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A Comparison of Methods for Computing 
Gravitational Potential Derivatives 

L. .I. C U LIC K 

Elt>c:tronic Computing Division. 

Coast and Geodetic Survey 

A BSTRACT. Cumputation of the derivatives of the gravitational potential of the eart h using 
spherical harmonics requires the formation of a number of double sums. The expression 
of thc·se double sums is the most important consideration for achievement of maximum 
e fficiency. Three methods of computing the derivatives (subroutines given in Appendixes 
C. D. and El are compared for e fficiency, and it is found that the double sums are most 
e ffic ie ntly computed using polar coordinates with subsequent transformation of the dniva­
tives to rectangular coordinates by simpl«i:> application of the chain rule . A subroutine using 
this method !Appendix C) uses l<>ss than 700 words of central memory and requires only 
7.3 milliseconds for execution on the CDC 6600 computer when harmonic coefficit>nts up 
to degree and order 14 are used. 

Expressions for the derivatives of polar coordinates with respect to rectan~ular 
coordinates and a derivation of the recursion formulas used in computing assoc iated 
Legendr«i:> polynomials are also included as Appendixes A and B. respectively. 

l. IYfRODUCTIO N 

The equat ion for representing the gravitational 
potential of the earth in terms of sphe rical har­
monics is widely given in the literature. for exa mple. 
Hotine (1969). We have 

CM{ x (a \" " r({3. ,\, r) =7 I + L -,. r L P::· (sin /3) 
u = J m = O 

x (C::• cos m>.. + S~· sin m.\J} (}J 

where GM is the gravitational constant time!- tht' 
mass of the earth. a is the equatorial radiu:- of a 
refere nce e llipsoid. the c::· ands::· are the coeffici­
ents representin:r the mass dist ribution. P::• (sin {3) 
is the associatt•d Legendre polynominal of degree 11 

and order m, and {3. >...and rare polar coordinates 
defining the position of a point at which thC' potential 
V is to Le determined. For computational purposes 
the sum over n is finite with upper limit .'\". 

The part ial de riva tives of V with res pect tu inertial 
rectangular coordinates X 1. X 2 • .\':1 represent the 
components of the gravi tational vector. and stand­
anl forms for these partials of V are widely dis­
tributed: hut treatme nt of these J erivat ives with 

l 

regard to conservation of computer time on large. 
mode rn machines is rare. For instance, the simple 
practice of normalizing the Legendre polynomials 
is treated in many discussions or reports, for exam­
ple. He is ka nen and Mciritz (1967). but it is seldom 
noted that normali zat ion may lw a useless extrava­
srance on a machine. such as the CDC 6600. with a 
large·word size. The C DC 6600 uses a 60-bit central 
memory word which retains 15 decimal digits: ex­
hanstive testini,?; has shown that for the Legendre 
polynomials up to de~ree 14 and order 1'1. at least 
IO significant di¢ts are retained for X bet ween 
minus one and one. This result should not cause 
rejection of normalizat ion . but it s hould he recog­
nized that normalizat ion is not automat ically reCllm­
me nded or productive. Furthermore. even if more 
accuracy is desired. it should not be assumed that 
norma lization is more efficie nt that the use of 
douhle prccisif.n for all or part of the computation. 

In the following text. three methods of represent· 
ing the first and second partials of V are presen ted. 
These an' not the only methods whif'h can be em­
ployed. but they are among the mo>'t intnesting and 
logical and. at the same time. illustrate the variety 
to h«> found in such representations. In disem:ising 
these me thods. pro1namrning efficiency will he 



presumed. and tlw discuss ion will therefore pri­
marily encompass only the computational char· 
a<.:tcristics of tht' diffnent mathematical methods. 
For possible furtht>r comparison. for illustration of 
the programming em·isioned. and for possible u~c 
by others. we also pn' sent a:,. separate appendixl'l' 
subruutint's for 1•ach of the methods disc ussed. 

II . EXPRESSIO~S FOR THE P..\RTI \L 
DER!\ ATl\'ES 

Three nwthods of e xpress ing the partial deriva­
tives of V will he s tudied. For futurt' reference 
purposes. they art• given the deseriptive labels : 
"the method of coeffiC'ient modification:· ··tht· chain­
rule me thod." and "the function mf'thod."" 

A fourth method given by DeWitt (1%2) and 
Cunningham (1970) has computational charact<'ris· 
tics s imilar lo thost' of the method of eoeffic:ient 
modification and is not treated separately. 

:\. ~ethod of Coefficil'nt l\lodification 

Both the first and second partial derivatives of 
i · may be expresst•d by formulas whid1 are very 
near to the formula for i · itself. using ninf' ;;ets of 
modified harmonie cot•fficit•nts. A full discu:,.s ion of 
the derivat ion of the t>quations used in this met hod 
\\US given by llotine ( 1969) where formulas for the 
modified codficil'nts an· al::.o lo be found. Spet'ifi<'· 
ally. the formula!- are 1 

~=GM~ ('.!. )11 ·~• pm (<:.in /3) 
·"' 2 L L 11+1 • 
ii;\ ; r ,, .. 

0 
r ,,, 0 

X (C 11 • 111 . ; eo,.. m>..+S11• 111 .; sin 111>..J !21 

and 

- - - "' - "' pm 
iJ2J' (;\/ \ (")1111 ·2 

ii.\' ·ilX . - ,~• L r L 11+2 
t J 11 ~0 m: u 

- = 
X ( C 11 • '"· i.J <·os 111>.. + S,,, "'· i.j sin m>.. I. 

(;ivt·n tht' nine sets of modified eoefneicnt;;. tlwsl' 
are entainly the mo;;t eompaet forms of the c·qua­
! ion;; possiblt•. However. I ht> coefficit'nl S<'ls an· 
dis tinct. and the ahove t•xprrssions mu,..1 hi' con· 
-.idned as rt•prest•ntativt' of nine actual equations. 

1 Tlw nwolifi<·ol ,., ... n11·it•111- are loarn·<I in .u..-unl•m«t• "i1h 
lfolin .. ·, 11ulali1111. Thi·~ do 1101 indi1·a11· nurmalizaliun. 
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B. Chain·Ru'• ~.:etl10d 

This method takes advantage of the fact that V 
is expressed as a function of the polar <·oordinates 
only. s implifying the exprt>ssions containing the 
double sum&. It also admits the use of an equation 
for the derivative of P ::•tsin /3 I \\hi eh avoids in­
creasing the degree. 

Quite simply we have 

and using t lw general re lation 2 

dP11•(:c)=_m:cP:t1(:c)+ P ff1+ 1(.t) 
t!:c I _ :c2 ( I - :c) 112• 

(5) 

we may writ e 

av= CM \ I a" ) II • • 

iJ/3 1~ ~r11 • 1 1~1 P 11 , m C 11.1n (6) 

d v \ ll 11 II " 

a>.. = GM L r•+• L mP/!'S,,, 111 

H ;;:. I IU= ll 

(7) 

(8) 

Equations fur the second partials follow readily as 

a2v - ~ ~ ~ c· {P"' + 2 
a132 -CM .f:'. rll+I ,{f:!., "·"' II 

- (2m +I) tan {3 P::i+ • 

+ ml'::• (m tan 2 {3-se<' 2 /31} 

f12J" ' a" ,, • 
- - - (' l/ "' - "' 2/' •11( ' ;1>..2 - ' L r11+1 L 111 

11 ' " · "' 
11 I m 0 

(9) 

1101 

il
1
1.= '2(;lf + <: \/ ~ (11 + l)(11 + :2)a" ~ /'::•i.'

11
.

111 ilr2 r'' L r 11 · :• L 
11 1 m- o 

tl l I 

a21· = ( ,'\/ ~ a11 ~ • • 
L L 111511.1111'11.111 

ilf3i1>.. 11 1 r"" 1 
m " 

1121 

f12f' = - (,' .\! L' ( n + 1 )a" " • "' 1'11 .m C 11 . "' ( )3) ilf3ilr r11 +2 L 
u I m 0 

;121 · = - (,' \! ~ (n+l)a" ~ J>m ~ 
.. L.J r"+2 L.J fll ,, 5),, . m 

(l)\.df II I 111 - 0 



wherf' th1· fu 1wti1111 notation has hef'n dr11pped for 

eonveniPll<'e. and w1· havl' defined for nolalional 
purpns('S 

{; 11 • 111 = C:;• ens mA. + s::• sin 111A. I 161 

S11.111 = - c::· '-Ill 111A. + s::· !'llS 111A.. ( 171 

Tlw partials of the polar c11ortlina tes with l"l'Spec·t to 
the rectangular coordinates are givf'n in Appendix A. 

C. Function \1etlllld 

Tllf' gravitational potential as givf'n in Equation ( l) 
is t'Xpressed as. a function of the splwrical !'oord i· 

nates of a point in spac1• at which !ht' potential is 
being !'val ua ted. whereas most all it'd computations 
are more eonveniently performed in n·ctangular 
coordinates :oo that foref's can be t>xpressed as 
components in three orthogonal directions. In th!' 

two al1e1v1• nwlhcids this disparity of coordinates has 

been clearly evirlent. requi ring many sets of har· 
monic coefficients for the method of coeffieient 
modification and requiring tran:oformation of coordi­

nates for th1· chain-rule rnethorl. In the following 

paragraphs. we will present a method for the rep· 
rt>sPntation of the first and second partial deriva! iv<·s 
of i· hy a sin~de equation in 1·ach case. requiring 
neither further transformation of system.- nor nu­

merous >'Cl!" of harmnni<' coefficients. Essentially. 

the only obstacle to the achievement of such n•pre· 
sPntation is t ht' asymmetry of the polar coordinates 
a,. funt'tions of tlw rectangular C"oordinalcs . .-\~ 

shown in figure I. we have 

= [\' 2 + \'2+ \ '2)12 r · I • 2 · :1 

>.. = Arctan (~) 
wbt're 

( 18) 

( 19) 

(20) 

[
IJ [ 1."f~S 0 
l' = - Sill fl 

ll' () 

sin (J 

~] [·~~] (21) 

I X1 

CflS fl 
() 

and e is the angle through which the (X1 •• \ 2 ) pla ne 
must be rotated for the X1·axis 10 coincide with the 
Greenwieh Meridian. It is clear that r is the only 
polar coordinat<' which i~ a symmetric function of 

the rectan~mlar coordinates. Therefore. to obtain 

3 

Fr•.l Rf. l.-(;1·01·t'nlri•· polar and n·1·1anj!tilar '""·ordinate srtrms. 

general formulas for the partial derivatives of the 
functions defined in Equations (18). (19), and (20). 
we propose to use the following functions 

and 

where 

(.,'( i) = H (i) · [tan {3]11W 

{

-1· 

FU)= I; 
0: 

{ 
1: 

H(i) = 
- I; 

i= l} 
i = 2 

i=3 
i = l.i=2} 

i =:{ 

Using these functions. we can wrilt' 
iJr X; 

ilX; r 

a sin {3 = _ X ;G (i) cos f3 
ax; r2 

a>.. F(i) sin a cos a 
ilX; X; 

where a is the sum of the angles A and 0. 

(22) 

12:~) 

(2-l) 

(26) 

(2il 

For notational p urposes. it is convenien t to detirw 
function C:!' sucb that 

lj 111 (>... {3. r) = (-
1
-) 1' 111 (~1·n {3J c' (A) II /'ll + l II - '11 ,ln • 

allowing Equation (1) to be rewritten as 



GM ,\ II 

V(h.,{3, r)=-+ CM L a11 L U:r (h..{3, r) 
r 

and 

ilV 
i!X; 

n = I 111 = 0 

(CM)Xi GU ~ 
11 
~ riUl(I( >.., (3, r) 

r + . £.... a £.... i!.\ '· . 
u = I ,,, ": O ' 

(29) 

Clearly then. we need only exhibit a ge ne ral forn1ula 
for the partials of i·::•. 

Using Equ at ions (5). (25). (26), and (27) and sim ply 
differentiating in the standard manner. we arrive 
at the rquation 

auw X;C11 ,,, [ C( ·)fa ( ) ] ilX; = ~ - , z "·,,, - n + 1 P::• 

+ mAF(i)P;riS,..111 
ru + 1X; 

(31) 

where A = sin a cos a. 

Using Equat ion (30). we can write for the second 
derivative 

i12V = 3·GM·XrXi _ G.M·6;.j 
nX;ilXi ,.:-. ,.a 

(32) 

and afl e r d iffe re ntiation and much manipulation , 
we arrivt' at the formula 

Ill. COMPUTATION CHARACTERISTICS 

For a comparison of computational efficiency. 
the method s must be examined most c ritically 
because seemingly small diffe rences can materially 
affect computing time due to two immutable 
characteris tics. Firstly. whic he ve r method is used, 
it mus t be usable often because fi tting a satellite 
orbit over a period of only 24 hours m ight require 
as many as 2 ,880 separate computations of the 
potential de rivativrs (twice for each I -minut e time 
step-once for the predic tion cycle and o nce for 
the correction cycle in the us ual Gaus~-Jackson 

multis tep method of nume rical integratio n). Sec­
ondly. the computation of the double s um inherent 
in any method used is the major time cons umer. 

The most o bviou s difference in the three method s 
is in <:o re-s torage requirement. The method of 
coeffic ient mod ification requires storage for the 
nine sets of coefficien ts . Storage for all three 
method s is reduced by fully utilizing d ouble-sub­
scripted arrays for the coe ffi c ient storage. In those 
cases involving the chain-rule and function methods, 
we need only to store the original coefficients in an 
(.'\") X (.\'+ l) array as follows: 

c1 
I 

I) I 
• I s1 s.~ 

CI ., c2 2 52 ':! 
i..;2 
~ .... 

C(i.j)= 

c1 .\' (2 , .\' ('-\" , ,\" 
s ,. .. \" 

i= 1. 2. N; j= 1. 2. N+I (37) 

+~ {auw - 2mAF(i)PWS,.,.,,} 
X ; ax; X;r"+ I 

whe re 

and 

xxt { + 1 11
•

111 G*[(m2 - 2m)T2P 111 - (T - 1 +2mT)P 111 · 1 + P 111 • 2 ] 
rJI +Zl II n 11 

+ G+(n + 3)P,,,,,, + (n +I) (n + 3)Pw} (33) 

T =tan f3 (34) 
which pro vid es relatively simple access according 

C* = C(i )"G(j) 

c- =G(i) +G(j), 

6;,j is the Kronec ker dt:'lta. 

(35) 

136) 

4 

to tilt:' re lations 
CW=C(n. m) 

Sw=C(m. 11+ l ) , 

the zonal harmonics being stored separately. 

(38) 

(39) 



However. it must be noted that in the nwthod of 
coefficient modification. the coe ffi cie nt s have been 
expanded as well as modified. It then becomes more 
convenient to s tore these sets in arrays Cl ( / . ./. f... ) 

and Cl} (I. } • I\) as follows: 

C1.1.1.- C1.2 .k s _,.,.\"+1,k Ss,s,A· 

all. The reasons for these results are exa mined in the 
following paragraphs. 

First. for a given N. the method of coefficient 
modification requires the computation of Legendre 

Ss.1.k 

Cu.A· C2 .2. k Cu.A· S.\'-1,.V. k 

Cl = 

Cx,1,A- C.v. 2,A- C.v.~. A· 

so that the relationship between equation constants 
and computer array becomes 

C,.,,,, ,1.-= C/ (11. m. k) (~I) 

Sn.m.A-= C/(\ - I - 11 • .\' + 4 - m. k}. ( l2) 

II shou ld be noted that the conservation of core 
storage in the above case s lightl y increases com­
puter operations in the all-important formation of 
the double sums. and if the method was used in a 
situation wherein s torage may be totally neglec ted. 
the above should be discarded. But in most in­
stanc·c·s. the tradt'·off is su<"h that HS!' of the ahovc 
arrays is considered justified. an d the loss of time is 
not material e nough to affcet result s in a comparison 
with other methods. 

Specifically. core requireme nts a re gi vcn by the 
following fo rmulas: 

No. core words (coefficient mod.) = 10\ 2 +57.Y +:N 

1-l3J 

No. core words (chain-rule )= 2 '\'2 + 12.Y + 72 ( U) 

No. core words (function) = 2:\'2 + 8 \ + IC». (-l5) 

The core requirement variance with 1\' is depicted 
µ;rap hically in figure 2. 

It was previously noted that. !!iven the nine sets of 
mudified <"oefficients. tht' method of coefficient modi· 
tication uses the must <·umpact equat ions. In actual 
computation . we are {!:iven the nine sets because 
they need only be computt"d once in a lifetime. and 
programm ing is thus s imple. lfot in the fun ct ion 
method. we have compacted the number of equa­
tions and this proves to be more efficient. Further­
more. we seem to have done neithe r in the chain­
rule method . and it proves to be the most e fficient of 

5 

S2,a.A- S2,2,A· S2 .1.k 

Cs •. \·+ 1,A· S1 .2, 1.- .~ 1,1,k ( Hl) 

polynomials up to degree .Y + 2 and order N + :2. The 
other methods require the Legendre polynomials to 
be computed only to dejl;ree iV and ordPr N + 2: in 
practice. this means computing only to order .I\· 
also because the polynomials are identically zero 
whenever the order exceeds the degree. 

Second. and more important. the method of co­
effic ient modification funnels more of the computa­
tion into terms used in forming the double s um: by 
produc in g nine wi<lely disparate double sums. the 

1.200 

1.000 

"' c::> 
ac 
c::> 
:i: 800 
>­a:: 
c::> 
:E ... 
:E 

~ 600 ..... 
:z: ... 
<..> .... 
c:::> 

~ 400 
:E = :z: 

200 

I 
c 

c 

c 

c 

c 
8 

9 
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Q 

~ ~ 
~ ~ 

4 6 9 10 
N 

C = COEFFICIENT MODIFICATION METHOD 
0 = FUNCTION METHOD 
R = CHAIN·RULE METHOD 

B 
8 

5 

12 

F11 .1 HE 2. - Central menrnry rrquirenwnt vrrsu ~ .'\'. 

8 
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method fails to take advantage of the fact that some 
double sums can be made common to mon: than one 
partial derivative. In particular. we should look 
at the manner in which the function method is 
com puted because it also directly computes partials 
with respect to rectangular coordinates. 

To use the function method in computat ion, we 
would form the 14 s um s listed below. only nine of 
which arc dis tinct double s ums (showing differences 
ovn lhc innermost ind ... x, m) and providinir many 
interrelations even among the nine. Tiii' :-Um>' an·: 

\ (")II II • u, =L-;. Lf'WC ... ,., 
n~1 m-o 

t.+6l 

- _ Jm1 I \ (fl)" II • 
<T~ - L r L I " C11,111 

II =- I '11 0 

(47) 

- - m + :!-. \" (Cl)" ,, . 
<T:1- :L , :L ,.," c,,.,,. 

" ~ 1 Ill 0 

148) 

149) 

\ (")" II • - - ·)':Jm, 
<T.; - L r L m-f ,,l11.111 

11-1 m- o 
(50) 

\ ((/)II II • <T,,= ~ - ~ mP 111 • 1S 
~ r 4J n n.m 

H I m=O 

\ (")II II • 
a10= L " -;. L Pwc ... "' 

tf = l m- o 
155) 

\ (")II II • 
<T11 = L n~ -;. L l'WC11.111 

11 1 m-o 
1561 

\ (")II II rT1" = ~ II - ~ f>111-1c· - L r L.J " .. ,.,,,, 
1t I m O 

t.57) 

\ (")" II • <T1:i= L 11 -;. L mPWC11.111 
11- I m-0 

158) 

\' ((/)II II • 
- - >m , <r11-:L11 r :Lml,,S11.111 . 

II = I lll = tl 

1591 

l°:'in!! tlic-:-;t• ;.urns. Equation 130) b t•t·ome"' 

ill' ( I ) .\'; [ C . • ] -:------\. ( · lt =;. - ,(1)<T-<T111-<T1 - I 
rl. , '· r 

+(AF\~il )a,. 1601 
r.1 ; 

and Equation (.12) heeomt·:-; 

AF(i) <T1} 
X., r ~ 

I 

+X0'j {(;* [P(<Ts - 2u~) +2T<T1; +u:i- T 'er~] 
r' 

+ <:- [ <T1~ - Tcri:1 + ~0-] + rr11 -t 4uw + :3cr, + :3} (61) 

\ (")" II • - - :! m" CT~- L r L m P,.."n.m 
,,_, Ill Cl 

1.51) 

(52) 

1.53) 

6 

162) 

l63) 

At this point. ii might hr noted that the 14 sums 
given c·oul<l as well be usc•J in co mputin ir Ly tlw 
chain-rule method. However. Equations (6) thrnul!h 
114) may Lr pm!!rammed directly with no loss of 
efficit•ncy because they alrl·ady contain many lik1• 



terms. T he sums over /11 are ide nti ca l in Equations 
t8) and (11). (7) and (14). and (6) and 113J; and the 
sums on:r m in Equati4Jns (6) and (12) have similar 
terms as do Equations (8) and (10). In practice, the 
two methods-tht' chain-rule method and the fune-
lion method - are essentially related because the 
functions F and G are applied to part ials of the polar 
eoordinates or to fun ctions of polar coordinates with 
respect to rectangular coordinates. 

As was previously noted, all thrf'e methods havf' 
been program med and subroutines using these 
methods have been included as Appendixe::- C. D. 
and E. allowing direct comparisons of operating 
efficiency. An examinat ion of the subroutines re-
veals that the number of operations for each sub-
routine call is given by the follow ing set of formulas: 

No. ups. (coeff. mod.) = (59/2)/V1 

+ (337/2 ).\ ' + 75 (64) 

i\o. ops. (chain-rule) = ('!.IJ /2)N1 

+ ( 129/2) .\' + 20:~ (6S) 

No. ops. (function)= I S.\ '2 + 71 N + ~20. (66 ) 

These formulas are :rraphically depicted in figure 3. 
The difference between Equation s (65) and (66) is 
largely in the cons tant number of operations. Thi s 
differe1wr occ urs because. for comparative pur­
poses. we made no u~e of the symm et.ry of thi> ckriv­
atives in the function method subroutin e and made 
complete use of it in the chain-rule nwthod 
subroutine. 

Figure 4 shows the res ults of actual test run s on a 
CDC 6600 of the subroutines given in the appen· 
dixes. Each subroutine was execute<l 1.000 tinws fur 
each value of N: tlw times s hown are thus in units of 
seconds per 1.000 exec utions. It will be noted that 
the res ult s of the lest comparison arf' in keeping with 
the compari son of the number of operations 
performed. 

IV. SUMMARY 

Using harmonics up to degree and order 14. 
computation of the partial derivatives by the c hain­
rule method takes 7.3 milliseconds per exec ution 
on the CDC 6600 computer. Even so. there remains 
the poss ibility that improvements can be made, 
but the execution time is so low that the effort is 
not considered worthwhile. The subroutine given 
in Appendix C is therefore recommende r!. If greater 
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V> = ::z: -V> 

~· ...... 
ii!: 
V) 

z: = 
~ 3 
""' ..... ... = .... = 
a:: 

~ 2 
:E = ::z: 
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~ 20 c 
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~ 
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V> c 
~ tO 
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iE c R 0 R 
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0 = FUNCTION METHOD 
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Ftc.L' RE 4. -Exee uti1111 time H!rsn~ .11/. 



accuracy is desired, it is recommended that double 
preeision be employed over other methods. Core 
memory requirements are already so low that the 
added storage would be unimportant. and the sim­
plici ty and gi>ne ralit y of this method s hould out­
weigh any time considerations in such an efficient 
routine. 

Consideration of the method of rnefficient modi­
fication was includ<'d to illustrate the possiblt' 

variance between methods that are useful for 
analysis and those that admit maximum computa­
tional efficiency. To the best of the author's knowl­
edge. the function method is exhibitt>d here for the 
first time. It is included for general inte rest. and 
it also illustrates the fa<'t that many methods reduce 
ultimately to the chain-rule method. 

This report 
programming 
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APPENDIX A 

PARTIAL DERIVATIVES OF THE POLAR COORDINATES 
WITll RESPECT TO THF. RECTANGULAR COORDINATES 

The relationship between polar and rectangular 
coordinates is depic ted in figure l in the text: the 
functions f' (i) and {;(i) are defined in Equations 
(22) and (24) in the text. 
From figure 1 (text): 

ilf3 - ('I)~ f3 
nX:i--,-

a sin f3 (cos f3 tan /3) x; 
~=- ,2 (i= I. 2) 

,2 = .\'~ + .\'~ + .q ll al ii s in {3 = cos2 f3 _ cos f3 sin f3 eot f3 
i1X 3 r - r 

sin f3 = Xa/r 

(Xi+ Xi) i 12 
cos f3 = ----­

r 

(2al 

t3a) 

(..J.a) 

=(cos f3 cot mra 
,2 

iJ sin f3 __ cos f3 X; G ( i) 
r1Xi - r 2 

From Equation (!0aJ: 

(l3a) 

1I4a1 

!15al 

1l6a1 

x., 
tan a=--= x. 15a) !!:Ji _ [\· f3 ( 2 3 (Xi) '". _., ., !3( <1(3) a:q -- . dtan ) - r) -;: +., 1r - sec- I: 

From Equation ( lal: 

2 ( 
ilr ) - ·J v r ax, - ~\; 

ilX; r 

From Equations (2al anJ (3a): 

.i!.4=- (.\', tan f3)/r2 

cU, 

il/3 '' /3 )/ ., -=-(., .• tan r-
il.X 2 -

( ilf3 ) [ (X:i)] cos f3 ilX:i = r-X3 -;: /r2 

(6a) 

17a) 

18al 

(9a) 

(!Oal 

II I al 

fl2a) 

9 

+ ( tan /3 ) r - 2] 

2Xr tan f3 x; tan f3 sec2 f3 tan {3 
----+ ---r4 r4 ,2 

tan µ [" , . ., x·.. .. {3 "] = -- LA- + •sec- - r-
4 I I ,. 

=-- 2x2---- -
tan {3 [ x:r ] 

,-4 I crn:2 {3 

il
2f:l tan µ [· ... x~ ] -=-- 2 \----a.q r4 · 

2 cos 2 {3 

From Equation I 13al: 

(12(3 [ ilf3 (x.')] :--;:; = ,-2 - r sin {3 -. -. - cos {3 .....:... 
<1.\ :1 il.\ :1 r 

=r-2 [- sin {3 cos {3 -cos {3 sin f:l) 

_ 2 cos {3 sin {3 
,.2 

2X:1 
=--. ('OS {3 ,..1 

(17a) 

(l8aJ 

d9al 



From Equation (l0a): From Equation ISa): 

., ( ila) x .. 
sec· a ilX 1 =-xi 

., ( ila) I 
sec· a (1,\ t = X 

1 

il
2{3 XI [ ., fJ. il/3 (x.')] ---=-- r2 sec·,..,-. -- (tan {3)(2r) -=-

ilX3ilX I r4 nX:i r 

fla 
-. ,,.;f) 
rl\:1 

=- X: [rsec{3-2.X:i tanf3] 
r 

= Xi [2sin~/3- I] 
r3 cos f3 

X, (sin2 {3-cos2 {3) 
r3 cos f3 

a213 - x 2 ( • .• n 2 n) 

ax ilx -
3 

n Sill· ,_, - COS ,_, 
2 :i r cos ,.., 

12la) 

t22al 

M1. 
;v= () 
"" :1 

From Equation {4a): 

ii>... _ ., F(i ) (X~) 
ilX, - cos· ex Xi X1 

or: 

ila il(A.+8) a>.. 
ilX; = r1X1 = ilX ; t23al 

., F(i) F(i) . 
=cos· a--v tan a=--(srn a c·os a) 

... , X1 

From Equation (30a): 

. i1t>,.. = _!!_ [FU) s in' a cos ex] 
r1X;il.\'. j ilX; .\ 1 

= FA~) {x;[ cost a G'.~J- sint a (:.~,) ]-51.; sin ex cos a} 
--- cm'I· a-:;m· a v 8· _ F (j) ( ., .. , ) (F (i) cos ex sin a) F 1 ;) sin a cos a 

Xi X1 Xj i.J 

= F(i)FU) ( . . ·• l (.\'[-.\.:;) (.\'1X .. ) FU) s in a cos a 
\'\' · c:n,..ex ~ ma Xt + %_'t \'\ - K' 51,J 

I t• J 1 I 2 • 1· :! J 

F(i)FU) ., . ., (Xt- X:;) FU) sin a cos a "x (cos· a sin· a) ' . • x2 8;,j 
·' ' J .\ 1Xt J 

,)~)\. 2 sin O' ('US ex 

nXr xr +x;: 

at>.. 2 sin ex cos a 
ilXi =- Xf + X;i 

il~l\ sin2 a - cost a 

aX1 ilXt x~+x~ 

or j=?, 
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(24a) 

(25a) 

(26a) 

127a) 

128a) 

(29a) 

l30a) 

13lal 

(32a) 

C33a) 

(34a) 

t35a) 



APPENDlX B 

CO.\TPUTATJON OF THE LEGENDRE POLYN0.\1lALS 

lsP of a recursion formula can be one of tht• bt·•st 
rnf'ans of reducing: computation tinw; it is standarci 
procedure to U8e such a formula in computing: the 
Legendre polynomials. \\'e have also used such a 

formula for computation of the values sin (m.>..) and 
cos (1111'.) which should also be s tandard procedure 
because sine and cosine routines are relatively 
inefficient. 

A standard formula has been used to compute 
/>W(.t) for th<' east• m = 0. as given below in Equation 
(lb). 

11P;,(x )+( 11 - I )P ,._ ~ (x )- (211 ·- 1 ).d',, _ i(x) = 0. 
(lb) 

This relation is discussed by Hobson (1931) (p. 32) 
and Whittaker and Watson (1927) (p. 308). ln both 

ca8eS a proof is given. and it is noted that various 
proofs exist. 

The formula ust·d for the case /11 # 0 (the as· 
sociated polynomials) is also standard. but the 

derivation follows readily from thP definition of the 
associated polynomial s. and we therefore include 
the derivation for illustrative purposes. 
By definition. 

(l -x~ )"''~ t111 + 111 • 
P"'(t) = --- (r 2 -I)" 11 

• 2" (n) ! clx'" 111 
• • 

(2b) 

out 

tJn•m tJ11 +m - I 
--- (x~ - 1 )" = '211x(x~ - 1 ) 11 - 1 
llx. 11 + 11' tfx "+ Ill - I 

[ 
<111 -111- ~ 

= 211 (x~ - 1 ) 11 - 1 

dx. " .. m -~ 

(3b) 
and 

</" · m- :! d" + m -2 
---- r2(x~- I )" - 2= (x2 - J )" - ~ 
(( X U • IU - :! • d:x. II i llt - ',!. 

</"'+- m -:! + (r2-J)11 - I (4b) 
dx"-+ m -'l · 

11 

so that Equation (3b) becomes 

cJn·m cJ11 T m - :.! 
--(x~-l) 11 =211('211- I) (x2-J)11-1 dx 11 + m dx 11 +m-:! 

cJn + m - :! 
+2~n(n- I ) (.x2 - J )11-2 

<Ix,,..,.."' - 2 

and Equation (2bl l.iecornes 

f'111( ) _ (211-l)(J-x2)111/2 d/H IJl-2 (t~ - 1 )11-J 
,, x - 2 u - i ( n - I ) ! dx ,, + "' - ~ • 

or 

( l _ x2) 111;2 

+ -----
2•H(n-2)! 

l/n -+ 111 - t 
- - -(x2 - J)11-2 
'-'-r" + m - 2 

(Sb) 

P::• (x) = (2n - I) (1 - x 2) 112 P;:i_-1
1 (.x) + P:f'-2 (x). 

i6b) 

Programming Equat ions (lb) and (6b) is clearly quite 
simple. and this subroutine is included below. It 
should be noted that the angle beta is always in the 

range [-"i, "i] so that 

( 1 - x 2 ) 1 1 ~ = I cos /3 I= cos {3. (7b) 

The form we have used for expressing the deriva· 
live of the Le~endre polynomials (Equat ion (5), 

text) is valid for all m ~ 0, and is derived as follows: 

i//';:'(x) d (o-x2)ml2 dm P,, (x)) 
tlx dx dx"' 

d111 - 1 
= ( l - X) lil /Z -- p II ( X) 

dx 11,... 1 

mx( l - x 2 )mi2 d"' 
- - P(r) 

(1 - x 2) dx"' ,,_ 

J>::1+1 (x) 

(J-x2)1/2 
mxPW(x~ 
(l - x 2 ) 

(8b) 

As noted previously, we feel that for the majority 
of cases normalization is not indicated. An example 



of the accuracy inherent in today's large-word com­
puters is given by comparison runs of the routine 
presented in the following appendixes. These com­
parisons indicated agreement of results to at least 
nine s ignificant figures, and it will be noted that in 
the program cont ained in Appendix D. virtually no 
concession was made to accuracy. Furthermore, in 

12 

debuggiug these routines, we ran tests 011 a GE 400 
. time-sharing computer system and obtained results 
accurate lo al least five significant figures. even 
though we entered as data the associated poly­
nomials and the harmonic coefficients rounded to 
six or seven significant figures. 
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APPENDIX C 

A FORTRAN SUBRO TI E FOR THE CHAfN-R LE METHOD 



-O') 

SUBROUTINE OVOXB -c-·-- -·- - -- --·-- - · ·- ----· -·- ·---·-- -··------·--·-·-- ·--- ·-- --·- -· 
c THIS sueROUTINE USES THE CHAIN RULE TO COMPUTE FIRST AND SECOND - c- - - P"A"RTr4L -·oER"IVATIVES-OF GRAVITATIO"NA"L- P"OTEITTIAL· • . FORMULAS US"ED AREi 
c 
c 

--f ---- -·--·- -. - -- ..... NM AX ---·· - - ·- - N ... -·· ·-

c -- · --- - · - -- - .......... - -----------........... - ---·- - -

• • c -c­
c 

---- If -~-- N+ 1- - • .. - -ii -· ·-w- - -- · ---- .,..----- - ·- ---- -· -- - -
V = G~/R + GM • ( A IR > • P < C C 0 S < H • L > + S SI N < M • L > >· -. N N N - - -----·-

c ••••• • •••• --c ---···- ·· · ---·-·----- --- - - ···-- - ---- - ---- ·---·· .. - - --------- ·--- ·-- --
c N=1 H=O . c-··-- ------···--- - - - - -- ·-·-· - ----·- - · ·-·- -· --·--··----- ---- - . ·--·-- --- ·-- ·-·-·-- · ·-
c c - i;r--·-- --1r+1·- -- -·--------· -ir -··- -- -- - ---··· -- ·--- ·· · - ·- --- -·· -·- --· ·- -
C DP /De= P H4 TAN<B>•P ---c-- tr-·- -·- N ~-- ----- ---- - ------ ---·-
C ·-c;·--- -- -- -----· --·----- ---- - -- --- - -- ---·- -·-···-- - ·---·- - ····-- ·- ---- - -· -··--- -·- -- ----- ------

-§ _QR/D~1_::_~_ /_JL . . EO.R _I=h~ i.J.. _ _ -·- ---- · --- - -----·-- - -·- ·-------- -·- ·----··· __ __ _ 

c 
l;" --------· ---------- - --- --···· ·----· 

c 2 2 
C 0 L I 0 x = ::r I ( x +.,__ .... x =--........ ) ----;- -ur7Ux-= x 
c 1 2 1 2 2 1 -c------- ----- -- --------------- --· 

2 2 
1 rx- +-;c:-=--........ ,--;- ULTO-x=-u-- ·- ---

_ 1 _____ ? ___ _______ -~- -- --- -----

c -c;----·--· ------ 2 - --- -- ----- - ---- ---- - ----- - ---- - . -----
c DB/OX = - X •TAN<B>IR FOR 1=1 2 • OB/DX = COS<B>IR --c- ---------,--- ·--·r --- -· - --- -- ----- -- --_c..t ·-- _J ______ - -:r - -·-- --- - -- ---- - · ·--- -- · --
c --c- ·---------------
c OTHER FORMULAS FOLLOW FROM AFPLICATION OF THE (:_HA_IN_~ULE _A__ND/O li_ ____ .. 

-c-- -"RFP.EATEO DIFFERENTIATION.---- ----- ----------
C c 

OIHENSICN 

___ ._cc ( NHAX 'NHAX + 1) , CHL< NHA X_L,_IJ__W....i...J!!U .... ~..!..L.J!P_~ _( 3' 3) ' DL ( 3>J._DR ( 3) ..L --- ---- . - - -­

* ;_JJ V_(_~ , _D 2_(_~_1._ D 2£l (_3..1.;D _, _0_2h ( 3_,_3 > .t_ __ D 2~t3J 3J , P_( N HA X_+ !._, N M_A_:~ +_3) , _ -· ....... _ 

- ----. -- --- ·-·- ·--- ------ -
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--~8,....,g ..... ~_,_,_~~&mt~ ~~~~c6~~&-x~A_x_. _ __ ._ __________ ------ --
- c ____ c_o11H0Jc 1c.a.0Ro.1 _x,ittl1 A ... _______ ·-··----· _____ --·-··-· ___ ----- · ·- · -·· ·- -··. __ _ 

c_ __ - --x-z- =--rny•-•2 -- --------·- ··· ·--·---··--·----- ··---- ---- · ..... · · ----------·--·---- --·--· -· 
- --· -· _y~--~-LZ.L•_!.2.._ _________ ·---·--·- -----·----·---· ----· - - ----- -- ·------------··-- --· -zz = X(3)•XC3) 
___ . _ _ XY 2 = X2 + Y2 ---- ------------·--------- · XT Y = X ( 1) • X C 2) 

XY4 = X.'ll.•_!2__ _______ __ ____ ---------------- -------- ·--·------ --·--·- ·-- -
R2 = XY2 + X<3>••z 

·-·- .. __ .R.~ .. S .. CR.J_LRZJ __ _ ______ ·-
R3 = R2 • R 

·-· ... __ _ XY -=.._S..QR.Il.X1..2_L .... ---· _________ ·---- · ... - ·--·- - ..... - ·- ··---··-····-- -- - -·-- - ···---·-
T = XC3> I XY 

- ---·--L= ~.pl-L_R__ ____ _ 
C = Ir- ·--- - - ·- - -

_ ______ S_2_ -~ .S .. • _2._ _____ . ____ . _ ___ _ - -·-·- --- -- ·- -·---·---- - - --··-· -------
12 = r•• 2 

---- -- - __ _c.z _ =:_ c.!_•2 ______ - ·-·- ·- -·-·-----·-- ------- · ·--- ·- -··· ---- --·-------··-- ·-· .. ---·- --- ·-- --
SC 2 = S2 - C2 

- ·- .. -~f-trl--;..~~iHETA> 
COST = COS<THEIA> 
NM1 = NHAX + 1 --------- -- ----------· --

-c ----~-.LL _S..P_N~ __ lNf11_,__s,c.1-eL ..... ... ------ ··· -- --- -·- - -·----·- -- --- ·--- -- - - -- . -·-- .. --
---- ---·--- ---R.K_ :: __ A __L___R __ ___ . __ __ --·----- -- ----·------- ----- - ·-· -·- -·· - ··--·-----·· _______ --··-·---

RN = C RK I R ) • GH 
____ -- · __ _SHLil L .=. < -X <11:!'.S.l.N.L_t _X.(2.L•..C.OS.T_ J _/ . XY . __ - -· - ______ ... . __ _ 

CHL<U = ( xcu•cosT + X<2>•SINT) I XY 
l_Mil_) = I ----TMTTI.-,- = ............ 3--.-.~r--- ---------

·--· ____ _x.112 tu_ ~- L._ _ __ ·-··-- --··-· . ... ... .... __ ···-· . __ ... . 
TMS<U = T2 - SE 

___ -----·· J_T _ := ..2.. •.J ___ --··------ ... ---·---- .. c 
______ _J)_Q _30. _.1 = _.1.,.l.._ ___ -- --- --- ··-

DV C I) = 0. 
DO 20 J = _t+f-3---~~------------~-~­
DOV CI ,J) = u. ----------

_ ·- __ z_n_ .. CONT.LNU£ _ -- .. ··--- - - --- ___ .. . ....... ·- ····· - - ... - --· ---·---- -···· ·-·-- --- - --··--··-- --- . - · ··· - . -·-
30 CONTINUE 



..... 
00 

c 
XN1 = l. 
XN2 = 2. 
XN = 0. 
X2N = -1. -- -c·· - -- ·---· - -- - ----- --- -··- -·- ·-·-·---·- -· - ---·- --
00 100 N = lpNHAX c --- -- . - -
NN : " + 1 --- -·- --m --: - Xt\ + 1. . . . . 
XN1 = XN1 + 1. 

-·- . ... Xfil2 ·: XN2 + 1. 
X2N = X2N + 2. --r---·-------------- --- ----- - --· ·--- · - --- ·-. -----· . - - . ·- -- - ·------ ··- . -· 
IF ( N .Ea. 1 > GO TO 35 
RN = . RN • R t( - . --
SM L < N > = SHL(N-1>•CHL<1> + CML<N-1>•SHL<1> 

. CM L ( f.. f = CM l C N ~ 11 •c M L C 1) - S Ml ( N- 1> •SM l ( 1> 
TM<N> = TMCN-1> + T ··- - . -· TM1 <N> ·=- TM1CN-1l - -+ r ·t 
XM2(N) = XM2(N-1> + X2N 

-- - ·--- ·--·. TffS rn r =· Tf1STfr-11- +-- X"2 N"~ TZ ·;;; s E.. . - ... - -· --··- --- -·· - - -·· -- ·-- -· -· ·····- ··-· 
c 

.. 35 RN2 · -=· < XNP·RN ) I R . - -·- --· 
· c RN3 . ~ < X_N2•R._N~~l_R_. ___ . ·--· ·-

··-- _ __ -· -B-~ ~ {-~·- (i ~J UO_ ! . .P.. ( NN ,_z l ______ _ -·-·- ·-·---·- . ·- . _ .... ----·-- ····-· _ 
0(3) = -XJ(N) • P(NN 1> - - · ··-·- ·· -1r2Ti1 -·= ~:J nrr-.: -r-·r~ ~ rFn~- ,~T :.· l'Tf.ftf;J r1 ·--·-- - -· -· · - ·· --- ··-·-·-· ·- - -· ·- ·- ·- ··· - · · -·- -·· · · 

c 

02 ( 2) = 0. 
02 ( 3) = 0. 

Li(J DO 5 0 -H" =· 1, N . ···-·· -· . 
H1 = M + 1 
M2 = 1'i! + 2 - - . . 
M3 = M + 3 Xl-1 ·-: H -·· ---· ..... - -·--·-· ·----- - - .... ·------·-- --·-·--·· ---

CS-0 = CC<N,Hl•GRL"CM> + CC<H,NN>•SHLCHl - --· -·- · 
CSI =-CC<N M>•SML<H> + CCCM NN>•CHL(M) ·cs1 -=-cs r i XM - -- --- - -- 1 

- - - · ·· · - · - ···--· 

CPO = CSO • P<NN Ml) . PHAr · = P "TNllJ -,F12r- ~ Tl1~r\1.-P(NN,'H1T - ....... - ·--- - - -- --__ c. ____ _ - Trn:l .. = 0 { rT-+· -c-s-o-~PH Al- .. - ... - -- -- ·- -·--- .. - ···- --· -- --- . --- ---- -- -- - --· -
0<2> = 0<2> + CSI•PCNN_,MU 
0<3> = 0(3> + CPO 



. c_ 
02(1) ·= 02(1) ·+ cso•<P<NN~H3>--TMiOO·P ·CNN,112)+tt1S<H>•PCNN-,111) ) - · ·-· .. 

... . .. . . . 8 ~ ~ ~~ - ~ . 8 ~ f ~ J . ! ~~ i ! ~fi: ¥ p_ -. . - - . . ·-·- - - - ·- - . -· -- -- .... -
.c_s.if -co N l°HHJE .. _ .. __ .... - -···-· --- ·-- -··· - ·------- ·---- -- ··-- ----·-·-- - .. --·-- ··- - - - -- . -·--·· - - . ·- . - ··- ·-- ·- .. -· 
. C 

ovcu ·=-ov<u + RN•ou> 
_ O.V < 2 ~ .= . Q.V < Z >_ + _ R..N •o < 2 t _ 

D V C 3 > = 0 V ( 3 > - RN 2 • 0 < 3 ) 
c ··· · ·a·ov<i;u =· oov<1,i>- +· RN- . - 02r 1> - ·-

. --··-. _ __ QO )£ < 2.,.zJ __ =_.DOV< 2.,..2 L :: ..RN _•_.Q..2 t2L .. --- -··--- __ __ .. ----- ·· - - -·- --·---------·· .. --- --. - .. - -- · 
OOVC3,3> = OOV<3,3) + RN3• 0(3) 
00\lU, .21 = .. 00.Vt.L,2.L_+ RN .!_D2t3L . ··--·· - ·· -·---- -- ·- ... - .... _ _ .. - -· .. ·-··· - ·--- · --·-· · ·­
ODVC1,3> = OOVC1,3) - RN2• O<U 

c 
00.V C 2.,3) . =- DOV C2,31 . ~ _RN2.~ . D l2l. . __ _ _ .... -·---

100 CQNTit\UE . - -·· _ .. _ . _ .... -·-- _ -------
C 

.. ------ _.QB..CU_ := __ - _ LX.Ut!I.J ... L .&L_ -- --- ·-- - - -· -· --- -- - ·· ·---·· --- - --· ------ ---·--· - ·-·- . 
08(2) = - ( xc2>•T } I R2 
DB C 3) = C. I R __ _ . 
028(3,3) = -2.•C•X(3)/R3 

_ TR4 = t . T I R3. ) __ L R . _ ____ ··- ·----- ___ _ ... --- -· -- _ _ . ·-
02BC1, 1> = C 2.•x2 - Y2/C2 ) • TR4 

_____ . ·- . 02. a.< 2 ,..ZJ = _ L .2 ._!...12 --~ X2./.f:. 2 .. L .~- I~ ... ___ . _ _ ·-- . _ __ _ _ 
D2BC1,2> = C < XTY•T•CSE+2.> > I R3 > I R 

___ ___ . U2 B. (..2 .• . 3 L _;:_ L .X !.2.L!:SC.2_ J _L_J .. ..Rl.!.C.. __ L __ ----- - --- - . - ·· -- ----- - -·-·-·- - · - .. -- --·-··-·· 
020<1,3> = < xcu•sc2 > / < RJ•c > 

-· C . - DR <1 > - ;; X < U - I -R 
_ .DR C 2 > .:: X. C 2 > I R . 

DR < 3 > = X < 3 > I R 
__ ---· D2RU,1J = CR..2 . - .. X2L .I RJ 

D2RC2,2> = CR2 - Y2> I R3 
·· ·-· ----· -~IH-r:#- ~ i~1~--,z.k3L RJ -- --- -- --- --· ------·---·- - -- - - - - · - - -- ··- --· · - - - · -- ---

0.ZR <1,.3) = __ -._X_(1)•X(3) / . R3. ·-- ···- --·- -· 
02 R ( 2, 3 > = - X ( 2 > • X < 3 > I R 3 

.c .. __ ·--- - -·- ... -- - - -- - .. 
DLC1> = - X(2) I XY2 

-···- ·-·· DL <21 = XJ1) l _ :XYZ . __ _ 
02LC1,1> = ( 2.•XTY > I XY'+ 

-·-·· - ---£tt f t-:-~J--~- --(~~Pz-> -FxY4 -----------· ---·- - ·- ·-·------- -·-------·- -
- c . ···- ·av <3°> =· ov (J) _, __ GM/R2 . - .. - - - -- -·-- . - . -·· . - · ----· -·-· -·-- ·- ···- -- -· - - - . -



DDV<3 3) = DDV<3 3) + 2.0•GM/R3 ·c----· . ··- ·' . -- -- , -·- - . ·- . - . ·-·. - --- - -· .... ---· -- - -----... - ---- -- -
DVOX(1) = DV<1> • 00(1) + OV<2> • DL(1) + 0V(3) • DR<1> -- · ··- ovuxc2r ·= ·ovrn • oe·c2> -·· + ovczr -· -otrz> · ...-- ov13> • ·0Rt2» 
DVOXC3) = OV<l> • 00(3) + OV<3> • OR(3) - -r;-----·--- ----·--·- - -- - -- - ·---- --·- . ---· - --- --·-· -- ·--- - --·-- -· -·--··--- ·- ·-
S BX = OOV<1 1)•08(1) + OOV<1 2>•DL<1> + OOV<1 3)•0R<1> 

·-- -srx ·= O-OVCI~2J•rre1n -- + oovi2:2l•DL<fl + D0 1irC2::n~DR<T>" '----·-·- ---- -
SRX = DDVC1.3>•DB<1> + DOV(2.J)•OLC1> + OOVC3,3>•0R<1> 

---- ---sB"Y = ·-uuv IT~ l1 •OEJ"T2") ·-+ 0 DV [1 ;z) •ffl { 2T -+ . IJOVTr;31 •ORT21- ----- -
SLY= OOV(1 2>•08(2) + ODV<2 2>•DLC2> + DDV<2 3)•0R<2> 

-- · - -- "SRY· ·=·-orrr< r!3-r-.nrr2> ·-+ -aov"f2 !-31 •1n.r2T + · ouvc 3: 3 r.-oRT'2 »- ·--- ------ ·- ·-· · ---- --·· ----·-··--
ssz = OOV<1 1>•DB(3) + DDV<1 3)•DR<3> -----· SLZ = OUVTQ> •oe (3) - ·+ mrv+P,n-.-oRTrr- --·-··------ - ·--·-

- c - __ _s~ Z_ -==- _OQ \[ U.L~.l ·u~J_JJ_ ___ ---· ---- -·- - ---- . i: QQ.v_q _, ~) ~Q_R_q_> ___ -·. - . -- -· ·- ·- .. . -· ·--. ·--···-

-- -· ···-· ~_oz_v.Dx_?_u,__v_= ___ 8}tH-;8~-f ~t:-t} -t --- ~~-H~;.§~{ --t · ---·· ---- ··- ---·----··· ·······--··-- -··---
-------~02voX2T2,21 =-8~-H-~-~~~~"!-~}-- ! - G~HM~----.- --- · ·-·---- ·----------· ·--- ,, ____ -··· 

• OV<2>•D2L(2 2) + DL<2>•SLY + 
-------~------------- UVTJl"TrrzRT2-{-Zl-F--lJRC2J •SRV -- -- - --------- ·--·- - ------· ------

--- - ..... Q!?_~p~_Ut,ZJ_= __ s~iH!·B~~H:~J ·! -8-f-a~;~M-} ----- --· ·- -- ---- ----------·- -. ----·-· 
____ !_cmtCY5<2T3-;3):-8~fH-!-&~~+j:~+ !- 8~a~:§~}-+---· -------------------· -· - - -
--·-- ----~''-o~vrrrrc1-;3T = B~Hi:B~~~~:~l ! B~HJ!~&-+---- ------

• DL<l>•SLZ + 
---- ---····---··-·---- - -

·-- --.- DVC3J•D2R<l,3J +-Dlf<i>•SR-Z-________ --- --- -···- ·--·--· 
___ -· _____ 4_Q~VOX2 <.Z, 3) = Olill.•_02..8.iZ 13> + 8~ l~l !§~t-- !----------- ----------· ------·--
··· ·-·- - --~02VIJY2 C3' ,1T :-%~~~~Jt-f~~f' 3> + DR C2t~_S_Bl ________ --------· --·----- - -.. --. ------·- ·-

-·-·- ·---- 8~~8}~-~~~ r~- ~ -B-~~B~a~-H------- -- -------··--· --- ------··--- - ------ ------· ·-· -·····--
RETURt.i ·- -- - --rNo··- -- --- · -------- - ·---

-·--·· - --------------- --- -·-. -·- - ---------

- -------- -- - -- - - ·- - ·--·-- -··· -· 

----------- ----



.\PPE!\DIX D 

..\ FORTRA\ S BROL .. fL\E FOR TllE FL"~CTIO ~ \IETHOD 



SUBROUTINE DVDXC · c 
C THIS SUBROUTINE COMPUTES FIRST AND SECOND PARTIAL DERIVATIVES CF -c-- -·-- GRA'VIrATIO"N"IQ - POTElITTn -l{CCDRDHfG To- TH£- FORMULA ST . .. 
c . - c -· ·--·-· 
c -c-------- . NMAX -· N 
c . c . .. --· . . .. .. . . - - ....... .. . ...... . 
c .,. . 

-~------ - - ·- --;;,3" . ~- --- N - ~ - - ··-,.r· --- - ------- -- .. 
C OV/OX = -GM•X •R . C ·- - - I . -· - - 1 • A • DU /DX 

i;. . .•• • N "I 

-g ·- .. .. ---- ••••• ••••• 
c -c --- ··-····- ·- - --· -· -- · -·- N=1 M=O 

c ANDI -- c-·- - -- ---- ···---------·- ·-·- --· . --·- ----. -.. --. -· 
c c - -. . . - ·- -- .. . -- - -- . . .. -. . . - - . -. . . -·· . . -- .. - NMAX N 

.... g -- -· .. - ···-· . -- --- . ---- ..... .. ...... . - - - ·- - -- - -- - - -....... .,._ . .. 

·--&-·-·· - D?YTOX ( 0 x- --=--"G"Rr"J x ·x --1 R5. __ =-n · - 7R ~ . + .. -:- .. A~ - -· . : - . D i _u-M 7 ox D x - -, 
-- 8----···----·. _ _I_~---- ·-· ... l _.) ___ - ···-·-I.!l _ ____ ·.-:..-... ___ .. : ..... -- __ N __ _ I_ _ _ ~-

c . c -- -· .. . . -- - . .. - . . -- N=1 ti=O c . c·- .. WHERE f . . 
c -·c· . --H ···- .. ·- N+3 ----- - .. ,.. .. -· "' N+1 
c DU /DX = (X /R >•c G<I>•Pc - CN+i)•PC J + [ M•Ps•F<I> l/R - c ------ .. -· ff"·--· I - -·'! -- ----· -- - · ----··· - - - ---·-· ------ --··- -- --·-·-- - -- -

·- B- -· . - . ---- --- -- ·- ·- - ·- . ---- -
c 2 H N+ J { A A "' 
c ·-··-- cr· u - /DX' ox --= - {f1/R )- ("-PS¥ '()( •G-<IP'F<J> - + x •G(J)•F(I)) _ -8 . ·- _ _ H... ·- .1 . ~L _ _ _ _ .. _ _ c . _ ~ _ -· _ J 

c -· -c -- --------- - -·--·-·· ________ A ____ __ · · ;.: ------r ·· ··---1 - · "' -· --·· ,. .. -- ··- N+ 1 J l -·· ·A ·· J 
... g -JN+.1J.•Ps•cx

1
•F<JJ + xJ•FCI»~ ~I H•F<I>•F<J>IR } f Ps•x - M•PC) 



-g . . .. . - C - .. H ;.- .. - . N+ 1 1 
. C. __ ··- _, _t .. <KO l. X > _ '!' C O.U _! OX - . t2•M•PS•F <I> /R _ ) __ L _ 

C IJ I C N I l 
_ .. _c~--

c 
- c c _ c __ 

c 
+ 

-·- . N+5 .. . L :'!" . 2 . .-1 . . ()( •x /R ) • ( G < M•T •(M-2>•PC - <T + 2 •M • T>•P C + PC 
l J . _ L _ _ ___ .. . . _ _ _ _ .. . . .. 1 . . . 2 

- c_ ·---·- -·--- - -· ·- -- -- -· --· -·-- .. - . -- - . 
C + A ) 

-- ~ -· - ·-. --··-·------ -·-·· · --·-- ___ :t_ G.. _'!' <.~tJL•P.G. _ ... + ... CN.t1.>•_(N..t3>'!"P.c_ J---------· ··--·----· 

_c _ --- --------- · -·-·--·-------·--·--·· -- · - ·. ·-· --·- -·--·. --·- --·-c 
C __ . . . ____ ___ tf . _ __ ··- . . H ___ . 
C C = C COS<M•LAHBDA> + S SIN<M•LAMBDA> 
C . .. ·--·- . .N _____ _ _ .. __ . N . __ .... 
c 

-- c_ __ ------· -- - ---·- . -- - -- -- . -------·-·-· ----·-- -· - ·- -- ... ___________ _ .. _ ____ -- ·- -------- ·-·--. ··--· ···-- ···· 
C M M 
c _____ S .:= . . _ -c __ S.l.N<li!LAHBOA1 _ + __ s cosot•LAHB.DA> 
C N N 

- _c._ --- -·-·- ·- -----. ··- -·· . . .. --- .. --· .. - . ·-. -·· - • c 
-g ·-·- p: -·f:i.h"fsiN-<BE-f Af )- ··; ·p ··-·= ··pJHi fSIN<BETA>> - ; ·· p· =_ PtH...2( s 'I°NiBETA-)) --····· -· 
. §- ---· ___ --1L _______ ___ ____ _______ 1_ ___ _ __N_ ______ . ·-· -- -· ·- • _____ ll.. -· - ti_ . -· - -

c A • 
C P = ·p ·-· :... · M•T•P · f -- T = - TM·f<BETA> 

-· g . -·-·- . ·- . J. . - --··-· ... . . - --- - - . -· . ·- ... . -- .. ··-·-· -· -

-8------- Fnr ·= ·· siN<ALPHA>•cos<ALPHA>•F<I>1x = oLAMsoA1ox 
-··& . - - -- -· ·-·-···---· --·-··---- ·- ------- ____ J __ - ··---- -··-··-..L·---- --

--8----- .,!- : -·-G'TI>-•G(J) ·-·-·- ; --- G• - =- G(fl+G(J> - ; G<I> = H<l>•TH<I> 
g .. - -----···. ---- -·· -····-·-- - . ---- .. -. - . ·-- . ·- -·-·· . 

. -g . ____ F < I L _ ::: ... -~.1; I .= 1-. , _ 1 ; .1? 2. . ,_ D ~ __I_=_3 . __ .. _ .. . . -· _ _ . . .. _ 

+---1:LUL.=:_1.Ll.::..L..Z...-J-=-1J..._i_~J_ _ _ ___ _ -· ---- --------------- -· -·-- .. ---- · ··-·-·- --- . ·---·· --·· 
. C ___ KO ... 1S . . IH£ KRONECKER . DELTA _.·--- ___ _ ___________ _ 

C IJ 



c c ··--·-- · -- ··-· ·--- -- ·---··-. ·- ----- ... - - ... ·-·-·. -··· --·-· 
DIMENSION ·-.-- --· -·-···-- ·---·-----· --· -·-····-----· . --- - ·-

--- --:- --~KO q_>, cc <!-!_MAX, NMAX+.1 > , C!1L <NM!Qi __ .Q__v_o_x_p l1_ J>2VQ..~£J .3. , 3 ! ,. _ _ ·--··-·-· ----··-
; f:J])_t __ fl<3l.1 F!J~~~) ,_ f2(3_,_~~J__f.3_q,3>1 G1;3> '- .GKD<3> I ·-· --

----:-.§.f.i:._~~ ~~~- J. ___ GST_A_f!( ~1_3 > , P < NHAX+ 1 1 "!MA_~+:i.> ' --~ - ~ ~4 > .t _S~ 9) ~ .. ·-. _ ·- __ 

- ·------ -:--- ~t1..b LNMA_~_Lt_ ~J-~ )_, XI~ _(~,]__), ~J 3 < 3 > t . X J ~N_M~~ . -· _ _ _ ___ __ _ _ __ . _ .. _. 

COMMON /COEFF/ XJ CC A GM NMAX 
~~g~ ~85~~g~ ~~IT~~------------- ·-·--·- · -- - -------- --- ---·· -- ----
tOHf10N 7VERCC1 F1 - - - ·- ---- . --- - --- -·- . -- ·- - -- -··-- ----· ·- - - - - - --

··· ~ · ···-···· on- cur = -r, 3 · --·- ··- --- · · ·· -· ·····- ---­
oo 10 J = 1 3 ----·-·-· · xrJ cr;-J1- = ·· ~TIP'X<J> ___ --··-· - -·-····---·--· ---···· ······ 

10 CONTil\UE ------zr·coNTilHJF- --·-----·-·· -- · ---- ---·- --- ----- ·-· ---· -·· ----- --·--- -·-··· --- -··-· · ·· - -·-·· · 
c ·---·--·-···· xvc = -XlJll,1> -+- XIJ<2-;-zr ···-

R2 = XY2 + XIJ<3 3) -·-- ---· XYT -= - S"ORITXY"2"r·- _, __ ··------ - --·····-- ·- ·--- ··---·. -·· .. ·-· -- ... ···-· . 

-- ··· ··--·~- ~ i~~T:}~-------- ------·- ·-·----------·-· ···------··---·-····-····-- --· - · -··-
cs = XY1/R -- ----19 = x (3J7X'fl_ ____ ·-------·· - -·-·--·-- -----·····-·-··--······· - --·· 

----·-· --k~' ~ i~=P- ------ --·----·--------·- . --···--· ----·- .. ···--··-- --·-·-· --·---·-· 
R5 = R3""R2 - ·--·---·· -·GTf"J= rn--·---·----· ·- -···-··-·--- -··-----···· -- ···- -·-·-·-· ·------- --

. -- -··-- ·· -~{ ~ i ~ -!r .7nr ·---- · -· -··--·- · ·---·· --· -·-
SI NT= SIN<THETA> ·---- - ---curr= TIS CT HETU-____ ··-·------·---·--·------· - ---·-·· ----- ·-··----- - ·- --· -- ---- -····-

-·--· --- -~82 ~ -H~#~t~~z_ ____ ------· --··· . --···---- --·-. ·-- ·- --- ... . . --···-. - -. - .. ·-
SAC = SAC/R 

-------sHLlCT ··=· r -.:x-cu•srITT - +-- ~c~J~c-o·sr > / ~y1 ·-·--- ···---- ····-·- --·····-· - -·--· 

-- -~411-r-x-t:rr~!tt ·~ 0~fffi~~t>-?1-N}drrf-; -~f 1-- ------······-· -- ···--- - --·----- · ----
c ·-- ------ DO 31J-r ·:-1 - r --- ·---- - ---··- ·- - -·--· 

··-·· --- 30- M~f h~ urI <d.1x_<.v _______ _ --- - - - ---·--······· · 



c 

c 
Nt11 = NMAX + 1 
CALL SP~M (NM1,SB,CB,P> 

~~31 h I= =xt fr iR3 - ... -- - ·------· -·-· .. 
AKO(!) = SAC•FI<I> 
DO 4 0 J = 1r3 
F 1 (I , J > = SAC • ( XJ .J > •FI ( I> + X ( I ) •FI ( J > > I R 2 
F2CI,J> = SAC2•F<I>•f(J)/XIJ<I,J> 
F3<IiJ> = SA.C • < X<J>•GCJ>•FI<I> + X<I>•G(!)•FI<J> 
GSTA~CI,J> = G<I>•G(J) 

·--- --- ~iJ-~!!3rJ~--~r~H~Jb~~.J>- ---··· ····-- ---- ---····· 

c 

c 

c 

c 

40 CONTlt\UE . 
50 CONTINl.JE 

AORN .=. 1. 
AOR = A/R 
DO 60 I. = . 1,14 
S<I> = O • 

. . E)_Q . C..ONT INUE 

00 200 N = 1,NHAX 
N1 = N + 1 
XN = t\ . 
AORN = AORN•AOR 

IF ( ·"- : ·Ea. r j GO TO 65 
SML <NJ _ .=.__ $ML ( N=.1 L":C..HL U j t Cl1.L tN.~1J.:"SM L < 1) .. ... . 
CHL(N) = CML(N-1>•CML(1> - SML<N- U• SML(1> 

65 CONTlt\UE 
00 80 I = 4,9 
SM< I> = O, 

80 CONTI NU E 

SM<1> = P(N1~1)•XJ(N) 
_ SH(2_) :=_ . P(N.1,z.J•~J<t-H 

SM(3) = P<N1,3)•XJ<N> 

DO 100 H = 1~N 
XM = f'C. 
M1 =. M + 1 
tl2 = t-1 + 2 
1'13 = tot + 3 

... C . -- --- -- ·--·-- --- ---- --- ---- --- -CSO = CCCN,M>•CML(M) + 
CS! = -CC<N,M>•SML<H> + 
CSI ::: CSI•XM 

> / . R2 



COM = cso•xM - - -· - - -· . . .... -· 

SM<1l = St1(1) + P<N1 Mu•cso 
- ----- --·· SHC2J = SHTZJ + PrN1-!HC>•cso-

SM ( 3) = S t1 ( 3) + P < N1 t13 > • C SO - - - - -cPolr::-P nrr,'ff!r•c-uH-1----- ---- ----- -------·-···-·-- ---···-· - -- - .. - ·-----· ··-· -··--·--
SH <4> = St1(4) + CPOH ···--· ----S~('51 = SH\"S"J - + XM•CPOH --·-- --- .. --·-· -·--··--
SM ( 6 > = SM ( 6) + P < N1, H2 > • C OH 

------ ---c;p IM " = p CffX- HU ~csI - -
SH<7> = SH<7f + CPTM .... -· . ---sHt8r -=- sH (8) - + lCHr..CPTtf . 
SM(9) = St1(9) + P(N1 H2>•cs1 -i;--- ------- l._ -- ------·-- -- - ··· ·- ----·--·-··· -- -- - ----------- ·- -·--·--- -

.. C 10 g_ CONT I N!.i.E ___ . _____ . ____ ·-·· ·-- ___ -··· __ . __ _ ___ _ ····-- ___ _ ..• _ _ . --·· . -·-

AORNN = XN•AORN .. c .. . .. ··- - ·- . - . - . 
·------ ~?rt-~ ~ ~<Ir 1 ·:-9-sH<I>•A·oR-N . ---· --·-· --------· ·--- -· · ... · - ·-· ----- .. --·· -- · 

120 CONTI"UE ------ -- srru1- =- -s-n01 --+--Sl1T1l-.-A""ORNff. -- -- - -----· ·- --·- ·· --- ··-----· - ------------ --- ---- -· 
S<11> = S<11> + XN•SH<U•AORNN 

- . - . --- S l I 21 = --s l 12 > --+ -SM ( 2 l ._A 0 Rf.JN" 
S<13> = SC13> + SH<4>•AORNN . ---·· "S<l4> = sn4> --+- SH(7)•l0RNN .. ·-·---·--·--·--------. ·······-·- --- ---· --- ···- - --

____ G __ 201J ' -CONTT~U£- - - - ------ ---- ----------- ------·-··-- ----··--·-·····--·--·-·- ------- - ---·- -­

_ C ----PfflT· :-sT21--IBTSl4~ ------------·------------------- ----- ---· ---· -·--
SKO = Sl10> + S<1> . c ·- .. ··- .. -------- -- ----···· -··-· .. -· -·- .... . --·-·· ······ ·-·--· ---· ·-· --··-· ··· ---- ·- -----·---- --
S1 = S<14> + S<7> -- -· - s2· = xff• s -c1 > · ·.:.. · s r"S"T - - · ·-· -- --·-·· ·--- -·-· · ·· - - · ·--· -- ··- .. - ----·· ·· ·- - -···-- · - - - ----- ··· 
S3 = TB2•(S(5) - 2.•S(4)) - 2.•re•S(6) + S<3) - S<2>1TB 

----·- ·-. Sr+ = 5"<12> - TB•S\1'3l + J • .-PHAT . ·- - -- --- - - .. - -- ··- ·- -
S5 = S <11> + 4.•St10) + 3.•S<1> + 3. ·-·- --·· ·-· - s5·· =-.e•s-nrr =-s-rgr·--- -- · ------------- -------- ----- --·-· -------·---·- -- - -· · ·-

c - "' DO 22 0- I =·1 ,3 -- -- -·· -- - --· ----· ----. ·--- ·----- .. -- -- - -·-
AKO<I> = AKD<I> ... S<7> - --· - bl<D n J =- -- G < n~"PH;a T -;. ·-s R cr- - - r~ · -- ·- - · · - ··- - ··------ -- ---- -- ·-- ·- ----·- ···-· ·- · - - ··-· · ·- ··-

-· -c---·- J)VOX.J.1 > __::_ J?11~:...<_ K_I3 HJ_•_G.KO_< IJ _!. AKO_{!_L .L . -·------·- ___ ··-- ·-· __ ··----·. ___ _ 

00 210 J = 113 ·-··- - ·--··- uzvnxnr,"'JT· ·=-r .. FJ rr-;-Jl"\l·Sb·-·.:- "t"TI r;-:rr·-'sr+-· F71 r,-JrTSZ ·+ --- --------- ·· ··---- --·-
... .... - . . . -- - - . - . 



c 
210 CONT-INUE 

D2VOX2 (l ,"! ) __ = 
220 CONTHWE __ _c_ _ __ ______ ___ .. ---

RETURN 
ENO 

DZ.VDX.2_( I, I> + ( G. KO .l l l /.R.3.. ~- .. A.~D U > I X ( IJ .L • GM 

---- ··---- ·- --·----· ·-- -..-·---- - .. ·- ·- ·-

---··----···--- ---- -- --- ·-- - --- ---- - -· --·-·- ·- ----

-- -------- -----·------ ·-----· 



APPENDlX E 

A FORTRAN SUBROUTINE FOR THE METHOD OF COEFFICIENT MODIFICATION 



SUBROUTINE DVDXA c· -- - - - -·-- --·-- --- ····- - ------- - --······ - -- -·---····- -- -·-··--··-- --- ···-- -···--- ··-- ···- · 
C THIS SUBROUTINE COHPUTES FIRST AND SECOND PARTIAL DERIVATIVES OF 

··--c;·-- - GRA"VTTATIONAl - PO'TENTTJU: A-CCCTRUTN"Ci m ·FoRffiJLlrS 1JTSCUS"SEU BY "MARITN ··-· ----·---
c HOTINE IN THE BOOK -MATHEHATICAL GEODESY- ( U. S. DEPT OF 
c --C-0Rl1E"RCE PUB~ 528151(Q2rr11TJr~ 153 T 0 IlfO. .. ___ . ·- ----·-- ------ ·-
c -- c· --
c -- -c- -·---- . - --· -·---- -- .. - -----·- .. -----·- -

--·f ·- --·--·- _ ___ . t'f1AX . __ . _____ N_~_l ____ . __ . _ 
c ••••• .. ..... 

- C -2 * N * --r1"- H - H 
C DV/DX = GH•R • (AIR> • P •( CI COS<H•L> + SI SIN<M•L) > -·- c· ·- --· , - -------- -~- --· ·--- ·- --- . ---· -- -~r+r-- - ··· -~-- · --· ·-·---- -,;r-···----- ·-· · ---------- ·· 
c ........ .. ..... . . . ·c - . -·-· ----- ----··- -·-·--···-- ------· - --··-- - ·------· . --- -·- --- ·-. -- -· - --·- --·- ·· .. ·-- ---- - ·-
c N=D H=D - ·c;------ ·- - - · -- -- - ------·-··-- ------ - ·-----· . ·-···-···- ... . ·--··- - ··---·--- ·---· ······--·· 
C ANDI --c;- - -- -· ---- ·-------
c NHAX N+2 - -c;- --·- ··-· ·-- -·-----·----·---·-··--···-- . -· --··- --- -··- -- ·-- - -···-·-- - -- ·- - ··- -------- ... . --·· 
c ••••• • •••• 
-c-~--- z------- --;r---.--------N ·--·y ·-·-.r----w--· ·- ---·-· H -- ·- --··-·-

C 0 V ID X = GM• R • ~_LR) • P • < CI J C 0 S < H • L > + SI J S I N 01 • L> ) -c--·-· I,J ~--- ·---..-- N+2 N Fr-------
c ....... • ..... ----- ------------- -
C N=" H=" ·--c··---- - -----·-.. ·----·· .... :.!JI ______ _ __ ___ Y. _ __ _____ ---- -- ----·- ·- ---- ----· 

c ····c--- ------------ ·--- --- ·- --·- ····--. - -----·- - - -·-- - - -·-------·- --
__ &-·· _ -~-~~~-~-R_E __ _p..QJ..)'N.QJ!IA ~-AJ~E.__C0t1.e.U.TEQ_ r;l_Y _Sl)B_ROUT_I_}JE SPt.'.IH DE;S_CRJB_f:p __ ____ __ _ 

C THE RELATION BETWEEN VARIABLES AND CONSTANTS LISTED IN THE FORMULAS 
--C- ABOVE AND TAE ARRAYS USED IN TAE S08ROO 1 !NrAREI ·--- -----
--8-· ·- --11 ·- ·---- ---·----- ·-------·- ·- - ··- ···---·---· -· -- - - -·-- ---·--·· -·-· --·- ----
--& PN< SIN<BETA> )_= .~..1._N+1 1 H:!_li____ _ . -·--·----------

C - c-
c L L 

- --------

·-c CI CICK,L,I>; SI = CI<NMAX+i-K,NHAX+z+-l,I> FORI K=1,2;-; •• NHAX 
- CC -·--- ..... K ___ -·-· _____ v l = 1 • 2 1 • NH AX+ 1 ___ !.'\.. ___ . __ ____ ···· ·---····· - ·· -------····-- =1;z,3'_. __ · - -



- -g.-- ---·· ·-a--· ·· ·- --·r · ·----- ·- -·-·-·· - - -·--·- - --·-- ·-···-- -··- a ------- -·------ - --- ·-------·--·--·--·-
_ c _____ ~_ Ja. = -_X_JJ K, l) f.OJL.K=.1, 2' ~ · -·~-,.,A~.-- _.W_l_T H_ C..I . __ e.V.U..1. . Ui_lJiE.. JlQ.!JI1.NL ____ --· - . --

c K 0 
_c__ ··-- · ---- --- -- - - ---c 
. C _____ _ _L _______ ___ _ ___ ___ _ _____ _ ____ _ L _____ ________ ·--------- ----- ----------- --------- __ ___ _ 

C CIJ = CIJCK,L,S<I,J)) ; SIJ = CIJ<NMAX+1-K,NHAX+6-L,S<I,J)) 
- C. -·- ___ __K ________ ---· .. ·--·-· - -- ---·- · _,.K _ ______ _ ·-·---- ---- --·- -·- ---.. ---- - - -- - - - -. ·-··-··-c 
. .. C .. ___ .EO..R Lt.<.-==.1.,_~ ... .Nl1.A..X ----- "-'LH..ERE.J . SJ..L,_J.> . ~-1.j J.=.1,_J~---- .4.L.l.~L.J_=-2_ _________ ___ _ 

C L=1,2, ••• NMAX+2 2, I=2,J=2 s; I=2,J=3 
C __ __l-=.J...~2_,_J_- . _ _J.J=l.= 3, J = 3 & ; I= 1~..L_ _ _ _ _ 
C J=1,2,3 W1TH SCJ,I> = SCI,J> 

_ c___ -- - -- ------ ·- ---· ---- -------·-- ------·---·---c 
__ c__ ________ __J)__ _ _ __ ___ _ - -- . - ----· ------- - ------- __ ________ Q _ _ - ··-- · - ----- ---- ---
c CIJ = XIJ<K,S<I,J>> FOR K=1 1 2, ••• NHAX WITH CIJ BUILT lN 
.C . - -- _____ t<._ ____ - -- --· - ------- - ·- - --·- - - -·-- - ----------- - _..Jl ___ __ - --- -- - --------- ----
C 

- { ---~~~K~~~--~~~~~~~~~~ ---------- - -·-·--
. __ C _ ____ tA.LR.L .. . = _A.O.RtHJQ _________ ________ __ __ __ _ ______________________________ _ 

c -- ---------

___ c ___ __ - ------ -- ------ ---- -------- - ------- --- ------------- -- --- ------- ----- ----- - - - - - ----- ---------c COSCK•LAMBOA> = CHL<K> ; SINCK•LAHBOA> = SML<K> FOR K=1,2, ••• NHAX+2 
___ c ___ ---------- ·-- - - ----- -------- - - --------- - .. - · - · -- ------ - --- ---------- - --c 

OIHENSIQN ... 
• .. ~-J. < NMAX, 3 > ,__x lJ. <.NtiALbL .. CIJ NH.AX,_ NMAX..t 3.-'-3.> ,_. C.U 1NMA.X.,.N1:1AX! .5_,__&J , __ ______ ___ _ .. 

___ !_ __ e tN.t'1A)(+ _3_ ,__liM_l\~_-tJ )__,_ .. Cl1L.iltt1A..X.:t.2J ,_s.tiLLNl'tA.X+. 2 > _,__ X< 3h_O~~.J .. JJ_,__ ____ . _ .. ---· __ .. . ... 
__ _ _ ___ _ _! __ D_2.V.D.X_2 t.3, 3 > . .t. ~ORN.U!t.1.Al{.t.2 > ,_ __ OI.U>., DlJ_(f>J __ _______ _______ __ __ _______ ____ ----·-

• 
__ c..._ _ - ---- ---·-··· ·----_ .. gg~~-8~ ~g-~~1--~~~~i~~-~~ I~~~ t ~H, N~~~--- . - --- .. ------. _________ -·· __ . _ ·-- ·- _ 

..c_ .. - . -- . - -- · - ·-· ·-- -- -- .. -- - -- - ·--- --- -· -·-·-- - - ----- ·-- -- -··· - .... -- ------ •. - . ·- ·· ·-- -···-·· -xv2 = xc1>••2 + xc2>••2 
.. ____ ____ R2 . _:;_ XY2 .+ .. x...L3J_•~----- ----- ·-··-- - ··-- ···· ...... ----·--·----- ·- ·-·-- .... ----··-·- __ __ __ ___ _ 

R = SQRT<R2> 
R3 = R~-
XY = SQRT(XY2> 

___ ____ ....s..I.N.B.= X.L3JLR. _____ ---------- - · _____ -- --- ---------- ---- - --- ---- ---------·---·-- ___ _ __ - · ---·· ·· -· 
COSB:: XY /R 



SINT= SINCTHETA> 
-- - -- - CO-ST= -cc STTHCTAJ . 

NM1 = NMAX + 1 
- ---- -- NM2 ·= NMAX + --z - --- - -- --

NM3 = NMAX + 3 - ---- -- NRI+·-- .::---m-nor ·-r ~--------------------- -·-··------ . ---------- --- -------- --- ·-··-·-·---- - ---
NMo = NMAX + 6 

- .. -----cA LL- -SPNM rNM3 ,SINB, CO-SB, PJ -
c 

-- ---A-O-R"NT11 :: -A /R 
GMOR2 = GM I R2 - ------Gt10R"3· ·= Gl'1 --/ R3 ----- -------- . - -----· - - -- --
SML <1> = ( -XC!P·SINT + X<2>•cosT ) I XY -- -- -c'F1 c c 1 > _;_·--r-xrnTCUrr+-x-rrr-.-s-nrrJ1-xr----- ----- ----- - -- ------ --

--- ~8-R~~rf ~ -~~n1r.:1y•-AbRN <1) -- - - - .... - - - .. -
SML<I> = SML<I-U•CML<t> + CML<I-l>•SML<t> 

-. -- ···- -- C"ffL (!) .. =- CKL n..:-1T~CML(i) + St.fl ( I-1T ..-s 1-1.L ( 1 r 
10 CONTINUE -c;-------- ·- - ·---·-- ·- - - . ·------ ---------- ·- - -·- --------- ·- ···- -----·····- -- . --

OVDX(l) = - COSB•CML(l) 
--·- -------uv1:rxTrr-=-- ~ COSBTS11Ll"n---------- - ------ ------------- --- --------·· ---- -- ·-- ----

OVOX ( 3) = - SINB 
-------·-- o-2- vox-2-r1 -~u -= o.s•-Pci;31¥Cl1Lr2r· ~- pr3,11 -· ---- ·--- - -- --- -- -----

--- ----8~~8-~~~j~~~ - ~-g-:~:~~~~-r}•_c_Mt._ <~> .. -: ___ P(3,1_) ___ _ ___ __ ____ _ _ ___ _ ____ _ 

-----~~H-;~l ~ Q_._?·~+~: ~i -:-~~·H~---· -·· ----- --------- - ----·-- ----- -------- ------· 
··-- __ __Q 2 VD X 2 ( 1 , 3) ~-·-..E._L~_L.2 > • C ML ( 1) _____ ·----------------

u O 15 I = 3,rm~ 
· -- -- ----a-?r,t.·JrJ·:=-p-1-f-t-·ts-r-y--· cAL-c J.;-rr---- -· -- -- - -- --- -- - - ·-- --- --- --- --- ------ ·------- · --- ··---- -··­

Ps d J) =Pei J) .. SML(J-1) - 12·-c-cmHNUF --· - -'--- ---·· -- ·· --· ··- - ---- ------- ------- ----- -- ---- - ---- -- -- -- ·----- ---- ---- -- ----
1s CONTit\UE . -·c·- - -- ··-- . - - ------- - . --------- - --- ~-- ----- ------- - --.. -- - - --

---c · ___ o_c! 10 0 N = 1 1 NMAX -------------------·-- --- -----·---·· 
Nl = N + 1 -- --~-=-f\+· -z--- --- ---- --· ------ -- -- - - - -- - ----·-- · ---· ----- -------- ---- --·· -- -· -- ' ------ .... 
N3 = N + 3 

--~a"o._ -zu--r=-1-3 --------------- ---- --- ------- -- ·------- --- --- ----- ---- ·------ ----- -- ----
01 (I> = P < N2 1) • XJ ( N I> 20 CONT !f\OE ~----_!_!Lt__________________ ------- ------·- - ---- ---- - -· - -

- - ·---- -- -- -·. -· . --·------ ---------
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