dJJ + (OAa /oqi) C dqi 

T 
+ (oAa/o>t ) C dx. (9.8b) 

A~ is used to indi cate the three e lements in the 

i -th r ow of the transform matrix Equation (12). 

Consequently, oA~/ow indicates the e leme nts in 

the i-th co lumn of Equation (22), which is not in 
the transformed arr angement. 

By substi tuting Equation (9.8) into (9.6), col­
lecting terms , and e mploying a de te r minant no­
tation, 

dZ "' ( l/u:a) [x* dZ0 

I 
X- 1 Z - Z0 Id 

+. (OA'[/ ?tJJ)C (OAf /3JJ)C JJ 

l 
x - l 

+ ( OA'[; oqi)C 

I 
x - 1 

+ (OA'[/ o,.. )C 

Z - Zo j dqi 
(OA[/ ocp)C 

z - Zo I diU 
(OA[/ 01t)C 

lf the coefficients are symbolized by T , 

(9.9) 

dZ"" (l/U:a ) (T:a d<JJ +Ta dqi + T4 dH. + T1 dZo 
(9 .10) 

wher e the defini tion of the T' sisobvious. 
Now let us r ecall the last thr ee term s of Equa­

tion (20): 
. . . + Pi 5 dX + Pi s dY + p17 dZ 

.. . + Pa r. dX + Pas dY + P:n dZ. (9 .11) 

Substi tuting Equations (9. 2), 

· · · +(p15 Ua + Pis U4 + Pi1 ) dZ 

· .. +(par, Ua + P:as U4 + P:a 1) dZ. (9 .12) 

Let S be de fined as 

Si"' (l / ua) (Pir. Ua + Pa U4 + P11 ) 

Sa= (l /ua) (P:ar. Ua + Pas U4 + Pn)· (9 .13) 

Then Equation (9 .12) can be expressed as 

... Si T:a dw + S1 T 3 dcp + S1 T4 d1t + S1 T1 dZ0 

. . . S2 T, dw + S2 T3 dqi + S., T4 d1t + S3 T1 dZ0 . (9.14) 

If (9. 14) i s substi tuted into Equation (20) for the 
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term s in dX, dY, dZ, Equation (28) is the result, 
which completes the explanation. 

APPENDIX 10 

COMPUTER FORMUL ATION 

The followi ng notes on the computation of the 
coefficients of the observation equations may be 
he lpful to a progr amer. Actually some of thes e 
ideas we r e proposed after the programing had 
been completed in a differ ent ma nner, whe nce a ll 
of these ideas have not been tested. It should 
be obvious that these suggestions constitute but 
one of many appropriate arrangements of the 
computation. 

This di scussion commences wi th the intro­
duc tion of the 6 approximate photo parameter s 
Xo, Y 0, Zo, w, ('tl,'H. togethe r with the coor dinates 
x , y, z of corr esponding images on 2 photo­
graphs and terminates with the evaluation of 
the 14 coeffi cients p11 ... p21 (Equation (21)) of 
the observation equations including intermediate 
data consisting of (1) the orienta tion ma trix for 
the photograph (Equation ( 14)), (2) the "r ectified" 
coordinates of the image on the second photo­
graph (Equation (1 2)) and (3) the " model" coordi ­
nates of the corresponding object (Equation (27)). 

It i s assumed that daca can be stor ed in the 
compute r in table form in suc h a manne r that 
a value can be ide ntified by a table designation 
and one or two subscripts (A (I,J)) as in the 
Fortran program language. Five such table s 
(fig. 23) are utilized and they ar e designated 
generally by algebraic te rms already introduced 
by equations in the text . 

The first, or A-table , is discussed at some 
length (fig. 24). 

The first two rows are input data consisting 
initially of approximate values, and later as 
corrected values . Ordi narily, with the exception 
of X o "' 1, they will always be zero initi ally for 
the usual vertical photography. If, however, a 
constant angle qi or w (as in convergent photog­
raphy) or 1t , (as in crabbed photographs), is 
present, the sine of the nomina l value i s entered. 
Accordingly, the compu tation determines the 
correction to the sine of the angle rather than 
rhe angle itself. In corre cting the terms CD + dqi, 
e tc., the two are added as though they wer e in 
radians, even though they are both s ines, which 
i s a valid approximation inasmuc h as the cor ­
r ections are r e la tively s ma ll, and also a ny s ig­
nificant nonvalidity me r e ly causes an additional 
ite ration having no e ffect on the final results . 

Row 3 cons ists of the cosine s of the three 
angles computed from, for example , cos w ., (1 
- s in a w) l / a . 



Rows 4 to 12 ar e filled by data tr ansfer in 
accordance with Equation (15). 

Rows 13 to 15 ar e formed by matrix multipli ­
cation of the term s in Rows 7, 8, 9 and Rows 4, 
5, 6, as indicated in Equations (16) and (15). 

To conserve stor age space, Rows 4 to 15 are 
now r eused. Rows 4, 5, 6 contain the rotation 
matrix that indicates the ori entation of the second 
photograph to the first ( Equation (14)). I t i s 
formed by the matrix multiplication of Rows 10, 
11, 12 and Rows 14, 15, 16. Rows 10, 11, 12 
( Equation (23)) are formed as follows: Row 10 
consists of the terms of Row 15 each mult iplied 
by ( -cos K) which i s in Row 3; Row 11 consi sts 
of the terms of Row 15 each multipli ed by ( sin x) 
which i s in Row 2; and Row 12 is i dentical to 
Row 13. After the above is completed, Rows 7, 
8, 9, and 13, 14, 15 (Equations (22) and (24)) are 
formed by data transfer from Rows 4, 5 , 6. 

This completes the preliminary computations 
associated with the photograph, and these data 
are used next with each pair of photo image co­
ordinates. 

Rows 16 and 17 are inpu t data r elative to an 
image: Row 16 consists o f the coordinates on 

--

FIG. 23.-Five tables of va lues 
suggested for computer storage. ~--+---+--~ 

35 

the first photograph. Row 17 contains the corre­
sponding va lues on the second photograph, and 
the latter are r eferred to as the vector C in 
Equation (28) and appendix Equation (9.8). These 
data can be r ead into the computer from a single 
card input, or can be handled in any of several 
other ways. 

Rows 18- 21 ( Equati on (12)) are formed by ma­
trix mul tipli cation of Rows 4 through 15 (by col­
umns) and Row 17. 

Row 22 i s formed by formula (Equation (27)) 
from Row 18 and Z0 , from Row l, filling the 
U-table (Equation (28)) in the process. 

Row 23 ( Equati on (19)) is the vector B formed 
by the indicated subtrac tions. 

Rows 24 - 27 ar e formed by matrix multiplica­
tion from Rows 4-15 (by rows) and Row 23 as 
indicated by Equation (21), which completes the 
A - table for one image. 

The next step i s the form ation of the terms in 
the P -table. As indicated by Equation (21), 
through the application of subscripts only two 
di fferent formulas are required for the 14 terms. 

For the resect ion and block adjustment appli­
cations (Equation (52), thi s completes the coef-

A - Table (Figure 24) 
- 27 rows 

3 columns 

T - Table 1x7 

U - Table 1 x4 

Equation 28 

Equation 28 

S - Table 2 x 1 

B Equation 28 

P - Table 2 x 7 

Equations 21 and 28 



ficient computation, but for the r e lative orien­
tation problem, some of the terms of the P-table 
r equire alteration (Equation (28)) for which the 
T and S tables are utilized. Values Ta , Ta, T., 
can be formed using the same formula; T? can 
be transferred from the A-table (T(7) z A(l8, l )); 
and T1 .. T 6 "' T 6 ,. 0. The cwo S-terms are 
form ed from a single formula. Then che altera­
tions in Equation (28) can be formed from the P, 
S, and T tables using a s ingle formu la. 

This comple tes the coefficie nt formation ex­
cept for a step not otherwise indicated for storing 
data of the coefficients so that the P -table can 
be used for che next image. This is done by 
forming the coefficients of the normal equations 
a nd storing them e lsewher e . The latter coef­
ficients can be accumulated through the use of 
a s imple loop formula ( D (I, J) = D(I, J) +, P(I )* 
P(J)) for each of the two independent rows of the 
P -table, after which new values for Rows 16 and 
17 of the A-Table can be read in for the next 
image , and the procedure r epeated . P(I, J ) ~ P(I, J ) + S(I) • T(J ). 

Zo 

" 
3 w' IC' 

4 
5 
6 

7 
8 
9 

10 
11 
12 

First Utilization 

I I 
w - rotation 
I matrix 

(Equation 15) 

I I 
~ - rotation 

matrix 

I 
K. - rotation 

matrix 

13 1'-w- matrix 
14 I product 
15 (Equation l6) 

16 Xt Y1 z1 
17 X2 Y2 Z2 

18 ATC • • z• j : x I y I 

19 (aAT~>c 
20 (aAT~~)c 
21 

1
(aATl aK)C 

22 x y I z 
23 l:X-X0 , Y-Y0 , Z-Zo 

24 A1B I 
25 (oA j l aw) B 
26 (8A j/o~)B 
27 I (c3A i / c3K)B 

Input-Camera station coordinates 
-sines of orientation angles 

Cosines of orientation angles 

Second Utilization 

4 Result~nt Orie~tation 
5 matrix A I 
6 (Equation 14) 

I I 
7 Partial Derivatives 
a I 
9 Ml~ Eq. 22 

10 
11 aA/8-
12 Eq. 23 

13 
14 
15 

<JA/CJIC 

Input image 
coordinates 

Eq. 24 

" Rectified" 2nd photo coords. 
Products 

for 
Equation 28 

" Model" coords., Eq. 27 
I - matrix (Equation 19) 

Products 
for 

Equation 21 
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FIG. 24.-Details of the A - table. 



APPENDIX 11 

NOTES ON THE ADJUSTMENT OF 
CANTILEVER DATA 

The cons tants a . . . in Equations (34) a nd (37) 
may r equire derivation although for those fam il ­
iar with matr ix algebra no explanation may be 
needed. Cons ider first Equation (34): 

ax - by + c = x' bx + ay + d = y' (11. 1) 

which r e present a plane orthogonal rotation com ­
bined wi th translation in analytic geometr y . Sup­
pose the tr a ns formed coordinates x' , y ' are 
known for two distinct points . Then both the 
origina l coordinates Xi Yi , x2 Ya a nd the trans­
formed values x{ Y{, x~ y; can be cons idered 
as known values with a, b, c, d as unknowns: 

Xi a - Yi b + c = x;. 
x2 a - Ya b + c = x3 

Yi a +Xi b + d = y; 
Y2 a + xa b + d .. Ya 

(11.2) 

(11.3) 

If the second equation of (11.2) i s s ubtracted 
from the fir st, and s imilarly for (11 .3) , two s i ­
-nultaneous linear equations ar e formed in term s 
>f the two unknowns a and b: 

{

(x1 - Xa) a - (Y2 - Yi) b"" (x{ - x; ) 

(Y1 - x2) a ... (x2 - x1) b = (y{ - Y:i' ) (11.4) 

If these equa tions are solved for a a nd b by a ny 
method, of which Cramer' s Rule is ver y con­
venie nt, 

a .. 
(xi - Xa) (xi' - X2' ) +(Yi - Y2) (Yi ' - Ya' ) 

(Xi - X2) + (Yi - Y2) 

and su bs titution into e ithe r one of Equations 
( ll.2) g ives c and into (11 .3) g ives d: 

c = xi' - axi ... by1 

d-= y1' - ay1 - bxi. 

Equations (37) a lso state formulas for the 
term s a', b' , c', d' in terms of a , b, c, d, based 
on Equation (36) which is said to be the inverse 
form of Equation (35). One way for defining the 
primed coefficie nts is as follows. Equations 
(11.l) are r earranged in the form 
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ax - by = (X - c) 

bx +ay = (Y - d). (11.5) 

Then Equation ( 11.5) is solved for x , y in exactly 
the same ma nner as (11.4) was solved for a, b: 

a(X-c) b(Y - d) 
X - + - a2 + ba a2 + ba 

a(Y - d) b(X - c) 

Y = a2 + b2 a2 + b2 
, or 

a b 
X = ---X+ 

aa + ba a2 + ba 

ac + bd 
Y -----

a2 + b2 

- b a ad - be 
y= -- X + - - Y -----

a2 + ba aa + ba a2 + ba 

, o r 

x = a 'X + b' Y - c ' 

y = b1X + a' Y - <f (11 .6) 

which completes the definition of the primed co­
e fficients. 

An a lternate way for defining the primed co­
e ffi cie nts r e fers them ro the e ight g ive n coordi ­
nates as used in Equation (11.2). Accepting the 
form of Equation (36) of the mai n text: 

xi = ai' xi + b' Yi - c' 

X:a = a' X2 + b' Y2 - c' 

Yi = a' Yi - b ' X i - d ' 

Ya = a' Ya - b' X:a - d'. 

Subtracting, and r earranging, 

(X i - Xa) a' +( Yi - Y2) b' =(xi - Xa) 

(11 .7) 

(Yi - Y2) a' - (Xi - Xa ) b' = (Yi - Ya). (11 .8) 

Solvi ng for a' a nd b' 

a' = 

b' = 

-(xi - X2) (Xi - Xa)-(Yi -Ya)( Y1 -Ya) 

( X1 - Xa )a + (y i - Ya )a 

-(x1 - Xa )( Y1 - Ya)+(Yi -Y2)(X1 -X:a ) 

(x
1 

- X2 )a + (Yi - Ya )a 

and substi tu ting back into (11 .7), 

c' = a 'X1 + b' Y 1 - X1 

d' = a 1Y 1 - b'X i - Y1 · (11.9) 

It is stated without further demonstr ation that 



the value s of corre sponding coeffic ie nts in Equa­
tions (11.6) and (11 .9) are ide ntical. 

Equations (38) and ( 42) of the text a r e dis­
c ussed next. T hes e are quas i -empirica l, con­
for ma l, polynomial expres s ions whic h have been 
deve loped to compensate for the accumulation of 
discr e panc ies r esulting from ana logical ae ro­
triangulation ins trume nts based on the work of 
R. S. Br andt31, C. W. Price32 , J. M. Zarzy ­
cki33, A. L. Nowicki and C. J . Born34, a nd oth­
er s . The equations te nd to treat the problem 
s ome what analogous to the bending of a beam in 
which the fibe r s on one s ide are cons idered to 
be s tr e tched a nd compressed on the other. As 
the r e fer ences indicate , complete agr eeme nt i s 
lac king r e lative to the precise for ma tion of the 
individual terms of the polynomia ls , for example , 
a s to whether the degr ee s hould be cubic or 
quadratic. However , the experie nce gained in the 
Bureau indicated tha t cubic c urves invariable 
fit the error distribution bette r tha n did quad­
ratic curves. As the error s of ana lytic ae rotr i ­
angulation we r e expected to be milder tha n a na­
logic , the se equations we r e adopted wi thout c ha nge 
inas muc h as it see ms unlike ly that the higher 
degr ee corrections can be detrimenta l. In fact 
the c ubic e ffects have definite ly proved to be 
s ignificantly advantageous . 

APPENDIX 12 

SOLUTION OF NORMAL EQUAT IONS BY 
GAUSS-CHOLESKY ELIMINATION MET HOD 

When the bloc k adjus tme nt descr ibed in the 
genera l text is used, a la r ge set of norma l equa ­
tions must be solved. The r e may be hundreds 
or e ve n thousands of unknowns in the matrix. T he 
Choles ky modification of the classica l Gauss ia n 
e limination me thod offer s severa l advantages 
whe n applied co elec tronic computer s . Inas ­
muc h as no othe r Coast a nd Geode tic Surve y pub­
lication contains a n adequa te example , a brief 
descr iption of the me thod with a genera l solu tion 
is publi s hed here. 

Andre Louis Cholesky, a colonel in the F rench 
Arti lle ry dur i ng World War 1, proposed this 
modification some times r eferred to as the s quar e 
r oot me thod . H. F . Rains ford36 give s an ex -

31 Brandt, Robert S., see footnote 15, above. 
32Prlce, Charles W. , see footnote 16, above. 
33Some theore tical and practical problems in photogram­

metr lc bridging by J . M. Zar zycki, Photogramme tric Engi­
ne ering, v. 24, 1955. 

34 Improved s te reotriangulation adjust ments with e lectronic 
compute r s by A. L. Nowicki and C. J . Born, Photogram­
metric Engineering, v. 26, 1960. 

35Survey adjus tments and leas t squares by Hume F. Rains­
ford, Frederi ck UnABr Publishing Co., p. 74, 1958. 
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ce lle nt description of the me thod in his r ece nt 
text. 

The observation equations r eferred to in the 
gener a l text of thi s bulle tin may be wr i tten in 
the form, 

ax + by + cz - l "' v. 

In this general equation, the coeffic ie nts a, b, 
a nd c a r e de termined to suffic ient accur acy to 
furnish the s ignificance needed in the unknowns. 
Careful attention must be given to the s ize of 
thes e coeffic ie nts . If pos s ible they should be 
nea r uni ty. The dec ima l place of the unknowns 
should be adopted so tha t thi s ba la nce can be 
accomplis hed. In phorogramme tr ic computations 
i t i s pr e fe rable to us e fixed point a rithme tic 
based upon proper "compute r scale" r athe r tha n 
use floating point tec hnique s. Normal equations 
ar e formed in the customa r y ma nner fr om a se t 
of obs ervation equations . The s e normal equa­
tions a r e of the following gene ral form: 

[Ela] x + [ab] y + [gc] z - (izz] = O 
11 (gb] x + [pb] y + ffi c] z - []Jz] "' o 
III [gc] x + (pc] y + !f~ z - [cu = o 

An illus tration of the us e of the Gauss - Doo­
little e limination tec hnique appear s in Special 
P ublication 237, Manua l of Geodetic As tr onomy, 
on pages 138- 139 . The following exa mple (ta ble 
6) gives a comparison of the Gauss- Doli tt le wi th 
the Gauss-Cholesky me thods . In the Gauss- Doo­
li ttle method, lines 1, 2, S, 6, 10 , a nd 11 must 
be pres erved for the comple te s olution. In the 
Gauss-Cholesky me thod, line 2 may be s ubstituted 
or scored in the compute r area r eserved for 
line 1. T he same is true wi th line 6 to line S, 
a nd line 11 to line 10. From this , i t is obvious 
that the s torage r equi r ement for the Gauss­
Cholesky me thod is one- half of that for the Gauss ­
Doolittle me thod. Als o, in the Gaus s -Chole sky 
me thod, the coefficie nts appearing in lines 2, 6, 
a nd 11 are the geom etric means of correspond­
ing numbers appearing in l ines 1-2, 5-6, 10- 11, 
of the Gauss- Dooli ttle . Whe n the geometr ic 
mea ns a r e multiplied agains t each o the r the r e 
is an improvement wi th r e spect to round-off e r­
r or s . In the Cholesky modification, the diagonal 
te r m, whic h is ge ne r ally the dominant te r m in 
nor mal equations , i s r educed in s ize if grea te r 
than l a nd increased in s ize if less than 1 . T his 
fact a lso contributes to an improved accurac y. 

The computing routine is s traightforwar d a nd 
can be applied qui te r eadi ly to a ny e lectronic 
compute r having adequa te s torage . The pr oble m 
is s implified cons ide r ably if the compute r s torage 
is large s o tha t the numbe r of input-output cycles 
can be ke pt to a minimum . 



Table 6.-Comparison of Doolittle and Cholesky techniques for solving a set of normal equations 

Gauss- Dooli ttle Gauss- Cholesky 

x y z l x y z 1 

1. + [a~ + [ab] + [ac] - [al] +~a] + @~ + [a~ - @l] 

2. [ab] [ag [a ij + @a] Yz [g~ [a~ @l] 
x= [aa] 

+-,, +-, 
@a]Yz [aa] [a~ @~ 12 [a~ Yi 

3. + [bb] + [bg - [bLJ + [p~ + [p£] - [HJ 
4. _ [fib] [ab] - [ali] @cD [fib] ~b]2 [{i~ @~ @b] @!] 

+ [aa_J[az] -- - + 
Llza_J [aa] LG~ [aa] @q] 

5. + [bb,] + fPc 1] - [p Z 1] + U>b1J + [?Jc1J - [pz1J 

6. - !Pc iJ [b z1] [lJb , ] Yi fkc1] fPZ 1J +-- +--
- [bb,] Yi y = [pb ,] [pb,] @b1JYz 

7. [cc] - [ciJ @c] - @ZJ 

8. - ~<D ~c] + [fzcJ~TI @<il 2 @c] [a!] 
--- + 

[a~ [a~ @a] [aa] 

9. - fPciJ[pciJ _ lbcJ ~z J _[bc1]2 + ~[bZ1] 
[pbiJ lPb1] [kb iJ' {I>b J 

10. G:c2J - f912J @c2] - @12] 

11. [fzJ @l2] 
2 = +-- • @c2] Yz z ---

~cu @ci)Yi 

*Line 11 may be expressed as [cc2]Yz 2 - ~Z2J = 0 or z = + ~l~ 
[cc2] Yi !f'c2] 
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