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Executive Summary

As part of the planned modernization of the National Spatial Reference System (NSRS), the
National Geodetic Survey (NGS) is building new tools to improve their customer support. One
such tool, SPROCCET (Software for PRojecting Observations, Constraints and Cofactor
matrices/Errors through Time), will replace NGS’s HTDP (Horizontal Time-Dependent
Positioning) software. Overall, SPROCCET will perform much of the same function as HTDP in
projecting geodetic data through time, but with certain improvements: SPROCCET will use
vertical velocities and displacements, will project both geometric and orthometric quantities, and
will also project errors through time.

In order to support these expansions to the HTDP functionality, a variety of papers were written,
addressing the so-called multi-epoch least-squares adjustment (ME-LSA) problem (Smith et al.
2023a, Smith et al. 2023b, Smith 2023). However, those papers were highly generalized, without
specifically applying their equations to particular observations or constraints. This memorandum
builds upon those papers, using assumptions mentioned therein, specifically ignoring certain
correlations (Smith 2023), and applying the equations to the observations that will be supported
in the NGS Online Positioning User Service (OPUS) and reference epoch coordinate (REC)
adjustments (NGS 2021), with a particular emphasis on ensuring that SPROCCET is able to
create files usable by the NGS new least-squares adjustment suite, LASER (Least-squares
Adjustments: Statistics, Estimates and Residuals)

This memorandum contains the equations needed to project specific geometric and orthometric
values (observations or constraints, and their cofactor matrices) through time. The equations in
this memorandum are suitable for immediate incorporation into SPROCCET or any other
software that projects geodetic data through time.



1 SPROCCET and the purpose of this paper

As part of its efforts to modernize the National Spatial Reference System (NSRS), the National
Geodetic Survey (NGS) is planning to use least-squares adjustment (LSA) techniques to estimate
parameters (primarily geodetic coordinates) at passive control at specific epochs, based on
observations that could span decades (NGS 2021). Those estimated coordinates' are called
reference epoch coordinates (RECs).

The mathematical basis for combining observations and constraints from a variety of epochs into
a least-squares adjustment of coordinates at a single epoch (which NGS has dubbed the multi-
epoch least-squares adjustment problem, or ME-LSA) were detailed in a variety of recent papers
(Smith et al. 2023a; Smith et al. 2023b; Smith 2023). One of the key ideas in those papers
(excluding Smith et al. 2023b) is the transforming (or “projecting”) of observations and
constraints (at their original epochs) and their cofactor matrices through time into projected
observations and projected constraints (at the adjustment epoch) and their projected cofactor
matrices, as a necessary step prior to the LSAZ.

For many years, NGS has relied upon its Horizontal Time-Dependent Positioning (HTDP)
software to compute projected quantities (Snay 1999), though the term projected was not used at
the time. In fact, HTDP was the key pre-processor for all Global Navigation Satellite System
(GNSS) data as NGS prepared for the national adjustment in 2011 (Dennis 2020). Unfortunately,
HTDP suffers from a variety of shortcomings, including:

e It doesn’t work with orthometric quantities

e It doesn’t have very much vertical change information

e [t doesn’t propagate random errors through time

e Itis in FORTRAN, making it suboptimal for maintenance and incorporating into online
tools using more current programming languages

e [t contains at least one known error in an earthquake model

e [t mixes 14 parameter Helmert transformations with in-frame deformation models in a
non-modularized way that is counter to the direction NGS is taking with new, complex
software packages

For these reasons, HTDP does not have the necessary functionality to support the modernized
NSRS. Therefore, NGS is engaged in a project to create a new software tool named SPROCCET
(Software for PRojecting Observations, Constraints and Cofactor matrices/Errors through Time),
which is intended to replace HTDP as the primary engine for computing projected geodetic
values. The purpose of SPROCCET is to project observations and constraints and their cofactor

1 Most estimated parameters will be coordinates. However, some will not be, such as orientations of unoriented
horizontal directions. Such parameters are often called “nuisance parameters”. For the sake of simplicity, we will
generally use parameters and coordinates interchangeably unless it is necessary to be more specific.

2 NGS is also planning to estimate coordinates from much shorter time-spans of observations (NGS 2021), called
survey epoch coordinates (SECs), which do not need to be projected through time. As such, those adjustment
projects will not need to rely upon the projection functionality within SPROCCET.



matrices through time into projected observations, projected constraints and their projected
cofactor matrices. In addition to all of its other functionality, SPROCCET will incorporate three
primary modules:

1) 14H — A newly developed subroutine whose sole purpose is to perform 14-parameter
Helmert transformations

2) IFDM2022 — One of the two geodetic value change models (GVCM) within
SPROCCET, which uses velocities and displacing events (i.e., earthquakes) to project
geometric quantities through time within ITRF2020

3) DGEOID2022 — The second geodetic value change model (GVCM) within
SPROCCET, which uses velocities to project geoid undulations through time

The ME-LSA papers (Smith et al. 2023a, Smith et al. 2023b, Smith 2023) were highly
theoretical and generalized and did not contain explicit and easy-to-use equations for computing
projected values. It was therefore seen as important to derive from those papers the exact,
simple-to-use formulae needed to support the projecting of specific constraints and observations
within SPROCCET. That is the ultimate purpose of this paper. The explicit equations to be
coded up are found in sections 8 through 18, but a number of details must be clarified prior to
presenting those equations.

2 Observations, constraints and the adjustment epoch

For the purposes of this paper, observations and constraints come in two types: geometric or
orthometric. Constraints are further broken down into two sub-types: Coordinate constraints and
rank-invariant constraints. The latter resemble observations, such as a slant distance, but are not
true observations. However, because the equations in this paper that refer to projecting
observations and those that will project rank-invariant constraints are identical, we will eschew
the term rank-invariant constraint, and call them “observational constraints”. Coordinate
constraints, whether geometric or orthometric, refer to the coordinates of a single point.
Geometrically, all least-squares adjustments performed by NGS using a newly-developed least-
squares suite called LASER (Least-squares Adjustments: Statistics, Estimates and Residuals)
will estimate Earth-centered, Earth-fixed (ECEF) global Cartesian coordinates (XYZ). As such,
this is one of two permitted geometric coordinate constraint triads. The other is the triad of
geodetic longitude, geodetic latitude, and ellipsoid height. Orthometrically the only coordinate
constraints allowed are the orthometric heights (H) of points above the geoid.

Observations and observational constraints may involve one, two or three points, depending on
the type of observation. A complete list of coordinate constraints and observations/observational
constraints supported by SPROCCET (and ultimately to be supported in the products and
services of the modernized NSRS) is found in Table 1.



Table 1: Supported values in SPROCCET, their categories and number of involved points

What? Geom or Coordinate Number of
Ortho? Constraint (CC) or points

Observation/ involved

Observational

Constraint (O/0C)
ECEF Cartesian triad (XYZ) Geometric CC 1
Geodetic triad (A¢ph)? Geometric CcC 1
Orthometric height (H) Orthometric CC 1
Precise Point Positioning (PPP) Geometric 0/0C |
Slant distance Geometric 0/0C 2
Zenith angle Geometric 0/0C 2
Geodetic azimuth Geometric 0/0C 2
Unoriented horizontal direction Geometric 0/0C 2
GNSS measured baseline (GMB) Geometric 0/0C 2
Horizontal angle Geometric 0/0C 3
Differential orthometric height Orthometric or | O/OC )
(DOH) Geometric*

Constraints may be fixed or stochastic. Although NGS policy toward REC projects is that such
projects will never use projected constraints, the possibility exists that users will want to use
projected constraints in OPUS.

2.1 The adjustment epoch

The single most important thing that SPROCCET will take as input is a unique date and time, t,
called the adjustment epoch. SPROCCET will project observations or constraints and their
cofactor matrices at a number of different epochs through time into projected observations or
constraints, and their cofactor matrices, all at the adjustment epoch.

3 Coordinates vs coordinate constraints

The purpose of SPROCCET is to implement the equations that project observations and
constraints through time, in preparation for their use in a least-squares adjustment, as outlined in
the ME-LSA papers (Smith et al. 2023a, Smith 2023). This is a slight philosophical shift from
HTDP which was used as a general crustal deformation model, able to project coordinates
(without distinguishing them as “constraints”) in general, through time (horizontally). In
particular, the question of whether or not a coordinate is known without variance (fixed), with

3 We note that listing these coordinates in this order is unconventional, as they are often listed with latitude first,
as ¢Ah. However, as this paper will often rely upon quantities in the east, north, and up directions (in that order,
to retain the right-handedness of the system), and these values have direct relationships to longitude, latitude, and
ellipsoid height (respectively) it is best, for consistency, to list our geodetic coordinate constraints in A¢h.

4 Differential orthometric heights are orthometric observations, but may sometimes be used in a geometric least-
squares adjustment (when combined with differential geoid undulations). As such, they are listed both as an
orthometric and a geometric observation.



variance (stochastic) or is not known well at all (unconstrained) is of critical importance.
SPROCCET will only project the first two types, while leaving the third completely unmodified.

The difference between unconstrained coordinates and coordinate constraints is discussed
below.

For some point A, whose coordinates are given, there are two possible scenarios.

1)

2)

The provided coordinates are unconstrained coordinates, sometimes called a-priori
coordinates. Their sole function is to be “in the ballpark™ of the true coordinates, and thus
seed the least-squares adjustment engine in such a way as to allow it to work in residual
values, reduce numbers of iterations and keep the LSA from finding an incorrect local
minimum. Therefore, they might be inaccurate by up to tens of meters or more. The epoch of
such coordinates might or might not be known. Such coordinates may or may not come with
statistical information such as standard deviations. Examples of such coordinates might be
those found in the 80 and 86 records of a Bfile (Yeager, 1980), or those flagged with
“type=0" within a so-called “LASER Constraints’ file” (Snow et al. 2023), whether
geometric or orthometric. Considering the generally small differences between original
coordinates and projected coordinates (likely a few centimeters to decimeters due to
velocities and displacing events) and considering the lack of supporting information which
may come with a-priori coordinates, SPROCCET will not attempt to project unconstrained
coordinates through time. Nonetheless, such unconstrained coordinates have a very
important function, both within least-squares adjustments in general, and in the projecting of
observations in particular. That is, they serve as a-priori coordinates of points that are (a)
adjusted in a LSA and (b) needed to properly compute the projecting equations later in this
paper. Such a-priori coordinates will be represented with a “0” subscript in this document.

The provided coordinates are a constraint (either fixed or stochastic). These are accurate
coordinates, with a known constraint epoch, and fall into a few sub-scenarios.

a. The constraint epoch is the same as the adjustment epoch. If this is the case, then they
do not need to be projected through time, and therefore, if fed into SPROCCET, the
input constraint will be identical to the output projected constraint.

b. The constraint epoch is not the same as the adjustment epoch, and therefore the
constrained coordinates must be projected through time. In such a case, we must
distinguish between two types of constraints: fixed or stochastic. The two types are
listed below. The next paragraph will discuss what is needed for each, to project it
through time.

i. A fixed constraint, not at the adjustment epoch.
il. A stochastic constraint, not at the adjustment epoch.

5> Despite its name, a LASER Constraints file can hold coordinates that are fixed constraints (type=2), stochastic
constraints (type=1) or unconstrained (type=0).



When a coordinate constraint (fixed or stochastic) is provided to SPROCCET at some point, 4,

at some constraint epoch t;° (that is not the adjustment epoch) the following must be provided to
SPROCCET:

o I X4¢,Yar, Zay, are fixed constraints, then only X4 ¢, Yy 1., Z4 ¢, must be provided.

o I X4¢,Yar, Zay, are stochastic constraints, then Xy 1, Y4+, Za;, and their 3 X 3 cofactor
matrix, Zyyz 4 ¢, must be provided (or related information, such as standard deviations in
the east, north, and up directions, capable of computing the cofactor matrix is provided).

o If Ay, Dar, hay, are fixed constraints, then only Ay ¢, 4, har; must be provided.

o If Ay, Dar, hay, are stochastic constraints, then Ay ¢, da ) ha,;» and their 3 X 3 cofactor
matrix, X4 4 ¢, Must be provided.

o [IfHy, is a fixed constraint, then Hy ., as well as some a-priori longitude and latitude
(44,0, Pa0), must be provided.

o IfH At is a stochastic constraint, then Hy ., some a-priori longitude and latitude
(A4,0, Pa,0) and the 1 X 1 cofactor matrix (scalar) for the orthometric height, Xy 4 ., must
be provided.

4 Observations not at the adjustment epoch

It would be exceedingly rare for an observation to occur exactly at the adjustment epoch. If so,
however, then the input observation (and cofactor matrix) and the output projected observation
(and projected cofactor matrix) would be identical.

Therefore, for any given observation with its given cofactor matrix, the following additional
values must be given, prior to attempting to project the observation and its cofactor matrix
through time:

1) A-priori’ coordinates (longitude, latitude, and ellipsoid height: A, ¢, h) of all points
involved in the observation(s):
a. For Precise Point Positioning (PPP), just point A: A4 0,40, hao
b. For horizontal angles, points A4, B and C:
AA,O! ¢A,OJ hA,O! AB,O' ¢B,0' hB,O! AC,O' ¢C,0! hC,O
c. For a single GNSS measured baseline (GMB), points A and B:

AA,O! ¢A,O' hA,Or /18,0' d)B,O' hB,O

®In Smith et al. (2023a), variable t; was used for observation epochs, while t;,, ; and t,, | 4 were used for
stochastic and fixed constraint epochs, respectively. This was necessary for the derivations within that paper.
However, in this paper it is not necessary to maintain that level of separation, and we generalized any non-

adjustment epoch (whether for an observation or a constraint) as t;.

7 The “,0” subscript implies the a-priori nature of the coordinate value. It’s critical to note that any given
observation (involving points A and/or B and/or C) will almost certainly disagree with a so-called, and computable,
“a-priori observation” that can be computed by using the a-priori coordinates at points A and/or B and/or C. The
a-priori coordinates are not to be considered definitive, but are generally required to be “in the ballpark”. They are
needed for computations, but can be off by some fairly large amount from truth, without substantially impacting
the computations in this paper.



d. For two GNSS measured baselines (GMBs) in the same session, which share a
single common point, A, points 4, B and C:
AA,O! ¢A,O' hA,Or /18,0' d)B,O' hB,Or /16,0' d)C,Or hC,O
e. For all classical observations, aside from horizontal angles, points A and B:
AA,O! ¢A,OJ hA,O! AB,O' ¢B,0' hB,O
f. For differential orthometric heights, points A and B:
AA,O' ¢A,01 HA,O' AB,O' ¢B,01 HB,O
2) Observation epoch t;
3) IFDM2022 velocity grids and standard deviation grids in ENU
4) IFDM2022 displacement grids and standard deviation grids (and their respective epochs)
in ENU
5) DGEOID2022 velocity grids and standard deviation grids
6) 14-parameter Helmert transformations
7) The a and e? values of the GRS80 ellipsoid

4.1 To be computed for each observation before performing any projections
Using the given values from above, the following should be computed prior to projection:

1) Given A0, a0, ha0, 48,0, P50, N0 Acyor P00 heo cOompute
XA,O) YA,O' ZA,O' XB,O) YB,O' ZB,O) XC,O' YC,O' ZC,O
2) Giventandt; ,compute At =¢t; —t

5 Constraints not at the adjustment epoch

As mentioned earlier, constraints in future NGS REC projects will be restricted to coordinate
constraints at the adjustment epoch. There will be no observational constraints at all, nor any
constraints not at the adjustment epoch. However, OPUS will be built to allow users to specify
both coordinate constraints and observational constraints; furthermore, any given constraint
might or might not be at the adjustment epoch. If not at the adjustment epoch, the constraint will
be at the constraint epoch.

When the constraint is at the adjustment epoch the input constraint (and cofactor matrix, if the
constraint is stochastic) and the output projected constraint (and projected cofactor matrix, if the
constraint is stochastic) would be identical.

Therefore, for any given constraint with its given cofactor matrix (if stochastic), the following
values must be given, prior to attempting to project the constraint and its cofactor matrix through
time:

5.1 For Coordinate Constraints:
1) The coordinate constraints themselves. One of these three:



a. A, ¢, h8
b. XYZ
c. H
2) The cofactor matrix (or related information® capable of computing the cofactor matrix) of
the coordinate constraints, if they are stochastic.
3) Constraint epoch t;
4) IFDM2022 velocity grids and standard deviation grids in ENU
5) IFDM?2022 displacement grids and standard deviation grids (and their respective epochs)
in ENU
6) DGEOID2022 velocity grids and standard deviation grids
7) 14-parameter Helmert transformations
8) The a and e? values of the GRS80 ellipsoid

Using the given values from above, the following should be computed prior to projection:

1) Given A4(t;), Pa(t;), ha(t;) compute X4 (t;), Ya(t:), Z4(t;)
2) Giventandt;,compute At =t; —t

5.2 For Observational Constraints
1) The observational constraint value.
2) A-priori coordinates of the involved points:
a. For PPP, just point A: A4, $a0, hao
b. For horizontal angles, points A4, B and C:
/1A,O¢A,0! ) hA,O! AB,O' ¢B,0' hB,O! AC,O' ¢C,0! hC,O
c. For a single GMB, points A and B: A4, ®40,ha0, 150, 5o, Ao
For two GMBs in the same session, which share a single common point, A,
points A, B and C: 140, a0, ha0, 28,0, P80, N80 Acior P00 o
e. For all classical observations, aside from horizontal angles, points A and B:
AA,O! ¢A,O' hA,Or /18,0' d)B,O' hB,O
f. For differential orthometric heights, points A4 and B:
/1A,0! ¢A,OJ HA,OI AB,O! ¢B,OJ HB,O
3) Constraint epoch t;
4) TFDM2022 velocity grids and standard deviation grids in ENU
5) IFDM2022 displacement grids and standard deviation grids (and their respective epochs)
in ENU
6) DGEOID2022 velocity grids and standard deviation grids

8 Although the coordinates estimated in the NGS geometric adjustments will be strictly XY Z, it is possible that
users will wish to constrain a point to its longitude, latitude, and ellipsoid height (A¢h) values. As such, equations
to allow for this situation will be provided in this paper.

° For example, constrained coordinates in XYZ might be provided, but standard deviations in the east, north, and
up directions available. These latter values could be used to compute the cofactor matrix of the constrained XYZ
coordinates.



7) 14-parameter Helmert transformations
8) The a and e? values of the GRS80 ellipsoid

Using the given values from above, the following should be computed prior to projection:

1) Given 440, Pa,0. a0, 25,0 P50 R0, Ac,0, Pe,os Pic,o compute
XA,O' YA,O! ZA,O! XB,O' YB,OI ZB,O' XC,OI YC,O! ZC,O-

2) Givent and t; , compute At = t; —t.

6 Relating a global ECEF Cartesian frame to a local geodetic horizon

frame

We designate three rotation matrices My, M, and M3 to represent a rotation of a Cartesian
coordinate frame about the X, Y, or Z axes of that frame, respectively. These rotation matrices
are consistent with a positive rotation in the counterclockwise direction of a right-handed
coordinate system, when viewed down the axis from the viewpoint of its positive end (Leick and
van Gelder, 1975). Each rotation matrix can be found in Appendix A of Leick (2004), but is
repeated below. We purposefully avoid using “R” for these rotation matrices for reasons that will
be clear soon.

1 0 0

M;(6) =10 cosf sin@ (1)
|0 —sinf cos6l
[cos@ 0 —sinf]

M,(6)=]| 0 1 0 2)

[sinf 0 cos@ |
[ cosf® sinfd O]

M;(6) = |—sinf cosf O ?3)
0 0 1]

In order to relate any vector (dx, dy, dz) in a local geodetic horizon (LGH) frame, with its origin
at point A (on the surface of the Earth), where the x, y, and z axes point east, north, and up
respectively, with the same vector but expressed in a global Cartesian (GC) frame (dX,dY, dZ),
where the X, Y, and Z axes point to the prime meridian (X), the pole (Z), and the Y axis forms a
right-handed system, we use the following general formula:

dx de T T ax dX
dy| = |dn| = M, (E —a) My (E +24) |dy | = M, |ay |, o)
dz du dz dz
where we have introduced matrix M, as:
o - —siny COS Ay 0
MA=M1(§—¢A)M3(§+7\A)= —sin¢g, cosdy —sing,sind, cosd, |, (5)
cos ¢, COS Ay cosd,sind, sind,



For ease of later notation, we now introduce matrix R, as:

—sindy, —sind,cos}, cosd,Ccos)y
Ry=M," =| cosdy, —sind,sind, cosd,siniy |, (6)
0 cos b, sing,,

The notation here matches that of the derivation of the multi-epoch least-squares adjustment
(ME-LSA) in Smith et al. (2023a), therefore R, is defined as the transpose of M.

If we have a-priori coordinates for point A (¢ ,,A4) we define matrices My o and Ry as:

—siniy o COS A4 0
Myo=|~ sing, ,cosAyg —sing, sindyy cosd, | (7)
cos ¢, , COS Ao cos, 4 sin Ao  sin b0
—sindyo —sin $ 4 COS Aao cos $ 4 COS Aao
Ryo = MA,OT =| coshyo —sing, sindyy cosd,sindyp |, (8)
0 cosd, sing,

Consider now the variety of classical observations that are generally collected in a local
astronomic horizon (LAH) frame, and then through use of deflections of the vertical are reduced
to the LGH frame. Generally speaking, they involve two points, which we will call A and B. In
the case of horizonal angles, they involve three points, A, B and C. In every case the instrument
is at point A, and sighting point B, and sometimes sighting point C. To see this more clearly,
observe Figure 1 and Figure 2.



(Geod. Up / ellipsoidal normal)

Z (Unspecified
direction for 0°
horizontal
circle reading)

(Geod. North)
Y

(Geod. East)

Figure 1: Relation between slant distance (s), zenith angle (8), geodetic azimuth (a) and unoriented
direction (&) and a local geodetic horizon ENU frame

(Geod. Up / ellipsoidal normal)

a

(Geod. North)
Y

X
(Geod. East)

Figure 2: Relation between horizontal angle (®) and a local geodetic horizon ENU frame
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Note that in the above figures, the sighting vector from A to B originates at point A and ends at
some point B. Because 4 is the origin of the LGH frame, it has coordinates (x4, y4,24) =
(0,0,0). If we then designate the vector components from A to B as (e, n,u) we can simplify and
expand (4) as follows:

e Xp — Xy
ln :MA YB_YA
ul Zg —Z,

—(Xg — X,)sindy + (Yg — Y3) cos Ay ©)
=|—(Xg —Xy)cosAysinpy — (Yg —Yy)sinAysindp, + (Zg — Zy) cos by |.
| (Xp —Xy) cosAycosdy + (Yp —Yy) sindycosdy + (Zg — Zy) sindy

When a third point, C, is involved (generally only when a horizontal angle is the observation),
we use the following equation for the second set of east, north, and up vector elements:

e’ Xc—Xa
n'|= MA YC - Y;l
u' Zc— 1,

—(Xe — Xy) sinAy + (Yo —Y,) cos Ay (10)
=|-X¢e —Xy) cosAysind, — (Yo —Yy)sindysind, + (Zg — Z4) cos by .
(Xe —Xy) cosAycosdy + (Yo —Yy)sindy cosdy + (Zp — Zy) sindy

When we are provided with a-priori coordinates for points A, B or C, then we can generate a-
priori versions of the east, north, and up vector elements as:

eo _(XB,O - XA,O) Sln )\A,O + (YB,O - YA,O) COS }\'A,O
[nol = [~ (Xg,0 = Xa0) cos Ay 5indao — (Yao = Yao) SinAaosindao + (Zpo — Zao) cos dapol, (11
uo (XB,O - XA,O) COS )\A,O CoSs ¢A,O + (YB,O - YA,O) Sin )\A,O CoSs q)A,O + (ZB,O - ZA,O) Sin ¢A,0
and
e(’) _(XC,O - XA,O) Sin }\A,O + (YC,O - YA,O) COoS )LA,O
n(’) = _(XC,O - XA,O) COoS AA,O Sin ¢A,0 - (YC,O - YA,O) Sil’l }\A,O Sil’l q)A,O + (ZC,O - ZA,O) CoSs q)A,O . (12)
u’o (XC,O - XA,O) COS }\A,O COoSs (I)A,O + (YC,O - YA,O) Sin }\A,O COoSs (I)A,O + (ZC,O - ZA,O) Sin ¢A,0

The above formulae will be referenced extensively in the next few sections. Note in the figures
below that x, y, and z (lower case) are the names of the axes in the east, north, and up direction
in a LGH frame. They should not be confused with X, Y, and Z (upper case), which are
coordinates in the GC frame.

7 Commonly needed vectors, matrices and scalars

Projecting observations or constraints through time requires the use of certain scalars, vectors
and matrices, whose sizes depend on whether one is projecting something that refers to one, two,
or three points. See Table 1 for a summary. This section will discuss the content and sizes of
those commonly used items.
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The first thing needed is the observation or constraint epoch t;. From this, a difference with the
adjustment epoch, t, is formed as:

At =t;—t. (13a)

Also needed will be the sign of At as noted in Smith (2023):

+1 ifAt >0
q = sgn(At) ={—1 ifAt <0 (13b)
0 if At = 0.

Most observations/observational constraints, with the exception of PPP and horizontal angles,
involve two points, which we will call A and B. Coordinate constraints and PPP
observations/observational constraints involve only one point, A, while horizontal angles involve
three points, A, B, and C. Additionally complicating the situation is that GNSS measured
baselines (GMBs) are frequently processed together in a session, and while any one GMB
involves two points, the session processing means that we must consider the correlations
between two GMBs. More on that is found in in section 15.

For all observations or constraints, certain values will be extracted from the GVCMs themselves
(IFDM2022 and DGEOID2022), and used to populate certain vectors and matrices needed to
perform the projection of observations or constraints through time. This section provides those
details.

First, for any given point, say point A, there will be an a-priori longitude and latitude. This value
is used to interpolate a value off of numerous grids.

Second, from IFDM2022 (crustal deformation and velocity model), there will be three grids of
crustal velocity (one each for east, north, and up) and three companion grids of standard
deviation of crustal velocity (one each for east, north, and up). Then, for each event (earthquake)
that impacts the observation or constraint, there will be six grids (three for crustal displacements
in east, north, and up and three for the standard deviations of those crustal displacements in east,
north, and up).

Next, from DGEOID2022 (velocity model of GEOID2022), there will be one grid of geoid
undulation velocity (in the up direction) and one companion grid of standard deviation of geoid
undulation velocity (in the up direction). Current plans do not call for DGEOID2022 to contain
any displacement grids to account for earthquakes or other episodic events.

After interpolation from the various grids, we have the following quantities at point A.

e ENU velocities: E,, Ny, U,

e Standard deviation of ENU velocities: 0, 05,0y,

e ENU displacement for each event “k”: AE, ;, ANy, AUy,

e Standard deviation of ENU displacement for each event “k™: 0xg, ,, 0an, ,» Oau,,

12



e Geoid undulation velocities'’: L,
e Standard deviation of geoid undulation velocities: o;,

We will refer to this set of values as the interpolated values at point A. A similar set of
interpolated values at point B or at point C will exist for those points, if needed. These values are
then used to populate specific vectors and matrices, as outlined below. When discussing whether
or not an event impacts an observation or constraint, we will say that the observation or
constraint epoch is i, and events (k) which impact this observation or constraint will fall between
epoch i and the adjustment epoch and will be designated by k € K (i).

7.1 For coordinate constraints, single-point observations/observational constraints or a
common point between two GNSS measured baselines within the same GNSS
session

In this case, only one point, 4, is involved. The interpolated values will populate three vectors

and three dispersion matrices. Further, the a-priori coordinates at point A will be used to populate
a useful rotation matrix, R. We define vectors v, d and w and matrices Z,,, £, Z,, and R as:

E,
V= NA , (14a)
Uy
AE, g
d= Z ANA,k , (14b)
k AU k
keK (i)
of 0 0
— 2
,=10 oy, 0] (140)
0 0 o}
ORg,, O 0
— 0 o? 0
Zd Z ANA,k 2 ) (14d)
keK (i) 0 0 OAU Ak

10 The conventional variable for geoid undulation in the geodetic literature is N. However, as N is being used
exclusively to mean “north” in the ENU system, we adopt the variable L for geoid undulation for this paper, which
matches the notion used in Smith (2023).
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w=[L,], (14e)

2
Sw = [of,] (141)
—sind,oy —cosAypsind,yy COSAyoCOSPyp
R=Ryo=|coshyy —sindygsind,o sindygcosdyp|. (14g)
0 cosdy o sin ¢y o

7.1.1 Special case for orthometric height constraints

Orthometric heights (H) are the coordinates at points in an orthometric adjustment, but
projecting them through time does not have any dependence upon the velocities and
displacements from IFDM2022 in the east (longitude) nor north (latitude) directions. As such,
for this specific coordinate constraint, there are some special vectors and matrices, which are
used in conjunction with (14e) and (14f):

d= Z [AU, k],

- (15b)
keEK (i)
2

ZU = [O-UA]' (15(:)

Yg = Z [GAZUA,k .
k 15d
keK (i) ( )

7.2 For two-point observations/observational constraints (slant distances, etc.)

In this case, the observation/observational constraint involves two points, A and B. The
interpolated values will populate three vectors and three dispersion matrices. Further, the a-priori
coordinates at points A and B will be used to populate a useful rotation matrix, R, extrapolating
from the definition of R4 o in (8) to make Rp o, below. We define vectors v, d and w and

matrices X, X4, X,, and R as:

14



_O_E.z

0

0

X, = 0

0

K

_O-AZEA,k
0
0

Zd = Z

- 0
keK (i) 0
0

_E',A -
N,
U
v=|.4
Eg
Np
U
-AEA,k
AN, i
B AUy
a :;: AEg, |
kek (i) | ANp i
AU
0 0 0 0 0]
g, 0 0 0 0
0 a5, 0 0 0
0 0 g, 0 0]
0 0 0 o; O
0o 0 0 0 oq5]
0 0 0 0 0
OAn,, O 0 0 0
0 ok, O 0 0
0 0 0k, O 0 |
0 0 0  ofy,, O
0 0 0 0 0y,

(16a)

(16b)

(16c¢)

(16d)

(16e)

(16f)
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R 0
R=[A,O ]:

0 Rgp
—sindsy —cosAggsingdyy €OSAggCOSPyp 0 0 0
cosAyg —sinAggsindyo  Sindygcosdyy 0 0 0
_ 0 cos Py sin 4o 0 0 0 (16g)
0 0 0 —sinAgy —cosAggsindgy cosAggcospy|
0 0 0 cosdgy —sinAggsindg, sinAggcosdpg,
0 0 0 0 cosdp sindp

7.2.1 Special case for differential orthometric height observations/observational constraints
Differential orthometric heights (DOHs) are a two-point observation, but projecting them
through time does not have any dependence upon the velocities and displacements from the
IFDM in the east (longitude) nor north (latitude) directions. As such, for this specific
observation/observational constraint, there are some special vectors and matrices, which are used
in conjunction with (16e) and (16f):

V= UA
Ugl (17a)
AUy
d= Z [AUB,,J' (17b)
keK (i)
- O'LZ,A 0
*Zlo el (170
Z _ Z O—AZUA,k 0
‘ 0 ORug, ) (17d)
k B,k
keK (i)

7.3 For three-point observations (horizontal angles)

In this case, the observation involves three points, A, B and C. The interpolated values will
populate three vectors and three dispersion matrices. Further, the a-priori coordinates at points A
and B will be used to populate a useful rotation matrix, R, extrapolating from the definition of
R, 1n (8) to make Rp o and R o below. We define vectors v, d, and w and matrices X,,, 4, X,
and R as:
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(18a)

(18b)

(18¢)
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' (18d)

0 0

0 0

0 0

0 0

0 0

0 0

0 0
oy ck 0

0 UAZUC_k_

oS OO oo

0
CoSAc g €oS Peg
sinA¢ o cos e

_O-AZEAk 0 0 0 0 0 0
0 iy, O 0 0 0 0
2
0 0 OAU 4 0 0 0 0
0 0 0  Okgy, O 0 0
5, = Z 0 0 0 0 oy, O 0
k 2
kek (D) 0 0 0 0 0 OAUgx 0
0 0 0 0 0 0 UAZEC k
0 0 0 0 0 0 0
0 0 0 0 0 0 0
Ly
w=|Lg|,
Le
O'LA 0
,=|0 o
w Lp §
2
0 0 O'LC
[—sind,, —cosdygsing,, cosAygcosd,,
cosAyo  —sindygsing,, sindy,cos $ 40
0 cosd, sing,
Ryo 0 0 0 0 0
R=|0 Rgy O |= 0 0 0
0 0 0
0 0 0
0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
—sinAgy —cosAgysindgy COSAggCosdpg 0 0
cosdgy —sinAgysingpg, SinAggcosdpy 0 0
0 cos g sin g 0 0
0 0 0 —sinAgy —COSAcqSindeg
0 0 0 cosAcg  —sinAgsindey
0 0 0 0 cos P¢o

sin ¢ o

(18e)

(181)

(182)

Although horizontal angles (the only 3-point observation in this paper) are purely geometric, we
have included (18¢) and (18f), which deal with orthometric quantities, just for completeness.
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The remainder of this paper is broken into sections, one for each observation/observational
constraint type first, with coordinate constraints in the sections after that. In each section (except
for GMBs, section 15) are two primary equations, outlined in a box, one for converting a value
into a projected value, and the second for converting the cofactor matrix into the projected
cofactor matrix. For GMBs, because off-diagonal values must be computed, and two different
scenarios of point-sharing considered, there are additional primary equations, all outlined in a
box. All primary equations are derived directly from Smith et al. (2023a), but section-by-section,
are derived for the particular observation/observational constraint or coordinate constraint being
discussed.

8 Observation/observational constraint: Slant distances

Slant distances are uncorrelated with one another. As such, one slant distance will be a scalar,
and its cofactor matrix, being a 1 X 1 matrix, will also be a scalar, which we will call its
variance.

The slant distance, when standing at point A and sighting point B will be denoted by s and its
variance by 2. The projected slant distance and the variance of the projected slant distance will
be designated by § and o respectively.

The equations relating the original values to their projected values is [see equations 22, A25 and
A31 in Smith et al. (2023a) and equations 14 and 19 of Smith (2023)] are seen in the box below.

§=s—AR(Atv + qd) (19)
02 =02 + AR(At?%, + X )RTAT (20)

The vectors v, d and matrices X,,, £; and R are found in (16). At and q are found in (13).

To derive matrix A, we begin with the equation relating the slant distance to the geometric
coordinates of its involved points is (note this does not require use of the e/n/u values):

S(XA! Y:4!ZA!XBJ YBIZB) = \/(XB - XA)Z + (YB - YA)Z + (ZB - ZA)Z' (21)

Matrix A is then derived from (21) as per equations 10, 37 or 60'! of Smith et al. (2023a):

A=[A1 Az A3 A4 As A6]=_ Ar

ds 0s O0Os ds ds 05]
X, dY, 0Z, 0Xyz 0Yy 0Zg

Xa=X4,0YA4=YA4,0Z4=Z7,0
XB=XB,0,YB=YB,0ZB=ZB,0

_ _(XB,O - XA,O) _(YB,O - YA,O) _(ZB,O - ZA,O) (XB,O - XA,O) (YB,O - YA,O) (ZB,O - ZA,O) (22)

In (22), the s, value is computed from a-priori coordinates as:

11If the slant distance is an observation, equation 10 is the relevant equation. If it is a stochastic constraint,
equation 37 is relevant, substituting matrix S for matrix A in this paper. If it is a fixed constraint, equation 60 is
relevant, substituting matrix F for matrix A in this paper.
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s0(Xa,0Ya0r Za0, X50, Ya0, Z5p) = \/(XB,O - XA,O)Z + (Yo — YA,O)Z +(Zpo — ZA,O)Z- (23)

9 Observation/observational constraint: Geodetic zenith angles

Geodetic zenith angles are uncorrelated with one another. As such, one geodetic zenith angle will
be a scalar, and its cofactor matrix, being a 1 X 1 matrix, will also be a scalar, which we will call
its variance.

The geodetic zenith angle, when standing at point A and sighting point B, will be denoted by
and its variance by O'E. See Figure 1. The projected geodetic zenith angle and the variance of the

projected geodetic zenith angle will be designated by 8 and 0[% respectively.

The equations relating the original values to their projected values are seen in the box below.

f = — AR(Atv + qd) (24)

o5 = 0f + AR(At?T, + Z)RTA” (25)

The vectors v, d and matrices X,,, £; and R are found in (16). At and q are found in (13).

To derive matrix A, we begin with the equation relating the geodetic zenith angle to the vector
components in the LGH frame:

B(XA' YA' ZA, XB' YB! ZB) = arctan (26)

Vve? 4+ n?

” .
Substituting (9) into (26) will yield the relationship between the geodetic zenith angle and the
GC coordinates'?, allowing us to take the derivatives of § with respect to X, Y and Z.

Matrix A is then derived from (26) using (9), as per equations 10, 37 or 60'® of Smith et al.
(2023a):

A=[A1 Az A3 A4 As Aa]

_[0B 0B 9B OB 0P 65]
~lox, oy, 0z, 0Xz 0Yy 0Zg

Xa=Xa0YAa=Ya0Z4=Za0,
XB=XB,0,YB=YB,0.ZB=ZB,0 (273)

where:

S0 COS Py COS Ay — COS Py (XB,O — XA,O)

A1 = _A4 =
2 .
sg sin B

(27b)

)

12 Because they are lengthy, those expanded equations are not shown here, but can be inferred from Leick (2004)
and Wolf (1963).

13 If the zenith angle is an observation, equation 10 is the relevant equation. If it is a stochastic constraint, equation
37 is relevant, substituting matrix S for matrix A in this paper. If it is a fixed constraint, equation 60 is relevant,
substituting matrix F for matrix A in this paper.
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S0 COS Py Sindy g — cos fy (YB,O — YA’O)

A, = —Ac = , 27¢
2 5 sg sin By 27¢)
Ao = A = So singy, o — cos (ZB,O - ZA,O) 27d)

3 6 s sin B, '

In (27), the s, value comes from (23) and the S, value is computed from a-priori coordinates as:

Jed +ng

Bo (XA,Or Y400 24,0, X0, YB,00 ZB,O) = arctan y
0

. (28)

where the ey, ny and ug values can be computed from (11), using the a-priori coordinates of
points A and B.

10 Observation/observational constraint: Geodetic azimuths

Geodetic azimuths are uncorrelated with one another. As such, one geodetic azimuth will be a
scalar, and its cofactor matrix, being a 1 X 1 matrix, will also be a scalar, which we will call its
variance.

The geodetic azimuth, when standing at point A and sighting point B, will be denoted by a and
its variance by o2. (See Figure 1.) The projected geodetic azimuth and the variance of the
projected geodetic azimuth will be designated by @ and o2 respectively.

The equations relating the original values to their projected values are seen in the box below.

a=a— AR(Atv + qd) (29)
o2 = 02 + AR(At?3, + T )RTAT (30)

The vectors v, d and matrices X,,, £; and R are found in (16). At and q are found in (13).

To derive matrix A, we begin with the equation relating the geodetic azimuth to the vector
components in the LGH frame:

e
a(X,, Yo, Z4, Xg, Y, Zg) = arctan [H] G1)

Substituting (9) into (31) will yield the relationship between the geodetic azimuth and the GC
coordinates'?, allowing us to take the derivatives of a with respect to X, Y and Z.

Matrix A is then derived from (31), using (9), as per equations 10, 37 or 60'° of Smith et al.
(2023a):

14 Because they are lengthy, those expanded equations are not shown here, but can be inferred from Leick (2004)
and Wolf (1963).

15 If the geodetic azimuth is an observation, equation 10 is the relevant equation. If it is a stochastic constraint,
equation 37 is relevant, substituting matrix S for matrix A in this paper. If it is a fixed constraint, equation 60 is
relevant, substituting matrix F for matrix A in this paper.
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Al 4 A A, 4 A]—[aa da Jda OJda Oa OJa
“Wh A A A As A= on By, 9z, 0X, 0Ys 07,

Xa=X4,0YA=Y4,0Z4=Z7,0
XB=XB,0,YB=YB,0ZB=ZB,0 (323)

where:
—sSing, o cosdyosinag + sindy o cos a,
A1 s _A4 = - ) (32b)
So Sin
—singy,qsind, o sinag — cos o cosag
A, = —A5 = - \ (32¢)
Sp Sin B,
cos ¢4 o Sin ay
A3 =—Ag=—"F"—"7. (32d)
So sin B,

In (32), the s, value comes from (23), the 8, value comes from (28) and the a value is
computed from a-priori coordinates as:

€o
afo (XA,OI YA.O’ ZA,OF XB,O' YB,O' ZB,O) = arctan [n_] (33)
0

where the e, ny and u, values can be computed from (11), using the a-priori coordinates of
points A and B.

11 Observation/observational constraint: Unoriented horizontal

directions

Unoriented horizontal directions (UHDs) are simply geodetic azimuths plus some constant, but
unknown, orientation parameter, € (being the angle from the horizontal-circle “zero reading” to
geodetic north). As 6 is not projected through time, the equations for projecting UHDs follow
very closely those of geodetic azimuths. For completeness, the equations are shown below.

UHDs are uncorrelated with one another. As such, one UHD will be a scalar, and its cofactor
matrix, being a 1 X 1 matrix, will also be a scalar, which we will call its variance.

The UHD, when standing at point A and sighting point B, will be denoted by § and its variance
by oZ. (See Figure 1.) The projected UHD and the variance of the projected UHD will be
designated by § and 032 respectively.

The equations relating the original values to their projected values are seen in the box below.

5 =6 — AR(Atv + qd) (34)
of = af + AR(At?E, + Z,)RTAT (35)

The vectors v, d and matrices X,,, £; and R are found in (16). At and q are found in (13).

To derive matrix 4, we begin with the equation relating the UHD to the vector components in the
LGH frame:
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e
6(Xy,Yy,Zy, X5, Y5, Zg) = a + 6 = arctan [;] + 6. (36)

Substituting (9) into (36) will yield the relationship between the unoriented horizontal direction
and the GC coordinates'®, allowing us to take the derivatives of § with respect to X, Y, and Z.

Matrix A is then derived from (36) using (9), as per equations 10, 37, or 60'7 of Smith et al.
(2023a):
a6 06 096 06 0965 06
A=[A, Ay A3 A, A5 Agl=|— — — 2 2> 2
9X, 0Y, 0Z, 0X; 0Y; 0Zg
[a(a +60) d(a+0) d(a+6) d(a+0) d(a+6) d(a+0)
X, aY, 97, 09X, Y, 975

Xp=Xp,0,Yp=YB,0,Z8=Zp,0

92 90 0a 00 da 30 da 00 Oa 30 6a+69]
ox, Yax, av, "oy, 9z, "9z, 9X, 09X, oY, oY, 0z @ 97,

Xa=Xa,0Ya=Ya,02Z4=2Z4,0,
XB=Xp,0YB=YB,0ZB=ZB,0

Xa=Xa,0Ya=Ya,024=Z4,0,

Xa=Xp,0Ya=Ya,024=Z 4,0,
Xp=Xp,0,Yp=Yp0Z=Zp,0 (3 7)
S[2% 40 2y Wyg i 24y 2 +o]
~lox, Y, 0Z, 0Xpg Yy 75 Xa=Xa0¥a=Ya,024=Za0,

Xp=Xp,0,Yp=YB,0,Z8=Zp,0

_'6(1 da da Oda Oa Ba]

lox, aY, 0z, 0X, Yy 0Zg

Xa=Xa0Ya=Ya0Za=Za0,
XB=XB,0YB=YB,0ZB=ZB,0

Note that matrix A in (37) is identical to that in (32), so all of the elements of the A matrix in
(37) can be found in (32b)-(32d).

12 Observation/observational constraint: Horizontal angles
Horizontal angles are uncorrelated with one another. As such, one horizontal angle will be a

scalar, and its cofactor matrix, being a 1 X 1 matrix, will also be a scalar, which we will call its
variance.

The horizontal angle, when standing at point A and sighting point B, and then turning clockwise
to sight point C, will be denoted by w and its variance by o2. (See Figure 2.) The projected
horizontal angle and the variance of the projected horizontal angle will be designated by @ and
o2 respectively.

The equations relating the original values to their projected values are seen in the box below.

w = w — AR(Atv + qd) (38)
02 = a2 + AR(At?*%, + X )RTAT (39)

The vectors v, d and matrices Z,,, £; and R are found in (18). At and g are found in (13).

16 Because they are lengthy, those expanded equations are not shown here, but can be inferred from Leick (2004)
and Wolf (1963).

17 If the unoriented horizontal direction is an observation, equation 10 is the relevant equation. If it is a stochastic
constraint, equation 37 is relevant, substituting matrix S for matrix A in this paper. If it is a fixed constraint,
equation 60 is relevant, substituting matrix F for matrix A in this paper.
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To derive matrix A, we begin with the equation relating the horizontal angle to the vector
components in the LGH frame:

!

e e
WXy, Y0, Z4, X5, Y5, Z5, X, Y, Zo) =’ —a = arctanl l — arctan [E] (40)

n

In (40) we apply the fact that the horizontal angle is simply the difference of two geodetic
azimuths. See Figure 2.

Substituting (9) and (10) into (40) will yield the relationship between the geodetic azimuth and
the GC coordinates'8, allowing us to take the derivatives of w with respect to X, Y, and Z.

Matrix A is then derived from (40) using (9) and (10), as per equations 10, 37 or 60'° of Smith et
al. (2023a):

A=[Ay Ay As Ay As Ag A; Ag Ao
ow Odw Jdw OJdw Ow Jdw Jw OJw Jw

~lox, oy, 9z, 9X, oYy 0Z, X, 9Y, 0Z

Xa=Xn,0YAa=Ya0Z4=Z4,0
XB=XB,0,YB=YB,0,Z2B=ZB,0,
Xc=Xc0Yc=Yc0.Zc=Zco
_ [a(a’ —a) (a'—a) 0(a —a) da —a) d(ad —a) d(a —a)
1 oax, aY, 9Z, 0Xp Yy 0Zy

o —a) 0@ —a) d(a' — a)]

X, oY, 9z,

Xa=X4,0YA=YA4,0Z4=Za,0
XB=XB,0,YB=YB,0.Z2B=ZB,0,
XC:XC,O'YC:YC,O'ZC:ZC,O (413)
_ da’ da’' da’ 0da’' oda' da’ da’ da’ 6a’]
“lox, ov, 0z, 0Xy 0Yy 0Zy 09X, 9Y, 9Z

Xa=X4,0YA4=Y4,0Z4=Z7,0
XB=XB,0,YB=YB,0.2B=ZB,0,
Xc=Xc,0Yc=Yc0.Zc=Zc,0

(da Oda Oda Oda Oda Jda OJda O« aa]
0X, dY, 0Z, 0Xgp 0Yy 0Zy 0X, dY, 0Z.

Xa=X4,0YA=YA4,0ZA=Za,0
XB=XB,0,YB=YB,0.Z2B=ZB,0,
Xc=Xc,0Yc=Yco0Zc=Zc,0

“lox, v, a7, ©° 0 ax, av, oz

[da’ da’ da’ da’ da’ aa’]

Xa=X4,0YA=YA4,0ZA=Za,0
XB=XB,0,YB=YB,0.ZB=ZB,0,
Xc=Xc,0Yc=Yco0Zc=Zc,0

da da Oda Oda Oda OJa
0X, dY, 0Z, 0Xz dYy 0Zg

000]

Xa=X4,0YA=YA4,0Z4=ZA,0
XB=XB,0,YB=YB,0,ZB=ZB,0,
Xc=Xc,0Yc=Yc0.Zc=Zco

Note that a similar reverse-sign parallelism between the derivatives of an azimuth with respect to
point A and point B, as seen in section 10 occurs here, only it is complicated by the fact that we
are dealing with two azimuths and three points. Specifically, that:

Jda Oa aa]_ Jda Ja Jda

aX, 3, 3z, | ax, av, "9z} (41b)

18 Because they are lengthy, those expanded equations are not shown here, but can be inferred from Leick (2004)
and Wolf (1963).

19 If the horizontal angle is an observation, equation 10 is the relevant equation. If it is a stochastic constraint,

equation 37 is relevant, substituting matrix S for matrix A in this paper. If it is a fixed constraint, equation 60 is
relevant, substituting matrix F for matrix A in this paper.
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da’ da’' da’ da’ da’ oa’
_— —] = |- - - (41¢)

This lets us write (41a) entirely as derivatives with respect to point A, creating (41d), which is
useful when keeping track of so many equations and sign changes.

=>A=[A Ay A3 Ay, As Ag¢ A; Ag Ag]
_ da’ da’' da’ 0 0 0 da’ da’ 6a’]
~lox, ov, 0z, X, oY, 07,

Xa=X4,0YA=Y4,0Z4=Z7,0
XB=XB,0,YB=YB,0.ZB=ZB,0,
Xc=Xc,0Yc=Yc0.Zc=Zco

[da OJda OJa oa Ja Ja 0 o 0]
10X, dY, 0dZ, 00Xy, oy, 0Z,

Xa=X4,0YA4=YA,0Z4=Z7,0
XB=XB,0,YB=YB,0.ZB=ZB,0,
Xc=Xc0Yc=Yco0Zc=Zc,0

_'aa’ da’ da’ 0 0 0 Jda’ da’ 6a’]
- X, oY, 9,

Xa=X4,0YA=YA4,0ZA=ZA,0
XB=XB,0,YB=YB,0,2B=ZB,0,
Xc=Xc,0Yc=Yc0Zc=Zco

ox, oy, 0z,

Jda Jda da Oda OJda OJa

000]

Xa=X4,0YA=YA,0Z4=Z7,0
XB=XB,0,YB=YB,0ZB=ZB,0, 41d
Xc=Xc0Yc=Yc0Zc=Zc,0 ( 1 )

B Jda’ Oda Jda’ Oa Jda’ Oa
~[\ox, ax, Y, aY, 0Z, 07,

Gr) &) Gz) -Gx) ~Gr) ()

Xa=X4,0YAa=Y4,0Z4=Z4,0
Xp=XB,0,YB=YB,0ZB=ZB 0,
Xc=XcoYc=Yco0Zc=Zco

And thus, we have:

2 <— sin ¢, o cos Ay sinag + sindy, o cos a(’)>
1 p—

Sg sin 8,
: . . (41e)
<— Sin g, o COS Ay g sinagy + sindy o cos ao)
Sp sin B,
2 —sing, o sindy g sinay — cos A4 cos a;
2 Sg sin 8, @19
—sing,osind, o sinag — cos i,y cosag
S Sin By
cos ¢4 0 sin a cos ¢4 0 Sin a
Ay = (220 %0 (22 P02 T (41g)
So sin f Sp sin B,
—sing, o cosAyosinay + sindy o cos a,
A, = : (41h)
So Sin
—singyosind,gsinag — cos Ay cosag )
A = : (411)
Sp sin B,
cos ¢4 o sinay .
Ag = (— (41j)
Sp Sin 8,
—sing, o cos Ay sinag + sin i,y cos ag
A7 = - [ [; (41k)
S sin 8
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—sin sin A, o sin &}, — cos A4 o COS &,
Ag = _( ®a0 A,O, . 0, A,0 o) @11)
So sin B
cos sin a
Ay =— <L> (41m)
So sin 3,

Where s, B, and a, come from (23), (28), and (33) respectively. In (41), the s, value is
computed from a-priori coordinates as:

50(Xa0: Ya.0, Za0: Xc,00 Ye00 Zco) = \/(Xc,o - XA,O)Z + (Yoo — YA,O)2 +(Zco — ZA,O)Z: (42)

the S, value is computed as:

/2 ' 2
e, +ng
Bo (XA,O: Yao,Zap, Xc00 YC,O»ZC,O) = arctan | (43)
0
and the a; value is computed as:
1A
/ _ €
at(Xa0r Yo Zao X0, Yo, Zc,0) = arctan — (44)
0

where the e}, ny and ug values can be computed from (12), using the a-priori coordinates of
points A and C.

13 Observation/observational constraint: PPP

Precise point positioning (PPP) observations are uncorrelated with one another, but they come as
a triad of GC coordinates, rather than single values. As such, one PPP observation will be a

3 X 1 vector, and its cofactor matrix will be a 3 X 3 matrix.

The PPP observation/observational constraint at point A, will be denoted?® by X = [X,, Yu, Z4]"
and its cofactor matrix by Zy. The projected PPP observation and the cofactor matrix of the
projected PPP observation will be designated by X and Xy respectively.

The equations relating the original values to their projected values are seen in the box below.

X = X — AR(Atv + qd) (45)
Yx = Ix + AR(At?Y, + T, )RTAT (46)

The vectors v, d and matrices X,,, £; and R are found in (14). At and q are found in (13).

To derive matrix 4, we begin with the equation relating the PPP observation to GC coordinates:

20 Using the notation that a bold value indicates a vector.
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Xa
Yy
Zy
Matrix A, which is 3 X 3, is then derived from (47) as per equations 10, 37 or 60%!' of Smith et al.
(2023a):

X(XA' Ya, ZA) = . (47)

A=[A, A, Ay=]|2% X ax] —é (1) 8—1 (48)
1 2 3 aXA aY;q aZA XA=XA,0;YA=YA,0'ZA=ZA,0 0 0 1 >

Note that matrix A is entirely filled with constants, so there is no reliance of matrix A4 upon a-
priori coordinates.

14 Observation/observational constraint: Differential Orthometric
Heights

Differential orthometric heights (DOHs) may be an observation/observational constraint in either
an orthometric adjustment?? (estimating orthometric heights, H) or in a geometric adjustment®?
(estimating ECEF global Cartesian coordinates, XYZ). However, the equations for projecting
them are identical in each case, and are covered in this section.

DOHs are uncorrelated with one another. As such, one DOH will be a scalar, and its cofactor
matrix, being a 1 X 1 matrix, will also be a scalar, which we will call its variance.

The DOH is the difference in orthometric heights between points A and B, and will be denoted
by AH and its variance by ;. The projected DOH and the variance of the projected DOH will
be designated by AH and o2 respectively.

The equations relating the original values to their projected values are seen in the box below.

AH = AH — A(Atv + qd — Atw) (49)
oir = afy + A(AL?Z, + 3,4 + At?3,)AT (50)

The vectors v, d and matrices Z,, and Z; are found in (17). Note that these are 2 X 1 vectors and
2 X 2 matrices, different from those in (16). At and q are found in (13). Note the addition of
vector w and matrix Z,,, found in (16), which did not appear in earlier equations dealing with
purely geometric quantities. Also note that no rotation matrix, R, is needed, since orthometric
heights are parallel with the direction of the up velocities and displacements in [IFDM2022 and
geoid velocities in DGEOID2022.

21 If the PPP value is an observation, equation 10 is the relevant equation. If it is a stochastic constraint, equation
37 is relevant, substituting matrix S for matrix A in this paper. If it is a fixed constraint, equation 60 is relevant,
substituting matrix F for matrix A in this paper.

22 |n NGS parlance, these observations will usually be found in “41* and 42* records in an “R6 or R7 file”.

23 |n NGS parlance, these observations will usually be found in “*45* records” in a “B-file”.
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To derive matrix A, we begin with the equation relating a DOH to the orthometric coordinates of
its involved points:

AH(HA' HB) = Hp — Hy. (51)

Matrix A is then derived from (51) as per equations 10, 37 or 60%* of Smith et al. (2023a):

_ [0AH 0AH]
- loH, oHj,

A=[A; A]

=[-1 +1]. (52)

Ha=Hp,0,Hp=Hp,o

Note that matrix 4 is entirely filled with constants, so there is no reliance of matrix A upon a-
priori coordinates.

15 Observation/observational constraint: GNSS measured baselines

GNSS measured baselines?> (GMBs) are correlated with one another, processed together in one
session. These correlations will cause a significantly different approach to computing projected
observations/observational constraints and cofactor matrices than was seen with previous
sections.

Let us begin with some assumptions. First, though a session is often hours (sometimes days)
long, there is a mean epoch associated with each session. It will be assumed that all GMBs in
that one session have the same observation epoch, which will be the mean epoch for the session.
Second, it is assumed that because the GMBs in one session are correlated, that the cofactor
matrix for all GMBs will be full. Finally, based on (Smith 2023), the projected cofactor matrix
will only differ from the original cofactor matrix in the following ways:

e The on-diagonal 3 X 3 blocks for each GMB will change
e The off-diagonal 3 X 3 blocks relating two GMBs that share one point will change

Aside from these, no changes to the cofactor matrix for the session will occur. Due to this special
situation, the equations relating original cofactor matrices to projected cofactor matrices will be
more complex than in previous cases.

Before proceeding, we note that the variables i and j will be used in this section as an index for
two different GMBs. Thus, in this section, i will not refer to an observation epoch. In fact, as
mentioned above, the entire GNSS session is assumed to have a single observation epoch
common to every GMB in the session. Thus At is computed as the difference between the
adjustment epoch and that one GNSS session epoch.

One GMB will be stored in a 3 X 1 vector. Let us assume that a session contains ¥ GMBs. The
i*" GMB, where 1 < i < r, from point F; to point T;, will be denoted by AX; =

24 |f the differential orthometric height is an observation, equation 10 is the relevant equation. If it is a stochastic
constraint, equation 37 is relevant, substituting matrix S for matrix A in this paper. If it is a fixed constraint,
equation 60 is relevant, substituting matrix F for matrix A in this paper.

25 We avoid the word “vector” here, to reduce confusion with vectors in the linear algebra sense.
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[XT,i —Xp i Yri —YeiZpi — ZF,i]T. The j** GMB, where 1 < j < r, from point F; and T}, will
be denoted by AX; = [X rj — XpjpYrj—YejZrj—Zp, j]T. The complete vector containing all r
GMBs will be sized 3r X 1 and be denoted by AX = [AXlT, AXZT, . AX,.T]T.

The cofactor matrix for all r GMBs will be sized 3r X 3r. Each 3 X 3 on-diagonal block will
correspond to one GMB. Each 3 X 3 off-diagonal block will correspond to the pairing of two
GMBs. The full cofactor matrix will be designated Xy. The i*"* on-diagonal block, corresponding
to the i*" GMB, will be designated Zx,. The j* on-diagonal block, corresponding to the j*
GMB, will be designated X X;- The off-diagonal block corresponding to the i*" and jt* GMBs,

where 1 < i < j < r will be designated Ix,;-

The vector of all projected GMBs will be designated AX, and its projected cofactor matrix will
be designated as Ex. Sub-vectors and sub-matrices designated AX;, AX;, 3x,, Zx, and Zx,, can be

understood by the context of their subscripts.

Because GMBs are correlated with one another, they require slightly more equations than in
previous examples.

The first equation is much like previous ones for projected observations/observational
constraints, in this case relating a single GMB to its projected version, and is in the box below.

| AX; = AX; — A;R;(Atv; + qd;) (53) |

The vectors v;, d; and matrix R; are found in (16), but using F; for point A with and T; for point
B. At and q are found in (13).

To derive matrix 4;, we begin with the equation relating the GMB to the geometric coordinates
of its involved points:

XTi _XFl
AXi(XFi' YFi’ZFi’XTi’YTi’ZTi) =|Yr; = Ye; |. (54)
Zr, — Z,

Matrix A;, which is 3 X 6, is then derived from (54) as per equations 10, 37 or 60%° of Smith et
al. (2023a):

26 |f the GMB is an observation, equation 10 is the relevant equation. If it is a stochastic constraint, equation 37 is
relevant, substituting matrix S for matrix A in this paper. If it is a fixed constraint, equation 60 is relevant,
substituting matrix F for matrix A in this paper.
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A =1[A1; Az A3z Asi As; Aei] =
OAX; OAX; 0AX; 0AX; 0AX; 0AX,
=|ox;, oY, 0z, oX,, oY, oZr,

X1i=XTi0YT{=YT102T;=2T 0

XFi=XFioYFi=YF;0ZFi=ZF;
—1 0 0 +1 O 0 >
=0 -1 0 0 +1 0|=[-L L]

Note that matrix A is entirely filled with constants, so there is no reliance of matrix A upon a-
priori coordinates.

The projected cofactor matrix is more complicated to form than in previous sections. This is
because we will need to compute off-diagonal blocks, something not seen in any of the previous
observations. The projected cofactor matrix will therefore be built one 3 X 3 block at a time,
using two equations. The first is the equation for the i*" 3 X 3 on-diagonal block, corresponding
to GMB “i”, seen in the box below.

Sz, = Ix; + AiRi(At?Z,, + 24,)R" A" (56)

The matrices X,,;, X4, and R; are found in (16), but using F; for point A with and T; for point B.

At is found in (13). Matrix 4; is found in (55). Note that (56) is identical to the upper left 3 X 3
matrix in equation 32 of Smith (2023).

The second equation is for the 3 X 3 off-diagonal block in the upper triangular portion of the
projected cofactor matrix that corresponds to GMBs i and j (i < j), and which only happens if
GMBs i and j share a common point. However, there are four scenarios where this happens, and
they do impact the equation to use. Recall that GMB i runs from F; to T; and GMB j runs from
F; to T;. The four scenarios are:

a) Their “from” points are the same (e.g. F; and F; are the same point)

b) Their “to” points are the same (e.g. T; and Tj are the same point)

¢) The “from” point of GMB i is the “to” point of GMB j (e.g. F; and T; are the same point)
d) The “to” point of GMB i is the “from” point of GMB j (e.g. T; and F; are the same point)
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t J
F;
Fj
Scenario “a@” Scenario “b”
Fj T; Fi T
Scenario ”C” ScenaI’IO ”d”
Figure 3: Four scenarios for two GMBs that share a common point
Under scenarios a and b, we have:
g, = Zx;; + R.(At?%,, + %4, )R (57a)
Under scenarios ¢ and d, we have:
S5, = Zx;j — R.(At?%,, + %4, )R (57b)

Both (57a) and (57b) represent the upper right 3 X 3 matrix in equation32 of Smith (2023). In
(57a) and (57b), the subscript “c” means “common point between the two GMBs”. To be

explicit, we would do the following:

For scenario a: We use (57a). The “c” means point F; (or Fj, being the same). Matrices Z,, , Z4

and R, come from (14), but using F; (or F;) for point A.

For scenario b: We use (57a). The “c” means point T; (or T}, being the same). Matrices %, , £4

and R, come from (14), but using T; (or T}) for point A.

For scenario ¢: We use (57b). The “c” means point F; (or T}, being the same). Matrices %, , £4

and R, come from (14), but using F; (or T}) for point A.

For scenario d: We use (57b). The “c” means point T; (or F;, being the same). Matrices £, _, 24

and R, come from (14), but using T; (or F;) for point A.

Cc

Cc

Cc

Cc

31




To clarify, there is no matrix A in (57a) or (57b), because each scenario has a different A matrix,
(full of positive and negative identity matrices and zeroes) which has already been multiplied
through to yield (57a) and (57b). This is why there is a plus sign in (57a), but a minus sign in
(57b).

16 Coordinate Constraint: XYZ

Stochastically constrained global ECEF Cartesian coordinates, XYZ, might be provided with
correlations between points. This might occur when an earlier LSA has been performed, and the
full estimated dispersion matrix of estimated XYZ coordinates was computed. In such a case, that
full matrix could enter the ME-LSA problem as inverse weight matrix P,,~* (Smith et al. 2023a).
However, allowing a full inverse weight matrix for stochastic constraints to enter the LSA
problem is beyond the current capabilities of LASER. As such, we will restrict ourselves to the
case where stochastically constrained XY Z coordinates will not have correlations between points.
Obviously, this is a non-issue if the coordinates are fixed constraints.

Still, even if correlations between points are ignored, stochastically constrained coordinates may
have correlations between any of the three coordinates at the point itself. Thus, stochastically
constrained global ECEF Cartesian coordinates, XY Z, must be given with a 3 X 3 cofactor
matrix that may or may not contain covariances with one another (between X and Y, for
example). SPROCCET will be built with the assumption that, at most, covariances between X
and Y, X, and Z and Y and Z are given at one point, but that no covariances are given between
the coordinates of different points.

As such, one geometric coordinate triad will be a 3 X 1 vector, and its cofactor matrix will be a
(possibly full) 3 X 3 matrix.

The XYZ coordinates at point A, will be denoted by X = [X,,Y,, Z,]7 and its cofactor matrix by
Xx. The projected coordinates and the cofactor matrix of the projected coordinates will be
designated by X and Xy respectively.

The equations relating the original values to their projected values are seen in the box below.

X = X — AR(Atv + qd) (58)
S5 = Sy + AR(At?S, + £,)RTAT (59)

The vectors v, d and matrices X,,, £; and R are found in (14). At and q are found in (13).

To derive matrix A, we begin with the trivial equation relating the XYZ coordinates to
themselves:

X4

Y
Za

X(Xp, Yo, Zp) = | Yu |- (60)
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Matrix A, which is 3 X 3, is then derived from (60) as per equations 37 or 60%’ of Smith et al.
(2023a):

X 0X oX 100
AZ[A1 Az A3]= ] =10 1 0|=I.
aXA aY'A aZA XA=XA_0,YA=YA'0,ZA=ZA’0 0 0 1 ° (61)

Note that matrix A is entirely filled with constants, so there is no reliance of matrix A upon a-
priori coordinates.

16.1 Special case: Constrained XYZ with standard deviations in east, north and up

There is a possibility that a coordinate constraint will be provided in XYZ while the only
information about its cofactor matrix is in the form of standard deviations in the east, north, and
up directions (o5, gy and oy). In this case, it is assumed that such standard deviations are in
linear (e.g., meters) units, and not curvilinear (e.g., arcseconds). In such a case we must show
how to compute the projected vector in XYZ, while providing a projected cofactor matrix either
in ENU or in XYZ.

We begin by defining the cofactor matrix, which we call, £y, based on the provided east, north
and up standard deviations as:

¢, 0 0
ZENU = 0 O-I\ZIA 0 . (62)
0 0 o5,

Using the information in section 6 we may write:
Xx = RaoZenu (63)

where R, o comes from (8). We use R o, rather than Ry, since we only have a-priori coordinates
at our point A. Note that, due to the full nature of the R, o matrix, that matrix Xx will be full,
rather than diagonal.

Now we insert (63) into (59) to arrive at Xx. If this was the goal, we are done. If, however, we
wish to revert our cofactor matrix back to ENU, then we must apply matrix R, o again, this time
in transpose, to arrive at:

It is possible that matrix Xzxm will be full, so if one is only interested in the projected standard

deviations in the east, north and up directions, then taking the square roots of the diagonal
elements will achieve this.

27 |f the XY Z coordinate triad is a stochastic constraint, equation 37 is relevant, substituting matrix S for matrix A
in this paper. If it is a fixed constraint, equation 60 is relevant, substituting matrix F for matrix A in this paper.
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17 Coordinate Constraint: Adh

Despite NGS policy to perform geometric adjustments in a purely XYZ system, it is possible that
constrained coordinates might be provided as geodetic longitude, geodetic latitude, and ellipsoid
height (A¢h).

Unlike in the previous section, we must be meticulous in our use of units, since longitude and
latitude are expected to be provided in curvilinear units (e.g., degrees), while their standard
deviations may be in curvilinear units or in linear units (e.g., meters). To distinguish among these
various possibilities, we introduce a bracketed sub-script for units only, where [d] means
“degrees”, [m] means “meters” and “[d, m]” will mean a mix of degrees and meters (which
happens when values related to longitude, latitude, and ellipsoid height all fall in the same vector
or matrix). Thus o, |4) and oy 4] are the standard deviations of longitude and latitude in degrees
and 0y ) and g [y are their standard deviations in meters, while, for example, X, |4 ) is the
cofactor matrix of velocities (expressed in degrees/year for longitude and latitude, but in
meters/year for ellipsoid height) in [IFDM2022.

As in the previous section, we will allow for correlations between coordinates at a point, but not
between points. Thus, stochastically constrained geodetic coordinates, A¢ph, must be given with a
3 X 3 cofactor matrix that may or may not contain covariances with one another (between A and
¢ for example). SPROCCET will be built with the assumption that, at most, covariances
between A and ¢ and, A and h and ¢ and h are given at one point, but that no covariances are
given between the coordinates of different points.

As such, one geodetic coordinate triad will be a 3 X 1 vector, and its cofactor matrix will be a
(possibly full) 3 X 3 matrix.

The A¢h coordinates at point A, will be denoted by A = [A,, ¢4, h4]” and its cofactor matrix by
2. The projected coordinates and their projected cofactor matrix will be designated by A and Xz
respectively.

Due to the non-linear relationship between XYZ and A¢h, and due to the happy circumstance of
Agh aligning with the ENU storage in IFDM2022 and DGEOID2022, we will directly relate the
original and projected quantities within the A¢h system, without translating into or out of the
XYZ system.

The equations relating the original values to their projected values are seen in the box below.

A =A—A(Atvgm + 9d[gm]) (65)
S5 = Za + A(AL2 S, fgm) + Zafam])AT (66)

where:
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1180 0 0
T[R)l
v[d,m] = 0 180 0 D,
T[R¢
L 0 0
1180 0 0
T[R/'L
d[d,m] = O 180 O d,
T[Rd)
L 0 0 14
'(18 )2 0 0'
T[Rl
Ly lam] = . (180)2 . Iy,
T[R¢
L0 0 1
"(180)2 0 0‘
T[R/'L
Yalam] = . (180)2 . Za,
T[Rd)
0 0 1
and
a
RA = - y
J1—e?sin?¢
a(l —e?
R, ( )

- (1 — e?sin2 ¢)3/%

(67a)

(67b)

(67¢)

(67d)

(68a)

(68b)

Equations 65 and 66 provide a projected coordinate constraint, and its projected cofactor matrix,
in Agh. The NGS LASER software is capable of incorporating that projected constraint, despite
the current policy that geometric adjustments are performed solely in the XYZ system. However,
if an LSA software suite is not capable of using A¢h constraints in an XYZ adjustment, then the

A vector should be converted to an X vector, and matrix Xz converted to matrix Zx. Methods for

doing so are not included in this memorandum.

The vectors v, d and matrices X,,, £; and R are found in (14). At and q are found in (13).

To derive matrix A, we begin with the trivial equation relating the A¢h coordinates to

themselves:

35



A4
A(Ag, Pa hy) = [¢A]- (69)
ha

Matrix A, which is 3 X 3, is then derived from (69) as per equations 37 or 60%® of Smith et al.
(2023a):

A=[A, A, Ay oA OA OA ] (1) 2 8 I (70)
= 1 2 3/ = - -
aAA a(»bA ahA A=24,0P4=Pa0ha=hapo 0 0 1 ’

Note that matrix A is entirely filled with constants, so there is no reliance of matrix A upon a-
priori coordinates.

18 Coordinate Constraint: Orthometric Height (H)

Orthometric heights (“coordinates™), H, might be provided with correlations between points.
This might occur when an earlier LSA has been performed, and the full estimated dispersion
matrix of estimated H coordinates was computed. In such a case, that full matrix could enter the
ME-LSA problem as inverse weight matrix P,,~* (Smith et al. 2023a). However, allowing a full
inverse weight matrix for stochastic constraints to enter the LSA problem is beyond the current
capabilities of LASER. As such, we will restrict ourselves solely to the case where stochastically
constrained H coordinates will not have correlations between points. Obviously, this is a non-
issue if the coordinates are fixed constraints.

In general, SPROCCET will be built with the assumption that no point-to-point correlations are
given. As such, one orthometric coordinate will be a scalar, and its cofactor matrix will also be a
scalar, which we will call its variance.

The orthometric coordinate at point A will be denoted by H and its cofactor matrix by . The
projected coordinate and the cofactor matrix of the projected coordinate will be designated by H
and 0% respectively. The equations relating the original values to their projected values are seen
in the box below.

= H — A(Atv + qd — Atw) (71)
o2 + A(At?S, + 3, + At23,)AT (72)

The vectors v, d and matrices X,, and X, are found in (14). At and g are found in (13).

To derive matrix 4, we begin with the trivial equation relating the orthometric height to itself:

H=H, (73)

2 |f the ¢Ah coordinate triad is a stochastic constraint, equation 37 is relevant, substituting matrix S for matrix A
in this paper. If it is a fixed constraint, equation 60 is relevant, substituting matrix F for matrix A in this paper.
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Matrix A is then derived from (73) as per equations 37 or 60%° of Smith et al. (2023a):

0H

A=[A]= [m

] = +1. (74)

Note that matrix A is composed of a single constant, so there is no reliance of matrix A upon a-
priori coordinates.

19 Implications of quantities that can be fixed or stochastic

As noted earlier, constraints may be fixed or stochastic. Additionally, as mentioned in Smith et
al. (2023a), the GVCMs (IFDM2022 and DGEOID2022) may be treated as known with variance
(stochastic) or known without variance (fixed). Finally, observations themselves (not
observational constraints) always have random observation error, making them stochastic by
nature.

Each stochastic value has some random error that contributes to the projected cofactor matrix in
its own way. Essentially, their roles come down to a few simple rules:

1. If you are projecting an observation, the observational error is always used.

2. Ifyou are projecting an observational constraint, and it is a stochastic constraint, then the
observational constraint error is used. Otherwise, the observational constraint error is set
to zero.

3. Ifyou are projecting a coordinate constraint, and it is a stochastic constraint, then the
coordinate constraint error is used. Otherwise, the coordinate constraint error is set to
Zero.

4. No matter what is being projected, if IFDM2022 is being treated as fixed, then set the Z,,
and X; matrices to zero. Otherwise use them as is.

5. No matter what is being projected, if GEOID2022 is being treated as fixed, then set the
¥,y matrix to zero. Otherwise use it as is.

See Figure 4 for an example of how these rules are applied. Although this is for the projected
cofactor matrix of a differential orthometric height, it can be extrapolated to other observations
or constraints.

29 |f the H coordinate is a stochastic constraint, equation 37 is relevant, substituting matrix S for matrix 4 in this
paper. If it is a fixed constraint, equation 60 is relevant, substituting matrix F for matrix 4 in this paper.
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0t = ofy + A(AL?E, + 24 + AL?E,)AT

/

This is always These are zero if

non-zero for IFDM2022 is

observations. treated as fixed.
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Figure 4: How to apply various stochastic values in the equation for the projected cofactor
matrix of a differential orthometric height.

20 Summary

The multi-epoch least squares adjustment problem, ME-LSA, (Smith et al. 2023a), will be a
cornerstone of both NGS adjustment projects as well as OPUS adjustment projects in the
modernized NSRS (NGS 2021). The ME-LSA involves some complicated mathematical
equations that center around the concept of projecting geodetic quantities through time, turning
observations, constraints and their cofactor matrices into projected observations, projected
constraints and their projected cofactor matrices. Both in the original derivation (Smith et al.
2023a) as well as in an expansive discussion of covariances within the ME-LSA (Smith 2023),
generalized equations covering a variety of observations, etc., were derived. But such
generalized equations do not lend themselves to the problem of coding up working algorithms on
a case-by-case basis for each specific type of observation or constraint.

This paper takes the foundational work in Smith et al. (2023a) and Smith (2023), and, on a case-
by-case basis, derives the equations needed to code up an algorithm for projecting quantities
through time. These equations will be the heart of a new piece of software called SPROCCET,
which will replace NGS’s current software HTDP. When complete, SPROCCET will be capable
of projecting all supported observations and constraints through time, as well as propagating
their random errors so that a projected cofactor matrix will also be computed. Once SPROCCET
is complete, NGS plans to use it as a pre-processor for all NGS REC adjustment projects, all
OPUS adjustments and to integrate its functionality into NGS’s growing toolkit of integrated
products.
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