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The Earth's Gravity Field Represented by
a Simple Layer Potential from Doppler
Tracking of Satellites

Karl-Rudolf Koch® and Bertold U. Witte
Geodetic Research and Development Laboratory
National Ocean Survey

ABSTRACT. Ten weeks of Doppler tracking of the five
satellites for which data are available at the Na-
tional Space Science Data Center have been analyzed
to determine the earth's gravity field as represented
by the potential of a simple layer. Density values
of this layer for 104 surface elements have been com-
puted in a least squares adjustment and transformed
into harmonic coefficients up to the 11th degree and
order. Comparisons with other solutions show good
agreement. The results for the equatorial radius of
the earth, its flattening, and its gravity at the

equator are 6,378,156m, 1/298.255, and 978,028.8mgal,
respectively.

INTRODUCTION

The representation of the earth's gravity field by means of
the potential of a simple layer, instead of an expansion into
spherical harmonics, has been proposed by Koch [19683Y and ap-
plied to optical satellite observations by Koch and Morrison
[1970]. Although the number of observations processed in this
application was small in comparison to solutions based on the
expansion of the geopotential into spherical harmonics, the re-
sults showed good agreement with existing solutions. However,

*Now with the University of Bonn, Germany.




the station coordinates were held fixed in the analysis of Koch
and Morrison [1970], and the effects of radiation pressure and
air drag on the satelllte were neglected.

For the analysis described here a greater number of sat-
ellite observations, in form of Doppler tracking, have been
used. Instead of 48 density values of the potentlal of a simple
layer, 104 den81ty values are determined; this is equivalent to
an expansion into spherical harmonics up to the 10th degree and
order. To avoid loss of information in the conversion from
density values to harmonic coefficients, an expansion up to the
11th degree and order is used. Radiation pressure and air drag
have been added to the forces acting on the satellite. Co-
ordinates for the tracking stations also have been determined;
however, the results of these computations are not listed here
for reasons explained later.

Many Doppler tracking sites lie close to the stations of
the worldwide National Ocean Survey satellite triangulation

network [Schmid, 1969] so they can be connected by local surveys.

It is planned to use the results of the satellite triangulation
as additional observation equations for the coordinates of the
Doppler stations; however, such a data combination will not be
possible before the end of 1972 when the coordinates of the sat-
ellite triangulation network will become available. Later, it
is also planned to add a combination which includes gravity
anomalies. Hence, the results given here must be regarded as
preliminary values. But the determination of the geopotential,
expressed by an expansion into spherical harmonics up to the
11th degree and order and based on satellite observations alone,
should be of interest since the latest solution for the geo-
potential in the open literature is a combination solution by
Gaposchkin and Lambeck [1970].



OBSERVATIONS

The U. S. Navy Doppler Network observations used in this
study were obtained from the National Space Science Data Center
of the Naticnal Aeronautics and Space Administration. Table 1
lists the satellites for which data were available, the number
of arcs, the number of passes tracked, and the number of obser-
vations for each satellite. Each arc extends over seven days.
Table 2 shows the location and number of the tracking stations
and the satellites observed from these stations. Figures 1 and
2 show the locations and worldwide distribution of these sta-
tions.

Except for a gap in the South Pacific, the distribution of
the stations is quite satisfactory. However, 55 percent of the
stations have tracked only one satellite, and only one station
has observed all five satellites. The arcs were chosen using
the data available from as many tracking stations as possible.
The antennas at seven Doppler sites were relocated between 1963,
when the first observations were made, and 1968, when the last
observations used in this study were made. The differences in
coordinates between these sites were constrained by the dif-
ferences obtained from local surveys.

The Doppler data of the Data Center is corrected for first
order ionospheric refraction by analog combination of two co-
herent frequencies transmitted by the satellite, The data are
filtered and aggregated [Anderle 1965]; about 20 observations,
taken at about 32-second intervals, constitute a pass of a sat-
ellite over a station. To each observation a standard deviation
obtained in the filtering process is assigned. The data are not
corrected for tropospherlc refraction. To apply this correction,
a refraction model® based on a standard atmosphere has been used.
This model agreed very well with different models for tropo-
spherlc refraction [Witte 1971al. To avoid significant errors
in the tropospheric refraction model, observations with elevation
angles smaller than 5° and satellite passes lower than 10° in
elevation are deleted. Furthermore, data obtained only during
the time of the satellite's approach or retreat are excluded.

Preliminary values for the coordinates of the tracking
stations of table 2 were taken from Lerch et al, [1969], from
preliminary results for stations of the satellite trlangulation
net for which survey ties to Doppler tracking stations were
available, or from preliminary adjustments of the Doppler ob-
servations.

*This model is used at the U. S. Naval Weapons Laboratory.




Table l.-=5arellite

observational data

No. of
No. Satellite Inclination Perigee ht. Apogee ht. No. of No. of observa-
(deg.) (km) (km) arcs passes tions

1 1965 32A BE-C 1.2 940 1320 2 353 6492
2 1962 Bul ANNA 1B 50.1 1080 1180 2 513 11938
3 1965 89A GEOS I 59.4 1120 22590 2 705 23613
L 1964 64A BE-B 79.7 880 1080 2 209 3796
5 1968 02A GEOS II 105.8 1080 1570 2 257 7745
Total: 10 2037 53584



Table 2.--Satellite tracking stations

-26 28 South Africa

b

-14 189 Samoa s 3,4,5

2

Observed
Station Lat. Long. Location Satellites
number (deg.) (deg.) of table 1
-23 314 Brazil I 2.3
41 141 Japan 2,3
61 210 Alaska 2 53
76 291 Greenland 3,4,5
-78 1b7? Antarctica 4
30 262 Texas s 3
22 202 Hawaii I s 3
32 253 New Mexico 53
51 359 England +3
39 283 Maryland 92D
-35 139 Australia 3
3
2
3

2
1
2
2
1
2
2
1
15 120 Philippines 2,
34 241 California 2
38 284y Virginia 5
- 5 55 Seychelles 3
- 8 346 Ascension 1
=12 97 Cocos Islands -
33 343 Madeira 3
47 241 Washington 1
-L6 168 New Zealand 3
21 204 Hawaii IT 2
36 60 Iran 5
-32 295 Argentina 5
1.2 15 Chad 5
- b 324 Brazil II 5
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Figure 2.--Distribution of Doppler tracking stations,
second view




The coordinate system for the tracking stations is geo-
centric, with an orientation identical to that for the satellite
triangulation network. Thus the 3-axis points towards the mean
pole 1900-1905 and the l-axis towards the intersection of the
Greenwich meridian (the zero meridian of the Bureau International
de 1'Heure-UT1l System) with the equator.

REPRESENTATION OF THE GRAVITY FIELD

The geopotential W of the earth is divided into the known
potential U and the potential T which must be determined. Hence

W=UH+T (1)
with
7 n n
y = KH [1+ I r (2 B (sin¢) x
T - r nm
n=2 m=0
= = . 2 .2 2
(Cnm cos m)\ + Snm sin mA)] + 1/2 w® r® cos® ¢ (2)

r, ¢, A are spherical coordinates in the earth fixed coordinate
system, k is the gravitational constant, M the mass of the earth,
a the mean equatorial radius, an the fully normalized associa-

ted Legendre function of degree n and order m, and w the angular
velocity of the earth. When computing U outside the earth, the
centrifugal term in eq (2) is omitted. The fully normalized
harmonic coefficients C__ and §hm are taken up to the 7th degree

and order from the solution of Anderle [1967]. However, the co-
efficients C,; and S,; have been omitted because of the choice

of the orbital coordinate system defined below. The values for
kM and a are chosen as

KM = 3.986013x10'*m¥sec™ >, a = 6,378,145m (3)

The potential of a simple layer distributed over the earth's
surface represents the potential T. To evaluate the integral in
this expression, the earth's surface is divided into elements
in which the density of the simple layer is assumed constant.

One hundred and four (104) surface elements AE. are chosen here.
They are bordered by parallels and meridians and approximate the



size of a 20 degree latitude-longitude area centered on the
equator. Hence, [Koch and Morrison 19701

104
T= 1 ox; [ F (1)
i=1 " AE,

% is the distance between the fixed pant at which T is computed
and the variable point at the surface of the earth over which
the integration is taken. The 104 density values X. are the un-
known parameters of the gravity field. =

The integral over the surface element AE. in eq (4) is com-

puted numerically. To reduce the influence of errors in the
numerical integration, the preliminary values for the density
values y. are set equal to zero. Thus, the nominal orbits of the
analyzed'satellites are computed by means of the expansion eq (2)
into spherical harmonics. For the determination of the deriv-
atives of the observations with respect to the unknown parameters
X5 the integral in eq (4) is computed by subdividing AEi into

four subdivisions, for whose midpoints the kernel of the integral
is assumed to be constant. To determine the coordinates of

these midpoints, the equipotential surface at sea level is de-
fined by setting U = U, in eq (2) and the topographic heights
above sea level are added. U, is computed from the equation
which holds for the surface of a level ellipsoid [Koch and
Morrison 1970].

With a relative error of the order of the flattening of
the earth, i.e. 1 part in 300, U, may be approximated by

kM
U0=?
so that
AU, = - = ha (5)
a

The value for kM is well determined from space probesj; the equa-
torial radius a is known only approximately. Hence, eq (5) may
be applied to compute a new equatorial radius for the earth, if
the densities, Y., are developed by means of a series of spher-
ical harmonics containing the zero order and degree coefficient.
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COMPUTATIONAL METHOD

The origin of the coordinate system for the orbit computa-
tion is the center of mass of the earth. Its 3-axis is identical
with the instantaneous axis of the earth and its l-axis points
at an angle, east of the true vernal equinox, which equals the
precession and nutation in right ascension since 1950.0. This
system assures that no variations with time due to the coordinate
system are introduced into the second zonal harmonic. Since
the orbit computations extend over arcs not longer than 7 days,
this coordinate system is a good approximation of an inertial
system. By means of the polar motion as determined by the Bureau
de 1'Heure and the sidereal angle as defined by the Smithsonian
Institution [Lundquist and Veis 1966] the coordinates of the
tracking stations are rotated into this system. Since the time
of the Doppler observations are given in UTC, the rotation is
corrected for the difference between UTC and UT1 published by
the Bureau de 1'Heure. No jumps in UTC appear during the time
of the orbit integration, so that UTC could be used instead of
atomic time.

The model of the force field acting upon the satellite con-
sists of the influence of the geopotential as defined by eq (1),
the attraction of the sun and the moon, air drag, and radiation
pressure. The orbits of the observed satellites are computed
numerically with a 48-second time step using a 12th order
Cowell-Stormer integration for positions, a 10th order Adams-
Bashforth predictor and a 10th order Adams-Moulton corrector for
velocities, and an 8th order Adams-Moulton integration for the
variational equations to determine the derivatives of the obser-
vations with respect to the unknown parameters. To interpolate
between the time steps, Lagrange's interpolation is applied.

The unknown parameters are the 104 density values, the co-
ordinates of the tracking stations, a base frequency offset per
pass of a satellite over a station, and for each arc, the six
orbital elements. These parameters are determined by least
squares adjustment based on a differential correction process.
Hence, we have the observation equations

[ Ab ]
Ae
[A:E=Q>Q] oo T AT

AXJ

(6)

|<

where A,B,C,D are matrices of coefficients, and Ab, Ae, Ax, Ax
are vectors of corrections to the preliminary values “of the

base frequencies, the orbital elements, the station coordinates,
and the density values,respectively. £ and v are the vectors of
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the observations and the residuals. The normal equations of the
least squares adjustment are obtained by means of the covariance

matrix ER of the observations, which is a diagonal matrix
T, -1 . -1 | [, ] [T -1,
AL,"A . . . AZTD||Mb AL,
- . (7)
T -1 T, -1 ' T -1
DI,7A . . . DETDIAx| |DETE

To avoid a singularity when solving the normal equations eq
(7), the longitude of station 111, Maryland, is held fixed. The
blas frequencies are eliminated Whenever the contribution of one
pass to the normal equations has been computed. The six orbital
elements are eliminated after obtaining the contribution of one
arc to the normal equations. The reduced normal equations are
then added. They contain only the unknown parameters for the
station coordinates and the density values.

Detailed information about the computational procedures in-
volved in the determination of density values and station co-
ordinates from Doppler observations are given by Witte [1971b].

CONSTRAINTS

The density values X3 are converted into normalized harmonic
coefficients Cnm and Snm by the method described by Koch
[1968]. Here

104
= = 1 n = :
c_=2¢C + I x: ff r P_ (sin¢) cos mx dE
nmo M (onal)kM @ dis1 T AR,

(8)

3 B i 104 ([
S E 5 + 2 ¥, r P__(sin¢) sin m) dE
nmo N on41)kM Q" i=1 Y AE B

where Cnmu and Snmu denote the harmonic coefficients introduced

into eq (2) to define the potential U. The integral over the
surface elements AEi in eq (8) is solved numerically by dividing

AE. into 9 subregions.
Since the origin for both the earth-fixed coordinate system

and the orbital system_is the center_of mass of the earth, the
harmonic coefficients Ci¢9, C11, and S;; must equal zero.
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Furthermore, C,; and S,; must be small in comparison to the rest
of the harmonic coefficients since, for the orbit computations,
the 3-axis coincides with the rotational axis of the earth. To
insure this, constraints in the form of observation equations
with small variances are set up according to eq (8), and their
contribution is added to the normal equations [Koch and Pope
1969]. The same method is applied to constrain the coordinate
differences obtained by local surveys between Doppler sites at
which the antennas have been shifted.

RESULTS

The variance, 02, of an observation of unit weight is
given by

viz, "Ly
b o E =
c - S e P ,
o - u

where o is the number of observations and u the number of un-
known parameters. From the least squares adjustment eq (7)

0? is 12.7. This indicates deficiencies in the model for the
force field being applied, biases in the data which have not
been accounted for, or standard deviations of the data which

are too small. For example, the model of the force field could
be improved by introducing resonant terms into eq (2) for the
satellites being observed. This would permit orbit fitting with
smaller residuals. The introduction of more bias parameters,
such as the frequency drift, will reduce oc?. However, such a
procedure might weaken the information inherent in the data if
the introduced bias parameters are physically irrelevant. The
question, how much to increase the given standard deviations of
the observations to get a reasonable estimate for the accuracy
of the data, is not too important here since Doppler data alone
are analyzed, but must be answered for the combination solutions.
Judging from the value for o¢?, the standard deviations of the
Doppler data obtained in the filtering process [Anderle 1965]
should be increased by a factor between 2 and 3. The factor of
3 has been applied to obtain the standard deviations given below.

The standard deviations for the density values y. lie be-
tween +0.66 mgal and #0.14 mgal and the correlation cdefficients
for X; are less than 0.79. The correlation coefficients between

the coordinates of the tracking stations are less than 0.69.

The standard deviations of all three coordinates of station 117,
Samoa, which tracked all five satellites, are less than #6m,
while the maximum standard deviation of the coordinates for the
stations which tracked only one satellite (see table 2) is #92m,
The determination of the coordinates of these stations is poor.
The additional information from the results of the geometric
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satellite triangulation will be needed for more accurate deter-
minations. The station coordinates obtained from the Doppler
solution are therefore not given here.

The results of the transformation eq (8) from density val-
ues to harmonic coefficients up to degree and order 1l are given

in table 3. We obtain for 620 usu.lvogxlo's

to a flattening of 298.256 and to a gravity of 978,032.2 mgal at
the equator for the reference ellipsoid with the values for a
and kM defined by eq (3). The geoid of Figure 3 (computed with
the coefficients of table 3) refers to this ellipsoid.

, which corresponds

The value for C,, from eq (8) equals - l.7871x10_5, Yol

that a new equatorial radius, a, is computed by eq (5). We ob-
tain a = 6,378,156 m, which exceeds by 1lm the value adopted by
the Smithsonian Institution [Gaposchkin and Lambeck 1970]. With
this value and C,o Of table 3 we now obtain the flattening of
298.255 and the gravity of 978 028.8 mgal at the equator.

The results are compared to two solutions based on satellite
data only and two combined solutions: the solution for the 1966
Standard Earth of the Smithsonian Institution [1966], the solu-
tion of Anderle [1967], the combined solution of Koch and
Morrison [1970], and the combined solution of Gaposchkin and
Lambeck [1970]. The rms discrepancies between the common co-=
efficients of these solutions and the solution of table 3 are,

5, +0.21 x 10'6, +0.30 x 10'6, and

+0.17 x 10 8, respectively. The rms discrepancies between the
geoid heights computed at 10 degree intervals for the solutions
mentioned above, and the solution of table 3, are +12,4m,
+12.7m, *17.3m, and *12.0m respectively. Except for the com-
bined solution of Koch and Morrison [1970] which suffers from a
lack of data, the solution of table 3 agrees well with existing

results.

per coefficient, +0.19 x 10~

Table 4 contains the zonal harmonics Eﬁo of Kozai [19691],
King-Hele et al. [1969]1, and table 3.
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Table 3.--Potential coefficients to (11,11) from Doppler

observations

6 = b = b = 6 =
n m 10Q Cnm 10 _— n m 10 Cnm 10 Snm
2 0 -4L8L.1709 8 5 -=.2118 -.0733
2 2 2.4705 -1.4499 8 6 .1648 «0273
3 0 .9251 8 7 .0268 -.1800
3 1 2.1895 .1798 8 8 ~=,2215 -,0933
3 2 .8899 -.8307 9 0 =-.0027
3 3 .8105 13283 9 1 L0117 .1602
L 0 « 5512 9 2 =-.0129 -.0184
4 i -.4220 -.4195 9 3 -.0143 -.4088
4 2 .4699 .2265 9 L L11hh -.0293
L 3 .9786 -.1118 9 5 w2177 .1294
L b -.1695 4799 9 6 .2854L . 2459
5 0 .0858 9 7 =.1595 -.4245
5 i -.2906 « 377 9 8 =-=.3270 .3078
5 2 .5869 -.4227 9 9 -.0395 .1499
b 3 -.5185 -.2054 10 0 -.0066
5 4 -.3540 .0657 o A : 0739 -.1139
5 5 « 3292 -.4550 10 2 ~,2851 22077
6 0 -.1886 10 3 -.0131 -.0850
6 il -.1809 -.0156 10 4 .0380 -.2368
6 2 -.1456 .08L4YL 10 5 ~.09486 -.0470
B 3 .1228 « 2518 10 6 =-.0029 -.3110
B b -.1275 -.4128 10 7 -=.00u7 -l 593
) 5 -.2264 -.3788 10 8 .09L2 -.0667
6 6 -.1690 -.0924 10 9 . 2025 .2276
7 0 « 0952 10 10 « 2122 -.1192
7 i L4809 -.2867 11 0 .0081
7 2 .3187 .1889 11 .0936 -.1526
7 3 «2223 -.0891 11 2 =.0039 -.2263
7 L -.2061 -. 417 11 3 -.0204 .0559
7 5 .2676 .0358 11 4 .0539 -.0015
7 6 -.15689 -.4117 11 5 =-.01u8 -.2490
7 i .1069 -.4366 11 6 .0371 .0508
8 0 + DB 87 L1, 7 o 1113 w2117
8 1 .0766 -.1544 11 8 -.1605 .048L
8 2 L4486 -.3639 11 9 -.0789 -.0600
8 3 -.021u -.1668 11 10 =-.0292 -.0462
8 L - -.0421 11 11 -.1372 .0539

+ 3370
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Table 4.--Zonal harmonics C

no
g King-Hele
Coefficient [§g§g§ et al. Table 3
[1969]
108 B -484.1659 - —484,1709
10 630 0.9593 0.9615 0.9251
6_
10 Cuo 0.5310 - 0.5512
lO6 650 0.0693 0.06L48 0.0858
10° g, ~0.1392 = ~0.1886
| lD6 670 0.0932 0.1030 0.0952
| 65 —
| 10 CBO 0.0286 - 0.03837
106 690 0.0229 0.0000 -0,0027
108 © 0.0772 - ~.0066
10 O : )
6.._
10 Cll 0 -0.0421 0.0000 0.0081
Table 5 compares the low order harmonics obtained by Wagner

[1970], from resonant orbits, with those of table 3.

Table 5.--Low order harmonic coefficients

10% ¢ 10 © 108 ¢, 10%¢
5 . 22 32 33 Ly
olution 6 — f 5 — 6 —
10 822 10 832 10 833 10 SHH
Wagner 2.452Y 0.8871 0.6942 -0.0771
[1970] -1.4082 -0.6060 1.4207 0.3569
Table 2.4705 0.8899 0.8105 -0.1695
3 -1.4499 -0.8307 13283 0.4799
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Table 6.--Degree of variances

2
1 10° o 10° 0, zﬁgégalz
2 216.53 2.50 7.9
3 1.17 1.11 36.8
4 0.49 0.62 16.5
5 0.36 0.40 21.3
6 0.21 0.28 14,3
7 0.28 0.20 41.6
8 0.20 0.16 31.9
9 0.21 0.12 51.9
10 0.16 0.10 39.2
11 0.11 0.08 26.5

Table 6 shows the positive square roots of the mean degree
variances for the coefficients of table 3,

n _ _ 1/2
o = 1 y (CZ + 82 )
m:

2n+l nm nm

which indicate the decay of the harmonic coefficients in com-
parison with the rule of thumb,

and the anomaly degree variances,

-y (a1)? £ (R o+ B2 )
= = WA nm nm
m=1

where y denotes the normal gravity. The last column indicates
that the higher order coefficients of the solution presented
here may be improved upon.
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CONCLUSIONS

Although the worldwide distribution of the Doppler tracking
stations for which data were available is good, each satellite
was tracked by only a few stations. Furthermore, Doppler data
could not be obtained for polar satellites and satellites
with inclinations less than 41°. Despite these restrictions the
results show good agreement with existing solutions for the
earth's gravity field. These results again prove the feasibility
of using a simple layer model for the geopotential in satellite
geodesy. The poor determination of coordinates for the tracking
stations will be overcome by a combination solution using the
results of the worldwide satellite trlangulatlon network. To
strengthen results for the higher order harmonic coefficients,
gravity anomalies will be introduced into the combined solution.
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