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Complete Comparator Calibration 
LAWRENCE W. FRITZ 

Photogrammetric Research Branch 

National Ocean Survey~ NOAA, Rockville, Md. 

ABSTR.-\C'I'. The complete measurement and data reduction prn('edures used to perform routine comparator 

<'alibratiuns for quality l'ontrnl of all comparator measurements arc presented. The tt"chniques and mathematical 

models developed art> applicablt" to all measuring c·omparaturs includiniz: those with rectangular formats. The 

mathematical mndd ust"d for the isolation of linear systt"mati<' errors consists of a new exact solution of the 

general lin .. ar tra1bformation problem. from which the calibration parameters are exactly derived functions. 

Polynomials are applif'd to define the systematic nonlinear errors inherent in the comparator. The adjustment 

rt>siduals are pr .. sented in the <'oordinate systf'ms of both the measurements and the grid in order to isolate 

i:rid f'rrors from random errors. Rigorous statistical analyses of all system components and results are included. 

These statistics isolate the errors of the pointinge. the grid. the comparator. and the residual syatem noise (random 

errors). Tht> accompanying verHtile FORTRAN·coded computer program provides numerous computational 

options and sf'Vf'ral i:raphic outputs to permit easy diagnostic evaluation of the complete measurement system. 

I. l;\"TRODUCTION 

One of the primary components of the analytic 
photogrammetric syt-tem is the measuring com· 
parator. To achieve the maximum accuracy in the 
mensuration process. a rigorous quality control 
practice mu~t be pursued. This has been achieved 
in the analytical photogrammetry system at the 
National OC'ean Survey (NOS). The backbone of 
this quality control practice is a complete com· 
parator calibration computer program. The mathe· 
matical and statistical bases for this program are 
detailed in this report. This comparator calibration 
is considered complete inasmuch as the linear 
mathematical routines involved are exact and the 
statistical analysis is rigorous. 

Before t>laborating on the specific routines in· 
clu<fed in the computer program, a general outline 
of the reasons for calibration is in orde r. First. all 
comparators are mechanical and therefore are 
restrictt>d in prec1s10n by the manufacturing 
processes that produced them. These mechanical 
imperfections result in th£" creation of systematic 

1 

measuring errors that , by proper analysis, may be 
modeled mathematically and removed. Secondly, 
a calibration process, properly administered, will 
monitor the performan('e quality of the measuring 
machine and hence indicate when repair, readjust­
ment. or maintenance are required. A complete 
calibration will also monitor the quality of the 
measuring performance of the instrument operator 
and the quality of the precision grid plate used 
for a standard. 

In many analytical photogrammetry problems the 
calibration of the comparator may be included as 
a portion of the coordinate refinement needed for 
the reduction of other systematic errors such as 
film <fistortion. At NOS, this practice is discouraged 
as our policy is to isolate each individual source of 
systematic error. This policy provides an estimate 
of the magnitude of each contributing source of 
error and helps to prevent the modeling of quasi­
systematic errors generated by false correlations 
of error sources in a cQmbined adjustment. 

The techniques and mathematical models pro· 
vided in this report are valid for all brands of two· 



coordinate measuring comparators now used in 
analytical photogrametric aerotriangulation. This 
includes all comparators that rely on precision 
lead screws, precision grid plates. precision linear 
scales, multiple measuring marks. or interfero· 
metric fringe counters. The techniques provided 
for the calibration of comparators designed for 
rec tangular format photography (e.g., 9 by 18 in) 
vary from those used on the more common square 
format comparators. but the mathematical routines 
are the same. The computer coded routines given 
are written for comparators with a I -micrometer 
(µ.m) least count, but are mathematicaJly valid 
for more precise instrume nts. 

II. THE MEASUREMENT PROCESS 

A. The Grid Plate 

The procedure outlined herein is designed to 
provide a thorough calibration for any two-axis 
measuring comparator. Thi> method requires the 
use of a high-quality glass grid plate. The grid plate 
should contain well-defined gridline intersections 
symmetrically spaced in a square pattern. For 
square format comparators. the diagonal of the grid 
pattern must be long enough to extend across the 
maximum measuring area used on the comparator. 
An additional condition. imposed when the com para· 
tor axes are not mutually independent. requires that 
the maximum measuring area used be covered by 
the side length of the square grid pattern. For a 
comparator used to measure standard 9- by 9-in 
aerial photographs the ideal overall grid size is 9 by 
9 in or larger. Experience has demonstrated that 
25 grid intersections provide the needed redundancy 
for a complete comparator calibration. A 36-inter· 
section grid is economically unfeasible because of 
the additional measuring and time involved. A 16-
intersection grid provides limited redundancy. 

A square. 25-intersection grid should also be used 
on rectangular format comparators. For example. on 
a 9- by 18-in comparator a 9- by 9-in grid is ideal. A 
smaller square grid can be used if the maximum 
measuring area can be spanned by several rotated 
placements of the grid. 

The grid plate must be microfla1 and optically 
clear, and should be at least 1/4 in thick to ensure 
flatness stability. Ideally, the gridlines should be 
engraved. However. suitable hil!:h·quality grids 
which are marked with vacuum-deposited metallic 
chrome lines are now available. Lesser quality 
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photographic grids are also available but not recom­
mended. The gridline width is obviously dependent 
on the size of the comparator measuring mark. For 
least count of I-micrometer (µm) comparators, 
whic~. typically have 40-µ.m diameter measuring 
marks. a gridline width of lOµm is preferred. 

Calibrated grid intersection X,Y coordinate 
values (Poetzschke 1967, Fritz 1972) are desirable 
for complete comparator calibration. However, as 
shown in this report. a linear comparator calibra· 
lion is possible without calibrated grid values and 
a total (linear and nonlinear) comparator calibra· 
tion is possible with minimal grid value information. 

Each of the 25 grid intersections should be clearly 
marked by a finder circle and a number on the 
reverse side of the grid plate. 

The accompanying computer program is designed 
for the numbering shown in figure 1 for an emulsion· 
up grid plate. The program will accept any trans· 
position of this basic numbermg scheme. 

B. Measurement 

The frequen cy of performing comparator calibra­
tions is dependent upon the workload and on the 
inherent stability of the instrument. At NOS we 
find that lead screw and way comparators require 
single operator calibrations every 2 months during 
periods of constant work. This calibration interval 
provides a quality control check on the instrument 
performance and provides a means of anticipating 
any need for future repairs or adjustments. nder 
light workload conditions. an annual calibration 
would be sufficient. For the more stable glass grid, 
glass scale. and multiple measuring mark com· 
parators. frequent initial calibrations are desirable. 
These initial calibrations will provide improved 
values of the manufacturer's built-in measuring 
s tandard values. After initial calibration these 
stable comparators need recalibration only after 
repairs have been made on their optical train, 
measuring standard, or encoder. 

Preparation 

A primary requisite for all comparators is envi· 
ronmentaJ control, especially temperature and dust 
control. Temperature fluctuations can create 
havoc with measurements on any comparator in 
which the measurement standard is composed of 
a different material from the medium being meas· 
ured. These fluctuations can cause internal stresses 
that will alter the calibration of the instrument even 
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FIGURE !.-The grid plate system. engraved side up. 

when it is not in use. If a lead screw or other 
temperature sensitive comparator has a heat 
producing internal light source. it should be left 
on permanently. Otherwise, much time will be lost 
daily in warming up the comparator or, still worse, 
the daily measurements will be adversely affected 
by thermal gradients. Production measurements 
can provide an indication of the need for repairs 
but normally will not indicate a change in the basic 
calibration parameters. 

Standard practice is to perform preventive 
maintenance, e.g.. lubrication and lens cleaning. 
before calibration. A complete calibration set 
consists of single operator measurements of the 
grid plate in each of four different 9(f rotations 
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(cases) on the comparator. The designation of each 
rotation ca.se is defined by the relationship of the 
corner grid intersection nearest to the comparator 
x, y origin (fig. 2). 

The following outline assumes that the com· 
parator is interfaced with a typewriter, an output 
numbering device. and tape or card output. The 
recommended setup and general preparatory guide· 
lines for measurement are sequentially: 

(1) Clean the comparator thoroughly and per· 
form the preventive maintenance recom­
mended by the manufac turer. 

(2) Gently wipe off any dust on the grid plate 
with an antistatic brush. Keep fingers 
off of the grid plate! 



t3) Place grid on comparator in tht> first case 
position. ~take sure the grid is stable and 
ffat on the comparator stage. The computer 
JJrogram allows the grid to he either 
emulsion up or down. The program can 
make a simultaneous adjustment of up to 
20 cases measured by up to 5 operators. 
The case positions and numbers are: 

Crid corners 
Opera1or # 2 3 4 5 nearest operator 

5 9 13 17 I and 21 

Ca~ .. 2 6 JO 14 18 I and 5 

numbers :l 7 II 15 19 5 and 25 

4 8 12 16 20 21 and 25 

-L-------~ +)l 
(0,0) 

Case #5 Operator Here 

+y 

--l-------------=~+x 
(0,0) 

\/ 
Case #7 Operator Here 

For C'omparators that allow plate rotation. 
the grid plate ideally should be oriented so 
that the grid lines are rotated ± 11.3° from 
the comparator axes (fig. 20). It may be 
necessary for the grid plate to be rotated 
even more than 11.3° if the measuring area 
normally used exceeds this span of the grid 
plate. 

(4) Allow 1/2 hour for the grid plate temperature 
to reach equilibrium with the comparator 
temperature. This is not necessary for 
comparators that have glass measuring 
stanrlards. Also, it is good practice to store 
the grid overnight in the comparator room 
before the calibration (preferably on the 
comparator stage). 

+~ 

-1------------~+x 
(0,0) 

'\/ 
Case #6 Operator Here 

+y 

--L-------------~+x 
(0,0) 

'1 
Case #8 Operator Here 

fICl'RE 2. - Case numbers and grid nrientalion• for s .. cond operator. 
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(5) Set up output numbering instrument. The 
program requirements for output and num· 
bering of each measurement are: 

Entry :'\umber of <li!(its 

grid plate number ..................... 2 
case number .. ... .... .. ... ... ... ...... :. 2 
leg number...... . ................ .. ..... I 
point number .. ........ ................. 2 
x-coordinate.. . .... ... ... ... .. .... . ... ... 8 
y-coordinate.......... . ....... . .......... 8 

If the comparator uses an external co· 
ordinate setting device. it is imperative that 
a key location on each axis be u:.ed to 
initialize all measurements. Otherwise. the 
nonlinear caJibration parameters ¥.'ill hf' 
meaningless as they are defined for specific 
locations on the comparator range. 

(6) Set up the typewriter sheet for an output 
record. Figure 3 is a sample typewriter out· 
put sheet. The output contains the following 
desired information listed by ('olumn: (with 
the data of the first line uf fig. 3 given in 
parentheses) grid plate and c.i.:e number 
(20 and 01), leg numbe r (0= le~s not read), 
point number !21), x-coordinate (008366 µ,m), 
y-coordinate (044929 µ,m). comparator and 
measurement sequence count number (com· 
para tor # 7, measurement 1 ). 

(7) Set magnification and focus settings. High 
magnjfication is recommended. Bring the 
measuring mark into forus by first ap· 
proacbing sharp focus from both extremes 
and converging to best focus. The n bring 
the grid intersection into focus. If binocular 
magnifiers are used, this procedure may be 
iterated until measuring mark parallax is 
eHminated. 

(8) Use 5 minutes tu warm up instrument and 
to condition eyes for measurement. 

Technique 

The ult imate goal of calibration grid measurc·ment 
is to obtain measureme nts from a reprt>sentative 
sampHng of comparator locations throughout the 
usable format of the comparator. The measurements 
obtained at any location should have a rt>liabilit y 
which is representative of that location. To obtain 
rt>Hable coordinates. several puintings must bt> 
performed at each location. Unlike the standard 
practices of production measurement!'o that normally 
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provide t'l\'O or three (sometimes only one!) pointings 
on a photo object, the calibration grid measurement 
requires many pointings on each grid intersection 
to provide absolute reliability of the mean of the 
measured coordinates. 

The standard number of pointings required on 
any particular comparator dept>nds on several fac­
tors, the most dominant of which are the size and 
design of the measuring mark. the line width or dot 
diameter of the grid or reseau plate used. and the 
rotation of the gridHnes as viewed by the operator. 
At NOS our experience has shown that, for an 
orthogonal view of a grid intersection, three point· 
ings are sufficient. For a view of a rotated gridline 
intersection, five pointings are necessary. 

In pointing. the most important crite rion is that. 
for botb production and calibration measurements . 
a mean of the pointings of an object is used for data 
reduction. '.'11.B. The operator shoulci strive to obtain 
measurements all of whose individual means are 
of equal quality. In other words. the operator should 
perform his minimum set of pointings on an object. 
Then, if he is not totally satisfied with his repeata· 
biHty. he should continue h> make pointings of the 
object untiJ he feels that the mean of all the point· 
ings is of the same quality as the mean of any otht>r 
object he has pointeci npon. Additional pointings 
should always be made in sets of twn or three at a 
time. 

Ideally, the most informative pointing precision 
statistics are obtained from repetitive, rather than 
replicative. (International Society for Photogram· 
metry 1%4) pointings of each grid intersection. 
However, practical considerations, usually mcasur· 
ing time. generally outweigh use of this pointing 
method and replications are considered adequate. 

The mt>asuring sequence of the grid points should 
bf' so chosen that it randomizes the nonsystematic 
mecLanical deficiencies of the ins trument. This is 
especially important for lead sc rew instruments 
which depend on a fine film of lubricant between 
the nut and lead screw. In this C'ase the accumula­
tion of lubricant ahead of the traveling nut can 
cause sufficient back pressure to alter the coor· 
dinates of initial pointings of an object. Figure .i 
shows several measuring sequence patterns. 

It is good measuring policy to accept all pointing:s 
as reaci unless. at the time of pointing. the operator 
realizes that he has made a blunder. Pointings may 
also be rejected if an obvious blunder is de tt'r ted 
in a scan of the measurement lis ting. Upon comple· 
tion of the grid pointing circuit the operator should 



Comparator Calibration 
Comparator #7, 422F46 
Plate fFl 32 ') 
Orientation 10 Degrees 
Temperature 71 Degrees 
JWle 2 .), 1972 

Lewis 

Case IFl 

2J01 J 21 008366 04492 9 7 00001 
2001 a 21 008368 044930 700002 
2001 0 16 017300 094126 700003 
2001 0 16 0172 98 09412 7 7 00::>04 
2001 0 16 017298 094125 700005 
2001 0 11 026234 143321 700006 
2001 0 11 026233 143321 700007 
2001 1) 11 026233 143321 700003 
2oc1 0 06 035::..67 1925~3 700009 
2 801 " 06 035166 192 Sl o 700~1 '.) v 

200! a Co 035166 j_ 92 519 7D00ll 
21131 J 01 0441)98 241716 700·)12 
200::.. 0 01 044098 241714 7 ,JQ013 
2 ·'J11 0 01 1)44095 2417::..6 7•).)014 
2 .)()1 •) 02 093292 232783 7.j:,o:;,.5 
2 :JQ1 J 02 1)93292 232783 7 •j0•Jl6 
2001 0 02 Oj3295 232783 700017 
2001 0 02 093292 232733 700013 
2001 0 02 09 32 92 2 32 7 82 7000:!.9 
2001 0 C7 034362 183586 700J20 
2J01 0 07 034362 183586 700021 
2001 0 07 034360 183587 7•)0022 
2001 0 12 075428 134388 700023 
2001 0 12 075428 134387 700024 
2001 0 12 075427 134387 700025 
2001 0 17 066494 085191 700026 
2001 0 17 066496 085192 700027 
2001 0 17 066495 085193 700028 
2001 0 22 057561 035998 700029 
2001 0 22 057 562 035998 7.)Q030 
2G01 () 22 057 562 035996 700031 
2001 0 23 l r)6761 027063 700032 
2031 0 23 106760 C2 7062 700033 

FIGURE 3.-Typical typewriter uut1>ut. 
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Recommended measuremf'nt sequences 

A measurement sequence that is not recommended 

FH;llRE 4. - Mcasurenwnt ~equcrwe patterns. 

perform a return pointing on the intial grid point 
measured, as shown in Figure 4. This will provide a 
measurement set stability check. This closeout 
pointing set should consist of three or more point· 
ings. If the mean of these pointings differs from the 
mean of the initial pointings by more than 2 µm 
(assuming a least count of 1 µm comparator), then a 
plate shift is suspected and a closeout pointing set 
on the second intersection read is warranted. lf the 
means differ by 4 µm or more, it is evident that a 
plate shift has occurred and the comple te case must 
be remeas ured. Obviously. remeas urement of a 
complete grid case should be rare; in s uch cases the 
operator should attempt to find the causal factor. 
The most common causes are a loose grid-plate on 
comparator stage, temperature fluctuation during 
the case, measuring mark parallax, or the need for 
mechanical adjustments or repair. 

Evaluation studies have shown that the four 
radial legs of the grid intersection should be pointed 
upon only when the measuring mark and the grid 
intersection are not compatible in size and shape. 
Normally. and with the benefit of many less point· 
ings required. direct µointings on the v;rid inter· 
section will provide coordinates as accurate as 
those obtained with grid intersection leg pointings. 

Each operator should read all 25 grid inte rsection 
locations in each of 4 cases of measurements. Each 
case must be rotated 90° from the previous case. 
The four cases by one ope ra tor constitute one set 
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of calibration measurements. It is recommended 
that initial comparator calibrations comprise three 
sets of measurements performed by three operators. 
Subsequent calibrations will normally require only 
one set of measurements by one operator. 

On rectangular format comparators. two or more 
overlapping sets of measurements necessary to 
cover the entire measurement range must be 
made by a single operator. The overlap area be· 
tween sets may be minimal as the prime require· 
ment is full coverage of the range of the axes. 

All measurements by a s ingle operator must be 
made with the same measuring mark. Also, regard· 
less of the brand of comparator used, alJ operators 
should alway5 perform all measurements with the 
same direction of approach to the object witb the 
measuring mark. Adherence to this rule will prevent 
measurement errors from any instrument backlash. 
will provide consistent ope rator bias, and will 
validate the comparator calibration correction 
parameters. 

Computer Program Routines 

There are several modes of data storage and 
retrieval on magnetic tape. many of which are 
incompatible with one another. T he refore, the 
computer program presented herein is restricted to 
punched card input. 

Input data setup for the program consists of one 
header card. followed by all the data. followed by 



one blank card. (See fig. 31 in the appendix.) Data 
within t>ach case should be left in the sequence of 
measurement. Batch runs of the µrogram are 
possible with each calibration data set arranged as 
above. One additional blank card to signify end of 
job is required after the last set of data. 

The single header card must contain the following 
information: 

Card 
column 

2 

3 

4 
5 

6, 7 

8 

10. 69 

JCH2 
13-15 
16-18 
19-21 
22-24 
25-27 
28-30 
31-33 
34-36 
37-39 
40-42 
43-45 
46-48 
49-51 
52- 54 
55-57 
58-60 
61- 63 
64- 66· 
67- 69. 

Conttnt 
1 = Lef1-handed dala. 
O= Right-handed data. 

OTE: Right han..t .. dness is d .. tined for the 
grid as vie,.•ed emulsion uµ. 

1 =Input dala of each case is j(rnuµed by point 
number or soned. 

0= Input data in each cast> i~ in uny order (as 
read). 

0 = Leut count of 1-µ.m comparalor. 
I =Other rompara1ors. 
Blank 
I = Print plnl of nonlinear correction~ for each 

case and for •he multiple ra~f' solution. 
0 =Print plul of nonlinear corrections for only 

the multiple case solution. 
Comparalor number 

1-9= D.M. Mann munocumparalurs 
10. 11 = Wild-Heerbrug STKI stereocomparators 
12. 13= Zeiss PSK stereocomparalors ll'ft 11nd right 

sides respeNivel)·. 
14= 01her <'omparalvrs or other input formats 

(usually requires a new pro1tram ron1pila-
1ion). 

R =Righi side (secondary s1a11eJ of slrreo· 
comparalurs. 

Operator and case number: 
Pla<'e the operalor number 1rijtht ju~•ified) 
undrr th!' appropriate rast' numbt'r l'llrd 
column~. 

Case No. 
I 
2 
3 
4 
5 
6 
7 
Ii 
9 

10 
II 
12 
13 
14 
15 
16 
17 
18 
19 
20 
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Card 
column 
72-79 
80 

Co11t('nt 

Dale of mea.surem~nt~. f'.g.. 12/27/69. 
\laster irrid used for calibr.i.tiun. 
0 = BRI. #773 
I= C&CS # 1320 
2 = C&C:S #7i8 
3 = Other values- requires df'rk of 25 11r less 

coordinat<' <'llr<ls whil'l1 1wrlain lo l!ri<l 
melll!Urt'd. 

Data <'ases must he set up in consecutive <'ase 
number order. Data formats art> givf'n in the main 
Fortran IV pro1o,'Tam (see appendix). Point numbers 
include, sequentially: 

Lasl two diitits of grid numbn. e.I(.. 73 for i:rid #773. 
Case number. ~ 01-20. 
Leg number. = Bl11nk or if thf' four letz:s of a grid 

intf'r~ec1i1111 are measured. l'a<·h lei: 
i~ aMsi1t11ed lhf' numbl'r~ 1. 2. 3, and 4 
from any ~tuning point. \fea•un·mt'nl 
sN)Uf'nce is arbitrar~ ex<'el'I 1,.i:: #I 
mu•I be 11µposite 11'1( #3. \l11hiple 
pointing." urt' allu"'f'd on any or all le11:s. 

Grid point numher= 01 15. 

All relevanl data pertaining to the ('alibration 
event are printed on thl' output title page 1fig. 5). 
Figure 6 is a printout oft he input data and th .. l'lose­
out on the first point measured as computed by 
subroutine CLOSOUT. 

If the comparator nwasur('mcnt system is left· 
handed, the calibrated X ,Y coordinates of the master 
grid are interchanged by subroutine FLIPM. This 
Hip option will enable all program computations to 
be performed in the mca:-urenwnt system. 

Ill. THE MATHEMATICAL \IODELS 

A. Pointing Precision 

Pointing precision is defined by a Sf't of stJtistics 
which, when properly evaluated, can reveal several 
salient d1aracteristics of the control :>tate under 
which the calibration takes place. 'i'hese stdtistics 
are a first approximation indicator of the quJlity of 
any measurements made on tht' comparator by the 
same operator. The following outline is the :>latis­
tical approach used to determine the pointing preci­
sion in comparator calibration. l\1ost of the equations 
are applicable to any measurements of coordinates 
made on photogrammetric instruments. 

The pointing precision statistics are valuable in 
evaluating the thret' basic: factors involved in a 



COMPARATOR CALIRRATION - FINAL Vf.RS ION • SEP 1971 

rOOROINATES 
PO I NT 

l 

SI 6/1971 OF GRID N0.1320 - VALUES ADOPTED 
x y 

-100000.11 
2 
) 

4 
5 
6 
7 
8 
9 

10 
ll 
12 
1) 

lit 
15 
16 
l7 
l~ 
19 
?0 
?l 
22 
23 
2" 
25 

•9999Ao'16 
-1 00000.12 

• 9'19'19.71t 
-100000,1!6 
-1 00001.46 

-499':'9.24 
-<;0000.24 
-50000.12 
-50001.30 
-50002 .S7 

7. .t.8 
1, 18 
2 .01 
1.1s 

. 2 1 
50000.l!I 
49999.7S 
5000fl.l0 
4999'1,29 
49999.l) 
999'19.68 
99999,29 

100000. 29 
9999'1.48 
99999,JI 

-50001),44 
.8) 

50001,11 
100001,36 
-999<,i'l,67 
- 50000. 10 

1.20 
50000.81 
99999.85 

-99999.10 
-49999,4" 

2,68 
50001.10 
9999'1.94 

-100000 .97 
-50001,4!1 

.73 
1t9999.09 
99997 ,92 

-100001,13 
- 50001 .01 

.41! 
49991!.52 
999'17.1!6 

••• ALL VALUES EXCEPT PAPAMETER5 ARE IN MICRONS ••• 

~EADER CARD SE TUP 

LEFT ~ANDED DATA YES 
INPUT DATA JS JN SOR T NO 

LEAST COUNT or ONE MICRON YES 
COMPARATOR NUMBFR J 

CASE "ILIMBER 01 O;> OJ 01t OS 06 07 011 09 Ill 11 12 IJ 14 IS 16 17 18 19 20 
OPER&TOR NUMRER 18 l~ 18 18 •O •O ·O -0 •0 ·O ·O ·O ·O • O -O -0 ·O ·O ·O •O 

ME ASlJR['l["IT D.&Tf 7/17172 

DATE OF COMPUTER RUN IS 12/29/7? 

FIGURE 5.-0utpul title page. 

complete comparator calibration. These basic 
factors are the operator, the comparator , and the 
grid plate. 

Each pointing on a grid intersection produces a 
measurement of the x coordinate and a measure­
ment of the y coordinate. The pointing precision of 
each of these coordinates is affected by different 
factors, even though both coordinates may have 
been pointed upon simultaneously. A typical 
example of these factors is that human visual acuity 
is generally considered 20 percent better in horizon­
tal pointing than in vertical pointing. Another 
factor is that most comparator measurement sys­
tems have independent coordinate axes. Therefore, 
the statistics presented for pointing precision are 
computed separately for each co?rdinate. 
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In the ensuing equations the foUowing notation 
is used. 

Let: 
i= the grid point identification number. 
j= the measurement case identification 

number. 
k= the identifying number of a single replica· 

tion of a single coordinate . 
l= the total number of grid points measured 

in the jth case. 
n1 = the number of replicated or repeated 

pointings (measurements) of a single co­
ordinate of grid point i in a single case 
(used when only one case is under dis· 
cussion). 



20020 0 l"' 92427 239~<;7 

20020 () 11 141666 230"-57 
INPUT DATA CASE OllOER NUM!!f R 2 200?1) 0 11 141 ... 6<; 230"-57 

20020 0 11 l4lbb5 2301,c;~ 

200?0 0 11 141665 2301.511 
?0020 . 0 I 240 140 211?61 ?00?0 0 11 l4 lbb5 ?30"-<;A 
200?0 0 1 ?40140 ?l J?E-1 ?00?0 n ... 190905 ?2191.l 
20020 0 1 240139 . 213?1,2 ?00?0 0 ,, )90905 2210<;9 
200?0 0 1 240139 ?13?61 20020 0 "' 1911905 22101.0 
20020 0 l ?40140 213?62 20020 o ,, 190904 22101,0 
20020 0 2 ?31446 164022 ?00?0 0 ., 190904 2t'I0'5A 
20020 0 ?. 231447 16402'3 ?00?0 n 1 I tli'? I 2 1121n 

20020 0 2 ?.31446 164022 20020 0 7 111?211 l 7?721 
200?0 0 2 ?.3 l44A 1640?2 ?00?0 0 7 1112213 11n21 
20020 0 2 ?31447 1640?3 ?0020 0 7 1A2?12 17?7?0 
200?0 0 3 ?22752 1147113 200?0 0 7 18UIO 17?7?0 
20020 0 ] 22?750 l 14 7114 20020 0 8 l 71516 123411? 
20020 0 ) uns1 114 7R3 ?0020 () A 173514 1234'11 
20020 I) 1 U275o 1147113 20020 0 ~ 173514 I 2J4AO 
20020 0 1 22275 1 1147112 ?0020 0 A l 7)5 l:l 12141'1 
20020 0 4 214056 65"i45 20020 0 9 173511 l?34A? 
20020 0 4 2140<;6 65"i43 200?0 o A I 73516 12)4A3 
200?0 0 4 2140'57 1>5"i44 200?0 0 '! 17151.., 1234111 
20020 0 4 21 4056 6<i<;45 20020 0 II I 7351'; 1234'12 
20020 0 4 214057 65<;43 200?.0 0 ll 173516 1234A) 
200?0 I) 5 205)64 I 6104 20020 0 A l 73c;11 1234A? 

20020 0 <; 205) ... 4 16104 20020 0 8 173511> 121411) 
200?0 0 5 205365 16104 20020 0 '! l 7351"i 1234114 
20020 0 5 205364 16104 20020 0 A I 73515 1?141>1 
20020 0 5 21)5364 16105 20020 0 A 17351 5 1234114 
200?0 0 10 156127 25005 ;>OO?O 0 II 173'51 5 12)41>2 
?OO;>O 0 10 15..,1?7 2c;oo4 ?.0020 0 9 l64A?.O 74'?4) 
20020 0 10 156127 25004 20020 I) 9 l 64At'f• 74;>43 
200?0 0 l (I 156127 25005 200?0 0 9 l 6492(• 74?43 
20020 0 10 1561211 ?50(15 20020 0 Q lf>4 A2(1 1 .. ;> .. 4 
20020 0 I c; I06A~5 337113 200?0 0 9 l6<tP.I A 7 .. ?45 
20020 0 15 106884 33704 20020 0 14 ] 1<;5AI >1?943 
i'OO?O 0 IS 1068114 33704 ?00?0 0 14 11557-1 A2044 
20020 I) 15 l 068A4 33703 200?0 0 14 115'579 8l'l42 
20070 0 I c; 1068~4 33702 201>20 (I }4 l 1557'l Al'l4(' 
200?0 0 20 57647 4?403 200?0 0 14 l 15'i7'l ~2942 

20020 0 ?O 5764ft 4?403 20020 0 l'I 6634) 911.44 
20020 n 20 57#.4 7 42404 200?0 0 19 61.)4? 911.44 
20020 0 20 57647 4240) ?00?0 0 l'l f>634? 01 .. 42 
?0020 0 20 57647 42403 200?0 0 19 6 ... 14) 91 .. 4? 

20020 0 ?'i 8405 s 1103 20020 0 19 t-6341 91"-42 
200.?0 0 25 A40'5 51102 200?0 0 18 75037 l40P713 
20020 0 ?5 "1405 51l02 ?0020 0 IA 1sn11 140"77 
200?0 0 25 A405 51102 ?.00?0 0 75017 I "0" 7A 
20020 0 2c; A404 '511 01 20020 0 IA 75017 l40A71! 

20020 0 ('4 17100 100141 ?0020 0 IA 750)7 l40A7'! 
20070 0 24 17101 10013A 200?0 0 17 H17)4 l'l0119 
20020 0 2<t 17(199 100138 ?00?0 0 17 il373' 1901?0 
20020 0 74 17100 10'>119 200?0 0 17 A373S 1901?2 
200.?0 n 24 I 7100 100117 200?0 0 I 7 ><)7 34 190121 
200?0 0 24 171 0 I 1001)~ 20020 0 )7 >13731 1901?1 
200?0 0 24 1711)0 100119 200?0 0 12 1)2973 11>1420 
200?0 0 24 I 7101) 100137 200?0 0 12 l 3?971 11>1419 
200?0 I) 24 17099 10013A 20070 0 12 132971 111142(1 
?00?0 0 24 17100 1001H 200?0 0 12 1)?971 IP.14 l'l 
?0020 0 23 2o;;7q7 149<;76 200?0 0 I'? I 3297? l 1' 14 l A 
?00?0 0 ?3 ?57Q9 l'o9C:75 20020 0 17. 132971 ll'l 4 l A 
200?0 0 23 ?5797 l49C78 ?0020 0 13 124?75 l)t'I AO 
?0020 0 23 25797 149«77 200?0 0 13 \?4?71 l'li'l7'l 
20020 0 23 2579>! 149<;77 200?0 o I 3 124?'1? IJ2\ 7C/ 
200?0 0 u 34495 19An 9 200?0 0 11 124273 132179 
200?0 0 2? 14494 19'1Allt ?0020 0 13 124?71 13?179 
20020 0 2? )449"i 19HA19 200?0 0 l ?4014 0 213,,.,? 
200?0 n 7.2 3449) 191'\Al A 200?0 0 I 740\40 ?13?62 
200?0 o ?? 344'l<t 19 .. A l H 200?0 n l ?40 11A ('}3?62 
20020 0 ?l 41191 24An57 200?0 0 I ?40140 213""'1 
700?0 0 21 43190 ?4A~<;6 200?0 0 l ;>41) l Jo,! 2 I 1?f> l 
201)20 0 21 431A'l 24'!055 CHECKS ANO CLOSEOUTS O~ POINT ~UMAER 
20020 0 ?l 41190 ?4~n<i6 SEQUENTIAL SHtrT~ (j(J•l 1-(XTJ 

?00?0 0 71 .. 11o:io 24~n56 OELTA X Df.LTA Y 
?00?0 I) 16 924?A 2l'l157 -.? .2 
?00?0 0 l" 924?7 239"157 
200?0 Q Ill 92421'1 23~:1<;7 TOTAL SHIFT CLAS TX - T"HTIALXI 
20020 I) I"' 9?427 23'11'>A -.2 .2 

FIGURE 6. - Input data listing and closeout for a single case. 
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n;i = the number of replicated or repeated 
pointings of a single coordinate of grid 
point i in the jth case (used when more 
than one case is considered). 

q= the number of cases (may be for one 
operator or total number of cases for all 
operators). 

x;1r= the value obtained in a single replication 
(measurement) of either the x or the y co· 
ordinate of the grid point i measured in a 
single case. 

XiJ1< = the value obtained in a single replication 
(measurement) of either the x or y co· 
ordinate of the grid point i measured in 
the jth case. 

m, c:T= estimate of standard deviation; m is used 
for individual grid points, c:T for many grid 
points. The true value of the standard 
deviation, u, is unknown but is needed in 
some of the derivations. 

NOTE: The standard deviation is defined as the 
square root of the variance. The term " standard 
error" is not used. 

The following standard assumption (a) underlies 
all the statistics developed in this chapter. (Other 
assumptions, (b), (c), and (d) are given later.) (a) 
All n; individual measurements of the same grid 
point i in a single case are from the same population. 
That is: 

Note that in the next section the subscript k is 
retained in m~ik, the estimate of <T~;1< under assump­
tion (a). The notation identifies the quantity with 
which a standard deviation is to be associated (in 
this case a particular replication, X1k). Standard 
assumption (a) tells us that miik' an estimate of <T~ il<' 
has the same value for any k. Assumption (a) is 
always made, but is not always stated explicitly. 

In subsequent sections the pooling of variance 
estimates is discussed. The pooling can be ac­
complished in different ways, depending on which 
random variables, measurements, or means of 
measurements are assumed to be from populations 
with the same variance, and depending on the in· 
tended purpose of the pooled variance. These dif­
ferent assumptions are stated explicitly immediately 
before the statistics to which they apply. 
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Statistics Computed for a Single Grid Point in a 
Single Case 

Numerical examples of these statistics as com­
puted by our program are shown in figure 7 under 
the heading "Individual Point Statistics". The 
following statistics are based OR u.nbiased estimates 
of variances; however, they al'e biased estimators 
of standard deviations because of the small sample 
sizes involved. That is, the degree of freedom ni - I 
should be modified slightly when dealing with 
sample sizes of five pointings. Several methods of 
computing unbiased estimates of standard devia· 
tions are given or referenced by Jarrett (1968). 

The following equations al'e used to compute the 
statistics for a single grid point measured in a single 
case. 

1. The mean measured coordinate (ii, j1) is 
computed by the use of 

(1) 

Each mean coordinate is entered as a single ob­
servation in the least-squares adjustment fit of 
the grid measurements to the calibrated grid co· 
ordinates. 

2. The standard deviation of a single coordinate 
measurement (rnz1k, "'vik' "'P'u,) is computed by 
the use of 

k • I -----,and 
ni-1 (2) 

(3) 

where the subscript ptik refers to the kth pointing 
of grid point i (as oppoeed to the kth pointing of a 
grid coordinate). 

These statistics indicate the reliability of any 
single observation of a coordinate or pair of co· 
ordinates. 



3. The standard deviation of the mean coordinate 
measurement {mzp my;• mill1) is computed by the 
use of 

m-= .r1 

f (x11 .. -£; )2 

n;(111 - l) 
(4) 

(5) 

These statistics indicate the precision of the mean 
coordinate determined from n; pointings. These 
values describe the level of quality that the operator 
should strive to maintain for all means of all grid 
points measured. 

4. The covariance of the coordinates of a single 
pointing (m.r111k) is computed by the use of 

~ { (Xik - .f; ){y;k - j,)} 
k:I (6) 

5. The correlation coefficient of the coordinates 
of a single pointing (pz11;k) is computed by the use of 

mz1111r 
(7) 

This statistic provides an indication of the mutual 
interdependence of the comparator axes. which 
are assumed to be totally independent for most 
comparators. Also, an insight into the measuring 
mode used by the operator is indicated; that is, 
whether the operator pointed with both coordinate 
axes simultaneously, or with one axis at a time. 

NOTE: The covariance of the coordinates of a 
mean pointing (mzv1k) and the correlation coefficient 

of the coordinates of a mean pointing (pZi1k) are not 

computed by the program. It can be shown that 
these statistics of the mean differ from those given 

1 
by equations (6) and (7) only by a factor of -. 

n1 

Numerical examples of the statistics given by 
equations (l) through (7) are shown in figure 7 as 
they are printed out by the program. The columns of 
numbers shown in figure 7 are respectively denoted, 
from left to right, as: i, ni, m.r;1r• muil•• m,,,ik• m.r11tk• 

P:ro., .f;, Yi> m:r;. mp1, mpr;, i. 
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Statistics Computed for All Grid Points in a Single 
Case 

These statistics are presented in figure 7 under 
the heading caption "Combined Point Statistics". 

1. The pooled estimate of the variance of a 
single coordinate measurement (.x1k) of a single 
case ((0-i1k),,, (O-i1k)p, (O-i,ik)P) is computed under 

the following additional assumption. 
Assumption (b): All grid points of a single case 

provide the same appearance for measurement to 
the comparator operator. Therefore, any measure­
ments of any grid point of the case may be con­
sidered to be made (pointed upon) with equal 
precision. 

That is, the true value of the variance of a single 
measurement from a single case (a'i) is a constant 
for the case, of which the variances of the indi­
vidual point measurements (milk) are estimates. 

The statistic (0-i1k) P, an estimator of o-i11, under 

assumption (b), is defined as 

(8) 

where w1, the weight assigned to an estimate of the 
variance of a measurement, is 

l 
w;=--· 

o-2 .. . ... 
The variance of the estimated variance is 

o-2 ... ... 
2a-~ . =--· . 

(9) 

where v1 = the degrees of freedom for the variance 
estimate and assumption (a), o-]1k = o-]1 , has been 

used. 
From eq (2) 

v;= n1- l. 



CASE NUMRER ? POJNTJNr, PRECISION STAT I ST res 
OPf.RQTOR NUMRF.:D !II 

COMPARA TOR NUMRFR 1 
GRIO PLAT F NUMRFR 1320 

l)A TF: OF Mf ASllRl'"MfNT 7117172 

INOIVJDUAL POINT STATJST(CS 

SINGLF ORSf.DVAT{nNS I MICRONS 50> (PfRCf.NTAGf.> MEAN MEASURED MfAN OBSERVA TI ONS 
POINT NUMBIOR OF STA~nARI) DEVIATIONS COVAR[ANCf. COwRF:LL A T!ON COOROtNA TES STA~OARO DEVIATIONS POJNT 

~ll~IBfR Tt•~ES READ x y POJNT )('( COEfF"JC IFNT )( y x '( POINT ~UMRf.R 

I 10 .101 .527 .624 -.056 -14.Ql 240139.50 213261 . 50 .224 • l 6 7 .197 
1 c; • Fl) 7 .707 • 775 -.250 -4?..2fo 222750. Al) 11471'13 . 00 .371o • )) 6 .)46 1 
4 5 .5411 1.000 .R06 -.250 -45.64 ?lloOSl>.40 65544.00 .245 .44 7 • ::t6 l 4 
5 s .44 7 .447 .44 7 -.050 -25.0'l 20~364.?0 16304.20 .200 .200 .200 c; 

10 c; .447 0 54R • soo . 11)0 40.8? 156127.20 25004.60 .200 .245 .224 10 
15 5 .44 7 .837 

·"' 71 
-.oso - 13 . 3.., l06RB4.20 33703 . 20 . 200 . J71o .100 l c; 

20 5 .41o 1 .447 ·"4 7 .050 25.0(1 S761o6 0 RO 4240J.20 .200 .200 .200 20 
25 c; .447 .101 .592 .250 79.0i<. R404.RO 51102.00 .201) . 316 .?65 ?5 
21o 10 • ,,,, 7 1.160 .941, .ooo .on l 7100.00 1003JR.JO • ? l l • 367 .?99 24 
21 5 .1194 I .11oo I .o25 -.700 -1,8 0 64 257'H . 60 1495U>ef.O ... oo .510 .451\ 21 

.... 22 5 • F\J7 .541\ .701 .4oo 87.2Q J4494.20 1981\IR.40 .374 .245 .316 2? 
w 21 s • 701 .707 .101 .500 100.00 43190.00 ?48056.00 .316 .Jl6 .316 21 

16 5 .<;48 .1,47 .soo -.100 -40.R? 92427.41) ?.393'>7. 20 .21o5 .200 .?24 ll, 

II c; .i,4 7 .S4R .soo - .150 -lil.24 1416f.5.20 230f,51 of.O .200 .245 .?24 11 ,, 'i 0 S4A 1.140 .1194 .JOO 48.04 190'104.t'>O 22lQS9.M .245 .510 .400 " 7 c; 1. 140 .817 l. 000 .400 41.91 !F1?2ll,li0 172720.RO .510 .374 ,44 7 7 
A 15 lo,,42 }.l..,3 1.42) .390 20.4S 1735l4. 4 7 123481.93 .424 .JOO .367 Fl 
Q 5 .A94 .R94 .891o -.100 -01.so 1"'41'19.60 74243.60 .400 .400 .400 Q 

}4 5 1.095 ,R94 1.000 - .1 c;o -15.31 ll5S79.?0 R2~42.60 .490 .400 .447 14 
}Q c; 0 1137 1.095 .•ns .Joo 32. 71 66342.20 91642.RO • 374 .490 ,4)6 19 
!R c; o.ooo ,447 • 31 t'> o.ooo 100.00 7 5037.00 1401\77,AO o.ooo .201) • 14 I IA 
l 7 5 ,837 !.140 1.000 .400 4!,91 A3713 0 AO }901 20 .60 ,374 .510 ,447 17 
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Therefore 

and the appropriate weights for eq (9) are 

n1-l 
w,=--· 

2u~1 

Substituting eq (ll) into eq (8) we obtain: 

(10) 

01) 

But according to assumption (b) the quantity 
2o11 is a constant. Therefore , rearranging terms 
and substituting eq (2) into eq (12) we obtain 

which simplifies to 

I ftf 

L L (XUr-.i1) 1 

( ~ ) =1- t k • I uzik P ___ N ___ l __ _ (13) 

Where 
N= the total number of measurements of all the 

grid points of the case, 

(14) 

The pooled estimate of the variance of the 
pointing of any grid point of a single case is com­
puted under assumption (a) by 

These statistics are indicators of the relative 
quality of the grid plate intersections. 

2. The pooled estimate of the variance of a mean 
coordinate measurement (.ii) of a single case 

14 

<a-;.>p. <D- ;,h. <O-~.>p 
is computed under the following assumption: 

Assumption (c): The number of pointings (n,) of a 
grid point (xi) are determined s ubjectively by the 
measurer whose aim is to provide mean measure· 
ments (Xi) of equal quality. This implies the 
following. 

(l) The variance of single measurements of 
x1 varies from grid point to grid point. or 

That is, the true value of the variance of a 
grid points are from populations with 
different variances. 

(2) The mean measurements (.ft) of different 
grid intersections are from populations with 
the same variance. or 

CT~ =u; , 

that is, the true value of the variance of a 
mean (o-1) is a constant of which the vari· 
ance of the mean at each individual grid 
point is an estimate (mj

1
). 

According to assumption (c) the statistic ( 0-!) P is 
defined as 

(15) 

where w; is the weiv.ht determined for the estimate 
of the variance of a mean measurement, 

1 
w1=-2-· 

CT•' 
;, 

From an inspection of eq (2) and (4), 

(}6J 

(17) 

with the corresponding relation between true vari­
ances being 

(18) 



Propagating the variance through eq (17) we 

obtain: 

By substitution from eq (10) aud eq (18) we obtain 

2u:1 2 (uii)2 

u!~ = = ., nf (n1- l ) 
(19) 

Therefore the appropriate weights for eq (16) are 

n1-l 
w1= 2(uji)Z . 

Substituting eq (20) into eq (15) we obtain: 

(20) 

~{(n1- l ). I} 
(~) = ~ 2(~,)2 m:11 • 

Zf p I {(ni-1~1 (21) 

~ 2(oi,) 

But according to assumption (c) the quantity 
er,,=~ is a constant. Therefore, rearranging the 
terms of eq (21), simplifying and then substituting 
in eq (4~ and (14) we obtain 

I L { (n1- l)mi
1
} 

(. -'·-·~~~~~-uJ,),,= I 

2: Cn1-1> 
i•t 

The pooled estimate of tlie variance of a mean 
pointing of any grid point of a single case is com· 
puted under assumption (c) by 

This is the appropriate statistic for evaluating the 
performance of the measuring operator. 

3. The pooled estimate of the covariance between 
the coordinates of single replications (measure· 

menls) of a single case, (uz11u,)P, is computed by 
the use of 

{ (x1k-x1} <m-r1 >} 

(23) 

4. The pooled correlation coefficient of the co· 
ordinates of single replications (measurements) of 
a single case. (P z 111k) P• is com puled by the use of 

(24) 

The pooled estimate of the covariance between 
the coordinates of mean measurements of a single 
case (<Tzu1) p and the pooled corre lation coefficient 
of the coordinates of mean measurements of a 
single case (JY;111) P are not computed by the 

program~ 
A numerical example of the statistics given by 

equations (13), (14). (22), (23) and (24) is shown in 
figure 7 under the heading "Combined Point 
Statistics.,. Tile row of statistics are from left to 
right respectively, N, L, (0-x1k}p, (u.,lk}p, (up11k)p, 

(un
1
k), <Px11!k) p, N.A., N.A. (u.r .)p, (uu1),,, and • 

(Op;,),,. 

15 

Statistics Computed for a Sing.le Grid Point in 

Many Cases 

In a typical comparator calibration each operator 
measures each of the 25 grid points 5 times (replica· 
tions) in each of 4 rotated (90j cases. A set of 
pointing precision statistics is pooled for each in­
dividual grid point from the approximate 20 point­
ings per grid point. An example of these statistics 
is given in figure 8 under the caption " Individual 
Point Statistics." These statistics provide a mecli­
anism for comparing the relative quality of the 
different grid points. 

When several operators measure the same grid 
in the same com parator calibration (typically four 
cases each), the pointing precision statistics are 
pooled for all measurements (replications) of each 
individual grid point. This pooling provides an even 
larger and less-biased sample for comparing the 
quality (pointabilit y) of the different grid points. 
An example of the pooled statistics for several 
operators is similar in form to figure 8, however 
the number of times read is a multiple of those 

shown. 



1. The pooled estimate of the variance of an 
individual grid point coordinate measured (repli­
cated) for in many cases (m;,1k)p, (m:IJk)p, 
(m~liJk)P• is computed under the following 
assumption: 

Assumption (d). Each individual grid point 
provides the same appearance for measurement to 
the comparator operator regardless of any 90° 
rotation of the grid. Therefore, measurements of 
a single grid point from any case may be considered 
to be made· (pointed upon) with equal precision. 

Combining assumptions (a) and (d) we have 

Thus under assumption (d), the standard deviation 
of a single measurement is the same for all replica­
tions and for all cases at a given grid point, but may 
still vary from point to point. The variances of the 
individual point measurements in the individual 
cases (m i-u.t> are estimates of u;r 

It can be shown that under assumption (d) and 
by a similar development used to obtain eq (13) that 

" "u L L (xuk-.f(J)2 
2 J=lJr • I 

(mr!Jk )p =--q----- (25) 

L (nu-1) 
J= I 

The pooled estimate of the variance of a single 
pointing on a grid point measured in many cases is 
computed under assumption (d) by 

(m2 ) = le { (m2 ) + (m2 ) }· 
P11Jlr P "2" r1jlc P llljk P 

2. The pooled estimate of the covariance between 
coordinates at a single measurement of an in­
djvidual grid point coordinate, based on measure­
ment in many cases (mri11J1ch is computed by the 
use of 

(26) 

3. The pooled estimate of the correlation coeffi­
cient between coorrunates at a single measurement 
of an individual grid point coordinate based on 
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measurements in many cases (pr 1111" )pis computed 
by the use of 

(27) 

The corresponding stallsllcs for the pooled 
variances of the mean (using several cases) of an 
individual grid point for a single case (i.e., (m.t. )p. 
etc.) were not computed as their value is li~~ted 
in evaluating any of the three primary factors 
of a complete caUbration. 

A numerical example, produced by the program, 
of the statistics given by eqs (25), (26), and (27) is 
shown in figure 8. The columns of numbers shown in 
figure 8, from left to right, are: 

i, ~ nij. (mr111r)P• (m 11111r)p, (mp1u1c>P• 
f-'s 

(mr111Jk)p, and (Pz111j1rh· 

.Statistics Computed for All Grid Points in \fany 
Cases 

A summary of all the pointing precision statistics 
is computed for all cases of all points measured by 
a single operator. A similar set of statistics is com· 
puled for all cases of all points measured by all 
operators in a complete comparator calibration. An 
example of these statistics is shown in figure 8 
under the heading "Combined Point Statistics." 

1. The pooled estimate of the variance of any 
single coordinate measurement measured (repli­
cated) in many cases(u~ )p, (u~ )p, (0-~1 )p. 

t) k ljlc ljk 
is computed under the following extension of 
assumption (b). 

Assumption (b) extended: all grid points of all 
cases provide the same appearance for measure­
ment to the comparator operator regardless of 
any 90° rotation of the grid. Therefore any mea· 
surements of any grid point of any case may be 
considered to be made (pointed upon) with equal 
precision, i.e., 

Using a development of equations similar to 
that used to obtain (13) it can be shown that 

q I "IJ 

LL L (xu1r -xu>2 
( 

• 2 ) _ j~=-•_l_• _I lr....,=,...,.1 _ ___ _ 
<Tzu1r p - N--L } q 

(28) 
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where NJ is defined as the total number of repli­
cated measurements made by a single operator. 
or made by all operators. 

q I 

NJ=L Lnli (29) 
jzl i = l 

The pooled estimate of the variance of any 
pointing of any grid point of any case is computed 
by 

2. The pooled estimate of the variance of any 
mean coordinate measurement measured in many 
cases 

is computed under assumption (c) and is obtained 
by a development similar to that used to obtain 
eq (22) and is computed by the use of 

The pooled estimate of the variance of any mean 
pointing of any grid point of any case is computed by 

<O-p2, )p= HC<T~ )p+ (0-t" )p} 
ij I} lj 

3. The pooled estimate of the covariance be· 
tween coordinates of single replications (measure· 
ments) of many cases (O-z 11 )p is computed by 

ljk 
the use of 

q I "iJ 

LL L {(x1jl,-.f11H.Yu1t-:Yii)} 
A j s: J f a lk a: J 

(CT.r11 ij k) P = -------------­
N1- lo 

(31) 

4. The pooled correlation coefficient between the 
coordinates of single measurements of many 
cases (P z 11 ;~1t )pis computed by the use of 

(32) 
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A numerical example of the stat1st1cs given by 
eqs (28) through (32) is shown in figure 8 under the 
heading "Combined Point Statistics." The row 
of statistics shown from left to right are: 

Ni, l, (<7z11t)P, (0-1111t)p, (up1iJt)P, (O-z1111t)p, 
(~ ... "'J")p, N.A., N.A., (0-;r!J)p' (ayiJ)P, and 
(CTp;ij) P• 

Summary 

A summary of the porntrng prec1s1on statistics 
and their value to a complete calibration is as 
follows. 
Evaluation of the comparator operator: 

1. From eq (l) the mean of the pointings of a 
grid point is computed. This mean is the value 
used as a single observation in all subsequent 
least·squares adjustments. 

2. From eqs (4) and (5) the precision of the mean 
pointing used is determined. The inverse of 
this variance could be used as an appropriate 
precision weight associated with the mean 
pointing. 

3. From eqs (22) and (30) a pooled estimate of 
the variance of a mean measurement (0-j.)p 
is determined. Each of these statistics com· 
bines many pointing means into a single 
compatible value appropriate for comparing 
the pointing skills of different operators, under 
assumptions (a) and (c). 

4. Monitoring of the correlation coefficients 
computed b}'. eqs (7), (24), and (32) will indicate 
if any changes occur in the pointing technique 
used by an operator. 

Evaluation of the grid plate used: 

l. The standard deviation of single coordinate 
measurements (m.r1.,), computed by eqs (2) 
and (3), and the pooled standard deviations 
(m ... 11 .. ) P• computed by eq (25), normally will 
reveal any differences in the appearance of 
different grid points. A diffuse or irregular 
appearance of a grid point (to an operator) 
will be indjcated by a consistently hlgher 
(from case to case) value of m ... 1" for that grid 
point than mzilr values of the other grid points. 
The pooling of mz,., from several cases is 
accomplished by computing eq (25) for each 
grid point. After many comparator calibrations 
have been performed by several operators 
using the same grid. it is possible to determine 
different quality values for the pointability of 
each grid point. 



2. The pooled estimate of the variance of a single 
measurement, (u~Uk) P computed by eq (28), 
for all measurements of all cases, is a single 
value indicator of the appearance or condition 
of all grid points on the grid plate. Many 
factors can cause a change in this value, such 
as different operators. a change in the viewing 
conditions (focus), etc.; therefore, its value as 
a grid quality s tatistic is limited. 

3. The correlation coefficients of a single grid 
point pooled over severaJ rotated cases. 
(pz 11u1r) p by eq (27), will reveal a fixed bias in 
the appearance of the grid point. 

Evaluation of the comparator used: 
I. When the standard deviation of single coordi· 

nate measurements, -(mz1") comput ed by 

eqs (2) and (3), is associated with the coordi· 
nates uf the point , it can provide an indication 
of the less precise regions (zonal characteris· 
tics) of the comparator. This e valuation re­
quires an inspection of the m..r;1r of different 

grid points from different measurement cases, 
all measured in the same comparator coordi­
nate region. 

2. A comparison of the pooled correlation 
coefficients, (P ..r11 )p computed by eqs (24) and 
(32), from several calibrations of tht· cum· 
para tor, will indicate the degree of inter­
dependence of the coordinate axes. 

3. All of the computed s tatis tics can be used in 
determining the relative merits of one reticll.! 
over another. This comparison should be made 
under controlled conditions. 

4. The decision to perform direct poi ntin gs on a 
grid intersection, rathe r than point on the four 
legs of the intersection, was a direct outcome 
of an evaluation of the standard deviations 
of the means (0-;r)p ohtai ned. 

Computer Program Routines 

The pointing precision computations and the 
computations required for their graphic display 
are performed by three Fortran IV subroutines. 
entitled GROUP, STAT, and ELIPS. A sequential 
outline of the computer program flow is as follows: 

The point number and x and y coordinates of 
each measured point of a single case are read and 
s tored in the POINT, XMEAS. and YMEAS 
arrays respectively. If legs of a grid intersection 
were measured, the pointings on the four legs are 
reduced by int ersection, in the LINLIN s ubroutine. 
to a s ingle x, y coordinate set and then stored. After 
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all measurements of a case have been stored, all 
multiple measurements of each point are assembled 
together. This grouping, performed by subroutine 
GROUP , rearranges the data in the POINT, 
XMEAS, and YMEAS arrays, but does not put the 
data in numerical order. 

The arrays of grouped data are transferred to the 
STAT subroutine. The ST AT routine computes 
and prints all of the pointing means and precision 
statistics according to the equations outlined in this 
chapter. Figure 7 shows the printed output for a 
s:ngle case of measurements. 

The ST AT routine also computes the parameters 
required to plot error e llipses of a single pointing. 
These parameters are computed by the following 
equations. 

Let: 

W= V(m2 -m2 )2+4ml 
Z ilr l/fk Zl/ilr • 

Then the semi-major axis (A) of the error ellipse 
is computed by 

A= 
m2 +m2 +w 

Zflr I/fir 

2 

and the semi-minor axis (B) is computed by 

Jm 2 
+ m2 -W B= Zflr #lk 

2 . 

The angle between the major axis of the ellipse 
and the x coordinate axis is ALPHA. 

where ALPHA is a positive angle meas ured from 
x toy. 

The CDC 6600 computer used at NOS has Cathode 
Ray Tube (CRT) software routines incorporated in 
its system to generate microfilm output. The ELIPS 
subroutine generates annotated CRT plots of the 
pointin g-precision error ellipses oriented in a center 
origin coordinate system that is parallel to the com· 
parator measurement system. Figure 9 is the plot 
generated from the individual point statistics data 
of figure 7, that is mz11r, m 1111r, and mx11ik· Options in 
the main program call statement provide a choice of 
four confidence limits , 39, 50, 95, or 99 percent that 
govern the scale of the ellipses. Figure 10 is the plot 
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:om the combined point statistics given in figure 7. 
Chis ellipse is generated from the combined (pooled) 
point statistics data of figure 7, that is ( 0-... ik) P• 

(0-111.t )p. and (u ... 111.t)p. 

As each case of data is cycled through the above 
routines. essential counts and summations are 
stored in the rr:ain program. Upon input completion 
of all cases measured by one operator, the ST AT 
routine is called upon to compute the statistics for 
all grid points measured by the operator. Figure 8 
shows the printed output for all of a single operator's 
measurements. Figures 11 and 12 are the cor­
responding error ellipse plots for the operator. 

After all measurements of a calibration, possibly 
by several operators. have been read into the com­
puter, the ST AT routine is once again called to 
compute the total pointing precision statistics for 
the calibration. Figure 13 shows these stat1st1cs. 
Error ellipse plots also are generated for these 
statistics. 

B. The General Linear Transformation 

Comparator calibratjon is dependent on the 
measurement of a grid containing points whose 
calibrated positions are defined in an orthogonal 
coordinate system. The comparator measure ment 
coordinate system is nonorthogonal because of 
inhere nt mechanical limitations. The relationship 
between these two coordinate systems is defined by 
an affine transformation. Consider the s imples t 
relationship between these two syste ms as shown 
in figure 14. 

Let: 

X = [~=orthogonal (grid) system 

x = [;] = nonorthogonal (comparator) syste m 

a= lack-of-orthogonality angle of .x, y system 

For the figure 14 shown, the transformation be· 
tween systems is 

x=.x+y sin a 
t33) 

Y=y cos a 
Let: 

N= [l sin a] 
0 cos a 

The eq (33) in matrix form is 

X=Nx 

By definition the orthogonal grid system possesses 
uniform scale; however, the comparator system 
axes may each possess a unique scalar. These 
unique scalars are attributable to differences in 
comparator measuring standards, such as constant 
pitch or misalinement of the screws of lead screw 
co mparators, or variation in measuring mark spac­
ings of glass grid, multiple measuring mark or linear 
scale comparators. These differences may also be 
coupled with different thermal coefficients along 
each axis. 

These diffe rent scalars mu.st be applied lo the 
comparator axes before orthogonalization to cor­
respond with the true conditions existing during 
measureme nt. These scalars may be re presented as 

S= [Sx O] 
0 Sy 

The syslems depicted in figure 14, with the 
differential scalars applied to x, y are related as 
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X=NSx, 

which in equation form is 

X = Sx · x +Sy · y · sin a 

Y =Sy · y · cos a (34) 

For small nonorthogonality angles (a), cos a = 1 
which simplifies the Y equation. However, for com­
pleteness sake and for general error propagation, 
this derivation will not inclu~e any approximations. 

Eq (34) would be sufficient to determine explicitly 
the linear comparator calibration parameters 
Sx, Sy, a, if the orthogonal grid plate could Le 
placed on the comparator so that the X, x axes are 
exactly paraJlel. However, this is difficult. 

Consider the two systems X, x which are rotated 
from one another by some angle 6. Let M represent 
an orthogonal rotation matrix. 

M= [cos (J 
- sin 8 

sin 0] 
cos (J 

(35) 
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FIGURE 14. - Rd.11ion~hip of a nonurthu1wnal coordinatr sy~trm with an orthogonal 1·1•1rJina1t· , y,l t>m. 

Any rotation of a nonorthogonal coordinate system 
will significantly change the values of the shear 
parameters (Sx, Sy, a), as demonstrated by 
Pope (1966). Therefore, the rotation should not be 
applied until after the measurement system has 
been orthogonalized. 
Thus 

X=MNS". (36) 
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This equation represents the rotated relati·mship 
between an orthogonal <'oordinate systP-m and a 
nonorthogonal coordinate s ystem. An t:>xpanded 
matrix form of this transformation is 

[X] [cos 8 
Y = -sin 0 

sin () J [l 
cos 8 0 ;'.~~ ~J [~.Y ~-J e.J 

(36) 



Collecting terms we have 

r
xl = [S.\ . l'flS 8 Sy . sin a . ('OS 8 
Y - .'ix · sin() - S.\ ·sin a· sin 6 

+ S v · cos u · sin f:J] [x] 
+Sy · cos a · <·os 8 )' 

(36) 

which is in the following form of a general linear 
transformation. 

(37) 

Equatinµ l'oefficients of eqs. (36) and (37) we have 

r = Sx ·cos fl 

s=-Sx · sin8 

t =Sy ·sin a· cos O+Sy ·cos a· sin 8 

u =-Sy· sin a· sin 6+Sy ·cos a· cos (:J 

Using algebraic manipulations and trignometric 
identities it can be shown that the explicit solutions 
for the physical parameters are: 

Sx= (r+ c2)112 

(38) 

( 
rs + tu) u = tan-1 

-st T ru 

(:J= tan- 1 (~1)· 

Therf'fnre this has proved that there exists an 
exact solutinn for th<· general linear transformation 
from which differt'ntial sealars (Sx, Sy), non­
orthogonality anµle (a), and rotation angle (8) are 
explicitly derived functions. This approach permits 
an exa<'t linear least-squares solution for tht' parame· 
ters Sr. S 11 , a, e. whereas all previously published 
solutions to this problem have rf'quired ilt'rative. 
nonlint'ar lf'ast-squart's solutions (HaUert 1962. 
1963. BnH'k 1966, Poetzschke 1967, Jeyapalan 
1972). 
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C. Linear Parameters of Comparator Callbratior. -

Individual Case Solutions 

An exag~eration of the physical situation for 
which the <·omparator l'alibration routines in this 
report are derived is deµi<:ted in figure 15. 

Derivation of the Exact Solution uf the Linear 
Parametns 

Equations (36), (37) and (38) describe the linear 
transformation between the grid CX. Y) and com· 
par at or (x. _v) eoordinalt' systems, except for the 
translation between their origins. Assumin~ the 
grid coordinates tu be t'rrorless and the comparator 
measuremf'nts to contain a variety of residual 
t'rrors. the c·urnplete linear transformation between 
the systems is expressed as 

[X] =[r s] [x+v.r]+[e',]. 
Y t U y+ VN f (39) 

or 

X= R(x+v)+T' (39) 

whe re R is defined to include all coefficient!! of 
eq (36), i.e .. 

R = MNS = coeffil'it'nt matrix of a general 
line ar transformation. 

v= Vr, v11 =residual errors in the comparator 
system. 

T' = e' ./' =translation in X and Y. respectively, 
betwt"en coordinate systems. 

The measurement of more than three grid points 
will provide redundant ubservations which ean be 
adjusted in a least-squares solution for the ealibra­
tion paranwters. Howt•ver, eq 1:391 is nonlinear in 
the unknowns r. s. t. u. and t'.r. l'y and must be 
linearized for a least-squares adjustment. 

Instead of linearizing eq (39) by Taylor's series, 
('onsider the following equivalent set of equations 
which are in linear form: 

or 

x+v=AX+T. 



--+m (0,0) 
x 

I 
I 

(2,0) 

FIGURE 15. -An exaggerated grid·comparator relationship. 

This set contains the san~e observations as equa­
tion (39) but different parameters. An interpretive 
comparison of eqs (39) and (40) reveals that in eq 
(39) the comparator measurement system is trans­
formed to the grid system, whereas in eq (40) the 
grid system is transformed to the measurement 
system. Obviously, the transformation of eq (39) is 
more desirable for comparator calibrations as its 
parameters physically describe the comparator 
deformations. In both equations the residuals have 
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purposely been defined in the measurement system 
so that they can be used later in the interpretations 
of systematic nonlinear comparator errors. 

A rearrangement of eq (40) produces 

(41) 

or 
X=A-1(s+ v)-A- 1T. (41) 



A comparison of eqs (39) and (41) reveals the fol· 
lowing identities: 

(1) Transformation inverse identity 

(42) 

or 

12) Translation identity 

(43) 

ur 
T'=-A-1T. 

An application of these inverse and translation 
identities to the linear least-squares solution for 
eq (40) produces an equivalent least-squares solu­
tion for the nonlinear equation set (39). Thus, an 
txa('t, linear, noniterative solution fur the calibra· 
tion with residuals idven in the measurement system 
does exist. The mathematical model for this exact 
solution is 

(40) 

or 

i,• =AX+ T- %. (40) 

The solution for the inver!'e identity eq (42) 

of the general linear transformation is as follows: 
From eqs (36J. (37). and (40) we have solved for 

A= R-l = [ r s ] -
1
= [Sx ·cos_ 0 

t u -Sx · sm 0 

Sy· sin a· cos fJ+Sy ·cos a· sin 0 ) - 1 

-Sy· sin a· sin o+Sy ·cos a· cos fJ 
( 45) 

According to eq (42), R - 1 corrrsponds to thP ele· 
rnents of A of eq (40). The invt"rsion of eq (45) 

in terms of A - 1 produces 

- tan a. sin o+ cos tJ 
u= 

Sx 

- tan a · cos 0 - sin tJ b = ____ S_x ___ _ 

(46) 
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sin 9 
c= 

Sy· cos a 

d= cos 9 
Sy· cos a 

Using algebraic manipulations and trignometric 
identities, it can be shown that 

(c2 + d2)1/2 
Sx=---­

(ad-bc} 

(a2+b2}112 
Sy=---­

(ad-bc) 

a= tan-1 (
-ac-bj 
ad-be 

(47) 

These are the physically identifiable comparator 
calibration parameters defined in the comparator 
coordinate system. 

The Exact Least-Squares Solution of the General 
Linear Translormation 

The following derivation was developed to provide 

the most economical and efficient method of com­
puting the transformation. 

The mathematical model is given by eq (40). The 
observation equations of this system are: 

0 

0 x, ~. ~ > 1:1' 
• c I 
: I 

d 

e 

I 

where the subscript i denotes the grid point identi­
fication number. Or, rewritten, in matrix form, 

(44) 

Nute that the notation has been changed from the 
previous section. 

The solution of the normal equations is 



where 

I(Xi) I(X;Y,) I(Xd 0 0 0 I(X1x1) a 

I(X1Y1) I(P;) I(Y1) 0 0 0 I (Y1x1) b 

I(X1) I(Yi) n 0 0 0 I. (x1) c 
ATA= , - ATl = and .r= 

0 0 0 I<xn I(X;Y1) l:(X1) I(Xm) d 

0 0 0 I(X1Y1) I(P;) l:(Y;) I(Ym) e 

0 0 0 I(Xr) I(Y1) n I(y;) f 

NOTE: AU summations (denoted I) are of grid point (i) coordinate values from l ton, where n is the number of grid point.a meuured. 

Inspection of the normal equations reveals that 
the solution can be determined more efficiently 
through elimination of the translation terms (e, f). 
This is accomplished by solving them implicitly 
from parameters a and b. That is. ATA.r=ATl. 
The third and sixth equations of the rearranged 
normals are 

ell,+ dIY1 + nf = Iy; 

Divide each equation by n and rearrange terms to 
obtain the solution for the translations. Thus 

e=.f-aX-bY 

f=y - cX-dY, 

where the overlined terms are the means of the 
observations, i.e., 

- :rx, 
x=-, etc. 

n 

Since ATA. is block diagonal with equivalent 
symmetric blocks, the inverse of ATA. may readily 
be obtained from the inverse of one block. The 
solution of (AT A)- 1 by the determinant adjoint 
method is as follows: 
Let 

D =I ATA I bh><'k (48) 

Then 

(48) 
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-nIX1Y1+ IX1IY1 

nllf-(IX,)2 

IX1IX1Y1 - IY;llf 

Let 

011 012 
012 022 

= - 01s Q23 D 
0 0 

0 0 

0 0 

IY1IX 1Y1 - IX 1IY~[ 
IX1U;Y,-IY1IX1 · 

IXfIY[- (U1Y1)2 

013 0 0 0 

o~3 0 0 0 

Oaa 0 0 0 

0 011 012 013 
0 012 022 023 
0 013 023 033 

(49) 

(50) 

Q,, is the weight coefficient matrix of the adjusted 
parameters (a, b, c, d, e,J, respectively). 

or 

The solution of the parameters is 

d= (01zll1y1+022IYm+02:J:Y1)/D 

e=x-aX-bY 

J=y-cX-dY. 

(51) 



An e fficient computer programmed solution for 
these parameters is given by Subroutine EXACT. 

The Weight Coefficient Matrix of Functions of the 
Adjusted Parameters 

To appreciate the physical meaning of the 
solved com parator calibration parameters, a com­
plete error propagation through the adjustment is 
necessary. A weight of one is given to each mea­
sured coordinate, since care has been taken to 
provide mean observations of egual quality for the 
adjustment (viz., MEASUREME NT, Technique). 
The standard error of a s ingle observation of unit 
weight (mo) after adjustment of a single case is 
determined by 

(52) 

where u = 6 unknown parameters and n = the 
number of grid points measured. 

'To determine the standard errors of the calibra­
tion parameters, the weight coefficient matrix of 
the functions of the adjusted parameters ( Qx) 
must be determined. The ponion of Qx asso· 
ciated with the translations is of no interest to the 
calibration and will be left out of the following 
discussion. 

The weight coefficient matrix Q,, (eq 50) rewritten 
for parameters a, b, c, d only is: 

~
II 012 Q 

Q =l.. 12 022 0 
p D 0 011 

0 012 

Let Q.,. represent the \\ eii,:ht coeffic ient matrix of 
the calibration parameters (Sz, S 11 , a, 6) . Then 
error propagation of the function X with the param­
e ters pis computed by 

(53) 

where G is a differential matrix relating functions of 
the parameters to the parameters, i.e., 

O.Sx O.Sx O.Sx O.Sx 
& 8b & &i 

0.Sy ~ 0.Sy O.Sy 
Sa Sb & &i 

G= 
oa {)a {)a Sa 
& Sb Sc &i 

S8 {j(J 50 {j(J 

Sa ab & &J 

The solution for G using the relations given in eq (47) is 

-(c2+d2 ~1 /2 .d c(c2+d2)112 
(ad- bc) 2 (ad- bc)2 

-b(ac + bd) a(ac+ bd) 
(ad-be ) ~(a2 +b2) 112 (ad - be )2 ( a2 + b2 ) 1 ~ 

G= 
b -a 

(a2+ b2) (a2 + Ir) 

0 0 

The variance-covariance matrix of the adjusted 
calibration parameters (Ix) is given by 

(SS) 

Summary 

The computations required to perform a complete 
linear adjust rnent of a s ingle case of grid plate 

29 

d~ac+ bd) - c(ac+ bd) 
(ad- bc)2(c2 + d2 ) 112 (ad- bc)2 (c2 + d2 )112 

b~a2 +b2)1/2 .:. a ~ a2 + b2 ) 112 
(ad-bc)2 (ad- bc )2 

(54) 
- d c 

(c2 +dZ) (c2+dZ) 

d -c 
(c2 +d2 ) (cz + d2) 

measurements on a two-axis comparator , including 
the de termination of the comparator calibration 
Linear paramete rs and their statistics, are: 

I. Pe rform summations required by eqs (48) and 
{49) to obtain D and Q,,. 

2. solve for the adj us tment parameters (a, b, c, 
d, e, f) by eq (51). 

3. solve for the calibration parameters (Sx, Sy, a) 
by eq (47), 



4. compute residuals (vz. v11) in the comparator 
coordinate system by substitution of the adjust­
ment parameters and observations into the 
mathematical model, eq (40), 

5. compute the s tandard er ror of a single observa." 
tion of unit weight (mo) after adjustment by 
eq (52), 

6. compute the differential matrix G using the 
relations given by eq (54), 

7. compute the weight coefficient matrix of the 
calibration parameters Qx by eq (53). and 

8. compute the variance-covariance matrix of the 
adj usted calibration parameters (I.\) by 
eq (55). 

The correct application of the calibration param· 
eters to any measurements performed on the com­
parator is given by eq (34). 

It is useful to know the distribution of the adjust· 
ment residuals in the grid coordinate system. 
Computation of the inverse of the adjustment 
parameter (a, b, c, d) matrix. eq (42), will provide 
the parameters (r. s. t, u). It can be s hown by 
derivation from eq (39) that the residuals in the grid 
system (vx. Vy) are computed by 

Computer P rogram Routines 

T he main computer program processes each case 
of meas urements separately through a free solut ion, 
a general affine li near transformation solution, and 
t hen a nonlinear solution. 

The free solution allows only rotation and trans· 
lation, assuming orthogonality bet ween the two 
coordinate systems. The residuals computed indi­
cate the amount of total e rror present. Figure 16 
is the printed output of a free solution of a single 
case of measurements of a 25-point grid as computed 
by Subroutine FIDFIT2. 

The general affine linear transformation is com· 
puted by S ubroutine EXACT. All values men· 
tioned in the above summary are computed in· 
eluding the residuals in both coordinate systems. 
Figure 17 is the linear adjustment output of the same 
data presented in figures 6, 7, 9, 10, and 16. 

The printed output of the adjusted observations 
and the residuals in both coordinate systems is set 
up by Subroutine VSPRINT. 
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D. The Generalized Weighted Mean 
Linear Solution- Multiple Case Solution 

As previously stated. a complete calibration 
set consists of single operator measurements of the 
grid plate in four rotated cases. Up to 20 cases of 
measu rements of a 25-point grid. with up to 300 
pointings allowed per case, may be processed by 
thls computer program. After all cases have under· 
gone individual calibration solutions, they are 
processed through a combined linear calibration 
solution. Rather than form a large simultaneous 
least-squares adjustment of all cases, the equiva· 
lent adjustment is made by computing the gen· 
eralized weighted mean solution. This al ternative 
solution saves considerable computer storage and 
time without sacrificing computational or statistical 
rigor. 

The Mathematical Models Used 

A test evaluation of the variation of the variances 
of a single observation of unit weight (m~). eq (52) 
from several case adjustments of a single linear 
comparator calibration was performed. The F Max 

test (Hamilton 1964) was made to ascertain whether 
any significant variations between the m~. were 

J 
present (j refers to case number). The test, in which 
it is assumed that the degrees of freedom of all 
adjustments are equal, was made at the 95-percent 
significance level. Results indicated that m~ were 
not significantly different. Therefore. the fofiowing 
generalized weighted mean {combined) adjustment 
was chosen, which proceeds under the assumption 
that all mt,1 are from the same statistical popuJation. 

m2 
Thus in eq (56) the product -t · L-.1. removes the 

mo, .\J 

m~1 already in Ix
1
1 and replac~s all m~1 by a constant 

m~( This m~1 can be (and is) taken to be 1 without 
effect on the value of X, given by eq (56). The 
unknown constant value_ of m51 can then be esti· 
mated on the basis of X by equation (5 7) (Pope 
1969). 

The generalized weighted mean solution solves 
for a single set of linear calibration parameters 
while permitting each case of measurements to 
have a unique set of rotation and translation 
parameters. For example, with four cases of meas· 
urements, the combined solution will compute one 
set of calibration parameters {Sx. Sy. a) and four 
sets of rotations and translations, (8i> T.rJ' T111 ) . 
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The mean parameters are computed by 

where: 
X =the meaned calibration parameters 

Sx, Sy and a. 
q =the total number of cases combined in 

the adjustment. 
m~= the variance of unit weight of thejth case. 

(Computed by eq (52).) 
X;= the calibration parameters Sx, Sy, and a 

of the jth case. (Computed by eq (4n) 

L =the variance covariance matrix of calibra· 
.r; tion parameters in the jth case. (A 

subsection of the entire matrix computed 
by eq (55).) 

An estimate of the variance of a single observation 
of unit weight for tbe combined linear adjustment 
(m~1 ), computed under the assumption that all 

observations of all cases are from the same popula­
tion, is given by 

where: 
Vj = 2l1 - u; = the degrees of freedom of thejtb 

case. 
11 = the total number of grid points measured in 

the jth case. 
UJ = the number of unknowns (parameters) in 

the jth case. Note: u; = 6. 
v = the total degrees of freedom for the com· 

bined adjustment. 

v=2i(lj)-3(q+1) 
j • I 

NoTE: After multiplying both sides of formula (57) by v the 
right side of the formula is numerically equivalent to the sums of 
squares of residuals associated with the commonly used least· 
squares adjustment. 

The variance-covarience matrix of the adjusted 
mean calibration parameters i& computed by 

~ _ = m2 [ ~ (m2 I - t )]-t (58) 
4..x o, 2., o; xJ 

j s I • 
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After this combined adjustment has been per· 
formed, a new set of residuals is generated for each 
case of measurements. The combined solution does 
not produce the values of the new rotation and trans­
lations corresponding to each case. Thus, to compute 
the residuals, the mean parameters are applied to all 
raw measurements and a free adjustment, containing 
only rotation and translations (Subroutine FIDFIT2), 
of each case to the grid is performed. 

Computer Program Routines 

All computations of the combined adjustment are 
performed in the main (CALIB) program. The data 
from each individual case solution needed for this 
computation include: SxJ, Sy1. ah Ix)' 7n<>J, and L,. 
These values are stored for each case in the XILIN 
array. Figure 18 is a computer printout of the results 
of a combined linear adjustment. Figure 19 is a 
printout of a single case after treatment with the 
final linear calibration parameters. The residuals 
shown are for the same data shown in figure 17 
after the combined solution. The standard error of a 
single observation of unit weight (mo1) is recomputed 
for each case to allow for the additional degrees of 
freedom of the combined adjustment. 

This is performed by an alteration of the count ·of 
unknowns in the degrees of freedom of \each case, 
i.e., 

u·= ! (3 +~) ) 2 q 

is substituted into eq (52). Admittedly this standard 
error computation is superfluous. However, the 
sums of squares of residuals from all of the cases 
are identical to those computed by vmn, of formula 
(57). 

E. Nonlinear Parameters of Comparator 
Calibration 

There are a variety of nonlinear systematic error 
sources which affect comparator measurements. 
They have been well documented (Bennett 1961, 
Rosenfield 1963, Gugel 1963, Loewen 1964, Brock 
1966) and will only be summarized here. Ob· 
viously some of these errors are present only in 
certain brands or types of comparators. 

Lead screws contain periodic errors which may be 
considered constant for a single turn of the screw. 



This error, generated during the manufacturing 
process, should be independently determined by the 
glass scale method upon receipt of a new lead screw 
comparator. It is normally quite small (E < 0.5 µ,m) 

in most modern comparators. Its form is generally 
considered to be periodic and correctable by Fourier 
series analysis. 

Lead screws also contain large r (E > l µ,m) 

secular errors initially created in the manufacturing 
process. With wear. these errors will often become 
larger and will assume new systematic forms. 

Slide- or stage-guiding ways create nonlinear 
measurement errors. Any deviations in the planing 
of the ways process will cause the comparator 
stage to weave and curve in a nonlinear fasl.iion. 

Built-in scales, measuring marks. or reference 
measuring grids have inherent nonlinear errors 
that will affect measurements. However, if these 
standards have calibrated values for each of their 
reference marks , the nonlinear errors can be re­
moved by tabular corrections for the discrete marks. 

Other nonlinear systematic errors peculiar to 
individual comparators may also be present. These 
include time-variant error gradients. which are 
difficult to isolate, and errors attributable to wear 
or misuse. 

Most previously published articles on this subject 
treat each of these nonlinear errors individually 
with some form of a Fourier series. Admittedly, 
this is the most elegant model for expressing the 
errors so that they are physically interpretable. How· 
ever, the modeling is cumbersome when several 
of the aforementioned sources of error are present. 
During the early stages of modeling these errors 
at NOS, a decision was made to use low-degree 
polynomials to express their aggregate form. 
Initially, 3d degree polynomials were used for cali­
brated grid measurements. The 25-point grid was 
oriented parallel to tht> co mparator ax.is to provide 
S discrete axis locations. Subsequent tests and 
refinements in the system have led to the more com­
prehensive treatment of these systematic errors 
as described in the following discussion. 

The Polynomial Method-Individual Case Solutions 

After the systematic linear errors of a single case 
have been removed , the residual errors at each brrid 
point are computed in the measurement system. 
These residuals contain systematic nonlinear com­
parator errors, systematic nonlinear errors of the 
calibrated grid, residual nonlinear pointing errors', 
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and random errors (noise). Investigations at '.'lOS 
have demonstrated that nonlinear comparator errors 
can be removed effectively through the application 
of 4th degree polynomials to measurements from 
each axis. The 4th degree polynomials used, pre· 
sented in a least-squares observation equation 
form, are 

lx+v.r = Ax4 +By'+ Cr+ Dy3 
+ Ex2 +Fr+ Gx+Hy+J 

(59) 

ly+v 11=A'x4 + B'y' + C'r + D'y3 + E'x2 

+ F'r +G'x+H'y+J' •. 

or in the matrix rotational form introduced in 
equation (44) 

Where: 

-l+v=Ax. 

l = lx, ly= residuals after linear calj­
bration adjustment (pre· 
viously denoted as V.r. v11 in 
eq (40)). 

·v=v.r. v11 = residuals after the least­
squares nonlinear calibra­
tion adjustment 

x=A-J, A'-}'= unknown linear coefficients 
of the polynomial. 

A =x. y= comparator measurements 
after correction for sys-
tematic linear errors. 

An inspection of the linear coefficients of eq (59) 
reveals a general linear transformation in the co­
efficients G, H. G', H'. and a translation by terms 
J and J '. These coefficients are retained to absorb 
any additional general linear transformation created 
by the removal of higher order systematic nonlinear 
errors. This polynomial prompts the question of why 
is the removal of all comparator systematic errors 
not preformed with a single, simultaneous, mathe­
matical model adjustment? The reason is threefold. 
First, to perform a simultaneous calibration adjust­
ment on data obtained from multiple grid plate 
placements (cases). the polynomial must contain a 
variable number of rotation and translation param· 
eters and only one set of linear (Sx, Sy, a) and non· 
linear calibration parameters (A-F, A' -F' ). This 
is a difficult task and it precludes the explicit solu­
tion for the linear calibration parameters permitted 
by the generalized weighted mean linear solution. 
Second, calibration of many of the different brands 



of comparators demonstrated that the nonlinear 
errors were of insignificant magnitude and so need 
not be corrected for. Third, at NOS, our research 
philosophy is to attempt to isolate mathematically 
each significant error source that can be identified 
physically. The program in its present form does 
allow a physical interpretation of the. linear calibra­
tion parameters, whereas their physical interpret­
ability would be masked in a polynomial. However, 
with small modification, eq (59) could be used to 
perform a single case calibration. 

An extended linear polynomial containing cross­
terms (xy, x2y, xr, etc.) was developed and tested 
at NOS. This polynomial was designed specifically 
to remove any systematic nonlinear errors generated 
by dependent comparator axes. The least number of 
coefficients needed to completely describe the 
physical correlations between the x,y axes of a 
lead screw comparator was found to be 30. This 
polynomial was tested on the primary s tages of two 
Wild STKI stereocomparators and on four D. Mann 
monocomparators. The largest nonlinear error 
dete.cted was 0.3 µ,m. Therefore, the mathematical 
model was abandoned. 

Other tests determined that on these comparators 
the periodic errors of a single turn of the screw 
were negligible. If these errors are present, correc­
tions for them must be determined independently 
by a method such as described by Bennett (1961). 
Then a precorrection to all data must he applied 
before using the NOS calibration program. 

Figure 15 shows that the polynomials can be 
described more adequately with a rotated grid 
placement on the comparator, than from a squared­
off grid placement. Since the errors are usually 
smaU (E < 4µ,m ), the rotation of the non-linear 
errors through the smaU angle a during linear 
calibration (a< min. arc) will leave them unchanged. 
An 11.3° rotation of a square symmetric 25-point 
grid, as shown in figure 20, provides an even sam· 
pling of the nonlinear errors along the comparator 
axes. However, other rotations of the grid may be 
necessary so that the entire range of the comparator 
axes is covered. 

The standard error of a single observation of unit 
weight after nonlinear least-squares adjustment of a 
single case is computed by 

(60) l = l 
111-0 = 

2l - µ, 
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where u = 18 unknown coefficients. 
l = total number of grid points (i) 

measured in the case, 
Vz1, v 111 = residuals in each coordinate of point 

i after nonlinear adjustment of the 
case. 

The variance-covariance matrix of the adjusted 
coefficients is the same for both sets, A-J and 
A' -1 ', because each set is computed from the 
same normal equation system ((ATA )- 1) with 
separate constant columns (ATI). That is, 

Multiple Case Solution 

The validity of a descriptive nonlinear error poly­
nomial is greatly enhanced by the increased sam­
pling of different comparator axis locations made 
available by multiple case measurements. The 
recommended single set (4 cases) of calibration 
measurements, performed by one operator, provides 
a sampling of up to 100 discrete points along the 
comparator ways, screws, scales, etc. Under these 
circumstances the low-degree polynomial solution 
greatly reduces the chances of modeling random 
noise. 

The combined nonlinear solution is computed by 
a simultaneous least-squares adjustment of eq (59). 
The observation equations for this multiple case 
adjustment are formed from the linearly corrected 
measurements and from the residuals computed 
from the generalized weighted mean linear solution. 
The standard error of a single observation of unit 
weight ( mo~1 ) from the combined nonlinear adjust· 
ment is computed by 

where 

(62) 

q = the total number of cases combined, 
lJ = The total number of grid points 

measured in the jth case, 
Vz11• V1111 =residuals in each coordinate of point i 

of thejth case after multiple case non­
linear adjustment. 



fJCURE 20.-Evenly-apaced aamplea of nonlinear enon. 

The variance-covariance matrix of the adjusted 
coefficients of the c1:1m bined nonlinear adjustment 
is computed from the inverse of the normal equa· 
tions in the same manner as with the individual 
case adjustments (see eq 61). 

The computation of the residuals after the com· 
bined case adjustment is similar to the computations 
performed after the combined case linear adjust· 
ment, i.e., the original measurements are corrected 
for linear and nonlinear systematic errors and then, 
case by case, are computed through a free fit adj ust· 
ment (Subroutine FIDFIT2) to produce residuals. 

The correct method of applying the nonlinear 
correction coefficients to linearly corrected observa· 
tions is given by 

Xa = x + Ax4 + By4 + Cx3 + Dy3 

+ Ex2 + Fyt + Gx+ Hy+ } 
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Ya = y + A'x4 + B'y4 + C'xS + D'r 

where 

+ E'x' + F'yi + G'x + H'y + J' 
(63) 

xa, Ya= comparator measurements corrected 
for all systematic comparator errors. 

x, y = comparator measurements corrected 
fo r all linear systematic comparator 
errors (Sx, Sy, a). 

Computer Program Routines 

Upon completion of the linear calibration adjust· 
ment of each case, the residuals and linearly 
corrected measurements are used to form the 
normal equations of the polynomial in array A. 
Subroutine INVSYM is called upon to invert and 
solve the normal equations. The adjustment residuals 
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are computed in the measurement system for each 
point by the polynomial math model of eq (59). This 
polynomial computation is performed by arithmetic 
statement function BX. The residuals are then 
orthogonally rotated , through the angle 0 (eq 47) 
of the case, to the grid coordinate system. Sub­
routine VSPRINT prints the adjusted measurements 
and residuals for the case. Figure 21 is a printout of 
a case after removal of all systematic errors from 
single case adjustment. A printed plot and graphic 
CRT plot of the systematic nonlinear correction 
model is available for each case according to the 
input header card option chosen. These plots are 
described below. 

Upon completion of the combined linear solution , 
all original observations are corrected (orthogonal­
ized) by the final linear calibration parameters and 

restored to the B array (columns 342, see Sub­
routine VSPRJNT). Then each case is computed 
through a free fit adjustment (FIDFIT2) to compute 
the residuals of the combined linear adjustment. 
These residuals and linearly adjusted observations 
are collected in the A array to form the normal 
equations for the multiple case simultaneous 
polynomial adjustment. Subroutine INVS~ is 
called upon to invert and solve the normal equations. 

The sums of the squares of the residuals needed 
for equation (62) are computed by 
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RESIDUALS AfTEW APPLICATION Of flNAL LINEAR ANO flNAL NON-LINEA~ CORRECTIONS TO ORIGINAL DATA 

GRID ANO CASE NUMAfW ?0020 
f~EE ADJUSTMENT -
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2002013 1'?4?77.97 132175.7Q .817 -.226 13 .843 -.oso 
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~00?.024 17)0f,.2l 100336.<;0 2.456 1.280 2'- ?. .196 1.687 
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SUlll \Ill = 20.4248 15.9047 SUM 1111 = 21.4781 14.8517 
NO, Of POINTS " 25 SIGMA = ,9475 ,8361 SIGP4A = ,9716 .8080 
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FICURE. 25. -Output of a single caee - after combined nonlinear adjuetmenL 



These equations correspond to a least-squares 
adjustment whose observation equation form is 

where 
.4X+L=V 

A= is formed from the observations 
(x , y, x2 , y2 , x1 , etc.). 

X~. X~= the transposed vector of unknown 
coefficients A-} or A ' - j '. 

Lz, L'll= the constant column = the x, Y: 
residuals from the combined linear 
calibration adjustment. 

The variance-covariance matrix of the adjusted 
coefficients is computed from 

Figure 22 is a printout of the results of the 
multiple case polynomial adjustment for nonlinear 
systematic errors. Figure 23 is a graphic printout 
of the nonlinear correction model from the multiple 
case solution. The correction polynomial is gener· 
ated through a range of typical comparator coordi· 
nates and the correction is printed in micrometers 
(µ.m) at discrete intervals. This computation is 
performed by Subroutine PLOT. These discrete 
corrections are also used to generate an annotated 
CRT plot of the correction polynomials. Figure 24 
is the CRT plot generated displaying the corrections 
given by figure 23. This plot provides an historical 
record of the shape of the nonlinearities in the 
comparator. Comparison of these plots from several 
calibrations will demonstrate the effects of wear with 
time, or can indicate the presence of mechanical 
problems. The CRT plots are generated from Sub· 
routine GRAFT. 

Upon completion of the multiple case simultaneow; 
polynomial adjustment , all linearly corrected ob­
servations are corrected by the final nonlinear coef· 
ficients and restored in the B array (columns 3-42). 
Then each case is computed through a free adjust· 
ment (FIDFIT2) to compute the residuals in both co­
ordinate systems after all combined adjustments. 
Figure 25 displays the final residuals of a single case 
after all adjustments. As with the combined linear 
adjustment residuals, the standard error of a single 
observation of unit weight for each case (moJ) 
has been recomputed to allow ·for the additional 
degrees of freedom of the combined adjustment. 
This alteration is performed by the s ubstitution of 
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for 

v1 = 2(1- 9) of eq (60). 

F. Partial Grid Calibration 

It is possible to perform a partial grid calibration 
if all the data recommended for a comparator cali­
bration has been provided. The term partial is 
included since absolute overall scale normally is 
not available from modern comparators. An excep· 
tion to this could be a comparator which measures 
with stable monochromatic laser interferometric 
frin ge counters. The other reason a complete grid 
calibration can not be performed totally is due to 
certain similarities of the higher order nonlinear 
errors between the comparator axes with the higher 
order nonl~nearities of the grid. 

The minimum requirements for performing a 
partial grid calibration simultaneously with a 
comparator calibration are: 

I. A symmetrically spaced, square-shaped pattern 
of grid points to be calibrated. 

2. Four cases of data, each case measured with 
the grid rotated 90° from the previous case. 

3. All grid points (up to 25 points for the given 
computer routines) to be calibrated must be 
measured in all 4 cases. 

4. An arbitrary set of coordinates for the ·grid 
points is needed for orientation. 

5. All four cases must be measured by the same 
operator. 

Theory 

Assume a calibrated grid has been measured in a 
single case and a comparator calibration has been 
performed. The residuals remaining after calibra· 
tion are attributable to a combination of: residual 
pointing errors, random comparator errors (noise), 
errors in the calibrated grid coordinates, and 
possible residual systematic (unmodeled) com· 
parator errors. 

Now s uppose the same grid has been measured 
in four cases, each rotated exactly 90° from the 
previous case, and all measured by the same opera· 
tor. A combined case calibration produces residuals 
for each case. An analysis of these residuals with 
res pect to their measured position in the comparator 
should reveal any uncompensated systematic com· 
parator errors. Assume no systematic trends are 



apparent and a comparison of the histogram of the 
residuals with their distribution curve reveals no 
significant statistical differences. Yet, systematic 
errors may still exist, as further analysis of these 
same residuals, rotated and displayed in the grid 
coordinate system, will demonstrate. These are the 
residual systematic errors present in the calibrated 
grid coordinates. Any unmodeled systematic linear 
(and most systematic nonlinear) comparator errors 
will nullify one another when rotated to and summed 
in the grid system. Residual pointing errors and ran­
dom noise will usually persist when rotated to the 
grid system while pointing bias errors, which are 
self compensating with rotation, will disappear. 

Theoretically, the average of the residuals 
summed from four 90° cases, computed in the 
grid system, should equal zero. Any differences 
from zero are attributable to random effects (grid 
coordinate errors) or to random errors (pointing 
errors and noise). The physical separation of these 
two error sources on the basis of a single experiment 
(calibration) is impossible. However, our experience 
at NOS has demonstrated that a significant portion 
of t~ese average errors is caused by grid coordinate 
errors. The calibration of many different brands of 
comparators by several different operators, all 
using the same grid, will produce a large sample of 
grid corrections. Evaluation of this large sample 
will definitely exhibit persistent corrections to cer· 
tain grid point coordinates. 

Similar reasoning can be applied to measurements 
of an uncalibrated grid. In this case, the grid cor­
rections will be made to the given approximate 
coordinates for the grid. The comparator calibra­
tion presented in this report is dependent on using 
the given grid coordinates to provide absolute scale. 
Therefore, any corrected grid coordinates will 
retain the inherent (incorrect) scale of the given 
approximate coordinates. 

It is worth noting that, with the procedure recom­
mended herein, the linear parameters of the 
comparator calibration will always be correct 
(except for an absolute scale factor), even though 
the grid is uncalibrated! However, the nonlinear 
parameters will seldom be correct, unless the given 
approximate coordinates are close to the true grid 
coordinates. 

Figure 26 shows simplified examples of five 
possible systematic linear and nonlinear grid errors. 
The outlines represent some of the average ways in 
which actual grid coordinates could deviate from a 
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regular square; i.e., these curves represent the 
form that manufacturing errors may take despite 
the manufacturer's intent to produce a square grid. 
This is a reasonable evaluation of engraved glass 
grids. Most manufacturers engrave all the parallel 
lines in one direction, then rotate the plate 90°, and 
engrave all the parallel lines in the other direction. 
Thus, any screw or way errors in their single axis 
engraving engines are repeated on both axes of the 
grid. 

Consider each of the regular forms of figure 26 
rotated through each of the four 90° rotations and 
superimposed on itself. The linear. quadratic, and 
quartic curves are self-nulling. That is, the average 
superimposed curve for each of these three cases 
is a square. The cubic and 5th degree forms are 
self·reinforcing and their average curve is the same 
as any one of their rotations. It can be shown that 
superimposll1ons of similar higher odd-degree 
curves are self-reinforcing whereas the higher even· 
degree curves are self-nulling. Note that any de­
parture of these odd-degree curved forms from a 
regular figure will tend to nullify their average 
shape toward a square figure. 

Now consider each of these regular forms along­
side of and parallel to the two comparator axes. In 
the case of the self-nulling forms. any nonlinear 
errors of the comparator axes are distinguishable 
from the grid nonlinearities when the grid is meas­
ured in the four 90° rotation cases. In the case of 
the odd-degree figures, the nonlinear errors of 
the comparator axes will not be separable from the 
nonlinear errors of the grid. 

This NOS comparator calibration program uses 
fourth degree polynomials to describe the non­
linear errors in the comparator axes. Therefore, its 
effectiveness in determining grid calibration cor­
rections for uncalibrated grids is limited only when 
the grids are of regular cubic or fifth degree form. 
The fourth degree polynomial, in its computed form, 
will contain contributions from the comparator 
axis nonlinear errors, the average shape of the grid 
from four orientations, and any quasi-systematic 
polynomial present in the random errors. 

In reality, most grids only approximate regular 
forms similar to those shown in figure 26. Another 
factor to be considered is that, when the grid place­
ment for the four cases changes by some rotation 
angle from one comparator calibration to another, 
the nonlinear polynomial also will exhibit changes 
caused by new measurement range endpoints. 
The combining of several (4 case) calibrations, each 
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FIGURE 26. - Systematic error forms in grids. 

performed with a different grid rotation, will tend 
to minimize correlations between the nonlinear 
errors of the grid and the comparator. Therefore 
the grid calibration capability of this program is 
quite acceptable. 

If a regular cubic form does occur, the grid 
corrections determined will tend to alter the true 
spacing of the exterior border of a 25-point grid. 
Figure 27 shows an exaggerated example. The 
dashed line represents the incorrect (altered) 
border of the grid. The curved lines attempt to 
portray a three-dimensional view of the error· 
causing cubic polynomial. A regular fifth-degree 
form will not alter these spacings. 

In summary, for an uncalibrated grid, the partial 
grid calibration will provide calibrated coordinates 
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that describe the true shape of the grid. Exceptions 
are that the absolute scale is not determined, and 
the exterior border spacing may be in error because 
of regular cubic errors that are common to both 
comparator axes or are inherent in the grid. 

For a grid for which the absolute scale and the 
average exterior border scale have b ... en well 
determined, this program can provide calibrated 
coordinates for all grid points. 

The grid calibration capabilities of this program 
are greatly enhanced when the same grid is used to 
calibrate many different brands of comparators. 
This procedure minimizes the effect of any quasi· 
systematic errors and other noise that may be 
superimposed on the calibration corrections pro­
duced from a single comparator calibration. 
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cubic error present in both comparator axes. 

Statistical Basis 

The computation of grid coordinate corrections 
provides the basis for computing a statistical 
evaluation of the given grid coordinate set used for 
the comparator calibration. The given grid co· 
ordinate set has an a priori variance (CT; ) but is 
assumed errorless in the comparator calibration. 
The following is a derivation of an unbiased esti· 
mator of the given grid accuracy. The derivation 
neglects any correlations between the residuals 
after adjustment. The correlations may be obtained 
through computation of the variance-covariance 
matrix for the residuals after adjustmenL Most 
of the statistics used can be found in Hamilton 
(1964). 

Figure 28 is an example of the residuals (in the 
grid system) from four adjusted cases about the 
true grid location t1 of a single grid point i. 

Vf =ti Vfj 

q 
where : •' 

ii1 = the mean residual (centroid) of grid point 
i after the combined adjustment of q cases. 
iii represents either the fi.r1 or the ii 111 
coordinate of the residual centroid. 
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v11 =represents either the v ... IJ or the v 11iJ resid· 
ual from case j at grid point i after the 
combined multiple case adjustment. 

q = the number of cases adjusted. (In figure 28, 
q=4 cases.) 

d1 = the vector distance from the residual 
centroid location ii1 and the true grid 
location t1. 

If the residuals are attributable to given grid 
coordinate errors only, then the residual centroid 
will coincide with the true grid location and all d1 

will equal zero. However, the presence of random 
errors (residual pointing errors and residual random 
errors) prevent this. If all d1 = o, then the variance of 
ii (denoted by o{) is a good between-classes esti· 
mator of the grid accuracy u 11• 

where ii represents the average residual centroid 
for all e:rid points. 

l equals the total number of grid points. Note, the 
value of ii is zero because the residuals from the 
adjustment are transformed from the measurement 
system to a center origin system (the given grid 
coo.rdinate system). 

If all d1 ~ o, then er~ represents not only the grid 
accuracy estimator (u~), which in Model II Analy· 
sis of Variance is the variance of a random effect, 
but also includes the variance of residual random 
error (un . It can be shown for unequal sample 
sizes (q1 ~ q), i.e. , more residuals computed for 
one grid point than for another, that 

~ N(l-I) J . (_§_-~) . 
N2 -± (qi) l - 1 N-l 

1= 1 

(64) 

Where: 

q1= the total number of residuals (trans· 
formed to a common grid system) meaned 
for grid point i. 
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FIGURE 28. - Relation of residual centroid and true grid locations for grid point i. 

N = the total number of residuals for all grid 
points, 

l = the total number of grid points. 
Sb= the external or between clas11es sum of 

squares, 
I 

Sb=~ Qt (tit -fi) 2
, 

~J 

fi = 0, therefore 
I 

Sb = L (Qtfif) . 
1 ~ 1 
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Sic= the internal or within-classes sum of 
squares 

I 'I t 

S..,= L L (v1J-fi1) 2 

1- 1 J= I 

For the grid calibration to be meaningful, Q; must 
equal a constant which is a multiple of 4. Any other 
value for Qt will prevent the total nulling of residual 
systematic comparator errors or pointing biast!s. 
Therefore, for Qi= Q, a constant multiple of 4 

N=lQ 

and equation (64) becomes 



Performing substitutions and collecting terms, we 
obtain 

I I q I 

L v~ L L (v~j) - q L ii~ 
A i = I i ~ tj=l , .. I 

CT2 = --- -----,---,--.,.---
u l-1 lq(q-1) (65) 

(variance of random effect)= (variance of total 
error)- (variance of random error) 

This equation states that the unbiased estimate of 
the grid accuracy equals the total error variance 
minus the variance of the random error. 

A comparison of u~ with the a priori variance of 
the calibrated grid used in the calibration should 
show statistical agreement between them. Any 
significant difference between them indicates either 
an incorrect a priori variance or the presence of 
trouble in the comparator calibration. 

Computer Program Routines 

Counts, summations, and averages of residuals 
are required by eq (65). The counts and summations 
are accumulated in the B array. Subroutine 
AVGRES computes the average residuals and the 
grid accuracy statistics. The results are printed 
by Subroutine VSPRINT. Figure 29 is a sample 
printed output page. These computations are 
performed and printed twice: first with the residuals 
from the linear adjustment, and then with the 
residuals from the nonlinear adjustment. 

A set of average residuals also is computed in 
the comparator system. To do this, the residuals in 
the measurement system are renumbered according 
to comparator coordinate location by Subroutine 
COMPVS. The averaging is done in Subroutine 
A VGRES. These average residuals show comparator 
zonal random errors that may indicate areas of wear 
or mechanical deficiency. 

G. Statistical Summary 

To evaluate the calibration under a rigorous 
state of statistical control, a Model II Analysis of 
Variance is performed. This evaluation assigns 
statistics to each of the primary error source con· 
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tributors. An expression that contains all of the 
error sources determined in this report is 

CT~= CTI+ CT~/+ CT~+ CT~+ CT~, (66) 

where 

CT~ = variance of all errors 
= pooled RMS from initial free fit case 

adjustments, 
CT~ = variance of systematic linear errors, 
CT~1 = variance of systematic nonlinear errors, 
CT~ = a priori variance of the given master grid 

coordinates, 
= variance of mean pointing errors 
= (u~ )p of eq (30), and 

u; = vari
1
Ance of random (noise) errors. 

The variance of the systematic linear errors is 
obtained from 

(67) 

where 

CT!1 = the variance of a single observation of 
unit weight after generalized weighted 
mean linear adjustment, 

= (m~1. of eq (57)). 

Similarly, the variance of the systematic non­
linear errors is given by 

(68) 

where 

CT~ = the variance of a single observation of 
nl 

unit weight after combined polynomial 
adjustment, 

= (m~ of eq (62)). 
nl 

The variance of the random errors of the com­
parator system is determined from a rearrangement 
of eq (66). This statistic (CTr) is the single quantity 
indicator of the accuracy limit of the comparator. 

Each calibration provides an unbiased estimate 
of the grid accuracy o-; (eq 65). This statistic should 
be compared with the a priori variance of the grid 
to ensure the validity of the initial independent 
calibration of the grid. 

Figure 30 is a computer printout of the statistical 
and numerical summary of a complete comparator 
calibration. 



PT. 

°' 0 

AVERAGE RESIDUALS AFTER APPLICATION Of 

RESIDUALS AFT~R ADJUSTMENT - IN 11EASUREHENT SYSTEH 
NO. X ADJ y AOJ vx VY 
0 1 1011t8.69 511t32.09 -.573 -.090 
0 2 1881t5. 31t 100668.17 .869 .457 
0 3 27547. i.8 149905.67 -.286 -.264 
0 It 3621t7. 09 199143.83 .501 -.171t 
0 5 41t91t6. 36 21t8381.47 -.371t -.153 
0 6 59385.8& lt2731.18 -.543 .375 
0 7 68083.68 91969. 76 .307 -.516 
(i 8 7&783.Zl 11t1207.25 -.097 • 032 
0 9 85482.72 190ct42.65 -.130 .144 
010 9ct181.14 239679.81 .246 .334 
011 108&Zlt. 00 31t0 32. 60 .lt76 .281t 
012 117323.00 83Z&8.82 -.2113 -.537 
013 12&023. 3& 132505.19 .126 .313 
OH 13ct722. ct& 18171tlt. 26 -.351t .016 
015 143421. 92 230978.JJ -.010 .194 
01& 157859. 52 Z5331.Z9 -.309 -.699 
017 1&&558.80 74565.05 • ltct 3 .315 
018 175259. 73 123801t.86 -.221 -.322 
019 183957. 99 173041.10 .076 .299 
ozo 19Z&5&.30 Z22Z77. lt3 .Olt5 -.31t2 
021 207095.6& 16630.19 .32.S • 181t 
ozz 215795. 83 65867.26 -.088 .21t2 
023 2Zltlt9&. 95 115105.63 -.115 -.052 
021t 233194. 83 161t3 lt0. 42 -.388 .zoo 
025 21t1891t. &9 213577.2& .279 -.240 

SU" VV = 3.11t15 2.1t751 
NO. OF POINTS = 25 SIGHA = .3&18 .3211 

STANDARD DEVIATION = .338& 

ALL FINAL CALIBRATION CORRE CTI OHS 

GRIO CALIBRATION CORRECTIONS 

RESIDUALS AFTER ADJUSTHENT - IN liASTER GRID SYSTEH 
NO. vx VY 
1 .112 1.020 
z -.i.50 • 365 
3 -.51t5 .lt09 
It -.291 -.-.97 
5 -1.064 -.390 
6 .750 -. zo 7 
7 -.242 .606 
8 .Ci76 -.132 
9 -.235 -.421t 

10 -.71U .10 5 
11 -.580 • 592 
12 -.11ct2 • 392 
13 -.176 -.ici. 
14 -.ct21 -.259 
15 • O&U -. 3U9 
16 .ctJ5 .649 
17 .ZOlt -.lt38 
18 .. ~ 70 -.386 
19 .382 -1.129 
zo .11t6 .048 
21 . Z% .655 
22 .709 -. 303 
2J .J98 .347 
Zit .173 .057 
25 • 7ct6 -. 968 

SUH VV = 5.2722 6.lt487 
SIGHA :: .4687 .5181t 

STANDARD DEVIATION = .4891 

RANDOM ERRORS 
SIGHA = .lt252 • ltJ92 

UNBIASED GRID STANOARO ERROR = .2288 

NOTE - GRID CALIBRATION CORRECTIONS ARE VALID ONLY If ALL 
AVERAGE RESIDUALS ARE COMPUTED FROH A MULTIPLE Of 
FOUR EXACTLY 90 DEGREE ROTATION CASES. 

F'1GURE 29. - Results of the panial j:rid calibration. 



J( l 

COMPARATOH NUMRER J CALfARATJON 
OP[HATOR NUW~(R l 

OAT[ or ~EASURFHFNT 1111112 
GRID ANO CASE NUMRER 1320 

CALldRATION SUMMAllY 

?,355 2.620 2.491 = ROOr MEAN SOUAHF [RPOR Of A SINGLE OASERVATTON or UNIT WEIGHT ~(FORE CALIRRATJON 

,9~4 .935 .915 = 5TANOARO ERROR nr A SINGLE OBSERVATION or UNIT WflGHT AFTEw LINEAR ANO NON-LINEAR ADJUSTMENTS 

,319 .297 .119 ST4NQARO f.RROM nr MEAN POINTING MEASURFMENTS 

.249 A PQJORI STANOAllO FRROP or MASTER &RIO 13?0 

2. l c; I sr&NOARO [QPOR nr SYSTEMATIC LINEAR ERRORS 

,8)7 SlANOARO ERROR nr SYSTEMATIC NON-LINEAR ERRORS 

AOJUSTE O COMPAHAlOM CALIRMATION PAHAMETERS FROM TH[ SIMULTANEOUS SOLUTI ON Of 4 c. sr s 

NON-OP THO(, • 
SCALfl~ 

SCALER X 
SCALER l 

ANGLE ALPl-iA 
11aTto sx1c;r 

PAQAMfT[~ VAL Uf 
Q .C,i<l'l<l<,?;>E-01 
9.9'1'l1765F-O 1 

0 0 10.:>10 
l . UO OOl 76E•O O 

LINEAR PARAM[Trws 

SIGMA 
l.77563146f.-Oli 
1. 77<;58250E-06 

0 0 .<;JAO 

<;(ALEMS fN ~1rRONS/MfTER 
<;CALFR X -4,7ROQ 1,7756 
SCALFR Y - 2 ?.)47R 1.7756 

SA/SY 17,5674 

NON-LINEAR CORRECTI ON COfffl CIFNT <; FOP X 

VAR!ANCE-COVAk]ANCE MATRIX 
SCALER A SCALER Y 

3.152A6707E-12 2.665152 38E-20 
3.152t 'lJ2 3E-12 

ALPHA 
4, l 3617'!1..,E-lt. 
4.1J610068F.-16 
6.3056fll05E-l;> 

A R c n f r G H J 
t.16561736f-0?-3.91210l46f-0)-4,7)651 2 14E•O ) ?,4903)847[-0 3 7,76495)1lf-04-<;,02 14755l f. -04•7,2512395SF-OS 3.J459199RF-05 l,9433A80~~-06 

A Fl C 0 E f" & H J 
-S.59oQ94lt•-ol-5.97474Z42f•O) 2.??.254R~AE-o) ),J4)457'lOF-OJ-l.R7751Jl7E-04-6.27374)61[-04·8.2925536SE-o6 4,477~00QF.-05-3.1462?986F.-07 

F1CURE 30. - Ou1pu1 summary of a complete c-oml'&rator calibration. 



PWOGRAM CALIKCINPUT.ouTPUJ,TAl-'ElO·IAPESlzOUTPUT.PUNCH) 
DIMENSION AC9•lll• 8(25•521• C(4o21• ICASE!201t flll>• OPRATRl201t 

l OPVXS01251t OPVY~QC25)o CVXSUl251t P01Nll3001t 0Xl251t 
2 XMEASIJOOI. YMEASl300lt ~vxsac2s1. SVYSYl25>t SVXVYl25>· 
4 PT1NGC2~>• UYC2Slo OPVXVYClS)t OPTINGC251t CVY~UC251• CVXVYl25) 
5 •CPTINGC251• A0UMC2Slo B0UM!251• COUMC251• QPT12S>• 
6 ~77ttC50l••Ml320<~0I• W7731501t VXC25>• VYC25) 
7 tVXMC25>t VYM(2~1t XILINl11•201t VXN(251• VYNC251t 
8 SVCAl(6)t SVCAIXC31• VCXll6•20>• A8()), AA125>t AYl25), 
9 ALAl9)• ALYC9>• IALLYC5•6>• TALLYST(3)t CALClO>• KNOC20) 

INTEGEH CPTING tCASECT • UA •G~IONO •G~OUPO •OLD •OPCT 
1 OPNCJ oOP~ATR ,OPTING ,POINT ,PTING tfCASCT tTNCT 
2 TOTOPS, Y~• TALLY• CAL• UPUOWN 

COMMON ICA~E• POINTt XMEA~• YMEASt ADOMt BDUMt CDUM, TALLYST 
l • HIANSt d 

COMMON /PL4060/ Zl2001 
COMMON /AfflNE/ VXt VYt VXMt VYMt IHETAt VTHt SUMVXt SUMVY, SUMVXM 

l • SUMVYM, SUMVX2• ~UMVY2t SUMVXM2t ~UMVYM2• ~J, N 

CAL Id 
CALio 
CALio 
CAL Id 
CAL Id 
CALii:! 
CAL lo 
CALio 
CAL lo 
CALio 
CAL Id 
CAL Id 
CALld 
CALlt:! 
CAL Id 
CALio 
CALlt:I 
CALlt:I 
CALlt:I DATA IOPTYES = 3HYES>, <01-'INO = 3H NO), <STKRT z lHl-11 

DATA W773/ -.1000016 ,-.0~00020 ,-,0000007 t•.0499991 
1-.1000010 ,-,0500009 t+.OOUOOUl ,+,0499997 t•.1000008 
2-.0500001 t•,0000009 ••·O~UOOU4 t•.1000016 •-.100000) 
3•.0000017 ••.0500007 t•.1000020 .-.1000032 .-.0500021 
4•.0499995 ••.1000009 ' -.0999991 
s-.1000015 .-.1000019 .-.1000000 .-.04999&0 .-.0499992 
6-.0500006 .-.0499985 ·•-0000007 .-.0000006 .-.0000019 
7•.0000001 t•.0500015 ••• 0~00005 t•.0499994 ••.0499993 
8•.1000006 t•.0999999 .•.0999989 .•.0999990 ••.1000019/ 

t•.0999999 ' CALlt:I 
,-.1000003 t CALie! 
o-,0499998 t CA.Lid 
o•.0000001 , CALIB 
.-.1000003 t CALld 
,-,0~00003 • CALii:! 
•-,OOOOOll • CALlt:! 
o•.0500018 t CALIB 

DATA wM1J201-.10000011.-.05000044,,.ooooooa3, •• osooo111.•.10000136 
l•-.09999967.-.osoooo10 ••• oooou12u.•.05oooos1 ••• 0999998S•-.09999910 
2.-.04999944, •• 00000268••·0~000110 ••• 09999994,-.10000091,-.osooo1•6 
3t•o00000073•••04999909o•,09999792•-·l0000113t-.05000107•••0000VU48 
4.•.04999852·•·09999786• -.09999896.-.10000012 
5,-,09999974o-.l0000086o-,l0000146t-•04999924o-.05000024o-.OSOOOOl2 
6,-.osooo1Jo,-.osooo251, •• 0000026a,•.0000011a, •• 00000201.•.0000011s 
7t•t00000021•••0500008lt•.04999975•••05000030•••04999929o•,04999913 
8t•.09999968o•.09999929t•.10000029t••09999946t••0999993l/ 

DATA 5778/-,09999961• -,04999883t•.00000035t•,05000144,•,l000013lt 
l-.10000041,-.o~000038.-.oooooo94t•.0499997St•.09999893·-.l000004lt 
2-.05000014,-.00000102.•.049999a0.•.099998930-.1oooou10,-.04999991, 
J-.00000014, •• osoooo31, •• 09999934,-.09999958,-.04999904.-.00000006. 
4•.05000077t•.10000017t -.10000003.-.10000062. 
s-.100001JJ.-.10000111.-.10000111.-.04999930,-.04999994,-.04999994, 
6-.04999974o-,049999S7t•.00000023•-·00000053t-.0000006~•-•00000ll0• 
1-.oooooos6.•.osooo111.•.o~uoooJB,•.osoooo24.•.04999990••·0S000108• 
8•.l0000044t•.09999976t•.)000002l••·l0000020t•.10000197/ 

BXCAoM.DXtOYI = AC9tMl • OX•(A(J,MI • ox•(ACStM) • ox•cACJ.~I 
l • OX•AlltM)))I. OY•(A{8tMl. ov•cAC6tMI 
2 • OY•(A(4,M) • OY•AC2tMll ll 

CALL MOOESGCZtOl 

CAL Id 
CALld 
CAL Id 
CALlt:I 
CALld 
CALlt:I 
CAL Id 
CAL Id 
CALlt:! 
CALlt:I 
CALld 
CALlt:I 
CALlt:I 
CALlt:I 
CALlt:I 
CALlt:I 
CAL Id 
CALld 
CALlt:! 
CALlt:I 
CAL It! 
CALlt:! 

C •••••••• CHANGE VALUE Of -UPOOwN- HERE ••••••••••• 
UPUOWN = 21 

CALlt:I 
CALlt:I 
CALlt:I 

c 
c 
c 

c 
c 
c 

61 Pl-llNT llS 
Pl-I INT 115 
PHINT 100 

CALlt:I 
CAL Id 
CAllt:! 

100 fO~MAT C2Xt • COMPARATOH CALIBRATION - FINAL VEHSlON - SEP 1971 •, CALld 
CA.Lit:! 
CALlt:I 
CALie! 
CALld 

l ///) 

HEAD ONE OPTION HEAOEH CAWO 

CALL CLEAHVIOPHATl-l,20tlt201 
READ llOt LEflo GROUPDt MIC, 

1 M&\S TEI-I 
ULDt NLt NOCOMPo 1-!Tt 01-'l-IATI-!, OAT(, 

110 fOHMAT (Silo 12t Al• lXt 2013• 2Xt A8o 11> 
If CN6COMP .EU, 01 GO TO 39 

rs 

MASTER = MASTEN • l 
GO TU c5,7,a,91.MASTEw 

Bl-IL Gl-llD 773 - AUGUST lo 1966 VALUES 

00 Sl I = l•l5 
BCltll = w77311l 

54 

CALlt:I 
l:Allt:I 
CAL It! 
CALie! 
CAL It! 
CALie! 
CAL Id 
CAL I ti 
CAL Id 
CALio 
CALIB 
CALio 

2 
3 
4 
s 
6 
1 
8 
9 

10 
1 I 
12 
l3 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
2S 
26 
27 
28 
29 

.30 
31 
32 
33 
34 
JS 
36 
37 
38 
39 
40 
41 
42 
43 
't4 
.. s 
46 
47 
48 
49 
50 
51 
52 
53 
54 
SS 
56 
c_,7 
58 
59 
60 
61 
62 
63 
64 
65 
b6 
b1 
68 
69 
70 
71 
72 
13 

" 



• 
I 

c 

L2!___ 8(Jo21 = w77311•25> 
GMIONO = 773 
MO = 8 
DA = 1 
YM = 66 
SIGGD = 220. 
GO TO 10 

C NOS GRID 1320 - wEIGHlEO MEAN VALUtS AOOPTlO S/6/71 
c 

c 

1 DO 49 I= 1025 
8(loll = WM1320(1) 
~(lo2) = WM1320(1•25) 

GMIONO = 1320 
MO = 5 
DA = 6 
YH = 71 
SIGGD = 249 . 
GO TO 10 

C C•GS GRID 778 - OCTOBER 2101969 VALUES 
c 

c 

[Joo 12 1 = 102s 
llol> = S778CI> 
llo2> = S77tJ(l•25) 
UNTINUE 

GRIDNO = 77tJ 
MO = 10 
DA = 21 
YH = 69 
SIGGD = 405. 
GO TO 10 

C HEAD IN SPECIAL MASTEH GHIO VALUES 
c 

c 

9 GHIONO : OPHATM(t01 • (0PHATRtl9J 1°1000 
PMINT 118oGHlONO 

118 FOHMATl41Xo24HSPECIAL MASTtR GRID NO. ol4o/46Xol6HCOOHOINATES U~EO 
ll 

SIGGO = O.O 
71 REAOl22oKASEoLEGolPltBllPltllt811Plo2>•1TEST 

IF l ITEST .Eu. 0 I GO TO 7l 

C FLIP MASlE~u~ID COOHOINATtS 10 LEfT-HANOED VALUES FOH E-TO-l 
C MEASUMEMtNTS (I.E. GPIO EMULSION OUWNI UH FOR A LEFT-HANOEO 
C COMPAMATOH. 
c 

10 IF CLEFT aEU. 01 GO TO 32 
CALL FLIPM(tll 

c 
C PHl~T MASlE~ GQJO VALUES USEO 
c 

32 IFIMASTER.EU.4) GO Jo 8c 
PHINT 1040 G~IONOoMOoOAoY~ 

104 FOHMAl (40Xo23HCUOROINATES OF GRID NOatl4tl~H - VALUES AOOPTtO ol2 
ltlH/tl2o)H/l9oJ2J 

82 PMINT 120 
120 FOHMAT l 43At 5HPOINTt lOJ.., l11Xt 2t:!Xt lHY I 
,--DO ~j I = lt~!:> 
l_JlJ_ ~HINT 12ltlt81lolltBllo21 

121 fOMMAT ( 44Xt 12t 1J(, ot>Fl0.2• l9Xt t>Pfl0.2 
OUTL = OPTNO 
OUTG :: OPTNO 
OUTM "' OPTNO 
Jf(LEfT.EU.11 OUTL "'OPTYlS 
lf!GHOuPO.lO.ll OUTG = UPlYES 
IF (HlC .Nl. ll OUTH = OPTYES 
PHINT 139t OUTLo OUTGo 0U1Mt NOCOM~o Hlo OPHAT~o OATE 

139 FORMAT I 4(/)o42Xo51H••0 -LL VALUES EXCE~T PAHAMEIEHS ARE IN MICHO 
ANS •••,4(/)o~7Xt •HEAOEH CAHO SETu~·· 11. Sox. 16HLEFT HANOtD OAT 
lAo6XoA8o/5lXo•JNPUT DATA IS IN SOH1•obXoA8o/47Xo•LEAST COUNT Of ON 
2E MJCRON•ooXoA8tlt55Xo•COMPAHATOH NUMBtH 0 o6Xol 3 oAlt///o22Xt91HCASE 

55 

CALlt:I 
CALit:I 
CALlt! 
CALlt:I 
CALit:I 
CALitl 
CALlt:I 
CALltl 
CALit:I 
CAL I ti 
CAllt:I 
CAL lt:I 
CALlt:I 
CALltl 
CALlt:I 
CAL ltl 
CALitl 
CALlt:I 
CALlt:I 
CALltl 
CALltl 
CALlt:I 
CALI8 
CALlt:I 
CALit:I 
CALlt:I 
CAL ltf 
CALIB 
CALltl 
CALltl 
CALltl 
CAlltl 
CALlt! 
CALlt:I 
CAL]t:I 
CALlt:I 
CAL!t:I 
CALlt! 
CALlt:I 
CALlt:I 
CAL lt:I 
CALlt:I 
CAL lt:I 
CALit:I 
CALit:I 
CALltl 
CALlt:I 
CALitl 
CAlltl 
CALltl 
CALltl 
CALltl 
CALlt:I 
CALlt:I 
CAL lt:I 
CALltl 
CALltl 
CAL I ti 
CALlt:I 
CAL I ti 
CALltl 
CALltl 
CALlt:I 
CALlt:I 
CALlt:I 
CALitl 
CALlt:I 
CALit:I 
CALlt:I 
CALld 
CALlt:I 
CALit:I 

74 
75 
76 
17 
78 
19 
80 
81 
82 
83 
1:14 
85 
86 
87 
88 
89 
90 
91 
92 
'l3 
94 
95 
96 
97 
98 
99 

HIO 
101 
102 
103 
104 
105 
106 
107 
108 
109 
110 
111 
112 
113 
114 
llS 
116 
117 
118 
119 
lL'O 
121 
122 
123 
124 
125 
126 
127 
128 
129 
130 
131 
132 
133 
134 
135 
136 
137 
138 
139 
140 
141 
142 
143 
144 
145 



c 
c 
c 

c 
c 
c 
c 
c 
c 
c 

c 
c 
c 

c 
c 
c 

3 NUMBEH 01 02 03 04 OS 06 07 Od 09 111 11 12 13 14 1 
45 16 17 lij l~ 20,/tl8Xol5HOPEHATO~ NUMt!EH•2014t//,S6Xtl6HMEAS 
SUHEMENl OATEo4XoA8,//I 

CALL DATEC<OCHI 
PHINT 126tOC~ 

126 FOHMATC///tSlXo•OAlE OF COMPUlER HUN 1s•,AlOI 
PHINT 115 

PHEPAHE TO READ DATA 

CALL CLEAH IC•4t2tl•4tl•21 
CALL CLEAR <Bt25,52tlt2St3t521 
CALL CLEARY COPYxso.2s.1.2s1 
CALL CLEARY (OPVvso.2s.1.2~1 

CALL CLEAHV (0PVXVYo25•l•25) 
CALL CLEARY <OPTINGt25tlt2~1 
CALL CLEARV 1cvxsa.2s.1.2~1 
CALL CLEAHV <cvvso.2s.1.2s1 
CA~L CLEAHV CCVXVY•25•l•2~) 
CALL CLEARY CCPTING,25•1·2~) 
CALL CLEARY <POINT,JOO•lo3001 
CALL CLEARV <XMEASt300tlt3001 
CALL CLEARY CYMEAS•300tlo3001 
OPTVXS = O.O 
OPTYYS = OoO 
OPTVXY = OoO 
OPlVXMS = OPTVYMS = OoO 
OPNCT = 0 
TNCT :a 0 
crv..:su = o.o 
CfvYSQ = 0 .O 
CTVXVY = O.O 
CTVXMSQ = CTVYMSU = 0.0 
TCASCT=l 
TOTOPS = 0 
CA~ECT =O 
OPCT =O 

6 OPCT :a OPCT • 1 
IFC OPHATHIOPCTI , EO. 0 I GO TO 6 
KOL = 3 
KOLl = 4 
CNT = O.O 
N :a 0 
P~INT 138 
PRINT 140,0PCT 
IF C OLD ,EQ. 01 GO TO 4 
wEAO 1420 OLOHO~ 

142 F01(MATCA8) 
4 IF CSTKRT. EU .RTI GO TO 27 

GO TO <ll•llollollolltllollollollt37t44•45t46t37,SOltNOCO~P 

READ IN DATA 

FIRST DATA CAHO OF FIR~T CASE 

11 T~ANS = .125 
READ 122tKASEoLEGtIPTtXtV 
IF <LEG113tl4tl3 

STKl-A 

37 THANS = l.O 
READ 122oKASEtLEG•IPT,XoY 
IF ILEGI lJo 14• 13 

ST K 1-tl 

44 THANS = 1.0 
IF C MIC.EU. 0 I GO TO 20 
Tl-<1'NS :s l oS 

56 

CALit! 
CALit! 
CALlt! 
CALit! 
CALlt! 
CALie! 
CALlti 
CALicl 
CALit! 
CALie! 
CAL I cl 
CALltl 
CALltl 
CAL l cl 
CAL I cl 
CALitl 
CALit! 
CAL I cl 
CAL Id 
CALitl 
CAL Id 
CALltl 
CALlt:! 
CALlcl 
CALld 
CAL Id 
CAL Id 
CAL Id 
CALitl 
CALltl 
CAL Id 
CALid 
CAL Id 
CALld 
CALitl 
CALid 
CAL Id 
CAL Id 
CAL Id 
CAL Id 
CALie 
CALld 
CALII:! 
CALII:! 
CAL It! 
CALlt! 
CALld 
CAlld 
CALie 
CAL Id 
CAL Id 
CALie 
CALI ct 
CAL Id 
CAL Id 
CALltl 
CAL Id 
CALld 
CAL Id 
CALI ti 
CAL Id 
CALI ti 
CAL Id 
CALld 
CALI1:1 
CALld 
CAL Id 
CAL It:! 
CAL Id 
CALld 
CALie 
CALld 

146 
147 
148 
149 
150 
151 
152 
153 
154 
155 
156 
157 
158 
159 
1 t>O 
161 
162 
163 
164 
165 
166 
167 
168 
169 
170 
171 
172 
173 
174 
175 
176 
177 
178 
179 
180 
181 
182 
183 
184 
185 
186 
187 
188 
lts9 
190 
191 
192 
193 
19 4 
195 
196 
197 
198 
199 
200 
201 
202 
203 
204 
205 
206 
207 
208 
209 
210 
211 
212 
213 
214 
215 
216 
217 



c 

CALL MlC~ONIKAS[tLEGtlPf,XtYI 
GO TO 23 

20 ~EAO 122• KASE, LEG• IPl • x, Y 
23 If ILEGI l3t l4t l3 

C STKl COMPAMATORS - ~JGHT SIOl 
c 

c 

27 THANS : l.O 
~EAD l4bt KASEt LEGt IPT. Xt Y 

14b FOHMAT C2Xt l~• 11 t 12• 21.11.t lF"l0.81 
IF CLE.GI lJtl'-•13 

C PSK - LEFT SIDE 
c 

c 

45 THAlllS :: , ) 
READ 123t KASE,LEGtlPTtlCALPlt.11.tY 
GO TO 15 

C PSK - ~IGnT SIDE 
c 

c 

46 Tf~ANS=.J 
RE.AD 124tlCALPTtKAS[tLEG•IPT,Jl.tY 

15 KASE = KASl • ICALPT * 100 
IF CLE.GI l3t l4 • lJ 

C SPECIAL FOW~ATS ANO/OR CUMPAHATORS 
c 

c 

50 RE.AO l4lt KASEt LEGt IPT, x, Yt TRANS 
55 IF ILEGI ll• 14t13 
14 N = N • l 

PRINT 14ltKASEtLEGtlPTtXtY 
141 FOHMAT c ~x. 16• 2.11.tll• 2.11.t llt 2.11.t bPFlo.o. 6PFlO.O I 

POINT CNl = IPT 
.11.MEASCNI : X 
YMEASCNI = Y 

C READ IN SUBSEQUENT POINllNGS 
c 

GO TO 12lt2ltll•2lt2lt21•2lt2lt2l•lltlbtl7tllt2l•l81tNOCOMP 
c 
C MANN• STKl COMPAHATOMS - LEFT SIUE 
c 

c 

16 IFCM1Cll9t2ltl9 
19 CALL MICRO~ IKAStLEGtlPTt.11.tYI 

GO TO 22 
21 IFC~T .Ea. STKRTI GO TO 52 

HEAD 122• KASt LEGt IPT, .11.t Y 
GO TO 22 

C STKl COM~AHATORS - KIGHT SIDE 
c 

c 

52 HEAD l46t KASt LE.Gt IPT, )l, Y 
GO TO 22 

C PSK - LEFT 510[ 
c 

17 READ l2JtKAStLEGtlPTtlCALP•.11.•Y 
GU TO 2 

c 
C SPECIAL FOHMATS ANO/OR COM~ARATOHS 
c 

c 

18 READ l4Jo KASt LEGt lPTt .11.t Y 
GO TO 22 

C PSK - RIGHT SIUE 
c 

c 

Jl HEAD 1240 lCALPt KAS• LEGt IPl o Xt Y 
2 KAS = KAS • ICALP • 100 

22 If Ci<AS[ - KASI 67t 55, ~7 

C HEDUCTION OF GHIO TICK LEG MlASUREMENTS 
c 

57 

CALld 
CAL Id 
CALld 
CAL Id 
CALld 
CALld 
CALld 
CALlt! 
CALld 
CALld 
CALltl 
CALit:! 
CALltl 
CALld 
CAL Id 
CAL Id 
CALlt:I 
CALltl 
CAL Id 
CALltl 
CALJ6 
CAlld 
CAlld 
CAlltl 
CALld 
CAL Id 
CALltl 
CAL)d 
CAL Id 
CAL Id 
CALit:! 
CALie! 
CALld 
CALlt:I 
CAL Id 
CALit:l 
CAL Id 
CALlt:l 
CALit:l 
CALld 
CAL ~:1 
CALld 
CAL1t:l 
CALI t:! 
CALl1:1 
CAL It! 
CALlt:! 
CALld 
CAL i d 
CALld 
CALld 
CAL Id 
CAL It:I 
CALld 
CALll:I 
CALld 
CALld 
CALlt:! 
CAL Id 
CAL Id 
CAL Id 
CALld 
CALld 
CALlt:! 
CAL Id 
CALlt:l 
CALld 
CAL Id 
CALld 
CAL Id 
CALit:l 
CALld 

218 
219 
220 
221 
222 
223 
224 
225 
226 
227 
228 
229 
2JO 
2Jl 
232 
233 
2)4 
235 
236 
237 
238 
239 
240 
241 
242 
24) 
244 
245 
246 
247 
248 
249 
2SO 
2~1 
252 
253 
254 
255 
256 
257 
258 
259 
260 
261 
262 
263 
264 
265 
2b6 
267 
268 
2b9 
270 
271 
272 
27) 

274 
275 
276 
277 
278 
279 
21:10 
281 
282 
28J 
284 
21:15 
286 
267 
21:18 
289 



13 PWINT ll4•KASEtLEG•lPTtXtY 
78 CILEGtl> = CILEGtll • X 

ClLEGt2l = CILEG,2) • Y 
CT = l.O 

75 GO TO l69t 69t69t69t69t6qt69t69,69t6St65t66t67165t571tNOCOHP 
c 
C READ IN SUBSEvUENT POJNllNGS OF GRID TICK LEGS 
c 

65 IFIRT.EQ.STKRTI GO TO 92 
IF !MlCI b8t69t68 

c 
C HANN, STKl COHPARATUR~ 
c 

c 

t>8 CALL HICRON IKAStLG•IPtX2tY21 
GO TO 70 

92 READ l46t KAS• LGt lPt X2t Y2 
GO TO 70 

69 WEAD l22t KAStLGtIPtA2tY2 
GO TO 70 

C PSK • LEFT SIOE 
c 

c 

66 READ l23t KAStLGtlP1ICALP1X2tY2 
GO TO 89 

C PSK • RIGHT SIDE 
c 

c 

67 WEAD 124tlCALPtKAStLGtJPtX2tY2 
89 KAS = KAS • ICALP•lOO 

GO TO 70 

C SPECIAL FORMATS ANO/OR COMPARATORS 
c 

c 

37 READ l4lt KA~t LGt IPt X2t Y2 
70 If llPT • IP172t73t72 
73 IF ILEG - LG> 72t 74, 72 
74 ClLEGtll s ClLEGtll • X2 

CILEGt21 :: ClLEGt21 • Y2 
CT :: CT • loO 
GO TO 75 

C HEAN MULTIPLE MEASUREMENJS Of TICK LEG 
c 

c 

72 CCLEGtll = ClLEGtll/CT 
CILEGt21 = CILEGt21/Ct 
CNT :: CNT • l.O 
LEG = LG 
x = X2 
Y : Y2 
IF lCNT • 4ol76t77t76 

76 If I IPT ,EQ. IP> GO JO 78 
PRINT 1251 IPJ, CNT 

125 FORMAT CllX•lJHPOINT NUMBE~ tl2t26H IS RE~ECTEO BlCAU~E ONLY tilt 
llbH LEGS WERE READot/) 

GO TO 80 
77 CALL LINI IN ( CCltllt cc1.21. CC3tllt CC3t21t CC2tll• CC2t21t 

l CC4tl>t Cl4t2l I 
N : N • l 
POINT!Nl" lPl 
XHEASCN) : CCl1ll 
YH[AS(N) s C! lt2l 

80 JPT :: JP 
I=O 
PWJNT ll4tKASEtltPOINTINltXHEAS CNltYMEASINl 
CALL CLEAR CCt4t2tlt4tlt2l 
CNT = U.O 
GO TO 22 

87 CALL CLOSOUT !NI 

C ALL MEASUREMENTS Of CASE HAVl BEEN STORED - NOw MULTIPLE 
C MEASU~EHENTS OF EACH POINT WlLL BE GROUPl O 
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CAL Id 
CALld 
CALld 
CAL Id 
CALltl 
CAL Id 
CALld 
CAL Id 
CALld 
CALld 
CALld 
CAL IB 
CALl'i 
CALld 
CALld 
CALlt:l 
CALlt3 
CALlt3 
CALltl 
CAL Id 
CAL Id 
CALld 
CAL ld 
CALlH 
CALltl 
CALld 
CALlt:i 
CAL Id 
CALltl 
CALll::! 
CALlt:l 
CALl8 
CALld 
CALltl 
CALld 
CALIH 
CALJH 
CAL It:l 
CALIH 
CALld 
CAL Id 
CAL lt:l 
CALid 
CALI ti 
CALI ti 
CALld 
CALlt:l 
CAL Id 
CAL Id 
CAL Id 
CALlt:i 
CAL Jo 
CALlt:i 
CALIH 
CALld 
CALld 
CALHI 
CALld 
CALlt:l 
CALlt:l 
CALlt:l 
CALld 
CALlt4 
CALld 
CALld 
CALI!:! 
CALJd 
CALld 
CAL lei 
CALld 
CALld 

290 
291 
292 
293 
294 
295 
296 
297 
298 
299 
300 
301 
302 
303 
304 
305 
306 
307 
308 
309 
310 
311 
312 
313 
314 
315 
316 
317 
318 
319 
320 
321 
322 
323 
324 
325 
326 
327 
328 
329 
330 
331 
332 
333 
334 
335 
336 
337 
338 
339 
340 
341 
342 
343 
344 
345 
346 
347 
348 
349 
350 
351 
352 
3~3 

354 
355 
356 
3~7 
358 
359 
360 



c 

c 

If <G~OUPD. NE. O> GO TU 8tl 
CALL G~OUt' (Iii> 

C COMPUTE t'UlNllNG PKEClSJUN AND PHODUCl CRT PLOT Uf EH~UR lLLlf'SES 
C t>~INT ALL PRECIS[ON STATISTICS AND COMf'Ult MEAN COO~DINAIES 
c 

c 

88 CALL STAT (N, NPTS. 5000., svxso. SVYSut SVAVYt t'llNGtlVXSUtTllYSv. 
l TVXVY• 0• OPCT, Ot'KATRIO~CT), NOCUMf', GHIUNU• DATE• J, 
2 lt lt lt TVXMlt 1VYM2 I 

Of'T\IXHS 
Of'TVYMS 
Of'TVXS = 
Ot'TVYS = 
Of'TVAY = 

= 
= 

OPTVAMS • TVXM2 
Ot'TVYMS • TVYM2 

TVXSU •OPT\IXS 
TVYSO • OPTVYS 
TVXllY • OPTVXY 

C f'LACE HEAN f'OINT VALUES AND IHEI~ ASSOClATlD STAllSTlCS INTO 
C f'OlNT NUM8EH SOHTtD STOkAGE AkRAYS 
c 

c 

DO d4 I = ltNPTS 
J = PO INT (J) 
Ut'l(J) = t'OINT!ll 
OX (JI = XME A.St I) 
QY(.J) = YMEAS(I) 

C AUO lkANS BACK UN HERE - IT WAS HlMOVlD IN STAr SUd~UUTINt 
C fOR t'LUTTING PURPOSES. 
c 

tit J t KOL I = XMEAS (l) + H~ANS 

d(JtKOLll = YMEAS(ll • T~ANS 

Of'VXSUtJ) = SVXSY(l) • OPVXSU(JI 
Of'VYSU(J) = SVYSu(Il • l)PVYSU(JI 
Ot'VAVY(J) = SVXVY(l) • uPVXVY(.J) 

OPTlNGl.Jl = 1-'TING<ll • Oi>llNG(JI 
~ONTlNUE 

,------00 3 I = 1•25 

I 
XMEAS (I) = QX (I) 
YMEAS (I l = 1.n I 11 

3 t>OINTt1> :: 01-'T<ll 
--CASECT = CASECT • 

Ot'NCT = OPNCT • N 
LOt'::OPCT 

64 Of'CT :: OPCT • l 
If (OPHATH<Of'CTI .Eu. 0) GU TU 64 
IF <OPkATH(OPCTl .Eo. Of'RAHl(OPCT-11 ) GU Tu 24 

c 
C PRINT AND PLOT OPERATOR f'UINIING PRECISION STATISTICS 
c 

It~ = 25 
CALL STAT (Of'NCT. 125, ~ooo •• OPVXSQ, Uf'VYSV• Uf'VXVYt UPTJNGt 

1 OPTvxs.o~TVYStOPTvxv,1.o.ot>HATHILOt')tNUCVMP.GHIUNO,DAT£t 

2 CASECT, l t l t l t VPT VII.MS, Ot>l VYHS I 
c 
C STOKE OPERATOH POINT SlATISTlCS INTO TOlAL CUMf'A~AiV~ GRJD 
C t'OlNTI~G STOHAGE ARRAYS 
c 

TUTOPS = TOTOt>S• l 
TALLY<TOTOt'Stll = CASECT 
TALLYITOTOt>s,2> :: TALLYSTtll•l+E•9 
TALLY(TOTOt>S,J> :: TALLYSl12l•t.E•9 
TALLYtlOTOPSt4l = TALLYSTIJl•lO+ 
TALLY(TOTOf'S,5) :: OPNCT 
TALLYITOTOPS,6> = OPkATK(LVP) 

I
OU 85 l = l•25 
CVXSQll> : CVXSQ(l) • Ot'VXSQ<ll 
CVYSIJIIJ = CVYSQ<ll • Ot>VYSQ<ll 
CVXVY!l) :: CVXllY(I) • Ot'VXVY(ll 

I 
CPTING(ll = CPTING<ll • Ot'TING!I) 

~ONTINUE 
TNCT = TNCT • l)PNCT 
CTVXSQ = CTvxsa • OPTVXS 
CTVYSU = CTVYSU • Ot'TVYS 
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CAL ltc< 361 
CALld 3t>2 
CAL Id 363 
CAL Id 364 
CAL Id 365 
CAL Id 3t>6 
C.ALl d 3t>7 
CAL Id 368 
CAL Id 3t>9 
CAL Id 370 
CALltl 371 
CALI ti 372 
CALltl 373 
CAL[d 374 
CAL {tl 375 
CALlri 376 
CAL(d 377 
CALld 378 
CALld 379 
CAL Id 3d0 
CAL ld 31:H 
CALld )d2 
CALltl )ti) 

CALld 384 
CAL Id 31:15 
CALld )tl6 
CAL[d 3t17 
CALld )tl8 
CAL Id 3tl9 
CAL Id 390 
CALld 391 
CAL)d 392 
CALld 393 
CAL(d 394 
LALlti 395 
CALld 396 
CALld )'i7 
CALI ct )"ti 
CAL Id 3'i9 
CALld 400 
CAL In 401 
CALld 402 
CALld 403 
CALld 404 
CALld 405 
CALltl 406 
CALltl 407 
CALld 408 
CAL Id 409 
CALJd 410 
CALld 41 l 
CAL Id 412 
CAL Ict 413 
CAL Id 414 
CALit1 415 
CALld 416 
CAL Id 417 
CALlt1 418 
CAL Id 419 
CAL Id 420 
CAL Id 4ll 
CAL Id 422 
CAL In 423 
CALlt:I 424 
CAL Id 425 
CALltl 426 
CAL Id 427 
CALI ti 428 
CAL(d 429 
CALld 430 
CAL Ict 431 
CALld 432 



c 

Cl\/AVY : Cl\/A\/Y • OPT\/AY 
Cl\/AMSQ = CT\/XMSU • OPT\/XMS 
Cl\/YMSU = CTVYMSQ • OPTVYMS 

C INITIALIZE FOR N[XT OPERAlOK 
c 

CALL CLEAKV IOPVxso.2s.1.2~1 
CALL CLEAK\/ IOPVYSa.2s.1.2~1 
CALL CLEAK\/ COPVAVY•2S•l•2~l 
CALL CLEAM\/ COPTJNG,25•1•2~) 
OPNCT = 0 
Or'T\/XS = O.O 
OPT\/YS = O.O 
OPT\/XY = O.O 
Or'T\/XMS = OPTVYMS = O.O 
CASECT = 0 
[CASEiKOL/2l = KASE 

24 IF IKAS.E0.01 GO TO 86 
c 
C INITIALIZE FOK NEXT CASE 
c 

c 

TCASCT = TCASCT •l 
CALL CLEAM\/ 1svxsu.2s.1.2~1 
CALL CLEAR\/ IS\/YS0.2s.1.2s1 
CALL CLEAR\/ (S\/X\/Y•2S•l•251 
CALL CLEAM\/ CPTINGt2Stl•25l 
N = 0 
NPTS = 0 
ICASEIKOL/21 =KASE 
KOL = KOL • 2 
KOLl = KOLl • 2 
KASE = KAS 
Pio!JNT 138 
PH I NT 11 S 
PKINT 140tOPCT 
GO 10 SS 

C r'MINT ANO PLOT TOTAL CALll:IRAllON r'OINTING PKECISlON ST/ 
c 

c 

86 CALL 
l 

SlAT llNCT• 12s.sooo •• cvxsa. cvvsu. cvxvv, c ... tING· < 
CTvYsa, CTvXvY. 2• o, o. NOCOMP, GRIONOt L)All ' 
TOTOPS, l• }, Cl\/AMSQ, Cl\/YMSQ l 2 

Or'CT = 0 
NCASE = 0 

TS\/XM2N 1S\/XM2L = TSVYM2L = 
KMSX = RMSY : KMSDF : o.o 

= TS\/YM2N = o.o 

C COMPUTE LEAST SQUARES SOLUllONS FOK lACH CASE 
c 
~~~DO 43 ICOL =3tKOL•2 

ICOLl = ICOL•l 
OPCT = OPCT • 1 

c 
c 
c 

If COPIUlK<OPCTl .EU, Ol GO 10 
NCASE : NCASE • l 
JFINCASE.EU . uPOOWNI CALL FLIPM(Bl 

COMPUTE OKIENTATION OF GRID PLATE ON THE COMPARATOH 

AlS = SYKTIBl8tlCOLJ••2 ~ Bl8,ICOLll••21 
ASS= SORTIBCl4•1COLl••2 • Bll4,ICUL1J••2J 
A21S = SQRJ(6(12•ICOLl 0 •2 • dll2•1COL11° 0 21 
A2SS = SURT lclll 8,ICOLJ••2 • dlJ8tlCOLll••21 
Al :: AlS• A21S 
AS = ASS• AlS 
A21 = A21S• A2SS 
A25 = A2SS• ASS 
P = AMJNl (Al•AS,A2ltA25 

IF IP .NE. All GO TO 41 
KKOT = KROTC :: 1 
LCASCOL = ICOL 
GO TO 42 

41 If IP.NE. A5l GO l'O 60 

60 

CAL lei 433 
CAL Id 434 
CALid 43,S 
CALld 436 
CALld 437 
CALI ts 438 
CALlt! 439 
CALlt1 440 
CALie! 441 
CAL Id 442 
CAL[t! 443 
CAL(d 444 
CALld 445 
CALld 446 
CALid 447 
CALld 448 . 
CALit! 449 
CAL It! 450 
CALlt! 451 
CALlt! 452 
CALit! 453 
CALlt! 4S4 
CALit! 4SS 
CALlt! 456 
CALit! 457 
CALlt! 458 
CALit! 4S9 
CALld 460 
CALlt! 4bl 
CALlt! 462 
CALll:I 4b3 
CALld 464 
CALlt! 46S 
CALit! 466 
CAL[t! 4e>7 
CALI cl 468 
CALlt! 469 

-;JICS CAL Id 4 70 
CALit! 471 

'<SQ, CAL[cl 472 
\SCl, CAl It! 473 

CALlcl 474 
CAL Id 475 
CALio 476 
CALIH 477 
CALlt! 478 
CALlt! 479 
CALlt! 4b0 
CAL Id 481 
CALld 4ts2 
CALld 41:S3 
CALld 484 
CALid 4HS 
CALld 486 
CALI11 467 
CALld 488 
CAL Its 489 
CALld 490 
CAL(d 491 
CAL Id 492 
CAL[t1 493 
CAL [ t! 494 
CAL Id 49S 
CALI ti 496 
CALil:i 497 
CALld 498 
CAL Id 499 
CAL Id soo 
CAL [ti SOl 
CALI~ S02 
CAL Id 503 
CALld 504 



c 

KROT = 5 
KROTC = It 
GO TO 42 

60 If IP ,NE.. t.l~ l GO TO 79 
KMOT = 2S 
KMOTC = 3 
GO TO 42 

79 ~MOT = cl 
Klo!OTC = 2 

42 PkJNT 11~ 
KMOCNCA~EI = K~OTC 

PMINT 101• ICASEIN~AS[l 
Plo!JNT 127t NOC •HPt OPWATMIOPCTI t DATE 
i>RINT l36t t<MO 
PMINT 161 

C FHEE ADJU~THENT 
c 

c 

CALL fJ OFlJ2 CBlltlCOLlt Bl ltlCOLllt BCltllt 8llt2lt OUMt OUM) 
UK :: 1 .5 
CALL YSP~J~f IBCltlCOLlt BC ltlCOLllt Nt lCASECNCA~Elt Ul<I 
SlGU = SQloll(ISUHVX2 + SUMVY 21/C2.•IN-UK))) 
PHJNT lO&t SIGO 

RH~X = M~SX • SUMVXc 
RHSY s RHSY + SUHVY~ 
RHSOF :: RHSOf + N - UK 

PMINT 115 
N = 0 

COHl-'UlE l I•~EAR ' \METE.PS f'l)lol CASE JN SUBROUTINE EXACT 

CALL E.XACl CBClt ~ lt BCl olCOLllt &Cltllt dClt2lt XILINCltNCA~Elt 
1 xl~I tNCAjElt XILINCl t NCASElt XILINC4tNCASElt 
l xJLII ' ..1tNCAs(l ,.(JLINC6 t NCASU • XILINC7.NCASEl t 
3 XILIN 8tNCASEl• XlLINC9tNCASE.l • Nt XILJNClltNCAS[lt 
lo TSVXH !Lt TSVYH2Ll 

XlllNll OoNCAS[l = N 

C PRINT CASl ~UMHARY Of LINE AR COMPUTATION 
c 

Plo!JNT lt:ll 
CALL RAOOG CXlLINl3tNCASEl t IOEGt HlNt SEC> 
SlGAL : SUHTCXILINC6tNCASll l 
SJGTH = SQRTCVTHI 
SIGSY = SUlolTCXILIN!SthCASll l 
SlGSX = SUMT!XlllNClttNCASE.t l 
PRINT 130t XILINf)tNCASElt SluSXt XILINC4tNCAS[lt XlLINClloNCASElt 

l XILINl1oNCASE.lt XlLINCi tNCASEl t SlGSYt AILlN(~tNCA~llt 
2 XILlNldohCASllt IUE.Gt ~INt SEC 

CALL MAUOG ISluALt IOEGt MlNt SEC> 
PRlNT lilt IOE~t HINo SE.Ct XILlhC6tNCASEI 
CALL RAOOG ITHETAt IOEGt MINt SECl 
PHlNT 102t ll)[Gt MINo SlC 

102 fORHAl I It 6Xt •ROTATION ANGLE THlTA = •t l4t 13• F7.3 l 
CALL HAOOG CSJGTHt lOEG• HlNt SECI 
PRINT 103• IOEGt MINt SEC 

103 FOHHAT ()11•· 46Xt 1 .... 13t ra ... 1 
SXSY = XILINCl,NCASEl/XILl NC2tNCASEI 
PHINT 131 • SXSY 
SXHM :: XILIN<loNCASfl - l·O 
SYMH :: XILl~12oNrASEl - l.O 
SXSYMM = SXSY - ,O 
PHINT 112• SXHMt SIGSXt SY ~Ht SIGSYt SXSYHM 
S l GO a SO~J<AlLl~C9tNCASE ll 

CALL CLEAkV (AXt2Stlt2~) 
CALL CLEAHV I AYt2Stl•l~l 

f( 9) :: !. 
CALL CLEA"11At9ol l l •9tlolll 
SYSINAL = XILIN ·~~ :A~El•~lNIXILIN13tNCASEll 
SYCOSAL: XILIN l :ASll•COS IXILJN(JoNCASEll 

r----oo ~4 1 = 1.2~ 
I if (ti(( I .Ea. o •• ANO. B< l•lCOLll . EU. 0.1 GO Tu 5,. 
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CAL Id 
CALld 
CAL Id 
CALld 
CALld 
CALio 
CALld 
CALld 
CAL Id 
CAL Id 
CALio 
CALio 
CALIB 
CALlB 
CAL Id 
CALJB 
CAL Id 
CALld 
CAL Id 
CAL Id 
CAL Id 
CAL Id 
CALIB 
CAL Id 
CALio 
CALld 
CAL Id 
CAL Id 
CAL Id 
CAL Id 
CALIB 
CALld 
CAL Id 
CALIB 
CAL Id 
CAL Id 
CALIB 
CAL Id 
CAL Id 
CALJB 
CALIB 
CALJB 
CALio 
CAL Id 
CAL Id 
CAL Id 
CAL Id 
CAL Id 
CAL Id 
CAL Id 
CALJB 
CALld 
CAL Id 
CAL Id 
CALld 
CAL Id 
CAL Id 
CAL Id 
CALld 
CAL Id 
CAL Id 
CALIB 
CAL Id 
CALld 
CAL Id 
CAL Id 
CAL Id 
CALld 
CAL Id 
CAL Id 
CAL Id 

sos 
S06 
507 
S08 
S09 
SlO 
Sll 
S12 
513 
514 
515 
516 
517 
518 
Sl9 
S20 
S21 
522 
523 
524 
525 
S26 
S27 
528 
S29 
530 
SJl 
S32 
533 
534 
S3S 
SJ6 
537 
S38 
539 
540 
S41 
542 
543 
S44 
545 
546 
Sit 7 
548 
S49 
sso 
5~1 
SS2 
SSJ 
SS4 
SSS 
556 
557 
5S8 
SS9 
560 
S61 
Sb2 
563 
Sb it 
sos 
S66 
Sb7 
S68 
569 
570 
S71 
S72 
573 
s 71t 
575 
576 



c 
C STORE SUMMATIONS OF ~E~IOUAL~ F~OH LINEAw CASE SULUTION. 
c 

c 

c 

CALL COHPVS IKROTC· l• 9, vxc11. VYlll• 43• JI 
811'451 = tH1'4!::1l • vXf'llJI 
8(1'46) :: t31Jt4b) • VYM(J) 
81It511 = ~lltSl> • 1. 

B<J.521 :: BCJ,S21 • J. 

FOMM NORMAL EUUATIUNS FOM NON- LINtAR COMPUTATION~ AFTER AOJUSllNG 
OwlGINAL 08SEwVATIONS WITH LlNtAM CO~RECTIONS 

AXIi) :: XlLIN1ltNCA5E1~811 • 1COLl • SYSJNAL*BlltlCOLll 
AYlll = ~YCOSAL*HlltlCOLll 
f(lOl = 'U(ll 
f I 11 l = VY ( 11 
fl8l = A'flll 
f I 7l = AX I I l 
f(6) = fl8l*f(81 
f(~I : f(7J•f(71 
f(4) = f(6)*f(8) 
fl3l = F<S>*fl7l 
f(2) = f(6J•f(6) 
Fill= F<~>•F<5> 

E DO 33 K = 1•9 
DO 33 L = Kt ll 

A(KtLI :: A(Ktll + f(Kl*f(Ll 
CONTINUE 

S4 CONTINUE 
~ALL V~P~ INT (AXlll• AYlllt Nt lCASECNCASElt 3.1 
P~INT lO ch SlGO 
PwlNT llS 

~ULV( row NON-LINEA~ COfff IClENTS JN MEASUKEO <LIN[AWLY 
CORRECTEOI COO~UINATE SY~TEM 

CALL lNVSYM (At 9, llt 9t ll t UETA, SING) 

COMPUTE RESIOUALSt SlG02 ANO VARI ANCE-COVARIANCE MATWIX 

COSTHE = COSITHETAl 
SINTHE = ~JN(JrlETAI 
SUMVX : 5UMV1 : SUMVX2 : ~UMVY2 :: ~UMVXM s SUMVYM 2 5UMVXH2 : 

l SUMVYH2 :: OoO 
CALL CLEAWV (VX~t25tl• 251 
CALL CLEA~V IVYNt 25tlt2~1 

DO 26 I = 1•25 
lflAX([) .Ea. o. ,ANO. AYlll .Eu. 0.01 GO TO 26 
VXNlll :: 8X(At}a,AXllltAYllll 
VYN<Ii = 8X(Atll•AXl[),AYllll 
VXlll = Vil([) - VXNlll 
VY(l) = VYlll - vYN([l 

VXM(J) :: VYMl[l :: u.O 
VXM(}l = COS TrlE*VXlll • SlNTHE*VY lll 
VYH(J) = -SINTHE•vx111 • COSTHt • vYCll 
SUMVX :: ~UMVA + VXlll 
SUMVY :: ~UMVY + VY(ll 
SU~VX2 = 5UMYX2 • VAlll 0 VXlll 
SUMVY2 :: SUMVY2 • VY(ll•VYlll 
SUMVXM : ~UMVXM + VAM(l l 
SUMVYM :: ~UHVYM • VYHlll 
SUMVXM2 : ~UMVXM~ + VAMII>•vXMC ll 
SUMVYM2 = 5UMVYM2 • VYMlll•VYMl ll 

AX(ll: AX([)+ VA~lll 
AYlll = AYlll • VYN(l) 

C STOME SUMMATION S Of ~E~lDUAL~ FROM NON-LINEAR CA~E SOLUTIO~S. 
c 

CALL co~~v~ IK~OTC t 1. Ht VX(llt VY<l>• 47, J) 
8Clt49l :: d(lt491 • VAM(ll 
~((,51)) = d(J.51)) • VYM([) 

26 CONTINO£ 
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CALld 
CALld 
CAL Id 
CALld 
CALld 
CALld 
CALld 
CAL Id 
CAL Id 
CALld 
CALld 
CALI~ 
CAL Id 
CAL Id 
CAL Id 
CALld 
CALld 
CALltj 
CALI cs 
CALICS 
CALld 
CALld 
CALrn 
CAL Id 
CALI~ 

CALlt1 
CALld 
CALI ti 
CAL Id 
CALlt> 
CALio 
CALlt> 
CAL lo 
CALld 
CALlt1 
CALld 
CAL Id 
CALld 
CAL Id 
CAL Id 
CALlt1 
CAL Id 
CALit! 
CAL I t1 
CAL lo 
CALI cs 
CALJtj 
CALld 
CALltl 
CALlt1 
CAL Id 
CAL [d 
CALl!'.1 
CALlt> 
CALlt1 
CALld 
CALio 
CALld 
CAL[tj 
CALld 
CAL Id 
CALld 
CAL Id 
CAL ld 
CALld 
CALld 
CALI~ 
CALld 
CALJtj 
CALio 
CAL 1" 
CAL lo 

577 
578 
579 
580 
5dl 
5d2 
583 
5c4 
5d5 
5c6 
5d7 
588 
589 
5110 
591 
592 
593 
594 
595 
~96 
597 
598 
599 
600 
601 
602 
603 
604 
605 
606 
607 
608 
609 
610 
611 
612 
613 
614 
615 
616 
617 
618 
619 
620 
621 
622 
623 
624 
625 
626 
627 
628 
629. 
630 
631 
632 
633 
6J4 
635 
636 
637 
638 
639 
640 
641 
642 
643 
644 
645 
646 
647 
648 



TSV~M2N = TSVXM2N • SUMVXM2 
TSVYM2N = TSVYM2N • SUMVY~2 

SIGNL02 = (SUMVA2 • SUMVY2) I 12•N - 18> 
SJGNLO = SURTIS[GNL02> 

--DO 25 I = lt9 
uo 25 J = l•l 

A(J,J) = SlGNL02°AlltJI 
ONTINUE 

c 
C PRINT SUMMAMY PAGE FOR CASE ::;OLUllON UF NON-LINE AR COEfFIClENIS 
c 

Ill-I INT 163 
PMllH 116 
Pl-llNT 117 
Pl-llNT 105• 
PRINT 106 
Pl-l[Nl 117 

AIIdO!. l=lo',1 

Pl-llNl 10~• ( Alltlll• l=lt',1 ) 
PHINT 107 
PRIIH 117 
OU 28 1 = lt~ 

PRlNT 105t 
ONT(NUt: 

A ( I t J) , J: l , 1 ) 

CALL VSPl-llNT IAAt AY, Nt lCASE<NCASElt 9.1 
Pl-llNT 108• SIGNL~ 

PM(NT 153 
IFINLl43t9~t43 

95 ICSNO=HOOllCASEINCASEltlOOI 
CALL PLOT (NUCOH~.Gl-llONOtUATE•AtTRANStiCSNOl 

.___,_4..._.._0N T u~uE 
c 
C ALL INDIVIDUAL CASE SOLUTION::; HAVt BEEN COMPLETED . 
c 

c 

lflNCASE.GE.v~LJOwN) CALL fL[PM(B) 
Pl-IJNT 115 

C COMPUIATJON OF AVE~AGf QlSluUALS fHOM ALL CASES AFlER 
C INOJVIOUAL ADJUSTMENTS. 
c 

c 

PRINT 109t NCASE 
109 FUl-IMAT(lll/tJ5Xt •AVEKAuE 1-tESIOUALS AFTEl-I lNDIVIOUAL LINEAR AOJUS• 

l t •JMtNTS Of ALL~, 13t ° CA~[S*t II I 
PR INT lJ4 
CALL AVG'<lS (43t ~. CALl8>. NCASEt TSVAH2Lt rsvYM2Lt LCASCOL> 
Pl-llNT 135 
PRINT 115 
P'<INT 128tf"<CA:)E 

128 FORMAT(////• 21x. •AVERAGl RESIDUALS AFTER lNOlVIUUAL LINEAi-i ANu • 
1 ' •NON-LINEA~ AOJUSIMENTS OF ALL•• 13t • CASES•, II ) 

PRINT 1J4 
CALL AVGRE::; (47t Bt CALl9lt NCASE• TSVXM2Nt TSVYM2Nt LCASCOLI 
PRitH 135 

C COMPUTATluN Of GENEl-IALl7lU wtlGHTtD MEAN LINEAR CUHPARATOK 
C CALIBRATION CORRECTION PAl-IAM(llRS. 
c 

CALL CLEARV ISVCXI 
CALL CLEARV ISVCX IX 
OFSUM = N~UM = DELX 

.6.1.6> 
t3olt3) 

= o.o 
--00 29 I = ltNCASE 

c 
c 
c 

lNVERl VARIANCE-COVARIANCE MATRIX ANO PLACE IN VCXI AR~AY 

Fl = XlLINIStNCASEl*XILIN16tNCASEl 
F2 = -(XlLIN(8tNCAStll••2 
f3 = AILIN1lltNCASl>•AlLIN17tNCASE> 
f4 = -IXIL1~(7oNCASEll 0 •2 

rs= -IXlLJN(lltNCASEll••2 
OEl = XlLlN19oNCASU I 10l•F2J•XILINl4•NCASE> • 

1 2.~•F3•XILIN(U,~CAStl + AILJN(~ t NCASEJ•~4 + F5•XIL1Nl6t 
2 NC ASE I l 

63 

CAL Id 649 
CALio 650 
CAL lei 6~1 
CALJt:j 652 
CALio 653 
CA.Lid 6!:>4 
CALlt:I 655 
CALlt:I 656 
CALio 6S7 
CALld 6:>8 
CALltl 6~9 

CALlt:I 660 
CA.Lio 66) 
CALlt:I 662 
CA.Lio 6b3 
CA.Lid 664 
CA.Lio 665 
CAL]t:I 666 
CAL Id 667 
CA.Lid 6b8 
CALlt:I 669 
CALld 670 
CALld 6'11 
CALio 6-,Z 
CALld 673 
CAL Id 674 
CALI cl 6 -1s 
CALld 676 
CA.Lid 677 
CAL]d 678 
CALltl 6"19 
CALI~ 680 
CALld 6tH 
CA.Lid 6b2 
CAL Itl 6&3 
CA.Lid 604 
CALio 685 
CA.Lio 606 
CAL Id 607 
CA.Lid 6d8 
CALltt 689 
CALio 690 
CALI!'! 691 
CALlt:I 692 
CALii:! 693 
CAL Id 694 
CALlt:I 6',15 
CALltl 6~6 
CALltl 697 
CALlt! 698 
CALld 699 
CALltl 700 
CAL Id 701 
CAL Id 702 
CAL Id 703 
CAL Id 704 
CALltl 705 
CALio 706 
CALltl 707 
CALlt:I 708 
CALlt:I 709 
CALltl 710 
CA.Lit! 711 
CALltl 712 
CALlt:I 713 
CAL ltl 714 
CAL Ii:! 715 
CALltl 716 
CA.LI ti 717 
CALltl 718 
CA.L lo 719 
CALltl 720 



c 
c 
c 

c; 
c 
c 

c 

VCXI<ld> ·= uET•(fl•f'21 
vcx112.11 = <XILIN(4,NCASE>•XlLIN(6•NCASE) • f4)•DET 
VCXI<Joll = <XILlNl1+,NCAS1:.>•XILINb•NCAS£) • fSl*DET 
VCXll4•ll = 1-XILINIIl•NCASEl•XILIN(6,NCASE> • XILIN(7,NCASEJ• 

XILINl8•NCASEl>*DEl 
vcx11s.11 = <XILIN<ll•NCA~El*XILIN(8,NCASEI - XILINCS.NCASE>• 

XILIN(7,NCASE>l*DEI 
VCXl16tll = (-XILIN14oNCA~t>•XlLINl8tNCASEI • fJl*DET 

SUM INVEkTED VA~-cov MAT~ICES INTO SVCXI VECTUM 

r~~~-uo 30 J = ltb 
I SVC.<llJ) = SVCll!(J). VCXl(J,]) 
~t~3~0~~~CONT[NUE 

SUM VAi-<-COVlll TIMES XII) IN SVCXIX VECTOR 

SVCXIX<ll = SVCllIX<l> • VCXllltll*XlLINllo.ll • VCXll4oll* 
XILIN12tll •VCXllStll*XILIN()dl 

SVCX[Xl2l : SVCX IXl 2l • VCXll4•l>•x[L[Nlltll • 
VCXll2oil*XlLlNl2tll • VCXl16tll*XILIN(3tll 

SVCXIXIJI = SVCXlXD> • VCXllStl>*XILlNllol> • 
VCXIC6o1)*111LlNl21ll• VCXll3tll*XlLlNl3oll 

DfSUM = Of'SUM • 12,*XILINllOtll - 6.)•XILIN!9tll 
NSUM = NSUM • XILlNClO•I> 

29 CONTINUE 

c lNVEMT SUM Of VA~-cov MATMICtS TO OBTAIN WI cvEftICIENT MAlMIX 
c 

c 

FI = svcx1121•svcx1131 
F2 = SVCXIC5>*SVCXl16) 
FJ = svcx1cs1·~2 
Fl+= SVCXI16>**2 
F~ = SVCXll41**2 
OtT = 1.0 I (SVCXIl1>•<fl-f4) • 2.u 0 SVCXJ(4J•f2 - svcx1121•f) -

l SVCXl(JJ•rs) 
QXlll = OET•lf1 • SVCXl161*SVCXll6)) 
QXl2l = OET*CSVCXl<ll*SVCXICJJ - f)) 
a X < 3 I = OU 0 < S v C XI <1 l •SVC X l I 2 I - f's I 
ax11+> =-oe.r 0 1svcx1<1+1•svc111131 - f2> 
axes>= DlT•<SVCXl(4)*SVCXl16) - SVCXllll*SVCXl<Sll 
QX(o) =·OET•<SVCAl111* SVCAl16l - SVCXll41*SV{.Xl1511 

C COMPUTE •EI GHTED MEAN LINEA~ PA~AMETE io<S t SiGO ANO vA~-COV 'MATRlX 
c 

c 

sx = UXll>•svcxIAl11 • UX(4)*SVCAIX12l • UXl5>*SVCXJX()) 
SY = UX!4)*31JCXIXlll • UX(2)*3VCAIX 12l • QXl61 9 ~VCX IXIJ) 

ALPHA = ax1s1•svcx1x111 • UX(61 9 SVCXIXl21 • YX(Jl*SVCXJX()) 
Xt; ( ll = SX 
Xtl 121 = SY 
Xf; ()I : ALPHA 
DO JS I = 1•NCASE 

,.--~~~DO 36 J = 1,3 
VXIJI = XlLIN(Joll - Xl:llJ) 

36 CONTINUE 
DELX = Ot.LX • 

1 (VXll>•1vx111•vcx111.1>•VXl2> 0 VCXIl4tll•VX(J)•VCXll5tlll 
l • vx121•1vx111°~CX1<4·ll•VX(2)•VCXl12tll•VX())OIJCXIC6tll) 

1 • vX<JJ•1vx111~vcx11s.11•vx<2J•vcx116,l>•VXIJ>•vcx113,11i1 
35 CO•H INUE 

OfTOT = z .•NSUM - J.•CNCA':>E • 11 
SIG02 = IDFSUM • OELX) I DfTOI 
00 38 I = lt6 

UXll> = UXCil*SIC..02 
ONT INUE 

C PMINT wEI GH TEO MEAN, VAR-COV ANO SIGO 
c 

PklNT 115 
PNINT 129, NCASE 
Pk IN r 154 
SIGO = 50kTISIG021 

64 

CALld 721 
CALltl U2 
CALltl JC) 
CALltl 724 
CAL It! 725 
CAL Id 72b 
CAL Id 727 
CAL Itl 12a 
CALltl 729 
CAL I ti 7JO 
CAL I ti 731 
CAL Ii; 7'J2 
CAL I ti 733 
CALltl 734 
CALltl 7J5 
CALltl 7J6 
CALltl 737 
CALlt! 738 
CALit! 739 
CALltl HO 
CAL 11:1 741 
CAL It! 742 
CALltl 743 
CAL I ti 744 
CAlltl 745 
CALlt! 746 
CALitl 71+7 
CAL Id 748 
CALlt! 749 
CAL It! 750 
CALltl 7':>1 
CALltl 752 
CAL It! 753 
CAL I ti 754 
CALltl 755 
CAL I ti 7S6 
CAL I ti 757 
CALltl 758 
CALii:! 759 
CALitl 760 
CALltl 761 
CALil:l 762 
CALlt! 763 
CAL Id 764 
CAL Id 765 
CAL Id 766 
CAL Id 767 
CALltl 768 
CALlt! 769 
CAL I ti 770 
CALlt:! 771 
CALil:l 772 
CAL I ti 773 
CAL I tl 774 
CALll:l 775 
CALll:l 776 
CALitl 777 
CAL Id 778 
CALltl 779 
CAL It3 7b0 
CALil:l 71H 
CALll:l 71J2 
CAL ll:l 71JJ 
CAL Id 71J4 
CAL ltl 71J5 
CAL Id 71J6 
CAL Id 7tH 
CALltl 788 
CALltl 789 
CAL I ti 790 
CALltl 791 
CALlt! 792 



c 

SlGSX = SUWTIUA(ill 
SlGSY = Sl.IRTIQX(~)J 
SlGAL = SYRTll.IX(Jll 
CALL RADOG IALPHA,IOEGoMINoSECI 
PWINT 130t SXt SIGSX, UX(llt UX(4lt QX(51t SYo SlC.STt UX(2>• UA(ol 

1 • lvEG• HIN• Ste 
CAL lJl = S£C•lOO. 
CALL RADDG ISIGAL• IOEC.t HlNt SEC> 
PRINT lllt IUEGt MINt SEC• 0Al3l 
SXSY = SX/SY 
PRINT 13lt SXSY 
SXMH = SX - 1.0 
SYMM = SY - leO 
CAL Ill = SXMM"l.E•8 
CAL 12) = SYMM"l.£•8 
SXSYMM = SXSY - 1.0 
PHINT 112• SAMMo SIGSXt SYMM, SlGSYt SXSYMM 
PHINT 108t S(C.0 

C HECOHPUTE RESIDUALS Of EACH CASE 10 llST THE lfflCIIVENESS Of 
C THE WEiGHTEO HEAN PARAHETlRS. THESE ARE THE AO~USTEO 
C RESIDUALS AS A RESULT Of A GWAND SIMULTANEOUS SOLUTION 
C Of ALL OBSERVATIONS. 
c 

CALL CLEAR 18t2St52tlt2So43t501 
CALL CLEAH (At9tlltlt9tltlll 
SYSINAL = SY•SJN<ALPHA) 
SYCOSAL = SY•COSIALPHAl 
MCASE = 0 
TSVXH2L : 1SVTM2L = TSVXM2N = TSVYH2N = O.O 
SUH LLX = SUMLLY = O.O 

~~~DO 48 JCOL = J,~UL t 2 

I COL l = I COL • 1 
PRINT 115 

C APPLY FINAL LINEAR PAkAMETERS TO kAW UATA ANO f 11 TO MASTER GklO. 
c 

c 

MCASE = MCASE • l 
If (HCASE.EO.UPOOWNl CALL fLIPM(8) 

C
oo SJ 1 = 1.25 

IF<811tlCOL> .Ea. o •• ANO. BllolCOLll .EQ. o.> GO TO SJ 
BlloICOL) = SX•btltlCOL> • SYS!NAL•dtlolCULll 
81ltlCOLl> = SYCOSAL"dlltlCOLil 

INUE 
CALL fl0FIT2 (~lltlCOLlt ~lltICOLllt B!ltllt ~<1•2lt 

TSVXM2L• TSVYM2L) 

C PRINT RESIDUALS ANO SIG~A 
c 

c 

PHJNT 119 
119 FORMAT ( 32Xt •RESIOUALS AfTEW APPLICATIUN Of FINAL LINEAR CORWEC• 

1 • •TIONS TO ORIC.INAL OATA•t 21/) l 
PRINT lOlt ICASEIHCASEl 
f.>RINT 161 
N = XILINllOtMCASE> 
UK = .5°13. • 3./NCASE> 
CALL VSPRlNT IBlltlCOLlt ~lltlCOLllt Nt lCASEIMCASElt U~l 
SIGO = Sl.IWT< ISUHVX2•SUMVY211<2.•(N-UK)) > 

PHINT 108tSlG'.l 

C FORM NORMAL EQUATIONS FOk GRANO SIMULTANEOUS SOLUTION Of 
C NON-LINEA~ COEFFICIENTS. 
c 

00 34 I = lt25 
IF <i:HltlCOL> .EO. O •• ANO. IHltlCOLll .El.I. Oel GO TU 34 
CALL COHPVSIK~OIMCAStlt lt Bt VXlllt VY<I>• 43t J) 
If<MCASE.LT. UPDOWN) uO TO 1000 
Bllt4Sl = B<lt4S >• VYM<l> 
Bllt46) = bllt46) • VAM(ll 
GO TO 1001 

1000 Bllt<tS> = B<lt4$1 • VXM(I) 
tlllt46l = tlllt46) • VYM(ll 

65 

CALltl 7~3 

CAL Id 794 
CALltl 795 
CAL Io 796 
CALltl 797 
CALio 798 
CALio 799 
CALie 800 
CAL lo 80 l 
CALld 802 
CALltl 803 
CALltl tl04 
CALio 805 
CALI o 806 
CALie 807 
CALld 808 
CALltl 809 
CALio 810 
CALie 811 
CALio 812 
CALltl 813 
CALitl 814 
CALie 815 
CAL Id 816 
CALio 817 
CALie 818 
CAL lo 819 
CALio 820 
CAL Id 1:121 
CALltl 822 
CALie 823 
CALio 824 
CALie 825 
CALio 826 
CAL Id Sd 
CALltl 820 
CALltl 829 
CALld 830 
CALltl tl31 
CALltl 832 
CALltl 833 
CALlB 834 
CALltl 835 
CAL Id 836 
CALie 837 
CALltl 838 
CAL Id 839 
CALld 840 
CALltl 841 
CALltl 842 
CALltl 843 
CALltl 844 
CALio 1:145 
CALie 846 
CALltl 847 
CALld 848 
CALio 849 
CALltl 850 
CALltl 851 
CALltl 852 
CAL Id 853 
CALltl 854 
CALlt3 855 
CALltl 856 
CALltl tl57 
CAL ll::l 858 
CALie 859 
CALld 860 
CALI!:! 861 
CALltl 8t>2 
CALie 8t>3 
CALltl 864 



c 
c 
c 
c 

c 
c 
c 

c 
c 
c 

1001 fllOI = VXll> 
fl 11 l : VY (I I 
fl81 = BlltlCOLll 
f(7l = B<ltlCOU 
flt» "'f(8)•f(81 
f < s 1 s f c n •f o 1 
f(4) s f l6>•f (8) 
FCJ> = f<Sl•f("I> 
f(2) = f(6)•f'(c)) 
f(l) s f(5)•f(51 
SUMLLX • SUMLLX • VXlil•VX(l) 
SUHLLY: SUMLLY • VYIIl•VY(ll 

EO 90 K = lt9 
CJ 9.l L = K•ll 

AIKtLI : ACKtLI • f(K)•f(LI 
ONTIPllUE 

34 CONTINUE 
48 CONTIPllUE 

IfCMCASE.GE.uPDOwN) CALL fLIPMIB) 

COMPUTE GRANO ADJUSTMENT Of NON-LINEA~ COEfflCIENlSt SlGOt 
AND THEI~ VA~lANCE-COVARIANCE MATRIX. 

PRINT 115 
PHINT 129t NCASE 
PHINl 113 
PRINT 116 
PHINT 117 
OELVVX : DELVVY = U.O 

[

00 40 I "' lt9 
ALX(l) : AlltlOI 
ALY(J) : All•lll 

CONTINUE 
--- CALL lNVSYM <At 9t llt 9t llt DETAt SINGI 

C
O 56 I = lt9 

DELVVX = OtLVVX - AlltlOl•ALX<I> 
OELVVY : DELVVY ACltlll•ALYlll 

ONTINUE 
SIG0X2 = C IOELVVX • SUMLLXI / (NSUM -9.) 
SlGOY2 : ( (OtLVVY • SUMLLYI / (NSUM -~.) 
SIG02 = <SlGOX2 • SIGOY~l/2. 

Eo 6~ 1 = 1•9 
o 62 .J = l•I 

Allt.JI = 51602• Allt.JI 
ONTINUf 

PRINf NON-LINEAR GRAND SOLUTlONt SlGMAt ANO VAR-COV MATRIX 

PHINT lOSt 
PHINT 106 
PHINT 117 
PiHNT 105• 
PRINT 107 
PHINT 117 

AlltlOlt l = lt9 I 

Alltll>t I = lt9 I 

DO 47 I = lt~ 
PHINT lOSt AlltJlt J z ltl I 

ONTINUE 
SIGOX • SQRlCSIGOX21 
SIGOY = S~RT<SIGOY21 
SIGO = SQHTCSI6021 
CAL(41 : ISQRT(<Z.•SUHLLXl/Of10Tl>•l.E•9 
CALISI • C~QRTC<2 . •SUMLLYl/Of10Tll•l.E•9 
CALio> = SIGOX•l.£ • 9 
CALl71 = SlGOY•l.E•9 
PHINT 108• SJGO 

PLOT NON-LINEAR COHHECTIONS FROM uHANO SOLUTION 

PklNT 153 
MCASE = 0 
CALL PLOT CNOCOH~tGHIDNOtOATftAtTHANStMCASEI 

.----DO 91 ICOL = 3tKOLt2 

66 

CALlt:I 
CALlt:I 
CALlt:I 
CALitl 
CAL[t:I 
CALltl 
CALit:I 
CALit:I 
CAL Id 
CALlt:I 
CALit:I 
CALltl 
Cll.Lltl 
CALld 
CALlt:I 
CALlt:I 
CALlt:I 
CAL lt:I 
CAL It:l 
CALltl 
CAL Id 
CAL Id 
CALltl 
CALlt:I 
CALltl 
CALlt:I 
CALld 
CAL Id 
CALlt:I 
CALlt:I 
CALlt:I 
CALlt:I 
CALlt:I 
CALlt:I 
CALld 
CALld 
CALlt:I 
CALI tl 
CALlt:I 
CALld 
CALlr:I 
CALld 
CALlt:I 
CALld 
CAL Id 
CAL Id 
CALlt:I 
CAL ltl 
CALlt:I 
CALlt:I 
CAllt:I 
CALlt:I 
CALlt:I 
CAL Id 
CALld 
CALlt:I 
CALld 
CAL Id 
CA.Lid 
CALlt:I 
CAL Id 
CAL Id 
CALld 
CALld 
CALltl 
CALld 
CALld 
CAL Id 
CALid 
CALld 
CALld 
CALlt:I 

865 
866 
867 
868 
86~ 
870 
871 
872 
873 
874 
875 
876 
877 
878 
879 
880 
8tH 
882 
883 
884 
&85 
886 
887 
888 
889 
890 
891 
892 
893 
894 
895 
896 
897 
898 
899 
900 
901 
902 
903 
904 
905 
906 
907 
908 
909 
910 
911 
91 ,2 
913 
914 
915 
~16 
917 
918 
919 
920 
92 l 
922 
923 
924 
925 
926 
927 
928 
929 
930 
931 
932 
933 
934 
935 
936 



c 

lCOLl = ICOL • l 
PRINT 115 

C APPLY FINAL NON-LINEAR PAWAMl:.TE~S TD LINEA~LY COWWECfED DATA 
C AN~ FIT TO MASTER GRID TO TE.SI €FFECTIV~N€SS OF GWANO 
C SIMULTANEOUS SOLUTION. 
c 

c 
c 
c 

c 

MCASi = MCAS~ • l 
lf(MCASE.E~.uPDO~N) CALL fLIPM(Bl 

[

O SS I : 1•2~ 
IF ti;titICOLl .Ea. o •• AND. BCltlCOLl> .E.1.1. 0.1 GO Tu ~8 

O.ll : B I I • I COL> 
DY= l:l<ltlCOLl> 
BlltlCOLl = dllt(CULl • l:lXlAtlOtDXtUY) 
BCltlCOLl) = BlltlCOLll • ~XCA.11.ox.OYl 

ONTINUE 
CALL FIOflT~ IBlltICOLJ, ~lltICOLllt ~tltllt dllt2>• 

TSVXM2Nt TSVYM2NJ 

PwINT HiSJOUALS ANO SIGMA 

PMINT 133 
133 fOMMAT ( 21.llt •RESIDuALS AfTEW APPLICATION OF FINAL LINEAR ANO Fl• 

l , *NAL NON-LINEAR COkWECTIUNS TO ORIGINAL DA1A 0 t 2111 l 
PHINT lOlt lCASECMCASEl 
PMJNT 161 

UK : 9olNCAS[ 
CALL VSPiHNT tBlltlCOLlt ~lltlCOLllt Nt lCASE.<MCA~Ut ui<> 
SIGO = S~HT( ISUHV~2 • ~UMVY2lll2. 0 tN-UKll ) 

Pl<INT l08tSIGO 
00 59 I = lt25 

If ldtltICOLl .1:.0. o •• ANO. BlltJCOLll .E.1.1. O.l GO Tu 5~ 
CALL COM~VS IK~OIMCASl:.lt It Bt VXtllt VY(llt 471 Jl 
JFIMCAS[.LT. UPOOWNl uO TO 1002 
Btl,~9) = Bllt49l • VYMlll 
Bllt50l = 81lt5v) • VXM(J) 
GO TO 59 

1002 8tlt49> = Bllt491 • VXHllJ 
tHlt50) : l:llltSOl • VYHlll 

59 CONTINUE 
91 CONTINUE 

C ALL CASES HAVE BEEN POST IREATEO ~ITH THE FINAL ~AWAMETE.RS. 
c 

PH INT 115 
c 
C COMPUTE AVE~AGE wESIDUALS FOW A PAWTIAL GWIO CALIMWAllON. 
c 

c 
c 
c 

PHINT 132 
132 fOHHATlllt36.llt 0 AVERAGE WESIDUALS AfTEH APPLICATION UF FINAL LINEA0 

l t *H CORRE.CTIONS*t II > 
PHINT 134 
CALL AVGRES 143• 8, CAL(8lt NCASEt TSVXM2Lt TSVYM2Lt LCASCOLl 
PMINT 135 
PHJNT 115 
PMJNT 145 

145 FORMAT (4(1lt 32.llt •AVE.HAGE Kl:.SIOUALS AFIEH AP~LlCATlON OF ALL 0 , 

l *flNAL CALIBkATION COl<RECTIONS*t II ) 

1 
144 
63 

PHlNT 134 
CALL AVGRES t47t Bt CAL(9lt NCASEt TSVXM2Nt TSVYM2Nt LCASCOL> 
PHINT 135 

CALIBHATION COMPLETED - Pl<INI ANO PUNCM SUMHA~Y 

DO 63 J = lt TOTOPS 
CALtlO> = SQMT(ICALl6l 0 *2 • CAL17l**2>1l - <SIGG0• 0 21 

ITALlYIJ•2>* 0 2 • TALLY(Jt3> 00tll2l 
PUNCH l44t TALLYCJtb)t NOCOMPt DATl:.t GMIUNU• MO, yw, 

CTALLY(Jolltl=l151t ICALllltl=l1lOl 
FOHMAT (12t 12t A8t 14t 12t l~• llt 4(1~>• JC151t 7<141> 
CONTINUE 
PVNCM l47tl~OCOMP, DATEt NCASl:.t GRIONOt IVX~(ll1l=ltlO) l 
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CALI tl 937 
CALll:l 938 
CALii:! 939 
CALil:l 940 
CALld 941 
CAL Id 942 
CAL Id 943 
CALlt! 944 
CAL Id 945 
CAL Id 946 
CAL I tl 947 
CALld 948 
CAL Id 949 
CALll:l 950 
CALid 951 
CALid 1#52 
CAL Id 953 
CALld 954 
CALI l:l 955 
CAL Id 956 
CAL Id 957 
CALid 9~8 

CAL Id 959 
CALlt:1 960 
CALitl 961 
CAL Id 9b2 
CALI t1 963 
CALI tl 9b4 
CALid 9t>5 
CALlo 9b6 
CAL ltl 967 
CAL It! 96tl 
CALld 969 
CALio 970 
CALll:l 971 
CALio 972 
CALio 973 
CAL Id 974 
CALld 975 
CAL Id 976 
CALlt:I 977 
CAL Id 978 
CAL Id 979 
CAL Id ~80 
CAL lo 9Sl 
CALll:l 982 
CALio 9t13 
CAL Id 9tl4 
CALlt:I 9d5 
CALid ~tit> 
CALld 987 
CAL Id 988 
CALld 9t:l9 
CALld 990 
CALld 991 
CAL Id 992 
CALl tl 993 
CALie 994 
CALI tl 995 
CALit:I 996 
CALii:! 997 
CALii:! 998 
CALld C:-99 
CALld 1000 
CAL ld 1001 
CAL I cl 1002 
CALld 1003 
CALlt:1 1004 
CALld 1005 
CALid 1006 
CAL Id 1007 
CALll:l 1008 



PUNCH l48t (VXM([),[=11•2~), (VYM<l>•l=l•25l 
147 FORMAT (2X, 12• 2X• A8, 2x, Il• 2Xt 14• 6X, 10(~Pf5) l 
148 FORMAT ( 16 (9Pf5) > 

IOUM 0. 0 
OUM = O.O 
PHINT 115 
PRINT 127• NOCOMPt TOTOPSt DATE 
PHINT 101• GKIONU 
SlGX = CAL(4l/lOOO. 
SfGY = CALl5l/lOOO. 
SIGOL = SOwTC(SluX••2. SIGY002>12.1 
RMSX = SOHT(kMSX/RMSOfl 
HMSY = SQHTIHMSY/HMSOfl 
RMS= SYRT(( w~sx••2 + ~MSY*02)/2.0l 
PHINT 155• RMsx, kMSY. kMSt SIGXt SIGYt SIGUL 

155 fOHMAT (58X, •CALIBRATION SUMMA~Y•t // , l7A• *ANALYSIS Of VA~JANC 
lE·· ,, 5X· •x•. 6X• ., •• ,.1x,3(6PF7.3lt 0 = MOOI MEAN SU~AR( EHHUH 
20F A SINGLE OBSEHVAJION OF UNIT WEIGHT dEfOME CAll~~ATION•,//lXtJ( 
30Pf7.J),• = 5TANuAHO Ew"OH OF A SINGLE 08SEHVATION Of UNIT w~luHT 
4AfTER LINEAR ADJUSTMENT•, /l 

SIGOT = SOHJ((SIGOX••2 • SJGOY**cl/2.l 
PWIN~ l~b• SIGOXt SlGOYt SIGOI 

156 fOHMAT (lXt 3(6PF7.3lt 0 = STANOAHU EHROH Of A SINGLE OBSEHVATIUN* 
l .~ Of UNIT WEIGHT AFTEk LINEAH ANO NON•LlNEAR AOJUSTMENJS•t/l 
SIGOP = SYRJ((JALLYSTIJ>• 0 2 • TALLYST<2J 002l/2.l 
PWINT 157• TALLYST(ll• lALLYST(2lt SJGOP 

157 fOHHAT 11x. 3CoPf7.3lt 0 = STANDAHU Ewwow Of MEAN ~UINTING MtASUk 0 

l - t 0 EMENTS*t/l 
SlGGO = SIGGD/1000. 
SlGO = CAL(9l/lOOO. 
PHINT 158t SJGGDt GHIONUt SlGOt G~IDNO 

158 fOHMAT <lSXt f7.3t 0 = A PHIOHJ STANOAHU EH~OR Of MASTER GHIU*t IS 
l tl/t l~Xt F7.3t 0 = COMPUTEU UN81AS~U SIANUAHO EHHOH Uf *• 
2 •MAST EH GtHU•, bt /l 

SIGL = SQHJ((HMs~•21•1.E•lc- S I GOL**2) 
PH I NT l b4 t S I GL 

164 FOHHAT (}5Xt f7,3, • = STAN0AH0 EWHOR OF SYSTEMATIC LINEAR EHHOHS 0 

l - t I) 

SIGO • SQRT< SIGOL 002 -ISIGOT 0 1.E+bl 002 ) 
PHlNT 159t SIGO 

159 FORMAT (}5Xt f7.3t • = STANOAHO ERHOR OF SYSTEMATIC NON-LINEAR •, 
l - •EHHOkS•• / I 

SIGO 2 SQHT l<SIGOT 0 1.E•b> 0 •2 - SlGGD0 •2 • <SIGOP•l. E•b>••2J 
PHINT lbOt -SIGO 

160 FOHHAT tl5X• f7o3• • = STANOAHO ER~OR Of RANDOM ll~HEGULARl COMP•, 
1 •AHATOk ER~Ows• ) 

PHINT 1291 NCASE 
PHI NT l 54 
ASEC = CAL(Jl/100. 
PHINT 130t sx. SJGSX, QX(llt UX14lt QX(5)t sy, SIGSY. UX(21t QX(ol 

l , IOlJH • IOUM t ASEC 
PRINT lllt IUf~• MIN• S£C• CX<JI 
PHlNT l3lt SXSY 
PHJNT ll2t SXMMt SIGSXt SYMM1 SIGSY1 SX51MM 
PR INT 113 
PRINT 116 
PRINT 117 
PHINT l05t CACl•l01tl=l•9> 
PHINT 106 
PHINT 117 
PHINT 105t (A(ltlllt I=l,9) 
PHINT 115 
PwINT 1't9 
PUNCH 149 

149 FOWMAT (/It 17Xt•HEAOEH CA~DS fO~ SATELLITE TWlANGULATJON PWUGHA*t 
l - 0 HS•,/J 
PWINT 1 50t~OCOMP 
PUNCH lSOtNOCOMP 

150 fO~MAT (10Xtl2t4Xt••l.OOOOOOOt-ll +S.OOOOOOOE-oo••34X1°l•> 
cl = l 
C2 = 2 
CJ = 3 

68 

CAL Id 1009 
CALld 1010 
CAL Id l 011 
CALio 1012 
CALio 1Jl3 
CAL Id 1014 
CALie! 1il15 
CAL Id lJlb 
CALld 1017 
CAL Id 1018 
CALie! 1019 
CALie! 1020 
C~Llrj 1J21 
CAL Id lJ22 
LAL Id 1)2) 
CAL Id 1024 
CAL Itl 1025 
CALI~ lv2b 
CALld 1J 27 
CALld 11)28 
CALie! 1029 
CALld 1030 
CALltl 1031 
CALI~ 10)2 
CAL Id 10)3 
CAL Id 10J4 
CALio 10J5 
CAL Id 103b 
CALI~ 1J37 
CAL Id 10)8 
CALie! 10)9 
CAL[d lvi.o 
CALI ti l O't l 
CALic! lll42 
CAL Id 1043 
CAL Id 1044 
(.;AL ld 1045 
CAL Id 1046 
CAL le! 1047 
CALI ti 1048 
CAL Id 1049 
CAL Id 1050 
CALld 1051 
CALI~ ll/~2 

CAL Id 1053 
CAL ld 1054 
CAL Id 1055 
CALI~ 1056 
CALI~ 1057 
CALI~ 1058 
CAL lo 1C59 
CALie! 1060 
CAL Io lObl 
CAL Id 1062 
CAL Id 1063 
CALI~ l0b4 
CAL le! l0b5 
CALld l0b6 
CAL Id l0b7 
CALld l0b8 
CAL Id 1069 
CAL Id 1070 
CALld 1071 
CALI~ 10 72 
CAL Id 1073 
CALie! 1074 
CAL Id 1075 
CALld 1076 
CAL Id 10 77 
CALie! 1078 
CALld 1079 
CALld 10~0 



C4 .: '+ 
c~ = 5 
Co = b 
C7 = 7 
wx = l.O 
TWO = •e24l66097E-04 
Al-'ME = •.lE•ll 
TLIM = •.lE-7 
ALDIF = •.JE-4 
PNINT 151· <All•lO>•I=l·S>• c2. OUMt •X• •A• OUMt SXt Clt 5Yt r~0. 

l AL ... HA, AP~Et DUMo C4t IA(lolOlt l=6t91o Alltlllt CSt 
2 <A<I•illtl=2t6loC6t (Alltllltl:i:7t'illt TLIMt ALDlft C7 

PUNCH 151• !A!lt)Oltl=l•Slo C2o DUMo •Xt •Xt DUMo SAt Clo SYt Two, 
l ALPHAt A?M[t DUMt C4o IA(ltlOlt 1=6t9lt Al!olllt C5t 
2 (A(I,lllol=2o6loC6• 1Allolllol•7t91o TLIHt ALDlft C7 

lf(NOCOMP,LT.10) GO TO bl 
PNINT 152 

152 fONMAT (//t lOXe 0 HEADEM CARO~ fOH PROGKAM ANALYTC•tll 
PUNCH 1'=>2 
SAG : •,30~S<+54S£•04 

IF ( NOCOMI-' • t~t:. l 0) SAG = 0, 0 
PMINT ll7t SXo ~ft ALPHAo ~AG• DUMt Clo (A(lolOlo l•lt5lo C2 

l t1Alloi0l•l=6•9>• DUMo C3t (A!Itll)t Jzlt~)t C4t 
2 IA(lolllo l = 6t'illt DUMt C~ 

PUNCH 137• ~X• SYt ALPHA, ~AGo DUMt Clt (A(ltlOlt ]zlt5lt C2 
PUNCH 1J7o (A(lti0ld=6o9>• OU"'• C3t <A<ltllltl.11:lo5lt C4o 

l (A(lolll o 1=609), DUMo CS 
GU TO 61 

39 CALL EX ITG <l) 
101 FUNMAT (52X• 0 G~ID AND CA~t NUMBEK*t 171 
105 FUNMAT llAt 9El5.8l 
106 FUNMAT I 11, lOXt 0 NON-LINEAH CONNtCTIUN COtFf lCIENTS FOR yo, I l 
107 FUNMAT I //, 1ox. 0 VANIANCt-CUvANIANCE MATNIX Of ADJUSTED COEfflC• 

l t 0 1ENlS !SAME fOM BUTH X AND YJ• t / ) 
108 fUNMAl ( II. lox. 0 SfANl..IAH0 EKRON UF A SINGLE OBSE.t<\IATION Of UNIT• 

l t 0 •EIGHT =0 , 6~f8.4) 

111 FOl<MAT llH•t 46Xo 14, IJ, f8.4o 58Xt El5,8l 
112 FORMAT 11ex. ·~CALEK ~ = •• 61-'fll+4• 6Xo oPfe.~. It l8Xo •SCALEK• 

l • • Y = •, 6PFll.4t 6Xo 6Pf8,4t It 21Xt •SX/SY = •, 
2 61-'fll.4 ) 

113 FUNMAT (///, 57Xt 0N0N-LINtA~ PARAMETENS•t I) 
114 fUNMAl l/JXtl4tllol2t2(2XtFtl.7ll 
115 FONMAT <lHl> 
116 FONMAT t lOXt *NON-LINEA~ CORKEC11UN CDEfflCIENTS FON xo, I ) 
117 fuKMAT 17At •A•• }4X, 0 c•t i~x. r.c•. l4Xt •o•. •~x. •E•t l4Xt °F•, 

1 l4At •G*• l4Xt *h*t 14Xo ojo ) 
122 fOKMAT 12x.1s.r1.12.1AtcflO.tlt48Xtlll 
123 FUNMATClXol2olltI2tlX•lJt9Xt r6.6t4X.~b.6l 
124 f0NMAf<lXtl4t 12.11.1z.29x,t6.6t4X,f6.b) 
127 fONMAT ( //, So~, *COMPAMATON NUMBEN*• l)o a CALldNATlON•t /, ~7Xt 

l 0 UPEKATOH NuMbEK*t [Jt /, ~2Xt *DATE Of M£A~U~£HENT 0 , A8l 
129 FOKMAT(/l/t 2~x. 0 AOJUSTf0 co~PAKATOK CAL[dHATION 1-'ANAMETENS fHuM• 

l , •THE SlMULlANEOU~ SULUllUN OF•, 12t •CASES•) 
130 FO~MAT 19JX, •vAN[ANCE-COVANlANCE MATHIX 0 tlt27Xt *PAKAMETEN VALUE 

l SlGMAGt 27Xt 0 SCALEN x 0 • 12Xt 0 SCALEK yo, lJAt *ALPHA*• I 
2 l~x. •SCALER x = ··El4,7t 4Xt tis.~. l)Xt 3(5At [15.Blt I 
) ltiX• *SCALER Y = *o[l4o7t 4Xt ~15+d• lJXt 2(5Xo ElS.tll• I 
4 JX, •NON·O~THUb, ANGLE AL~HA = *tl4t lJt F7,Jl 

131 fONMAT dXt 0 5CALEH NATIU SA/SY: •, ~l4,7t llt 27At •SCALEKS I* 
1 , ON M!CKUNS/M[fEP* ) 

134 FUNMAT ltlHA• •GRID CAL{~KATION CO~KECTIONS*l 
135 FukMAT (4(/)t 70At *NUT~ - GK!U CALlBHAlION CuHR[CTIONS ARE VALID• 

t •ONLY IF ALL 0 t/t77Xo*AVERAGt HESIDUALS AME COM~OTEO fHOM o, 
2 t•A MULTI~LE Uf•o/o77x,•fuUH EXACTLY 90 DEG~EE NOJATJON CASE~.•) 

136 FOKMAf !//, 43Xt *GRID ~OINT•t 13• o IS NEAKEST THE COMPAHATUR •, 
l *UKl0!N•• // l 

137 fUNMAT 15tl5.d• «A• fll 
138 FUN~AlllHT) 
140 FUKMAT ( l4X, 29HlN~UT UATA CASE OHDER NUM~ER t 12t II l 
l~J FORMAT <2Xol~•llol2olXt2fl0.8•29Xtf9,6J 
151 FUKMAT !5(lXoEl~.7lt ~x. Fil 
153 fUNMAT <1H2l 
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CALlti l 0 tl l 
CALI ti l U>3<' 
CALI d l Dtl:i 
CALld }0D4 
CAL Id l 0Cl5 
CALlt< l l.it16 
CAL Id l (J tl 7 
CALI ti lue8 
CAL Id l Oci'1 
CALltl l 0'10 
CALltl lt''71 
CALI ti l 0<,.2 
CAL Id l 0'13 
CALltl 1094 
CALltl l O':iS 
CAL Id 109b 
CAL Id l u·-.1 
CAL It< l (I ':113 
CALltl l 0"':1 
CALI ti 11\)0 
CAL Id 11 Ji 
CAL Id 11 "'<' 
CAL Id !101 
CALltl l l u~ 
CALid llJS 
CAL!c l l \) t> 

CALltl l l (J 7 
CALld 11 ~ d 
CALld 11 u '1 
CAL Id l ll U 
CALI ti l I l l 
CAL Id l Ii<' 
CAL l ti I l i 3 
CALltl l l l i. 

CALI tl l l 1 5 
CALltl l l l D 

CALltl l l l { 
CALlt! l I l t1 

CALIH l l l ... 
CALid l l £'.'. c 
CAL Id lUI 
CAL!tl 1 i cc 
CAL li:i I I CJ 
CALld l L-- .. 
CALlt1 I le> 
CALI1:1 11 ct: 
CALI d l IL ' 
CALltl I I ctl 
CALI ti i it:' y 

CALld llJO 
CALlu l lJ I 
CALld l l Ji:' 

CAL[tl ll)J 
CAL Id l l J'. 
CAL Id llJS 
CALltl 11 Jb 
CAL Id llJ7 
CAL Id l J J'l 
CAL Id 1 l j; 
CALld 11 '< v 
CALI ti l l 4 1 
CALld l 1<+2 
CALlri 1 l <+] 
CAL Id I l <+ '+ 
CAL lt:i l l 'o ':> 
CALld 11 .. 6 
CAL l t1 11 .. 7 
CAL le I 1 ~ tl 
CALld li-+"' 
CAL!d lbu 
CAL Jt:l l l '::11 
CAL Id 11~2 



154 FORMAT (/It ~9Xt •LlNEAri ~ARAMETERS 0 t/I 

161 FORHAT l)Xt •F~EE ADJUSTMENT - •t/t bXt 01 riOTATIUN CTHETAlt 2 TRA 
lNSLATIONS (TXtTVl 0 t//) 

lb2 FORMAT 13Xt *LIN~AR ADJUSTMENr - •tit 6Xt 0 2 SCALEM~ (SXtSYlt c MO 
lTATIONS CALPHAtTrlETAlt 2 JMAN~LATIONS CTXtTYl•t //) 

163 FUMMAT 13Xt •NvN-LINEAR AU~USIMfNT - OJ 
sruP · 
fN 0 
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CAL)i:; 
CALlt; 
CAL 1i:; 
CAL Ii:; 
CALio 
CALJi:; 
CA.Lli:; 
CA.LI d 

1153 
llS4 
lb5 
11~6 

1157 
1158 
11 S9 
llbO 



SUBROUTINE CLOSOUT CNCTI 
DIMENSION A0UMl201t POINTC300lt XMlAS(JOOI• YMEASC3001 
INTEGEH POINT tPS 
COMMON AOUMt POINTt XHEASt YMEAS 
PO INT C NC T • l ) = II 

SIG = o.o 
N = 0 
L = l 

lN=N•l 
5 lfCPOJNTCNJ.EO.POINTCN•lllGO TO l 

x = o.o 
y = o.o 

· - - 00 2 I = L • ~· 

LJ = X • XMEASIII 
= Y • YMEAS ( Il 

ONTlNUE 
If C S I G • GT • 0 • 0 I GO T 0 6 
SIG= l.O 
XS = X /N 
YS = Y /N 
PS= POINTCNl 
XC = XS 
YC = YS 

7 J = N • l 

D
O 4 I = JoNCT 

= N • l 
= I 

F CPOlNTCil.EQ.PSJ GO TO S 
ONTINUE 

PHINT 100 
100 fOHMAT ClOXt •NO CLOSEOU T MEASUREMENT5 ON INITIAL POINT MAOE*I 

IFCNCT.LE.91GO TO 3 
RETURN 

3 Pl-IJNT 104 
104 FORMAT (//////////tlOXt *INSUFFICIENT MEASUHEMENT~ MADE - STOP• ) 

STOP . 
6 I - = N - L • l 

X2 = X /I 
Y2 = Y /I 
OX = X2 - XC 
DY = Y2 - YC 
XC = X2 
YC = Y2 
PHINT lOltPS 

101 FOHMAT ClOXt*CHECKS ANO CLOSEOUTS ON POINT NUM~EA *tl2o/•l3Xo•~(QU 
lENTIAL SHIFTS CXI•ll-<XIl*o/tl6Xt*DELTA x•, SXt•DlLJA Y•I 
PHINT 102t0Xt0Y 

102 fOHMAT Cl6Xt6Pf6. l t6Xt6Pf6.ll 
If CN~NE.NCTI GO TO 7 

c 
C COMPU!E AND PHINT TOTAL CLOSEOUT 
c 

OXT = XC - XS 
DYT = YC - YS 
PHINT 103tDXToDYT 

103 fOHMAT C/tl3Xo•TOTAL SHIFT ILASTX - INITIALX)*ltl6Xo6Pf6.lo6Xt 
l6Pf6. i I 

RETURN 
EN D 
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CLOS OUT 2 
CLOSOUT 3 
CLOSOUT 4 
CLOSOUT 5 
CLOSOUT 6 
CLOSOUT 7 
CLOSOUT 8 
CLOSOUT 9 
CLOSUUT 10 
CLOSvUT 11 
CLOSIJUT 12 
CLOSIJUT 13 
CLOSOUT 14 
CLOSIJUT 15 
CLOSIJUT 16 
CLOSOUT 17 
CLOSUUT 18 
CLOSvuT 19 
CLOSUUT 20 
CLOSOUT 21 
CLOSuuT 22 
CLOSUUT 23 
CLOSOUT 24 
CLOSuuT 25 
CLOSOUT 26 
CLOSOUT 27 
CLOSOUT 28 
CL05ouT 29 
CLOSOuT 30 
CLOSOuT 31 
CLOSOUT 32 
CLOSIJUT 33 
CLOSuuT 34 
CLOSOUT 35 
CLOSUUT 36 
CLOSuUT 37 
CLOSOUT 38 
CLOSOUT 39 
CLOSOUT 40 
CLOSuuT 41 
CLOSuUT '42 
CLOSUUT 43 
CLOSUOT 44 
CLOSOUT 45 
CLOSOUT 46 
CLOSOUT 47 
CLOSUUT 48 
CLOSuuT '49 
CLOSOUT so 
CLOSuUT 51 
CLO SOU I 52 
CLOSOUT S3 
CLOSUUT s .. 
CLOSOUT 55 
CLOSllUT 56 
CLOSOUT 57 
CLOSOUT 58 
CLOSUuT 59 
CLOSOUT 60 



SUHROUllNE G~OUPCNPTJ GHOUi" 2 
c GROUP HY POINl NU~HER GROUI" 3 

DIMENSION ADUMl20lt JPTCJOOlt X(JOOlt YIJOOI GROUI" 4 
COMMON AOUM• IPTt x, y GwOUtJ 5 
I=l GROU"' 6 
Jo: l GHOUi' 7 

4 J=J•l <.iROUI-' 8 
If CJ-Nl-'T 13t3t 10 GROUI' 9 

3 lfCIPTCl1-IPTCJll4t2t4 GROUt> 10 
2 K = I • I GROUI" 11 

ITPT = IPTCK I GROUP 12 
H.MPX = XIKI GROUt> 13 
TEMPY = VIKI GROUt' l 4 
JPT (10 = IPTIJI GROUt> 15 
XIKI = X(J) GROUtJ 16 
YCKI = YCJI GROUtJ 17 
IPT (JI =ITf'J GHOUi" 18 
XIJl=TEMPX GROUI-' 19 
YCJl=TEMPY GROUt> 20 
IfCJ-NPTlStlOtlO G~OUI' 21 

5 I=I•l GROUt' 22 
GO TO 4 GROUI-' 23 

10 lfll-NPT-l16tll•ll GROUt> 24 
6 I=l•l GROUI-' 25 

J=I GROUI"' 26 
GO TO 4 GROUI"' 21 

11 RETU~N GROUI"' 28 
END GROUt> 29 

72 



c 

SU~ROUTINE STAT<NPTtKtSCAL,svxx,SVYY,SVYXtNOPTS,TVX2tTVY2t1YXYt 
1 lPt KASEt NUHUPt NOCOHPt NUHGDt DATEt NUHCASt 
2 NUHOPSt L l t L2t TVXH2t TVYH2 I 

DIMENSION Al2Slt A0UH(20lt AL~HA(2Slt ~(2Slt lPTl300lt NOP1S(2Slt 
1 SYXX125lt SVYXl2Slt SVYYl2Slt Xl300lt YC300) 

COHHON ADUH• lPTt Xt Yo At 8t ALPHAt SXHo SYHt PXYt THANStE12StS21 
PHINT SSS 

SSS fOHHATllHll 
PRINT 109 

109 fORHAT llH!>I 
Ifl1P-ll60t6lt62 

60 PHlNT 106tKASE 
106 fORHAT < 46Xo •CASE NUHSEH •, l2t• POINTING PRECl!>lUN STATlSTlCS•I 

PHJNT 107tNUHOP 
107 fOHHAT I S9Xt •OPERATOH NUHSEH•t 131 

GO TO 63 
61 PHINT 104tNUHOP 

104 fORHAT C44X1•0PERATOH NUH8ER•tI3t• POINTING PRtCI~ION STATISTIC!>•) 
63 PHINT 108tNOCOHP 

108 fOHHAT I 58Xt •COMPARATOR NUHSER•, 13 I 
GO TO 64 

62 PHINT lOStNOCOHP 
lOS fOHHAT 143Xt •COHPARATOH NUHStR•, 13• •POINTING PHECISJON STAII•t 

1 •!>TICS• I 
64 PHJNT 103tNUHGDoOATE 

103 f0HHATCS7X1•GRID PLATE NUH~EH•1IS/S4Xt•DATE Of HEASUHEHENT •tA8o 
1 ///I 

PHJNT 100 
100 fOHHAT C S4Xt •lNDlVJOUAL POINT !>TATISTIC~•,//t 24Xt •Sl•• 

l•NGLE - 08SEHVATJONS•tSXt•IHlCHONS SUI CPEHCENTAGEl•t6Xt•HEAN HEAS•t 
2 •UHED•• 13Xt •~EAN OBSERVATIONS•, It 3Xt •POINT NUH8tH•, 
3 •Of STANDARD OEVIAlJONS COVARIANCE COHRELLATION•• 
4 7Xt *COOHDINATES•t 13Xt •STANDARD DEVIATIONS POJNT•t 
s /t 2x. •NUH8EH TIMES READ x•. 9Xt •y POINT•, 6Xt 
6 •xv COEfflCIENT x•. 13Xt •Y•t llXt •x•, 9Xt •v•, 
1 7Xt •POINT NUHSEH•, I I 
lfllP13lt30t31 

30 TVX2=0. 
TYY2=0. 
TVXY=O. 
TVXH2 : TVYH2 = O.O 
11.=0 
la 1 
J=I 

C HEAN MULTIPLE READlNG!:I 
c 

2 J=J•l 
JflJ-NPTl6t6t3 

6 IF I IPT CI >-IPTlJll 3t2t3 
3 Lz:.J-1 

lfCL-1120t20ttl 
8 XH=O. 

YH=O. 

DO 4 H=ltL 
H=XM•.W.(H) 
H=YH•Y(HI 

t<=t<•l 
DL=L-1•1 
XHz:XH/DL 
YH=YM/OL 

C SUM OlffERENCES ANO SUUARE~ 
SYXY=O. 
SVX2=0. 
SVY2=0. 

l
e~,.~,:~:~~ 
VY=YCMl-YH 
YX2=Y .W.••2 
VY2=Y Y••2 
SVX2=SYX2•YX2 
SYY2=SYY2•YY2 
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STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
~TAT 
STAT 
STAT 
!>TAT 
STAT 
STAT 
!:>TAT 
~TAT 
STAT 
STAT 
STAT 
STAT 
~TAT 
~TAT 

STAT 
STAT 
STAT 
STAT 
~TAT 
STAT 
STAT 
STAT 
STAT 
STAT 
~TAT 
STAT 
STAT 
STAT 
STAT 
!>TAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
~TAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
!:>TAT 
!>TAT 
STAT 
STAT 
STAT 
!>TAT 
STAT 
STAT 
STU 

2 
3 
4 
s 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
JS 
36 
37 
38 
39 
40 
41 
42 
43 
44 
4S 
46 
47 
48 
49 
so 
Sl 
S2 
SJ 
S4 
5S 
S6 
57 
sa 
59 
60 
61 
62 
63 
64 
6S 
66 
67 
btl 
t>9 
10 
11 
72 
73 



~llXY=SllXY•llX•llY 
S\IXX(l():SllX2 
SllYYIKl=SllY2 
SllYX<r<>=SllXY 
NOl-'TStKl=OL 
TllX2:TllX2•S\l.(2 
TllY2:T\IY2•S\112 
TllXY:l11XY•S\l.(Y 
X(KJ : XM - TWANS 
Y(Kl = YM - TWANS 
11-'T(Kl:IPT < ll 

C COMPUTE STATI STIC:> FOH EACH POINT 

c 

Dlll=L-I 
01\IN = 1.0/DL 
TllXH2 = TllXM2 • ulVN*SllX2 
T\IYM2 = TllYM2 • UIVN*SllY2 
SX2:SVX2/D111 
SY2=S11Yl/Ulll 
SXH2 = SX2*0111N 
SYH2 = SY2*DlllN 
1F1.10E-20-sx212so.251,2s1 

251 SX=O. 
SXH = O.O 
GO TO 260 

250 sx=SuWTISX2) 
SXH = SQRTISXM21 

260 IFl.IOE-20-SY21252•253tc53 
2':13 SY=O. 

SYH = O.O 
C:,U lO 261 

252 SY=SO~T(SY21 
SYH = swH tSYM21 

261 IF<.10E-20-sx2-SY21263t2b2t262 
262 Sl-'T:O. 

Sl-'TM = 1).0 
S)(Y=O. 
P)(Y:O. 
A<Kl=O, 
8(Kl=O. 
ALPHA<K>=O. 
LL=DL 
PHINT 101• 11-'T(K)t LL• 5Xt SY• SPT, sxv. Pxv, XH• YHt SXMt SYHt 

1 SP T '4 , I I-' T 110 
PHINT JOOtlPT(K) 

JOO FOHMAT< l)(• 26HALL READINGS FOH POINT NO •l4tl5H •lRE IOENTICAL l 
GO TO 9 

263 SPf:SyHT<<Sx2+SY21/2.I 
51-'TH = SQHf(ISXM2 + SYM2ll2.) 
IF(S)(J270•c3ti o27u 

238 S)(l'=O. 
f>A.Y = 100. 
GO TO 203 

270 IFISYl272t27lt272 
271 S)(Y=u• 

P)(Y = 100. 
GO TO 203 

272 S)(Y = S\l)(Y/Ulll 
PXY = (SXY/ISX•SYll*lOO. 
SXY = sxv• l.E•l2 

203 LL=DL 
f>WINr 101 •l~T(~)t LL• ~x. SYt 5PTt SXYt PXYt XMt YMt SXHt SYMt 

1 Sl-'l'4t l~TIKI 

SXY = SXY/ l.E+l2 

C COM~UT~ 1-'ARAH£TEw~ FOK [WHOR lLIPSE IPOlNTJ 
c 

w=SOHTllSX2-Sl'21••2•4. 0 SXY 002l 
AIKl =SuRT<l ~A2+SY2•w)l~.I 
IflSX2+SY2•wlJ4lt3~lt342 

341 BIKl=O. 
GU TU 343 
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STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
:>TAT 
STAT 
STAT 
STAT 
STAT 
STAT 
~TAT 

STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
~TAT 

STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
:>TAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
:>TAT 
STAT 
STAT 
STAT 
:>TAT 
STAT 
STAT 
::>TAT 
STAT 
!:>TAT 
~TAT 

STAT 
STAT 

74 
75 
76 
71 
78 
79 
8() 

t! 1 
t!2 
1:13 
t!4 
85 
86 
87 
88 
~9 

'>10 
91 
92 
93 
94 
'>15 
96 
97 
98 
99 

100 
101 
102 
103 
104 
105 
106 
107 
108 
109 
110 
111 
112 
113 
114 
115 
H6 
117 
118 
119 
1£0 
121 
122 
123 
124 
125 
126 
127 
128 
129 
lJO 
131 
132 
133 
134 
135 
136 
137 
138 
139 
140 
141 
142 
143 
144 



c 

342 Bl~lzSU~Tl15X2•SY2-•l/2.I 
343 lf1SX2-SY21204,20S,204 
205 lf(SAY)206•208,208 
208 ALPHAtK):.785398163 

GO TO 9 
206 AL~HAtKl=-.7dS39dl63 

GO TCJ 9 
204 ALPHA(~l=tATANl2.•SXY/ISX2-5Yllll/2o 

lflSX2-SY212lt9t9 
21 ALPHAIKl=ALPHAIKl•l.5707963261949 

9 lflJ-NPTl7t7•1U 
1 Jc..J 

GO TO 2 
10 Ifll~llSl•lS2•1Sl 

151 KK=2~ 
GO TU 153 

152 KK=K 
153 CALL ELIPSl~~•SCAL•KASEtNUMOP•NOCOMPtNUMGO,OATEtNUMCAStNUMOPS, 

1 N~ftlPt49tlltNO~TSl 

c COMPUJE STATJSTICS row ALL POINTS 
c 

c 

OlV=NPT-K 
If <O Iv • EU • 0 • 0 I GO TO 71 
SX2=TYX2/0IV 
SY2=TVY2/0IV 
SXaSURTISA2) 
SY=Sllt<TISY21 
SPT:SQ~T(lSAl•SY2112.I 

SXM2 z TVXMl/OlV 
SYM2 = TVY~2/DIV 
SXM = SVl-lTl~AM2l 
SYM = SV~T!SYl~21 
S~TM = ~01-lTllSXMl + SYM21/2.) 
OUMX : 0.0 
SXY = TYXY/DIV 
If ISX 0 SY. lU. OoOI GO TO oOO 
PXY = ISXY/ISX 0 SY)) 0 100. 
SXY = ~xv• l.E•l2 

600 P"' INT 102 
102 fO~MAT ( //, SSXt °CUMt:llNEU PUINT ~TATISrICj• 

PWINf 101• NPT, ~. SXt SYt SPlt SXYt PAY, DUMA• OUMX, SXMt SYMt 
1 S~TM 

SXY = ~XY/ l.E•l~ 

c COMPUTE ~ARAMETlRS row ER~O"' ELIPSE <TOTAL) 
c 

wz~~"'T<<SX2-SY2> 0 •2•4. 0~xY••2> 
AT: SURTllSX2•SY2•wl/2.> 
BT = SU~TllSX2•SY2-wl/2ol 
lflSXl-SY2l4J4t435•43~ 

435 lf(SXYl43o•438t438 
438 AL=0.7dS39dlo3 

GO TO 70 
436 AL=-Oo7~SJ9olbJ 

GO TO 70 
434 AL=<ATA~12.•sxv11sx2-sv211112. 

lflSX2-SY2l71•70t70 
71 AL=AL•l.5707963267949 
70 SSCAL=o.•SC~L 

TT XX = E Cl .t I 
TTYY = Elle21 
Elldl = o.o 
Elle2l = o.o 
TX=Xll> 
TY=Y<ll 
X<ll=O. 
Yll>=O. 
TAT=A<ll 
Tt:IT=o lll 
TA=ALPHAlll 
Alll=AT 
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~TAT 
STAT 
STAT 
STAT 
~TAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
!>TAT 
STAT 
!>TAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
!>TAT 
STAT 
~TAT 
STAT 
:>TAT 
~TAT 

STAT 
~TAT 
~TAT 

STAT 
STAT 
STAT 
~TAT 

~TAT 
~TAT 
STAT 
~TAT 

STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
SlAT 
STAT 
STAT 
STAT 
STAT 
STAT 
~TAT 

STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
~TAT 

145 
146 
147 
148 
149 
ISO 
151 
152 
!53 
154 
155 
1S6 
1':>7 
158 
159 
lbO 
lbl 
lb2 
163 
164 
lb5 
lb6 
167 
168 
169 
l 70 
171 
172 
1 73 
174 
175 
l7b 
1 77 
178 
179 
180 
1ij1 
1 d2 
1 d3 
184 
1 d5 
ldb 
107 
108 
ld9 
l '10 
l~l 
1~2 

1':113 
lY4 
1':115 
l':olb 
197 
198 
199 
200 
201 
202 
21)3 
204 
205 
206 
207 
208 
209 
210 
211 
212 
213 
214 
215 
2lb 



I:! ll l=IH 
AL"HA ( l l :AL 
CALL ELI~St ltSSCALtKASltNU~OP'tNOCO~P'tNU~GOtOATEtNUMCAStNUMO..,~t 

l NPltl" t8ltL2tNO..,TSI 
Alll=TAT 
t:l<ll=ll:!T 
ALPHAlll=TA 
Elltll = Trxx 
Ellt21 :: T1YY 
XI 1l =TX 
Y(lJ::Tv 
GO TO 77 

31 K = 0 

F
oo 50 N = l•l5 

IF INOtJJSINI - 11 !:>Ot40t32 
l) I V :.:.NOP TS IN I -1 
K = K • l 
SX2=SYHINl/OIY 
SY2=SYYYINl/OIV 
SX=~\.lkTtSX21 

SY=5URJCSY21 
S"T:SUMTI C:>X2•SYll/2.I 
~XY = ~VYXINl/Olv 
JFISX.lU.0 •• 0~.sv.Eu.o.1 GO TO l 
PXY = (~XY/CSX•sv11•100. 
GO TO 11 

l PXY :: O.O 
11 SXY = sxv• l.E•l2 

PkJNT lOltl ... TtNltNOPTS!Nlt~Xt~YtS ... ltSXYtPXY 
SXY = SXY/ l.E•l2 -
~:SQRTtcsx2-sv21••2•4.•SXY••21 

A!Nl=SURTC!~X2•SY2+Wl/2.I 
BIN l=SURTC(SX2•SY2•Wl/2.I 
Jfl~X2•SY21 l2tl.hl2 

13 IflSXYI l4tlStlS 
15 ALPHAINI = 0.7~5398163 

GO TO 50 
14 ALPHAINI :: -o.785398163 

GO TO SO 
12 ALPHA(NI = (AJANl2.*SXY/(SX2-~Y2111/2+ 

lflSX2-SY2l4ltSO tSO 
41 ALPHA(N)::AL ... rlACNl•l.5707963267949 

GO TO 50 
40 SX=O. 

SY=O . 
1(:1( +1 
SPT=O. 
SXY =O. 
"XY=O • 
PMlNT lOltl~l!NJ,NOPTS(NltSXtSYtSPltSXYtPXY 

A(Nl=O. 
BINl=O . 
AL ... HA(N):zO. 

SO CON TINUE 
GO TO JO 

20 l(::l(+l 
XIKI:: XCII - TRANS 
VIKI = Ytll - TRANS 
WT (l(l=IPT I I I 
SX=O• 
SY =O. 
SP'T::O. 
SXY=O. 
PX Y=O. 
SVXXOO=O. 
SVYYIPl.JsO. 
SVYXIKl=O. 
NOl-'TSCKl=l 
LLL=l 
PMINT 101• )PTCKJ tLLLt sx. sv. s ... r. SXYt ...... v. XCllt Ylllt sx. 

l S 'I' t SP T t IP T I I< I 
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STAT 
:>TAT 
:>TAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
:>TAT 
STAT 
STAT 
STAT 
STAT 
STAT 
:>TAT 
STAT 
STAT 
STAT 
STAT 
STAT 
~TAT 

STAT 
STAT 
STAT 
~TAT 
~TAT 

STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
~TAT 
STAT 
STAT 
~TAT 
~TAT 
STAT 
STAT 
STAT 
STAT 
~TAT 

STAT 
~TAT 
STAT 
ST AT 
~TAT 

STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
STAT 
~TAT 
~TAT 
~TAT 
:>TAT 
STAT 
STAT 
STAT 
STAT 
STAT 
~TAT 
STAT 
~TAT 

STAT 
STAT 
~TAT 

STAT 

217 
218 
21 'ii 
220 
Ul 
U2 
223 
U1t 
225 
226 
227 
U8 
229 
230 
2Jl 
2.J2 
233 
234 
235 
236 
237 
238 
239 
240 
241 
242 
243 
244 
245 
246 
247 
248 
249 
250 
251 
252 
253 
254 
255 
2!:>b 
257 
258 
259 
260 
21>1 
21>2 
21>) 
264 
21>5 
266 
21>7 
21>8 
269 
270 
271 
272 
273 
274 
27 5 
276 
277 
278 
279 
280 
281 
2a2 
2d) 
2B4 
2d5 
2d6 
2d7 



A (K) ::0 • 
BCKl=O. 
AU'HAlKl=O. 
GU TO 9 

77 CONTINUE 
PKl~T 110 

110 FOH"!Al l//42A•5HqASIS/I 
PWI~T lllt~t~PTtNU~CA5t~U~U~S 

111 FUWHAT<bXtl2tfH ~UlNrs. ~Xtl5•13H MEAS~~tMENTStl0Atl2t6rl CASES. 
1 l~~•l2•1Uh O~tRATOKS) 

101 FOWHAT C 2X• l5t 6Xt llt 4Xt J(6PF7.3t3Xlt 0Pf7,3t 4Xt 0Pf8.2t 
l 2(JXt6~F}l,2l• J(3At6Pf7.31t }Xt 15 I 
RtTUKN 
END 

77 

STAT 
:>TAT 
STAT 
STAT 
STAT 
:>TAT 
STAT 
::>TAT 
:>TAT 
:>TAT 
::>TAT 
STAT 
::>TAT 
STAT 

208 
2is9 
290 
291 
292 
2'13 
2~'t 

295 
296 
297 
298 
299 
300 
301 



SU8ROUT1NE ELIPS(NUPTtSCALtKASEtNUHOPtNOCOHPtNUMGDtOATEtNUHCASt 
1 NUMOPStNO~EOtl~tNU~LTtlCONftNOPT S l 

DIMENSION A(25lt AOUM(20lt AL~HA<2Slt d(25lt IPTCJOOlt X(JOOlt 
1 XfClOllt Xf(lOllt YCJOOl t YEClOl l t Yf(lOllt NOPTS(251 

COMMON AOUMo IPT, Xt Yt At St ALPHA• ijQUM(4lt E<2~•~2l 
COMMON /PL4060/ l(200l 

C MAKE SU"t NO Of PTS = 4*N•l 
NOPLOT=NUPLT 
L=NOPLOT-1 
LL=M00(Lt4l 
LL=4-LL 
NOPLOT=NOPLOl•LL 

C P~INT TITLE 
CALL SETSMG(lt55t0.l 
CALL SElSMGlZt84tlH.l 
CALL SETSMGIZtJOt.5l 
CALL SETSMG<z,93,0.> 
CALL SETSMGCZt90tO.> 
CALL SETSMG<Ztl04•-l.5l 
CALL StTSHGCLtl05t-2ol 
CALL SUBJEG1Zt-.2J,-.17t.23tol7> 
CALL 0BJCTGIZtol3toltloJ3Jtl.Ol 

C TITLE THE G~APH 
If <IP-1170071•72 

70 CALL L[ GNOG ll.-.os •• 15.e.8HCASE NO I 
CALL NUMBHG(z,-.oss •• 15t2tKAS£) 
CALL LEGNOG 1Lt-.04t.15t29t29HP01Nf 1NG PRECISION STATISTICS> 
GO TO 7J 

71 CALL LEGNOG <Z.-.oa,.15.11.11HOP[HATOk NO) 
CALL NUMBHG(Zt-.037t.15•3•NUMOP) 
CALL LEGNOG<Zt- .03t ol5t30t30H PO INTING PkECISION STATISTICS! 
GO TO 73 

72 CALL LEGNOG <z.-.oa •• l5tl4tl4t!COMPARAT0k NO I 
CALL NUMBkulZt-.033t.l5t2tNOCUMP) 
CALL LE GNDG<Z•-.029t.l5t3lt31H PO INTING PRlCISION STATISTICS> 

73 CALL LE GNOG Clt-.16tol45tl4tl4HCOM~ARATOR NO l 
CALL NUM8~G<Z•-.ll0tol45t2tNOCOMP) 
CALL L[GNOG <Z,-.09t.l45tlctl 2HOPEHAT0w NO ) 
CALL NUM8RGIZ•-.OStol45t3tNUMUP) 
CALL LEGNOG ([,-,03t.l45o8t8HGRI~ NO l 
CALL NUHBRGCL t-.OOltol4St4tNUMG0 l 
CALL LEGNOG cz,.03,.145,zo.20HOATE Of MEASU"EMENT 
CALL LEGNOGIZtolltol45t 8tOA T£) 
CALL NUMBkG ll•- .14 tol4t2oNUPT> 
CALL LEGN OG Clt-.l3t.l4t7t7H ~OlNTSl 
CALL NUM8HGllt-.09tol4t4 oNOR£0l 
CALL LEGNOG cz. -. o7 •• l4tl3tl3H MEASUREMENTS> 
CALL NUM8HGIZt-.02tol4•2tNUMCASl 
CALL LEGNOG 1z,-.Oltol4•6•6H CASES> 
CALL NUMBkGIZto03tol4t2tNUMOP~I 
CALL LE GNOG ([,,04tol4tl0•10H OPERATOHSl 

C ORA• THE G"IO 
CALL SETSMGCZtlOOo3.l 
CALL GHlOG<z.o . o.o.oi 

C PLOT AXIS ANO LAdEL 
C LABEL THE GRA~Ht X AND Y AXES 

CALL SETSMGlltl02to005l 
CALL SE TSMGCZtl03to005l 
CALL LABELGlltOt.OStOtS.21 
CALL LABELGCZtlt.05tOt5o21 

C GENEkA TE ELLIPSE AT OKJGIN 
DO 20 MM=ltNUPl 
IFCNUPT-ll30St306t30S 

305 If INOPlSIMM l oLE. 01 GO TO 20 
306 lf(A(HMll 2t3t2 

3 If (ti (MM l I 2 tl 9 t 2 
2 Al=AlMMl•SCAL 

8l=BI MMl* SCAL 
Al 2=Al*Al 
i:H2=dl*Bl 
IPLUT=CNOPLOT-1)/4 
PLUlNU=lPLUT 
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t:L I PS 
ELIPS 
lLIPS 
ELI PS 
ELIPS 
ELI PS 
ELIPS 
ELIPS 
ELlPS 
ELI PS 
t:LIPS 
£LIPS 
ELI PS 
t::LlPS 
t:LIPS 
ELI PS 
ELlPS 
tLIPS 
ELI PS 
ELIPS 
ELIPS 
t::LIPS 
ELI PS 
ELI PS 
ELI PS 
t::LIPS 
£LIPS 
£LIPS 
ELI PS 
ELIPS 
£LIPS 
ELI PS 
iLIPS 
t:LIPS 
ELI PS 
EL IPS 
ELI PS 
ELlPS 
£LIPS 
ELI PS 
£LIPS 
C:LIPS 
£LIPS 
ELI PS 
ELI PS 
£LIPS 
EL JPS 
ELIP~ 
ELI PS 
£LIPS 
£LIPS 
ELIPS 
ELI PS 
ELI PS 
ELI PS 
ELI PS 
ELI PS 
£LIPS 
EL JPS 
£LIPS 
t.LIPS 
£LIPS 
t:LIPS 
£LIPS 
ELIPS 
ELI PS 
ELI PS 
ELI PS 
ELI PS 
ELI PS 
£LIPS 
ELI PS 

2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
lJ 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
Jl 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
so 
51 
52 
53 
54 
55 
56 
57 
58 
~9 
60 
bl 
62 
63 
64 
65 
66 
67 
68 
b9 
70 
71 
7Z 
73 



AlN=Al/PLUTNu 
I= 1 
Xflll=-Al 

10 Y£Cll=SQRTCB12•<1.-XECJJ••2/Al2JI 
I=l•l 
XElll=XECl-ll•AlN 
Jfll-lPLUT-lllOtlltll 

11 XEll>=O. 
YEll>=Bl 
J=IPLUT•l 
K=J•2•1PLUT 
L=J•2•IPLUT 

12 l=l-l 
J=J•l 
L=L•l 
K::K-1 
XEIJ)::-X[lll 
YEIJl=YEll> 
.ltEIKl=-XE<l> 
YEIKl=-YElll 
XE<L>=XE<ll 
YE <U =-YE CI> 
If ll-ll l3tl3t 12 

13 llll=3•1PLUT•l 
XEIJ.tlll=O. 
YEllllll=-tll 
~OTATE AND TRANSLATE 

SINAL=SINCALPHA(HM)) 
COSAL=COSCALPHA( HHJ) 

-DO 15 I=lt~OPLOT 
lflIP. Lt:• Ol GO TO 301 
.I.fill = COSAL•X[(Jl -SJNAL•Y[(J) • [IHHtll 
Yf(lJ = SlNAL*XE<ll • COSAL*YE<I> • UHMt21 
GO TO 15 

01 .I.fill :: COSAL*XE<ll - SlNAL*YElll • X(HM) 
Yf(JI:: SINAL•XElll • COSAL*YE(l) • Y(HHJ 

15 CONTINUE 
C PLOT X AND Y 

NPTS :: NOPLOT • 1 
XF INPTSl=XF < l I 
Yf INPfS)::Yf (1 > 
CALL LlNESGIZtNPTStXftYfl 
CALL SETSHGIZt84tlH•) 
JFCJP.LE.01 GO TO 302 
CALL POINTGILtlt[(HH tl l1E IHMt 211 
CALL SETSMGCZ184tlH.J 
GO TO 200 

302 CALL POlNTGCZtltX(HH),Y(HM)) 
CALL SETSHGIZ1841lH.) 
GO TO 200 

C CHANGE PLOTTING SYMBOL 
19 CALL SETSHGIL 184tlH*I 

CALL POINTGIZ 1l 1XIHM)tYIMHll 
RESET PLOTTING CHAH lO A POINT 

CALL SETSHGIZtd4tlH.) 
PRJ~T POINT NO 

200 lfCNUPT-ll304t20t304 
304 lf(JP.LE.01 GO 10 303 

CALL NUH8HGlltEIMHtl)tEIHMt2)14tlPl (HMI) 
GO TO 20 

303 CALL NUHB~GIZtXIHMltY(HHlt4tlPT(HHll 
20 CONTINUE 

C LABELS AND SCALE 
CALL LEGNOGcz.-.01 •• 12. 2.2H•Y) 
CALL LEGNOGIZ•.l4t-.0051~t2H+XI 
GO TO 12so.2::.1.2s2.2531. ICONf 

250 CO~LIH=l. 
IPERC=J9 
GO TO 254 

251 CONLIH=l.18 
IPERC=50 
GO Tu 254 
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ELIPS 
ELIPS 
ELIPS 
ELIPS 
EL JPS 
ELIPS 
ELIPS 
ELlPS 
ELIPS 
t.LIPS 
ELIPS 
ELlPS 
ELIPS 
ELI PS 
EL JPS 
ELIPS 
£LIPS 
ELlP::. 
ELlPS 
ELIPS 
t:LJPS 
ELIPS 
ELJPS 
ELIPS 
ELJPS 
ELIPS 
ELIPS 
ELJP::. 
ELlPS 
t:LIPS 
ELI PS 
ELlPS 
tLIPS 
ELIPS 
ELIPS 
E.LIPS 
f.LJPS 
ELIPS 
ELIPS 
ELJP::. 
EL JPS 
ELIPS 
EL JPS 
EL JPS 
ELIPS 
ELIPS 
ELIPS 
£LIPS 
ELIPS 
t:LJPS 
ELIP::. 
t:LlPS 
ELI PS 
ELIPS 
ELIPS 
ELlPS 
ELIPS 
ELI PS 
ELJPS 
ELJPS 
EL JPS 
ELIPS 
£LIPS 
ELIPS 
ELIPS 
£LIPS 
t::LIPS 
ELIPS 
£LIPS 
EL JPS 
ELIP:) 
ELJPS 

74 
75 
76 
77 
18 
79 
80 
81 
82 
d3 
84 
85 
86 
87 
88 
89 
90 
91 
92 
93 
94 
95 
96 
97 
98 
99 

100 
101 
102 
103 
104 
105 
106 
107 
108 
109 
110 
111 
112 
113 
114 
115 
116 
117 
118 
119 
120 
121 
ia 
123 
124 
125 
126 
127 
128 
129 
130 
131 
132 
133 
134 
135 
136 
137 
136 
139 
140 
hl 
1'+2 
14) 
144 
145 



252 CONLI"4=2.45 
JPERC295 
GU TU 254 

253 CONL114=3.03 
H'E~C=99 

254 XE<l>=.02 
ltEC2l=.02•SCAL•.OOOOOl/CONLJN 
YE<l>:-.12 
YE<2>=-.12 

C CHANGE PLOTTING SYMBOL 
CALL SET5NGCltd4tlHll 
CALL POJNTG<z.2.x£.YE> 
CALL SETSMulZt84tlH.) 
CALL LINESGIZtZtXEtYEl 
CALL LEGNOG<l•-.20•-.l3t2lt21HELLl~SE REPRESENTS A ) 
CALL NUMBHG<l•-.12•-.l3•2•IPEHC) 
CALL LEGNOG<l•-.ll•-.l3t24t24H PERCENT CONflOtNCE AHEAl 
CALL LEGNOG<L•o02t-.13tdt8Hl MICRONI 
CALL LEGNOG<Z•o0d•-·13tl5•1SH• SX AND SY = 01 
CALL PAGEGIZtOoOoll 
I-If. TUHN 
END 
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ELI PS 
E.LIPS 
ELI PS 
tLIPS 
ELI PS 
ELI PS 
EL JPS 
ELIPS 
ELI PS 
£LIPS 
ELI PS 
ELI PS 
ELIP~ 
ELIPS 
ELIP~ 
ELI PS 
ELIPS 
ELI PS 
ELI PS 
ELI PS 
ELI PS 
ELIP:> 

146 
147 
148 
149 
150 
lSl 
152 
153 
154 
155 
156 
157 
158 
159 
160 
161 
162 
163 
164 
165 
166 
16 7 



c 
c 
c 
c 

c 
c 

SUBROUTINE EXACT ex, y, JI.Mt YM, sx, 5y, ALPHAt vsx. vsy, VALt 
1 CSXALt CSYALt SlG02• N, csxsy, fSYXM2L• TSYYM2LI 

COMMON /AFFINE/ vx, VYt VXM, 
l VYMt THETA tVTHt SUMVXt SUHVYt SUMVXMt SUMVYM 
2 t SUMVJl.2, SUMVY2t SUMVXM2t SUMVYM2 

OIMENSION Xll>• Ylllt XMfllt YMlll• vx1251, VYl25),VXH(251tVYH12S> 
1 tUXl4t4lt GUX(4t4lt G(~t4lt UPC4t4l 

COMPUTE EXACT LINEAR LEAST SUUARE~ SOLUTION OF THl GENERAL AfflNE 
LINEAR TWANSFO~MATION. 

SG = SH = ~l = SJ = SK = ~L = SM = SO = SP = SY a SH = O.O 
N = 0 
DO 1 l = l t2S 

IFI XIII .EQ. O •• ANO. Ylll .Eu. O. I GU TO 1 
N = N • 1 
SG = ~G • XMlll 
SH = Sri • VMlll 
SI = Sl • X(ll 
S.J = S.J • YCll 
SK = SK • XCil•XMllJ 
SL : SL • Y C I I * XM I I l 
SM : SM • Y(ll*YMCIJ 
SO : SO • XCll*YMlll 
SP = ~p • XHCll••2 
SQ = SQ • YMCI>••z 
s~ = s~ • XM(J)•YMIII 

CUNT lt'iUE 
JI.BAR = Sl/N 
YBAI-! = SJ/N 
XMBAR = SG/N 
YHBAR z SHIN 
H2 = SH•SH 
ON = so•N 
RN = Sl-!•N 
GH = SG•SH 
HR = SH•SR 
GU = SG•SU 
PN = S!o>•N 
G2 = ~G•SG 
HI-> = SH•Sf' 
GH = SG•SH 
PU = S1->•SO. 
R2 = Sk•SH 
011 = UN - H2 
012 = GH - RN 
013 = H~ - GU 
022 = l'N - G2 
023 = Gi-1 - HP 
UJJ = f'Q - k2 
OET = le/ <N•Q33 • 2.•GR•SH - H2•S~ - G?•SQI 
A = DEl•<Ull•SK • a12•so • QJJ•Sll 
B = DET•1u12•SK • a22•so • 023•51> 
C = DET*IUll*Sl • Ul2*SM • Ql3•SJl 
0 = DET•1u12•SL • a22•sM • 023•S.Jl 
E = XdAR - ••XMBAH - B•YHBAR 
f = YBAH - C•XMBAR - O•YMHAR 

COMPUTE COMPARATOR CALIBkATION LINEAR CORRECTlON PARAMETERS 
COD = CID 
AOMBC = A•O - a•c 
c2Po2 = c•c • o•o 
A2Pd2 = A*A • B*d 
ACPBD = AiC • B*O 
ADMBC2 : AOMBC•AOMBC 
C2PD2RT = SORJIC2PD2> 
A2PB2~l : SUHTI A2PB2l 
ADB = A/8 
THETA = ATAN2CCtOl 
ALPHA = ATAN2(-ACPB0t ADMBCl 
SX = C2P02WT/AOMBC 
SY :: A2PB2kl/AOM8C 

81 

(JI.AC f 
iXACT 
E.OC T 
EXACT 
EXACT 
i:":XACT 
EXACT 
EXACT 
EXACT 
EXACT 
E.uc T 
EXACf 
t:X4Cl 
EXACT 
EXACT 
EXACT 
EXACT 
E.XAC T 
EXACT 
EXACT 
EXACT 
EXACT 
LICACT 
EXACT 
EXACT 
EX4CT 
EXACT 
t:XACT 
EXACT 
EXACI 
EXACf 
EXACT 
EXACT 
EXACT 
EXACT 
EXACT 
EXACT 
EXACT 
EXACT 
EXACT 
EXACT 
EXACT 
EXACT 
EXACT 
EXACT 
EXACT 
EXACT 
EXACT 
EXACT 
EXACT 
EXACT 
EXACT 
EXACT 
E:ucr 
EXACT 
EXACT 
EXACT 
EXAC f 
EXACT 
EXACT 
EXACI 
EXACT 
EXACT 
EXACT 
£)(ACT 
EXACT 
EXACT 
EXACT 
EXACT 
EXACT 
EXACT 
EXACT 

2 
3 
4 
s 
6 
7 
8 
9 

10 
11 
12 
13 
14 
lS 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
3S 
36 
37 
38 
39 
40 
41 
42 
43 
44 
4S 
46 
47 
48 
49 
so 
51 
52 
S3 
54 
SS 
56 
57 
58 
59 
60 
61 
ti2 
63 
64 
65 
66 
67 
68 
69 
70 
71 
72 
73 



c 
C COMPUlE ~A~AMETERS FOR THANSFORMAJION f~OH MEASUHEMENT SYSTEM TO 
C MASTER GRID SYSTEM. 
c 

c 

DETM = -1./ADMBC 
R = DEH4*0 
S =-OETM•8 
T =-DETM•C 
U = DETM•A 

C COMPUTE RESIDUALS AFTE~ ADJUSTMENT (IN BOTH COOROINAlE SY~fEH~I 
c 

c 

SUMVX a SUMVY : SUHVX2 : SUMVY2 a SUMYAH • SUMVYM • SUHVXM2 z 

l SUHVYM2 z O.O 

C
O 3 I = lt25 

l/X<ll .. VYll> z VXM(ll • vn41I> = o.o 
ONTINUE 

DU 2 1 • lt2S 
If IXCll .EQ. O. eAND. YUi .Eu. O. I GO TO 2 
VXCll • A•XM(ll • i3,.YMlll • E - X(IJ 
VYlll • C*XHlll • O*YHCll • f - Y(ll 
VXMCll a H*VX<ll • S•VY(ll 
l/YH(IJ : T•VX(IJ • U•VYIII 
SUMVX a SUHVX • VXlll 
SUMVY = SUMVY • VYlll 
SUMVX2 • SUHVX2 • vx111•vx111 
SUHVY2 = SUHl/Y2 • VYlll*VYlll 
SUHV~H a SUHVXM • VXMlll 
SUHVYH = SUMVYH • VYMlll 
SUHVXH2= SuHVXH2• VXHlll•VXM(IJ 
SUHVYH2= SUHVYM2• VYHlll*VYHlll 

2 CONTINUE 
TSVXH2L s TSVXH2L • SUHVXH2 
TSVYH2L a TSVYH2L • SUHVYM2 

C COH~UTE AOJU~THENT STATl~llC~ 

c 
c 

SIG02 =ISUHVX2 • SUHVY2l/C2*N - 61 

Glltll = -sx•O/ADHBC 
Gllt21 = -GCltll*CDO 
GClt31 • O•ACPBD/(A0HBC2•CZPD2RTI 
G<lt41 a -Gllt31•CDD 
Gl2tll = -&•ACP80/(A0HBC2•A2P~2RTI 
GC2t21 • -GC2tll•AOd 
Gl2t31 • B•SY/AOMBC 
GC2t41 = -GC2t31•AOd 
GC3tll = ~/A2~B2 
GC3t2l a -A/Al~B2 

GC3t3l a - O/C2P02 
Gt-tt3l • -GC3t3l 
613t41 = C/C2~02 
Gl'+t'+I :: -GC3t4tl 
GC4tll = Gl4t21 = O.O 
OXlltll = UXl3t31 = DET•Oll 
ax12.21 = UX(4tt4l = DET•o22 
ox11.21 .. ~XIZtll = OXCJt41 = OXl4t31 • OET•a12 
QXllt31 = UXClt41 = UXC2t31 = QX(2;4l = QXl3tll.: QXC3t2l"' 

l <.IAl4tll = QXl4tt21 : OeO 

D~ : ~ : ~:: 
GQX 11 t.JI a O.O 

0 4 I( = lt4 
GOXClt.Jl = GOXllt.JI • GlltKl•OXCKt.JI 

ONflNUE 
00 5 1 = lt4 
00 5 .J = lt4 

QP C I • .J J "' 0 • 0 
05K=lt4 

O~llt.Jl = OPllt.J) • GUXlltKl*GC.JtKI 
ONTINUE 
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EXACT 
EXACT 
EXACT 
EXACT 
EXACT 
EXAcr 
t:XACJ 
EXACf 
EXACf 
EXACf 
EXACf 
EXACJ 
OACT 
EXACT 
t::XACT 
EXACT 
EXACT 
EXACT 
EXACf 
EXACf 
EXAC r 
EXACl 
EXACf 
EXACT 
EXACT 
EXACT 
EXACT 
EXACT 
EXACT 
EXACT 
EXACT 
(XACT 
EXACf 
t:.XACT 
EXACT 
EXACT 
EXACf 
EXAcr 
EXAC T 
£XACT 
EXACT 
EXACf 
EXACf 
EXACT 
EXACf 
EXACT 
EXACT 
EXACT 
EXACT 
EXACf 
EXACT 
EXACT 
E.XACT 
E.ucr 
EXACT 
EXACf 
EX A CJ 
EXACf 
EXACT 
EXACT 
EXACT 
EXACT 
EXACf 
EXACf 
EAACJ 
EUCT 
EXACf 
EXACJ 
EXACT 
EXACT 
EX A er 

74 
75 
76 
77 
78 
79 
tlO 
ti 1 
82 
83 
84 
85 
86 
87 
88 
89 
90 
91 
92 
93 
94 
95 
96 
97 
98 
99 

100 
101 
102 
103 
104 
105 
106 
107 
108 
109 
110 
111 
112 
113 
114 
115 
116 
117 
118 
119 
120 
121 
122 
123 
124 
12 5 
126 
127 
128 
129 
130 
131 
132 
133 
134 
135 
136 
137 
138 
139 
140 
141 
14'2 
143 
144 



c EXACT 145 
vsx = !>IG02•UP(ltl> Eucr 146 
VSY = SIG02•QP(2t2l EXACT 147 
VAL = SIG02•QP(3t3l EXACT 148 
VTH = SIG02*UP (lu4) EXACT 149 
CSUL = SIG02•QP(l.•3) EXACT 150 
CSYAL ~ SJG02•0PC2•3> EXACT 151 
CSXSY = SIG02•QPllt2l EXACf 152 
RETURN E.UC r 153 
EN 0 EXACT 154 

l \.;. 
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c 
c 
c 
c 

SUBROUTINE \/SPRINT ()I,, y, Nt lCASCOLt UI<) 

THIS SUBHOUTINE PRINTS RESIDUALS FOR T•O SYSTEMS - X ANO Y COLUMN 
fOR EACH. 

COHHON /AffTNE/ VXt VY, VXHt \IYHt ~DUH(2lt SUH\IXt SUH\IYt 
l SUH\IXHt SUM\IYH• SUH\IX2• SUH\IY2• SUHVXH2t SUH\IYH2 

OIHENSION vxc2s1. \IYC25l, VXH(25J, \IYH(25l• XIII• Y(ll 
OF = N - UK 
SIGHAX = SWRTCSUH\IX2/0Fl 
SIGHAY : SwRT<SUH\IY2/0Fl 
SJGHAXH: SU~JCSUH\IXH2/Dfl 
SIGHAYH: SQRTISUH\IYH2/Ufl 
PHJNT 100 
PHINT 101• tIC•SCOL. 1. XII>. y111, vx111. vY<l>· 1. \IXH(J), 

l VYH(J), l = 1'C:'.5 I 
PNINT 102• SUHVX2• SUH\IY2• SUHVXH2t SUH\IYH2, N• SIGHAX• SIGHAl• 

l SlGHAXH, SIGHAlH 
100 FORHAT(//el2X••R(Sl0UALS AFTER AOJUSTHENT - IN HEASUHEHENT SYSIEH• 

1 l5Xt ·~ESIDUALS AFTE~ AOJUSTHENl - l~ HASlE~ GHIO SYSTtH~, 
2 /,sx,•PT. N0.•,1x.•x ADJ•, sx.•Y ADJ•, lOXt 2H\1Xtl2X,2H\IY, 
3 24X, •No.•. 1x. 2HVXt 13Xt 2H\IY I 

101 FORHAf ( ax. 15, 12. 2(2X• bPFll.2)t 2Xt bPFl0.3• 4Xt bPfl0.3t 
l 22Xt 12• 2Xt bPFl0.3, 5Xt bPfl0.3 I 

102 FORHATC/t33Xt •SUH \1\1 =*•l2PF13e4t lX•12PFl3e4t 15Xt •SUH \IV =·· 
l l2Pr13o4t 2Xtl2Pfl3,4t /1 llXt *NO. OF POINTS = •, 12• 3Xt 
2 • SlGHA =*• bPF13.4t lXt 
3 6PF13o4t l4X, • SIGHA =•• 6PF13e4t 2Xt b~Fl3.4 

RETUHN 
END 

SUBROUTINE VSPRINT 

\ISPHINT 
\/SPRINT 
\/SPRINT 
\/SPRINT 
\/SPRINT 
\/SPRINT 
VSPRINT 
VSPRINT 
VSPRINT 
"SPRll'<T 
\I SPRINT 
"SPHINT 
VSPRINT 
\/SPRINT 
\ISP~lNT 

\/SPRINT 
\/SPRINT 
VSPHlNl 
\/SPRINT 
VSPRJ~T 

VSPRINT 
VSPRINT 
VSPHlNT 
vsPRI1~T 
VSt'RINT 
\/SPRINT 
\ISt'~lNT 
\ISP~INT 
VSPRINT 
\/SPRINT 

2 
3 
4 
5 
b 
1 
8 
9 

10 
11 
12 
13 
14 
15 
lb 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 

Subroutine VSPRINT is a utility routine that 

prints the output data for each of the three types of 
least-squares adjustments, i.e., free adjustment, 
linear parameter adjustment, and nonlinear parame­

ter adjustment. The adjusted observations and the 
residuals are printed in both rnordinate systems. 

Columns 45-46 =Sum uf rt:'siduals in X. Y grid 
systf'm at t:'ach ~rrid point after 
nm·ar adjustmf:'nl. 

Columns 47-48= Sum of residuals in x. f meas· 
urt>ment system at eac·h i.,rrid 
point after nonlinear adjust· 

men!. 
All measurement and grid data essential for a 

complete calibration are stored in the B(25. 52) 
array. A summary of the B array storage allocations 

is: 

Rows 1-25= Grid point number. 
Columns 1-2 = X and Y master grid coordinates 

used. 
Columns 3 - 42 = x and y mean measurements 

for each case, starting with case 
1 in cols. 3, 4. Storage space 

allows for 20 cases. 
Columns 43-44= Sum of residuals in x. y meas­

urement system at ea<'h grid 
point after linear adjustment. 
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Columns 49- 50= Sum of residuals in X. Y grid 
system at each grid point after 
nonlinear adjustment. 

Column 

Column 

51 =Total numbn of meanf'cl obser· 
vations of eaeh i.,rrid point from 
all t·ast:'S (stora!!,"e is ac.: urding 
to i-O"i<l point number I. 

52 =Total number of meaned obser· 
vations nf each i-O"id point frum 
all ('ases !storagt' is acf'ording 
to measurt'Illt'nt pnint lo·~ations 
as determined by Subroutine 
C0\1PVS. 



SUBHOUTINE INVSY~(A•NHA,NCAtNH,NCtDtSI 

C 11115/70 HANSEN 
DIMENSION A(NHA,NCA> 

c 
C THIS SUBHOUTINE INVE~TS SYMMfTHIC MATHICES. ALL OPEHATIONS ARE 
C CONFINED TO THE UPPEH THIANGULAR PART Of THE GIVEN MAIHIX UNTIL THE 
C INVEHSE HAS BEEN OBTAINED. A5 A fJNAL STEP• SYMMETHY IS RESTORED BY 
C SETTING ALL ELEMENTS ACJtll• J.GTolt =TO ELEMENTS All•JI. 
C THE AHGUMENTS ARE,,, 
C A •••• NAME OF AH~AY CONTAINING MATHIX TO BE INVE~TED. UPON fXITt A 
C CONTAINS THE INVERSf OF THE INPUT MATRIX, 
c D •••• uPON EXIT· 0 IS THE DlTEHMINANT OF THE INPUT MAJ~IX. 
C S., •• SINGULA~iTY INDlCATO~. U~ON EXITt If S = 1,t THEN THE GIVEN 
c MATRIX •AS SINGULAH. IF s~o., MATRIX WAS NON-SINGULAR. 
C N •• ,.PORTION Of A~RAY A CONTAINING MATRIX TO BE INVE~TED <FIRST 
C N ROWS ANO COLUMNS) A(NXN)o 
C Nl ••• DIMENSION OF ARRAY A IN CALLING HOUTINE AINlXNl>• Nl,GE.N 

D = l. 
s = o. 
DO 10 I = ltNH 
X = Alltl) 
D = D•x 
IFCX.GT.0.) GO TO 1 
s :z l. 
RETURN 
ACltl) = 1. 

~DO 2 J = ltNC 
~lltJ) = A(ltJ)/X 

DO 10 K. = ltNR 
If IK-l> 3t 10t4 

3 x = AIK.ol> 
GO TO S 

4 X = AlltKl/Alltl) 
5 DO 9 J = K •NC 

lfll-JHa7t8 
6 AIK.,J) = AlK.tJ)·X•A(loJl 

GO TO 9 
1 AIK.tJI = -x•ACltll 

GO TO 9 
8 A(K.,J) = ACK.,J)•X•ACJoll•A<ltll 
9 CONTINUE 

10 CONTINUE 
DO ll I= 2tNH 

0 11 -! = I• NH 
CJ,l-11 = All-ltJI 

RETUR!>i 
fNlJ 
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INVSYM 
lNVSYM 
JNVSYM 
INVSYM 
INVSYM 
INVSYM 
lNVSYM 
INVSYM 
lNVSYM 
INVSYM 
INVSYM 
INVSYM 
INVSYM 
lNVSYM 
INVSYM 
INVSYM 
INVSYM 
lNVSYM 
INVSYM 
lNVSYM 
INVSYM 
lNVSYM 
INVSYM 
lNVSYM 
INVSYM 
INVSYM 
INVSYM 
INVSYM 
INVSYM 
INVSYM 
INVSYM 
lNVSYM 
INVSYM 
INVSYM 
INVSYM 
INVSYM 
INVSYM 
INVSYM 
INVSYM 
lNVSYM 
INVSYM 
INVSYM 
INVSYM 
lNVSYM 
INVSYM 
INVSYM 
INVSYM 

2 
3 
4 
s 
6 
1 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
2~ 

30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 



SU~ROUTINE PLOT INOCOMPtG~IONOtOAT[tAtTRANStlC5N0) 
DIMENSION PVXl5t~lt PVYlSt~lt PXCStSlt PYl5t5lt Gl9t21t VXC9lt 

l VYC91t A(9tll> 
INTEGEW GHIONO 
HESID<GtMtXtYI= <GC9tHl•x•CGl/,M)•X•CGCStMl•X•CGC3tHl•x•GCltM)))) 

1 •Y•CGC8tM)•Y•CGC6tMl•Y•<GC4tMl•Y•G(2tM)I))) 

E
O 1 I= lt9 

00 1 J = 1.2 
GCltJI = AClt J•91 

INUE 
X = .125 • TwANS 
If CNOCOMP.LT.lO>PRINT l04tNOCOMP 
If <NOCOMP.ECl.lO>PRJNT 105 
If CNOCOMP,f llolllPRINT 106 
If INOCOMP.GT.111 PMINT 107 
TP : TwANS • ol 
TH : fHANS - .l 
PMINT - 108t TPt Tt>t TPt TM 
L=O 
DO 21 J = lt9 
K=O 
X=ll-.025 

[f CMOOCJt2)) 4t3t4 
3 Y = .150 • THANS 

C
O 30 1=1•5 
=Y-.050 

VXCil = ~ESIUlGtltXtYI 
VYCll = kESIOCGt2t!ltYI 

ONTINUE 
PMINT lOOt (VXCIKlt IK = lt51 
P~INT lOltlVYC[KltlK=ltSI 
GO TO 21 

4 L=L•l 
Y : .125 • TRANS 

DO 20 I =l • 9 
Y=Y-.025 

VX(ll = wESIUCGtltXtYI 
VY<ll : wESIO<Gt2tXtYI 

lfCHOOClt21150t20t50 
SO K=K•l 

PVJl<LtKl=VXC{) 
PVYlLtlO =VY( II 

PXILtKI : X - TKANS 
PY(LoK) = Y - TwANS 

20 CONTINUE 
lf(J oEO. 91 PRINJ l08tTMtTMtTPtTM 

Plo!INT 102• CVX(JK) ' IK = 1•9> 
PW[NT 103t(VYllKltlK=lt9) 

21 CONTINUE 
CALL GWAfT CPVXoPVYtPXtPYtNOCUMPtGMIDNOtOATEtlCSNOtlMANSl 
L=L • l 

100 fUHMAT 
101 fORHAf 
l 02 f0f.04A T 
103 fOMHAl 
104 fORMAf 
105 fOMMAT 
106 FORMAT 
107 FORMAT 
108 fOkMAT 

l 
Ml:.TUMN 
EN D 

ClXt4lbPfl0e3t20XlobPfl0.3> 
llXt 4C&Pfl0.3t 20Xlo oPflOo3t ////,) 
ClXt8C6PflOe3t5Xlt6Pfl0.3) 
ClXt 8 <6Pfl0o3t 5Xlt 6Pfl0e3t 11111 I 
146X•llHCOMPAMATOR tl2•31H-PLOT Of NON LlNEAM CORRECTIONS 
(44Xt48HCUMPARATOR STK-lA PLOT Of NON LlNEAW COWRECTIONS 
(44Xt48HCOMPA~ATOR STK-18 PLOT or NON LINEAM cowRECTION~ 
(46Xt 45HCOMPAMAJOW PSK PLOT Of NON LINEAR cuwwECTIUNS ) 
llXt •x =•• f9o6t •M.•t 106Xt*X :•,f9e6t•Me*• /, lXt•Y z•, 
f9ebt •M.•t l06Xt •y :•, f9obt •M 0 • ) 
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;>LOT 2 
PLOT 3 
PLOT 4 
t>LOT 5 
PLOT 6 
t>LOT 7 
t>LOT 8 
t>LOT 9 
PLOT 10 
t>LOT 11 
PLOT 12 
PLOT 13 
t>LOT 14 
PLOT 15 
;>LOT 16 
PLOT 17 
PLOT 18 
PLOT 19 
PLOT 20 
PLOT 21 
PLOT 22 
i'LOT 23 
PLOT 24 
t'LOT 25 
PLOT 26 
PLOT 21 
PLOT 28 
PLOT 29 
t>LOT 30 
t>LOT 31 
PLOT 32 
t>LOT 33 
PLOT 34 
t>LOT 35 
j.>LOT 36 
PLOT 37 
;>LOT 38 
PLOT 39 
i-'LOT 40 
PLOT 41 
t>LOT 42 
PLOT 43 
t>LOT 44 
PLOT 45 
;>LOT 46 
PLOT 47 
PLOT 48 
PLOT 49 
PLOT 50 
PU.IT 51 
PLOT 52 
PLOT 53 
PLOT 54 
;>LOT 55 
PLOT 56 
1-'LOT 57 
PLOT 58 
PLOT 59 
PLOT 60 
PLOT 61 
PLOT 62 
1-'LOT 63 
PLOT 64 



SUBROUTINE GHAfT(PVXtPVYtt'AtPY,NOCOMPtuHIONO,oATEt!CSNOtTRAN) 
OIMEN~ION PVXISt51tPVYIStSl,PA(5 t51tPY CSt5)tXOCSltYOC51 
DIMENSION XY15t5t2l 
INTEGEW GRIOt.O 
COHHON/PL4060/ZC200l 

C lNITIALIZl IGS 
CALL SETSHG!Zt5S t0.l 
CALL SETSMG!Zt93t0ol 
CALL SETSHGcz,90,0.) 
CALL SETSMG<z,30 ,.5) 
CALL su~JEG<Z•-.l75•-.l iq,.17~ •• 1so1 
CALL 08JCTGCZtol 3 • o l t ).25~·1.0) 
CALL SETSMr. : z,1 04 , -!.51 
CALL SETSHGtltl05t-2ol 

C TITLE THE G~APH 
CALL LEGNOGCLt-ol7 tol45t) 8tl8HC0Mt'AWATOR NUMH(R 
CALL NUHBRGcz.-.1lSt.l45t2tNOCOMP) 
CALL LEGNDGcz.-.o65t.l4~t24t24HCALlHRATION GRID NUMHEW 
CALL NUMBNGIZt0.02tol45•4•GRIDNOJ 
CALL LlGNOGILt.Ob2•ol45t20t20HOATE Of MEASUREMENT ) 
CALL LEGNOGCZtel25tol45t8•DATEl 
CALL LEGNDG!Zt-.08t.l4•30t)OH~LOT Of NON LINEAR COWWECTION~l 

C NEXT DRAW THE GRID 
CALL SETSMG<Z•l00t3.) 
CALL GNlDG!Zt0.,0.,0.,0.1 

C LASEL THE GRAPHt A AND Y AXES 
CALL SETSMG1Z tl02to00 51 
CALL SETSMGIZ•lOJ•oOOJ) 
CALL LABELG<Z•Oto02•0•So21 
CALL LABELGIZtlt.02 tOt 5.21 

o~ ~ ~=~:~ 
YIJt~•ll = PX(J,~) + 10000. • ~VXIJtKl 
YCJtKt21 = PYIJtKl • 10000. • PVYIJtKl 
ONTINUE 
ONTINU[ 

NPTS = l 
CALL SETSMG!Zt84tlH•I 
DO 10 J=l•S 

D
os ~=i.s 
ALL POINTGCZtNPTS tPX(J, KltPYIJtK)l 
ONTINUE 
ONTINUE 

CALL SETSMGCZt84tlHo) 
Nt'TS = 5 

~~-oo JO J=l•5 

[J
O 20 K=lt5 
U(K) : AYIJtKtll 
OIKI : XY(J,Ko21 
ONTINUE 

CALL LINESGCZ.NPTs.xo.vo1 

D
O 25 L=ltS 
Olli = AYILtJtll 
OCLI = XY(L,J,21 
ONTINUE 

CALL LlNESGIZtNPTStXOtYOl 
30 CONTINUE 

' J 
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GRAf f 
GRAff 
GRAf r 
GRAf r 
GRAFT 
GRAfJ 
GRAff 
Gt<AfT 
uRAfr 
GRAf r 
G1-1AfT 
G1-1Af J 
GRAfl 
GRAf r 
GI-IA.ff 
GRAf T 
GRAfJ 
Gt-!Af T 
Gt-!Aff 
<.,RAfJ 
GRAff 
GRAf f 
GRAff 
Gt-IA.ff 
GR A fl 
GRAff 
GRAff 
uRAf r 
Gk A ff 
GRAfJ 
GRAf J 
GRAfT 
GRAfl 
GRA.f T 
Gt<IA.ff 
GRAf r 
GHAfJ 
GRAF r 
GRAfJ 
GRAfT 
GRAF r 
GRAF. J 
GRAFl 
GRAf f 
GRAFT 
GRAFT 
GR Af f 
GkAfl 
GRAFT 
GRAfT 
GNAFl 
GRAF r 
GRAF J 
GRAfJ 
GRAFT 
GRAfT 
ukAF r 

2 
J 
4 
5 
6 
7 
8 
9 

10 
11 
12 
lJ 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
'93 ,.,. 
45 
46 
"7 
48 
49 
so 
51 
52 
53 
54 
SS 
56 
57 
58 



CALL LEGNDGcz.-.oos •• 1Js.2.2H•YI 
IfCJCSN0140t4lt40 

40 CALL LEGNDGIL.-o.11.o.1~.1 2.1~H CASE NUHBERI 
CALL NUHBWGil•-Ool275tO.l4t3tlCSN0) 

GRAf r 
GR.lFr 
GRAFT 
GRAFf 
GRAH 
GIUH 
GRAF f 
GWAFf 
GRAFT 
GRAFr 
GRAF r 
GRAF r 
Gl'IAfl 
GWAFr 
GRAFT 
GRAFf 
GRAFT 
GWAf f 
GRAF f 
GRAFT 

59 
60 
61 
62 
63 
64 
65 
6b 
67 
68 
69 
70 
71 
72 
73 
74 
75 
76 
77 
78 

41 CALL LEGNDGIZ•-0.17t-O.l2• 28 t26H BUTH COORDINATES T~ANSLATEDI 
CALL NUHBRGIZo-0.06t-Ool2tdobtTRANI 
NPTS = 2 
XUCll = .oo 
XO 121 = .Ol 
YO C 11 = - o l 2 
YUC2l = -.12 
CALL SETSHG IZo84tlHll 
CALL POlNTG CZtN~TStXOtYOI 

CALL SETSMG CZt84olH,) 
CALL LlNESG CloNPTStXOtYOI 
CALL LEGNDG Cloo02o-.l2o6o8Hl HICWUN) 
CALL LEGNDG (lool4,,oos.2.2H•X) 
CALL PAGEGcz.0,0.11 
MET URN 
END 

SUBROUTINE FIDFIT2 

This routine computes the rotation and transla­
tion between two coordinate systems without per­
mitting a scale change. Derivation of the efficient 
programmed least squares solution using the nota­
tion developed in The Exact Least-Squares Solution 
of the General Linear Transformation is as follows: 

The mathematical model is: 

where 

[X] = k [ c~s 6 sin 6 ] [x] + [c] , 
y - Sin (J COS (J Y d 

k = a uniform overall scale factor, 
6 = the rotation angle between the coordi­

nate systems, and 
c, d = translations in X and Y respectively 

between the systems. 

Rewriting with linear parameters rn least-squares 
form, it is 

[::]~[-~ ~] [;] + [~] - [~] . 
Observation equations are in form of v = Ax+ l, or 
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Matrices of normal equations are 

[x:~r,l 0 (xi) (y,)~ 
(x~+ J-7) (yi) - ~x1 ) ATA= 

(xt) (y;) n 

{y1) -(x;) 0 n , 

and 

where quantities in parentheses represent the sum· 
mat ion from i = l to i = n, and n = num ber of ob· 
servations (grid points). 

The solution can be obtained more efficiently by 
eliminating c and d from the normal equations and 
solving them implicitly from a and b. That is 

The last two equations of this set are 

a(x;) + b(y;) +en= (Xi) 

a(y1) - b(x;) + dn = (Yi). 

Dividing by n and rearranging terms we obtain 

c=X - ax-by 

d= Y- aj+ bx, 



where 

_ Xi 
x=-, etc. 

n 

Solving for a and b: 

Inversion of AT A is best facilitated by partitioning into 2 X 2 matrices and utilizing the Householder 
identity 

ATA _1 = [1j_!!J = [Q.!!.Hl~J = [A-1 - A - 1B(D - CA - 1B)-1CA-1, -A-1B (D - CA-1B)-1] 
c ) Le l DJ [021 1022J - (D - cA- 1B)-1A-1B, (D -cA- IB)- 1 • 

by Householder identity 

f
011 l 012] [ (A-BD-1C)- 1, - (A - BD- 1C) - 1BD- 1 J 
Q~jQ2~J = - D-•C(A - BD- 1C)-1, D - 1 + D - 1C(A-BD- 1C) - 1BD-• 

=[(A - BD-1C)-1, -Q11BD- 1 J . 
·-D-1CQ11, D- 1+012BD- 1 

Solving for a and b requires only the first row inverse partitions of A TA, i.e., 0 11 and 0 12 , where 

011 = (A-BD- 1 C)- 1 or 

~
n I ( n )2 } ( n )2 0 J -1 L (xi+ Yn - - 2: x; - - 2: Y• -;-------... --"---2--

1 
-;,----2 

0 _ - 1 n 1- 1 n 1= 1 ""'(.x~+y~)--(""' '"'·) --(""' y·) ) 1 - -------- - ~ I I ~ At ~ I 

0, ' i = I n i = I n I= I 

It can be shown that: 

where 

Therefore: 

n 1 ( n )2 1 ( n )2 n n L (x~+yn-;; ~Xi --;; L Yi =.L (.xi-x)2+ L (y;-J) 2 , 

pz:t l = J pcJ f=I 1= 1 

n 

LYE 
- i = I y=--

n 
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where 

! 0 
n 

" " L X; LYi 
•= l · - . 

0 _! 
n 

n n 

L Yr L X; 
i = I i= I 

=-R [.f y] 
f -.f 

The solution for a and b becomes 

0 -Rx -RS-] 
R - R _\· + Rx 

" " L (.r;X;)+ L (y;Y;) 
f = I i=I 

" It 

L (y;X;)-L(x;Y;) 
i • l i=I 

Collecting terms we obtain 

lt can be shown that 

therefore. 

and 

"=R{ i [(x;-.f)X;]+i [(y;-y)Y1]} 
1 2 1 I• I 

II l'I - n -
,L {(xi-.i)X;}=_L {(x1 - x)(X1-X)}=L (x;Xi)-n.iX, 
1~1 i=l i = l 

b--Rt i~ [(y;-_v)(X;-X)]-~ [(x;-x)(Y1-Y)] }· 
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Thus 

c=X-ax-by, and 

d=Y-ay+b%, 
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c 

SUBROUTINE FIOFIT2 IXt y, XM1 YMt TSVXM2Lt TSVYM2LI 
DIMENSION Xlllt Ylllt XM(llt YMlll• VXl251t VYl251t VAMl251t 

l VY~l25l 
COMMON /AFFINE/ VXt VYt VXMt VYMt ~DUMl21 

l tSUMVX1 ~UMVY1 SUMVAMt SUMVYM 
2 • SUMVXct SUMVf2• SUMVXM2t SUMVYM21 ~Tt N 
[ = f = G = H = 0 = P = Q = V = ~ = O,O 
N = 0 
DO I I = I 125 

IfC XII) .EU. o.o .ANO. Ylll .i:.a. o.o ) c;o TO I 
E E • XIII 
f=f•Y([) 
G 
H = 

G • XIIl•X(ll • YIIl•Y(ll 
H • A([)•XM(ll 

u = 0 • Yll>•YM(ll 
I" = P • A(ll•YM<ll 
u = U • YII>•XM(J) 
v : V • JlM (I l 
JI = It • YM(Jl 
N = N • I 

CONTINUE 
XSb = £IN 
YStj = FIN 
XME:l = VIN 
YMb : 'JllN 
R = 1.0 I IG - XSB•E -
A = k•(H - E. 0 XMd • 0 -
B = l{•(Q - f•XMb - I> • 
c : XMb - A•xsb - B•YSb 
D : YMB - A•YSB • B•XSb 
SCAL£ = I.o I SQ~T<A•A 

YSB•f) 
f•YMdl 
t:•YMb) 

• B•B> 

C COMPUTE R[~lOUALS 
c 

SUMVA : SUMVY = SUMVXM = SU~VYM = ~UMVX2 = SU~VY2 = 0.0 
SUMVXM2 = ~UMVYM2 : Q,O 

Coo 3 I = I•2~ 
VX(l) = VY(ll = VXMIII : VYM(J) = 0.0 

ONTlNUE 
DO 2 I = lt25 

If ( x ' II • E Q. 0 • 0 •• vm. y <I ) • Ea. 0 • 0 ) GU T 0 2 
VXMlll=~CAL[•( A"Xlll • B•Y(J) • C - XMBl • XMB - XMIII 
VYMIIl=SCALE•c-a•x111 • A•Ylll • D - YM~) • YM~ - YM(() 
SUMVXM = SUMVXM • VXMIIl 
SUMVYM = SUMVYM • VYM(ll 
SUMVAM2 = SUMVXM2 • VXM(J)••2 
SUMVYM2 : SUMVYM2 • VYM(I)•<>2 

VX(ll = -A•V)lM(l) • A"VYM<ll 
VYCII = -o•~XM(II - A•VYM<ll 

SUMVA = SUMVA • VX(Il 
SUMVY : SUMVY • VY(Il 
5UMVX2 = ~UMVX2 • VX!Il•VXCil 

J _ . SUMVY2 = ~UMVY2 • YYIIJ•VY!Il 
~ONTINUE 

TSVJlM2L : TSvXM2L • SUMVXMc 
JSVYM2L = TSVYM2L • SUMvYM2 
i:llTUt{N 
EN 0 
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F IDF IT2 2 
f IOf IT2 3 
f IOF IT2 4 
f IOf IT2 5 
fl Of JT2 6 
f I Of IT2 7 
fJOFl12 8 
FIDFIT2 9 
flDfJT2 10 
f I Of IT 2 11 
fIDf IT2 12 
f I Of 1T2 13 
FI Of 1 T2 14 
f Wf IT2 15 
fIDf1T2 16 
F IDFI T2 17 
f lDf IT2 18 
FIOFIT2 19 
f JOF JT 2 20 
f IOf 112 21 
f1Df IT2 22 
FJDfIT2 23 
f IDF IT2 24 
f I Of LT2 25 
f I Of 1T2 26 
fIDf lT2 27 
f1Df1T2 28 
fJDf IT2 29 
F IDf l T2 30 
f IDf IT2 :; l 
f I Of IT2 32 
f IOf I 12 33 
fIOfIT2 )4 
f I Of IT2 35 
f 1OfIT2 Jo 
FIDfIT2 37 
FI Of IT2 38 
f I Of lT2 39 
f IDf IT2 40 
FIDflT2 41 
f I Of IT2 42 
f I Of 112 43 
fJOfIT2 44 
f I Of IT2 '+5 
fIDf IT2 46 
fIDfIT2 47 
FI Of 1T2 48 
f I Of 1T2 '+9 
F lOf' fT2 so 
FI Of JT2 51 
F ll>f JT2 52 
fl0flT2 53 
f IDf IT2 54 
fJDFIT2 55 
fJ DflT2 56 
f I Of IT2 57 
fJOf lT2 58 
fIOflT2 59 



SUSHOUTlNE COHPVS IKROTC, I ' t:l t VAt VYt Ko JI C014PVS 2 
OlMENSION 8<250521 C014PvS 3 
L = K • 1 C014PVS 4 
J = I C014PVS 5 
GO TO llt 2t Jt 4>t KR OTC COMP VS 6 

c COMP VS 7 
c KAPPA MOTATION = 180 OEG~t:E S . GHIO ~OlNT 25 IS NEAREST ORIGIN. COMP VS 8 
c COMP VS 9 

J J 2 26-I COMP VS 10 
GO TO 1 COMP VS 11 

c COMP VS 12 
c KAPPA ROTATION =90 OEGkEES. GRID POINT 5 l~ NEA~EST ORIGIN. C014PVS ll 
c C014PVS 14 

2 .J = 26 - I COHPvS 15 
c COHPVS 16 
c KAPPA ROTATION = 270 DEGREES. GRID POINT ll 15 NEAMESJ ORIGIN. COHPVS 17 
c COMP VS 18 

4 J = 26 • (J-11 I 5 -5 •(J-<CJ-11/Sl•S> COHPVS 19 
c COHPVS 20 
c KAPPA ROUT JON = 0 OEGMHS. GRID POINT 1 IS NEAWEST OMIGlN. COMP VS 21 
c COMP VS 22 

B<JoKl : BIJoKl • vx COMP vs 23 
BIJtLl = d(JoLI • VY COMP VS 24 
HETU~H COMP VS 25 
EN 0 COMP VS 26 
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SUBROUTIN; AVG~ES CK, Bt lSIGHAG, NCASE, TSVXH2, TSVYH2, LCASCOLl 
OIHENSION vx12;1, VYC25l, VXHC25>. \/YH(251, BC25,52> 
COHHON /AFFINE/ VX, \/Y, \/XH, \/YH, BOUH12J, SUHVX, SUHVY, SUHVXH, 

1 SUH\/YH, SUHVX2, SUH\/Y2, SUHVXH2, SUH\/YH2, RT 
OA TA C STKH = 1 HRI 
SUHVXZ = iUHVY2 = O.O 
SUHVX = SJHVY ::: SUHVXH2 = SUHVYH2 = SUHVXH = SUHVYH = O.G 
Kl = I( + l 
1(2 = I( + ? 
1(3 = I( + 
N = 0 
H = I) 

oo 1 I = 1,z5 
VXCU = VYCI> = VXHIII = VYHlll = O.O 
IF <a ( It 511 • E Q. 0. 0 I G 0 T 0 1 
IF CBCI,51> .EQ. 0.01 GO TO 1 
IF 1811,521 .EQ. O.OI GO TO It 
H = H + 1 
VX I I> ::: B II , KI /B CI t 5 2 J 
VY U I = B II , t< U I B I l, 5 21 
SUHVX = SUHVX + VXCil 
SUMVY = SUHVY + VYCil 
SUHVX2 = SUHVX2 + VXIIJ•VXlll 
SUHVY2 = SUHVY2 + VYCll•VYCll 

It N=N+l 
VXHCII ~ BII,1<21/BII,511 
VHHII = 811,1(31/BU,511 
SUHVX1 = SUHVXH + VXH(ll 
SUHVY1 = SUHVYH + VYHCII 
SUMVX12 = SUHVXH2 + VXHIIl•VXHCIJ 
SUMVY~2 = SUHVYH2 + \/YHUl•VYMCII 

1 CONTINUE 
CALL VSPRINT IB U,LCASCOLI, Bl1 9 LCASCOL+ll, 25, o, 1.1 
SIGHAS = iQRT I ISUHVX2 + SUHVVZl/111•2-11 I 
SIGHAH = iQRT< ISUHVXH2 + SUHVYH2l I C2•N - 1) I 
PRINT 100, SlGHAS, SIGMAH 
IF CSTi<IH .EQ. RT> GO TO 3 
OF = N•NCASE•INCASE-11 
IF COF ·L~· o.a I GO TO 3 
SIGHAXR = SQRT I CTSVXH2 - NCASE•SUHVXH21 /0ft 
SIGHAYR = SQRTC CTS\/Yl12 - NCASPSUHVY112) /OF> 
PRINT 102 
PRINT 101, SIGHAXR, SIGHAYR 
SIGHAG = a.a 
SIGHAG2 = SlGHAH•SlGHAM - CCSIGHAXR••2 + SIGHAYR••2)12.I 
IF CSIGMA~2 ·LE• Q.01 GO TO 2 
SIGHAG = iQRTCSIGHAG21 

2 PRINT 103, SIGHAG 
ISlGMAG = SIGHAG•l.E+9 
RETURN 

3 ISIGHAG = 0 
100 FORMAT ( ?129X, •STANOARO DEVIATION=•, 6PF8.ltl I 
101 FORMAT ca•x. •SIGHA =·· 6PF13.i., 2x. 6PF13.ltl 
102 FORMAT Cl, 78X, •RANOOH ERRORS• I 
103 FORHAT Cit 77X, •UNBIASED GRID STANDARD ERROR = •, 6PF8.lt ) 

RETURN 
EN 0 
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AVGRE S 
AVGRES 
AV GRES 
AV GRES 
AVGRES 
AV GRES 
AV GRES 
AVGRES 
AVG RES 
AV GRES 
AVG RES 
AV GRES 
AVG RE S 
AV GRES 
AV GRES 
AVGRES 
AVGRES 
AVGRES 
AVGRES 
AV GRES 
AVGRES 
AV GRES 
AVGRES 
AV GRES 
AV GRES 
AVGRES 
AVGRES 
AV GRES 
AVGRES 
AVGRES 
AVGRC:S 
AV GRES 
AVG RES 
AVGRES 
AVGRES 
AVGRES 
AVGRES 
A VGRE S 
8030673 
AVGRE S 
AV GRES 
AV GRES 
AV GRES 
AVG RES 
AV GRES 
AVG RES 
AV GRES 
AV GRES 
AV GRES 
AV GRES 
AV GRES 
AVG RES 
AVG RES 
8030673 
AV GRES 
AV GRES 
AVG RES 

2 
J 
It 
5 
6 
7 
8 
q 

10 
11 
12 
13 
lit 
15 
16 
17 
18 
19 
21) 
21 
22 
23 
Zit 
25 
26 
27 
28 
29 
3G 
31 
32 
33 
31t 
35 
36 
37 
38 
39 

1 
It 0 
ltl 
'+ 2 
It 3 ,.,. 
lt5 
lt6 
It 1 
lt8 
It q 
50 
51 
52 
53 

2 
55 
5& 
57 



SU8KOUTINE LlNLINIXAtYAtXStYStXVtYVtXWtYW) 
c 02/16171 
c co"~uTE THE JNTEKSECTJON Of 2 LINES GIVEN THE ENOPOINr COO~OINATES 

X l =X.\-XB 
Yl=YA-YB 
x2=xv-x• 
Y2=YV-Y• 
lf <Yl.EQ.O.I GO TO 103 
If <Y2.EU.~.I GO TO 104 

C GENERAL CA~E 
Sl=Xl/Yl 
S2=X2/Y2 
If <Sl-S21 lOltlOl•lOl 

101 YA=<xw-s2•vw-x~•Sl•Y&111s1-s21 
XA=Sl•CYA-Ydl•XB 
RE.TU~N 

C PARALLEL LINES 
102 ~~lNT 801 

RETURN 
C SPECIAL CA~ES 

103 If <Yl.t:O.O.I GO TO 102 
XA::(YA-Y•l•Xl/Y2•Xw 
RETURN 

104 XA:(YV-YBl•Xl/Yl•XB 
YA=YI/ I 

RlTUkN 
dOl fORMAl (//lXt34HNO INTE~SECTIUN fOM PARALLEL LINES/II 

ENO 

SUBROUTINE MlC~ON (~ASEtLE.GtI~TtXtYI 
DIMENSION MXl21tIX<21tLX(21 
R[AO ltHXllltHX(21t~ASEtLEGtI~T,1X<lltlX(21 
DO 8 I o:l t2 
~X:(JXIIl/lO>•lO 
NA=lX<Il-IOl 
If llAR~(NX-MXllll-513t3t4 

3 LXIIl=~X•MA<ll 
GO TO H 

4 If (MX<Il-NXl5t3t6 
5 LXIIlz~X•MA<ll•lU 

GO TO 8 
6 LX(ll=~X•MX<ll-10 
8 CONTJNUE 

X=LX(ll 
Y=LX (21 
x=x•.000001 
Y=Y•.OOOOOJ 
RETUMN 
fOkMAT (2Xt2lltl3til tl2 tl9tll01 
ENO 
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LlNLIN 
LINLIN 
LINLIN 
LINLIN 
LINLIN 
LINLIN 
L INLIN 
LINLlN 
LJNLIN 
LJNLIN 
LINLIN 
L INLIN 
LINLIN 
LI NLJN 
LINLlN 
L INLIN 
LINLlN 
LINLIN 
LINLlN 
LINLlN 
LINLlN 
LINLIN 
LINLIN 
LINLl N 
LINLIN 
LlNl. lN 
LINllN 
LlNLIN 

MICRON 
l'IICRON 
MICRON 
MICRON 
MICRIJN 
Ml CRON 
MICRON 
MICRON 
Ml CRON 
MICRON 
MJCRUN 
11lCRON 
MICRON 
MJCRUN 
14JCRON 
MlCRUN 
MICRON 
HICRIJN 
MICRON 
MICRON 
HJ CRON 

2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
h 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
Zti 
27 
28 
29 

2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 



c 

c 

susRoUTINE fLIPM 181 
DIMENSION BC25t52) 

C
o 1 1 = lt25 

TEMP : BCltll 
B<ltll a BCltZI 
B<lt21 = TEMP 

ONTINUE . 
RETURN 
EN D 

SUB~OUTINE KAODG CAHRADt IDEGt IMINt SEC I 
RS : o48481368llE-5 
IDEG a AHRAO/ IRS•JoOO.I 
DEG :: IOEG 
IMIN a CAHRAD-IDEG•RS•JoOO.ll/IRS•60.I 
)(MIN a lMlN 
SEC: IAHRAD- llUEG•RS*3600.l•IXMIN•RS•60.>ll/RS 
RUURPll 
EN D 

SUBROUTINE CLEAR CAtlRtlC•IRStlREtlCSolCE> 

A : NAME or ARRAY 
IR : ~ow DIMENSION Of A ARRAY 
lC : COLUMN DIMENSION OF A ARRAY 
IRS a fIRST ROW ELEMENT TO BE CLEARED 
IRE a LAST ROW ELEMENT TO BE CLEARED 
ICS a flRST COLUMN ELEMENI TU BE CLEARED 
ICE a LAST COLUMN ELEMENT TO BE CLEARED 

DIMENSION AllRtICI 

O
DO 1 1 a IRStlRE 

0 l J :: JCS •ICE 
11 tJI : O.O 
ONTJNUE 

RETURN 
EN D 

SUBROUTlNl CLEAR\/ IAtlRtJR~tIWEI 

C A a \/ECTOR ARRAY NAME 
C lR a TOTAL LENGTH Of A ARRAY 
C IRS : f lRST \/ECTOR ELEMENT 10 BE CLEARED 
C IRE a LAST \/ECTOR ELEMENT TO BE CLEARED 
c 

DIMENSION A llRI 

DO 1 I a IRStlRE 
A III • O.O 
CONTINUE 
RETUHN 
EN D 

~u.s. GOVE RNMENT PRINTING OFFICE1 1980-311•046/365 
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CALll:i 
CALll:i 
CALll:t 
CALll:i 
CALll:i 
CALIB 
CALll:i 
CALIS 
CALll:i 

KADDG 
NAUDG 
NADDG 
lo!ADDG 
KADDG 
RADDG 
KADDG 
KADDG 
NADDG 

CLEAR 
CLEAN 
CLEAi< 
CLEAw 
CLEAR 
CLEAR 
CLEAR 
CLEAR 
CLEAlol 
CLE AK 
CLEAlol 
CLEAR 
CLEAR 
CLEAlol 
CLEAR 
CLEAR 
CLEAR 

CLEAR\/ 
CLEA~\/ 

CLEAR\/ 
CLEAR\/ 
CLEAR\/ 
CLEA~\/ 
CLEAR\/ 
CLEAR\/ 
CLEAR\/ 
CLEAR\/ 
CLEAR\/ 
CLEAi'<\/ 
CLEAR\/ 

1161 
116Z 
ll6J 
1164 
1165 
1166 
1167 
1168 
1169 

2 
J 
4 
5 
6 
7 
8 
9 

10 

z 
J 
4 
5 
6 
7 
8 
9 

10 
11 
lZ 
lJ 
14 
15 
16 
17 
18 

2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 



NOS 41 

NOS 42 

NO<; 43 

NOS 44 

NOS 4S 

NOS 4b 

!'>OS 47 

!'>OS 48 

NOS 49 

~OS SO 

NOS Sl 

NOS S2 

:\OS S 3 

NOS S4 

!'>OS SS 

NOS Sb 

(Continued from inside front cover) 

NOAA TECHNICAL REPORTS 

A User's Guide to 
R. E. Dennis and E. 

a Computer Program for Harmonic Analysis of Data at Tidal Frequencies. 
E. Long, July 1971. Price $0.6S {COM-71-50606) 

Computational Procedures for the Detennination of a Simple Layer Hodel of the Geopotential 
From Doppler Observation~. Bertold U. Witte, Apri 1 1971. Price $0.65 (COM-71-S0400) 

Phase Correction for Sun-Reflecting Spherical Satellite. Erwin Schmid, August 1971. 
$0.25 (COM-72-50080) 

Price 

The Determination of focal ~1echanisms Using P- and S-Wave Data. William H. Di I linger, Allen 
J. Pope, and Samuel T. !larding, July 1971. Price $0.60 (Cml-71-50392) 

Pacific SEANAP 1961-70 Data for Area 15524-10: 
30°N, Bathymetry, Magnetics, and Gravi ty. J. 
and M. J. Yellin , January 1972. Price $3.50 

Pacific SEM~P 1961-70 Data for Area 15530-10: 
36°N, Bathymetry, Magnetics, and Gravity. J. 
and M. J. Yell in, January 1972. Price $3. SO 

Pacific SEAHAP 1961-70 Data for Arca 15248-14: 
S4°N, Bathymetry, Magnetics, and Gravity. J. 
and M. J. Yellin, April 1972. Price $3.50 

Pacific SEAMAP 1961-70 Data for Area 16648-1..I: 
S4°N, Bathymetry, Magnetics, and Gravity . J. 
and M. J. Yellin, April 1972. Price $3.00 

Longitude 1S5°W to 165°W, Latitude 24°N to 
.J. Do1~ling, E. E. Chiburis , P. Dehlinger, 

(C<ll- 72- 51029) 

Longitude 155°W to 165°W, Latitude 30°N to 
J. Dowling, E. F. Chiburis, P. Dehlinger, 

Longitude 152°\'I to 166°W, Latitude 48°N to 
J. Dowling, E. F. Chiburis, P. Dehlinger, 

(COM-72-51030) 

Longitude 166°W to 180°, Latitude 48°N to 
J. Dowling, E. F. Chiburis, P, Dehlinger, 

(C())l-72-51028) 

Pacific 51.:A.'1/\P 1961-70 Data for Areas 16S30-10 and 17530-10: Longitude 165°W to 180°, Lati­
tude 30°N to 36°N, Bathymetry, Magnetics, and Gravity. E. F. Chiburis, J. J. Dowling, P. 
Dehlinger, and M. J. Yellin, July 1972. Price $4.75 

Pacific Sl:A.'1AP 1961-70 Data for Areas 16524-10 and 17S24-10: Longitude 165°11' to 180°, Lati­
tuclc 24°N to 30°N, Bathymetry, Magnetics , and Gravity. E. r. Chihuris, J. J, Dowling, P. 
Dehlinger, and M. J. Yellin, July 1972. Price $5. 75 

Pacific SEA.'1AP 1961-70 Data for Areas 15636-12, 1S642-12, 16836-12, and 16842-12: Longitude 
156°W to 180°, Latitude 36°N to 48°N, Bathymctry, Magnetics, and Gravity . E. F. Chiburis, 
J. J. Dowling, P. Dehlinger, and M. J . Yellin, July 19 72. Price $11.00 (COM-73-50280) 

Pacific Sl:!\MAP 1961-70 Data Evaluation Slll'1lllary . P. Dehlinger, L F. Chiburis, and .J. J. Oow­
ling, July 1972. Price $0.40 

Grid Calibration by Coordinate Transfer. La1<rence II'. Fritz, November 1972. (COM-73-50240) 

A Cross-Coup! i ng Computer for the Oceanographer's Askania Gravity ~1etcr. Carl A. Pearson 
and Thomas E. Brown, November 1972. (COM-73- 50317) 

fl. Mathematical Model for the Simulation of a Photogrammetric Camera Using Stellar Control. 
Chester C Slama, December 1972. 

Cholesky Factorization and ~1atrix Inversion. Er..-in Schmid, ~larch 1973. (Cot1-73-S0486) 


