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P REFACE 

Thi s pub l i c at ion has th e s ame t i t l e  as th e autho r 's th es i s 
wh ich was p r ep ar ed in par t i al f u l fi l lment of a Mas t er of S c i en c e  
deg r ee from the Ohio S t at e  Univer s i ty ( D epartment of G eodet i c  
S c i ence) i n  197 8 . Two minor chang es app ear in thi s  v er s ion . T h e  
t ext and format conform t o  U . S .  Governm ent s ty l e  and the orig inal 
comput er progr am l i s t ing i s  omitted .  

M en tion o f  a comm er c i al company or product do es not 
con s t i tu t e  an en dor s emen t  by NOAA N ation al O c ean 
S u r vey .  U s e  for pub l i c i ty or adv er t i s ing purpos es 
of informat ion f rom thi s pub l i c at ion conc erning pro
pr i etary products or the t es t s  of  such produ c t s  i s  
not authori z ed .  
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OPT IMI ZAT I ON OF HO RI ZONTAL CONTROL NETWORKS 
BY NONLINEAR P ROGRAMING 

D enn i s  G .  M i l b er t  
N at ional G eodet i c  S urvey 

N ational Oc ean S urv ey ,  NOAA 
Rockv i l l e, Md . 2 0 8 5 2  

ABS TRACT . S ome p r ac t i c al asp ec t s  o f  hor i z on
tal con trol n etwork des ign ar e cons i d er ed ,  
and the t echn iques of  l i n ear and non l inear 
prog r aming ar e br i ef ly r ev i ewed . Ro t at ion
al ly invar i ant con s t r aints ar e wr i tt en for 
the coordinat e  v ar i an c e  s um at each s t at ion . 
T h es e  con s t r aints ar e al so quas i -homog en eous 
in th e s en s e  th at a Moor e-P enro s e  g en er al i z ed 
inv er s e  i s  u s ed in computat ion . T h e  ob j ec 
tive func t ion to b e  minimi z ed i s  a co s t  pro
portion al to th e numb er of ob s erv at ion s . 
Res ul ts ar e d i s p l ay ed for s ev er al t es t  n et
work s . M ethod s of  improv em ent o f  the des ign 
algor i thm ar e th en d i scus s ed .  

INTRODUCT ION 

Hor i z ontal Control N etwork D es ign 

For tho s e  w i th the r espon s i b i l ity to supp ly ho r i zontal 
contro l , the des ign of  g eo d et i c  n etworks prov i d i n g  such contro l 
i s  an important prob l em .  D ev elop i ng a n etwork d es ign to meet 
parti cul ar accuracy s t andar d s  c an b e  don e b ef o r e  any ob s erva
tions ar e mad e  b ec au s e  the accuracy a p ar t i c u l ar des ign att ains 
do es no t d ep end upon val u es of the ob s ervation s . All  that is  
r equ ir ed i s  know l edg e of the accuracy o f  the propo s ed obs erva
tion s . T r ad i tion al ly , g en er al g u i d el i n es d ev elop ed ov er many 
y ear s wer e  the on ly c r i t er i a  for n etwork d es ign . D ef i c i enc i es 
d i s c ov er ed af t er compl etion o f  th e f i eld wor k  cou ld only b e  r e
med i ed by exp en s i v e  r eob s ervat ion . 

The invent ion o f  the el ec tron i c  d i g i t al computer prov i d ed th e 
t echni c al c apab i l i ty o f  d et ai l ed anal y s i s  of  a des ign b ef o r e  
work comm enc ed .  Such det ai l ed an alys i s  en sures that a g iv en 
n etwork des ign wi l l  meet u s er r equ i r emen t s . Furth er ,  the compu 
t ational r es o urc es prov i d ed by modern compu t er s  al low mod el ing 
of  the economic imp l i c at ions of  a d es ign . A mor e  un i f i ed v i ew 
of a g eodetic network des ign i s  the r esult of  th es e  con s ider a
tion s . 
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Accuracy Req u i r emen t s  

In an i deal s i tu ation , accuracy r eq u i r emen t s  for a hor i z on t al 
control n etwork ar e est ab l i shed in r espon s e  to u s er n eeds . The 
r eq u i r emen t s , in  turn , di c t at e  the des i gn of the n etwork an d the 
fi el d proc edur es to b e  u s ed. On e c an s ee that a n etwork des i gn 
i s  a r efl ect ion o f  u s er r equ i r emen t s . 

Cur r ent hor i zont al control s t an dar ds ar e b as ed upon the 
di s t an c e  r el at i v e  accur acy b etween dir ec t ly connec t ed adjac ent 
point s ( F eder al G eo det i c  Control Committ ee 1974 , p .  3 ) . S uc h  a 
s t an dar d i s  att r active s in c e  u s er s  g en er al ly wi sh to survey from 
on e or mor e  control points to one or mor e other control points .  
An abs o lu t e  pos i t i on al accuracy i s  not alway s  r equired, elimina
tin cthe n eed for a v ar i an c e- covar i an c e  matrix o f  adju s t ed p ar a
met�r s . Thi s el imin ation s i mp l i fi es th e n etwork desi gn t ask , 
s i n c e  the v ar i an c e- cov ar i an c e  matrix o f  adju s t ed p ar amet ers 
depen ds upon the cho i c e  o f  a con s t r ai n ed p o s i tion . Rel ative 
accuracy c r i t er i a ar e invar i an t  wi th r es p ec t  to the s el ection o f  
a s i n g l e  con s t r ai n ed point . Rel ative accur ac i es provi de a 
meas u r e  o f  n etwork accuracy wi thout impo s in g  a coor dinat e  " b i as "  
upon th e u s er .  

N etwork C o s t s  

T h e  c o s t  o f  execution o f  a p ar t i cu l ar hor i z ontal n etwork 
des ign i s  an ext r emely comp l ex prob l em .  Equipmen t  cost an d 
dep r ec i at ion , fi el d pro c edu r es ,  l abor ,  tr an s portation , communi 
c ation , support , an d admini s t r at i v e  c o s t s  al l contribute to the 
fin al cost of a p articu l ar n etwork des i gn .  B ec au s e  of th e 
comp l ex i ty o f  the economic s , examinat ion o f  s ome cru de approxima
tions to thi s  prob l em i s  i n struct ive. 

Con s i der a l ev el theo do l i t e  or el ec tron i c  di s t ance-measuremen t  
instrument c en t er ed over the monument , op er at ed b y  exp er i en c ed 
p er sonn el . One c an roughly approximat e  the cos t  o f  the obs erva
tions by the t ime i t  t ak es to p er form the obs ervat i on s . On e c an 
s ee that the c o s t s  ar e proportional to the number of r ep etition s . 

The n ext l ev el o f  approximat i on c an b e  added by cons i dering 
the time n ec es s ary to r ecov er the mark , er ect an d di sman t l e  a 
por t ab l e  obs ervat ion tower ( i f  n ec es s ary ) , an d c enter an d l evel 
the i n s trumen t .  Thi s c o s t  i s  es s en t i al ly a one- t ime cos t  propor
t i on al to the number of occupi ed s t at ion s . Thi s cost woul d  be 
in addit i on to th e c o s t  of obs ervations di s c us s ed above. 

Further s ophi s t i c at i on c an be intro du c ed by transportat ion 
cos ts . Thes e c o s t s  ar e roughly proportion al to the di s t ance 
between s t ation s .  T er r ain an d ro ads , howev er , domin at e  the 
est imat e  o f  t ime s p ent in t r an sport . An adequat e  t er r ain mo del 
vas t ly increas es the c o s t  mo del comp l ex i ty . 



3 

I n  addit io n to the above factors , the as s i g nment of l abo r 
withi n the fiel d p arty wil l h ave a major effect upon the tot al 
cost (G erg en 19 7 8 ). S uch an as s ig nment wou l d  effic ient ly 
coordi nat e reco nnais s anc e,  t ransport , tower cons t ruc t i o n  and 
dismant l ement , l ight- keep i ng ,  and obs ervat io n. The mo s t  
effic ient t as k  al loc at io n  do es not s eem t o  v ary i n  any s imp l e  
fashi o n  wi th respec t  t o  the variat io n o f  t h e  el ements o f  a net
wo rk. Mo reover, an opt imal t as k  al loc at i o n  woul d  requ ire a 
detail ed mo del o f  fiel d metho ds in which a subtas k  wou l d be to 
perfo rm the obs erv at io ns nec es s ary to ful fi l l  some des i red 
spec ific at io ns .  

I n  c l os i ng ,  this top ic il l u s t rat es the comp l ex i ty i nherent i n  
a det ai l ed cost mo del and s erves as a gui de to the cost mo del 
s el ec t ed fo r inves t i g at io n  o f  ho riz o nt al netwo rk des ig n .  

S eco nd-O rder N etwo rk D es i g n  

I n  s eco nd-o rder netwo rk des ig n, t h e  v ari anc e- covarianc e 
mat rix o f  the ob s erv at io ns is u nknown,  and is solved u s ing a 
known netwo rk co nfigurat io n and a des ired v ari anc e- covarianc e 
mat rix o f  the s t at io n  coo rdinat es (G rafarend 19 7 4 ,  p .  7 20 ). 
S eco nd-o rder des ig n is the conv ers e of first - o rder des i g n ,  wh ere 
obs erv at io n  v ari anc es are known and the netwo rk co nfig u rat io n i s  
unknown. 

S eco nd-o rder des ig n merits att ent io n fo r two reas o ns .  F i r s t , 
a l arg e numb er o f  p ract ic al diffic u l t ies p l ague th e imp l ement at io n  
of a first - o rder des ig n. T h e  g eo des ist rarely h as comp l et e  
fl ex ibi l i ty in t h e  p l ac ement o f  s t at io ns . T errain, p rop erty 
rights , s t at io n  int erv is ibil ity , p res enc e  o f  o l d  c o nt ro l  s t at i o ns , 
and spec i fic u s er requ irement s  al l impos e  cons t raint s upo n the 
p l ac ement o f  new s t at io ns (Ho y l e  19 7 7 ) .  S econd,  the s i mp l es t  
app roximat io n  to the c o s t  o f  a ho rizo nt al cont ro l  netwo rk i s  
p ropo rt io nal t o  the number o f  ob s erv at io ns . B ec au s e  s eco nd- o rder 
des ig n solves fo r the obs ervat io n  v arianc e- covarianc e mat rix , it 
is pos s ib l e  to compute the cost o f  a g iv en des ig n s inc e o ne may 
comput e the number o f  rep et itio ns o f  each obs ervat i o n  giv en the 
v arianc e o f  each s ingl e  obs ervat ion.  

T he s econd-or der des ig n  prob l em do es not y i el d  a u niqu e solu
tio n  (Bos s l er et al . 197 3 ) . An i nfini t e  numb er o f  obs ervatio n  
covari anc e  matr ic es wil l  s atis fy a req u i red coordi nat e covarianc e 
matrix fo r a g iv en networ k  c o nfi gu ration.  G iv en thi s  mu l t i plic ity . 
additi o nal co ns traint is needed to det ermi ne a u nique solution.  

. 

A des irab l e  qual ity o f  a s eco nd- o rder netwo rk des ig n wou l d  b e  
that i t  wou l d  h ave a minimum cost exp res s ed in some app roximat e  
cost mo del . T h e  solutio n  o f  such a p rob l em l ies in the realm o f  
opt imiz at io n  u nder c o ns t raint s , al so know n as mathemat i c al 
p rograming . I n  such a solutio n, the costs of a des ig n  are 
mi nimi z ed whi l e  s atis fy i ng s p ec i fi ed accuracy req u i r em ents . 
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T h e  p ar am etri zation of the c o s t s  an d accurac y  r equ i r emen t s  in 
t erms o f  obs ervat ion r ep etitions al low such a solution to eas i ly 
proceed. The dual p robl em ,  max imi zing the des ign accuracy whi l e  
meeting a des i r ed c o s t  r equir ement , i s  al so s o lv ab l e  by math e
mat i c al programing . The dual probl em i s  not pur s u ed further in 
thi s r eport . 

P r ac t i c al Con s i der at ions for N etwork D es i gn 

Many p r ac t i c al cons i der ations ent er i n to the n etwork- des i gn 
prob l em .  The mo del , types o f  obs ervat i on s , p roc edu r es u s ed in 
the f i el d, an d aux i l i ary des ign r eq u i r ements al l n eed to b e  
con s i der ed b efore a n etwork- des ign algorithm c an b e  con s tructed.  
Al lowing for such r equi r ements at an ear ly s t at e  en s u r es a 
us eful des ign tool for the g eo des i s t . 

Mo del 

A s s ume th at al l control points l ie on a p l an e .  Even for 
l arge control n etworks ,  thi s approximat i on wi l l  be quit e  goo d.  
I n  addition , on ly dir ec tion an d dis t an c e  meas u r emen t s  ar e 
con s i der ed in the des i gn .  Thes e  ar e g en er al ly the only obs erva
tion typ es at the economic di s po s al o f  the des i gn ag ency . 

U s ing a s t an dar d, two- dimen s ion x-y C ar t es i an coor di n at e  
sys t em wi th azimuth measu r ed c lockwi s e  from t h e  north (y axi s ) ,  
on e eas i ly derives the obs ervat i on equ at ion s (S chwar z 19 7 4-75) 
For a dir ect ion from s t ation i to s t at i on j ,  

COS a . .  
od . . = _---l=<.,J ox . + 1J S . . 1 

+ 

1J 

COS a . .  s: 1J uX . --�"-- J -
S . .  

1J 

s i n a  . .  
_-::-_ l-=.J 0 y . S .  . 1 

1J 

s i n a  . .  
1J 

S .  1J 
oy . + oZ . 

J 1 

wh er e  zi i s  the rotat i on unknown for the dir ect ion s et at 
s t ation i ;  ai j' the azimuth from s t at i on i to s t ation j; an d 
S i i' the di s t an c e  from s t at ion 1 to s t at i on j. For di s t an c e  
from s t at i on i to s t at i on j ,  

oS . . = - s i n a· ·ox · - COS a· ·oy + s i n a1·J,ox . + COS a· .oy . . 1J 1J 1 1J i J 1J J 

The matrix s ymbo l  for the c o ef f i c i ents o f  the di f f er en t i al 
changes in the obs ervation s w i th r es p ec t  to the p ar amet er s  
(st at i on coo r di n at es ) i s  A ,  the des ign matrix . S inc e a s econ d
or der n etwork des ign approach i s  b eing u s ed ,  the coo r di n at es o f  
t h e  s t ations ar e as s umed t o  b e  known so that t h e  des ign matrix 
i s  comp l et ely det ermined. 
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Obs ervat ion V ar i an c e-Covar i an c e  Matrix 

I n  s econd- o r der n etwork des i gn , the obs ervation var i ance
cov ar i an c e  matrix , L,  i s  solved wi th r es p ec t  to a given s t ation 
conf igurat ion an d a r equired coo r di n at e  v ar i ance-covar i ance 
matrix , Lx , To det ermin e  L, one mus t  dev elop some func tional 
rel at i on i n  t erms o f  obs ervation r ep et it i on s .  I n  thi s r eport , w e  
as s ume that t h e  obs ervat ions ar e unco r r el at ed an d the r ep et i t ions 
of  each obs ervat i on ar e al s o  uncorrel at ed. 

Now , dir ection s  ar e not es timab l e  quanti t i es ;  but McKay 
( 1 9 7 3 , pp. 9- 1 5) h as s hown that , wi th a con s t r aint o f  the s um of 

the r es i du al s  equ al ing z ero , the adju s t ed di r ec tions ar e uncor
r el at ed. Howev er , i t  i s  not the c as e  that r epet i tions of 
di s t an c e  obs ervations ar e uncorrel at ed. One appro ach to th i s  
prob l em i s  cons i der ed at the en d o f  thi s r eport . 

Another t echn ique that c an u s e  uncorrel at ed ob s ervat ions 1S 
the weight- r ecovery metho d  o f  Sprin sky ( 1 9 7 4 ,  pp.  2 0 3 - 2 0 4) .  Thi s 
metho d computes a unique s et o f  obs ervat ion weights that wi l l  
s at i s fy a r eq u i r ed coor di n at e  v ar i an c e- covar i anc e matrix . The 
u s er then s el ec t s  the type an d number of obs ervat ions from thi s 
s et.  Not e that thi s method may or may not l ead to a min imum 
cost solution. 

F i el d  P roc edu r es 

When des i gning a network , s p ec i al con s i der ation shou l d  be 
made for f i el d oper ations.  It i s  quite pos s i bl e for an obs erva
tion scheme dev eloped in the o f f i c e  to b e  di f f icult , i f  not 
impos s ib l e ,  to ex ecu t e  in the f i el d. D i r ect ion obs ervation s ar e 
particu l ar l y  s en s i tive to thi s prob l em .  I t  i s  ext r emely cumb er
some to dev elop a scheme o f  theo do l i t e  pointings that wou l d  
pro du c e  di r ec tion ob s ervat ions o f  des i r ed wei ghts .  F i el d  pro
c edur es r equi r e  an equ al number of pointings to al l s ighted 
s t at ion s ( Dr ac up an d F ronc z ek 1 9 7 7 ). A network- des i gn algorithm 
shou l d  r ef l ec t  thi s prob l em .  

B ec au s e  of the s i z e  an d di s t an c e  o f  a t arget , di f f er ent 
var i an c es may be obt ained on dir ec t ion obs ervat ions from the s ame 
s t ation with the s ame i n strumen t .  Addi t ional ly , on e may have to 
p er form obs ervations with i n s trumen t s  of di f f er ent accurac i es .  A 
network- des i gn progr am shou l d  b e  f l ex ib l e  enough to accommo dat e 
such c as es .  

Aux i l i ary D es ign Req u i r emen t s  

A g eo det i c  n etwork i s  not char ac t er i z ed on ly by some i deal 
var i an c e-cov ar i anc e mat r i x .  The des i gn geo des i st may al so wi sh 
to s at i s fy s ome auxi l i ary des i gn c r i t er i a. On e such c r i t er ion i s  
a r equi r emen t  that each point b e  r edun dantly det ermined t o  some 
degree. S uch a r edun dancy r eq u i r ement is ext r emely important 
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s ince i t  provide s a mechan i sm for b lunder dete c t i on and a margin 
of  s afety in the event some obse rvat ion mus t  be de l e ted . 

When u s ing second-order network de s i gn and s o lving for 
obs e rvat ion repe t i t i on s , redundancy requirement s  c an e as i ly be 
met .  Th i s  i s  done b y  never al lowing a network des ign t o  h ave 
zero repet i t ions o f  an obs ervat i on . Thi s ensures that e ach 
obs e rv at i on wi l l  be made at l e as t  once and the de s i gn algori thm 
wi l l  never delete an obse rvat i on automat i c al ly .  S t i l l , the 
des ign geode s i s t  mus t  ini t i al l y  s e l e c t  a s e t  of obs e rv ations that 
wi l l  s at i s fy those redund ancy requi rements in e f fe c t . 

MATHEMAT ICAL PRO GRAMING 

When max imi zing or minimi zing some funct ion s ub ject to 
cert ain con s t r aint s , the prob l em i s  s aid to f al l  in the r e alm of 
opt imi zat ion under con s t r ain t s , al s o  known as mathemat i c al 
programing . The gene r al form for such a p roblem i s  

where 
max or min z = f (Yl ' . . .  , Yn ) ( 1  ) 

< 
g i (Yl ' . . . , Yn) > b . 1 ( 2  ) 

y . > 0 ( j = 1 to n )  ( 3 )  J -

< 
and where �represent s �, = ,  or �. Eq ( 1 ) i s  the obj e c t ive 
function , whi c h  i s  the function to be optimi ze d .  Eq ( 2) is the 
con s t r aint . Eq ( 3 ) cove r s  the nonneg ativity r e s t r i c tions th at 
are as sumed to be p r e s ent in a programing prob l em although they 
may not alway s  be exp l i c i t ly wr i tten. 

L inear P rogr aming 

When f and g i are l in e ar function s  o f  Yj in eq ( 1) and ( 2) ,  
the mathemat i c al programing prob lem i s  said t o  be a l ine ar 
programing prob l em .  Thi s then h as the form 

max or min z 
whe re 

( 4 ) 

( 5  ) 

Note that the nonnegativity r e s tr i c tions are s t i l l  in e f fect 
although they are not formal l y  expre s sed.  S uch a l in e ar prob lem 
h as a solut ion computed through a p rocedure n amed the S imp lex 
algori thm (G i l lett 1 9 7 6 ). The remai n der o f  thi s section wi l l  
d i s c u s s  thi s algori thm. 



To b e s t  unde r s tand the S imp lex a l gorithm ,  cons ider 

max z = l 2Y l + l 8 Y2 

2Y l + Y2 .2. 4 

Y l + 2Y2 .:::.. 4 .  

A graph i c a l  repre sentation o f  thi s  probl em i s  pre s ented in 
f i g ure 1 .  

4 
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2 

.... , " 

z=20 " 

, 

" 
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, , " " 

, , , , 
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o�--------'�'�r-----���---+--��-----'--��----�� 
o 2 3 4 

Y1 

Fig ure l . - -L in ear programing s amp l e . 

7 

( 6 ) 

( 7 )  

( 8 ) 

The nonnegativity requirement s  ens ure that only pos i tive 
val ue s  of Y l and Y 2 are con s i dered so that any po s s i b l e  sol ut ion 
to the problem l i e s  in the f i r s t  q uadrant . P lotting the con
stra int of eq ( 7 ) ,  one s e e s  that the r ange of pos s ib l e  so l ut ions 
is now bounded by the l ines whi c h  intersect a t ( 0 , 4),  ( 2 , 0 ) ,  and 
( 0 , 0 ) . S im i l a r ly , th e pos s ib l e  s o l utions d e s c r ibed by eq (8 ) are 
bo unded by the l ines that inter sect at ( 0 ,2 ) , ( 4 , 0 ) ,  and ( 0,0 ) . 
The inte r sect ion o f  the se two reg ions repr e s ents the po s s ib l e  
s o l ution s to both e q  ( 7 )  and ( 8 )  together . These are c a l led the 
feasible solutions and are re pr e s ented by the reg ion bo unded by 

the l ines that in ter sec t  at ( 0 , 2) ,  ( 4/3 , 4/3 ) ,  ( 2,0 ) , and ( 0 , 0 ). 
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N Ow ,  the region o f  feas ible s ol ut ion s contains an in f inite 
n umber o f  so l ut ions that s a t i s fy the constraint s i  however , one 
mus t f ind a f e a s i b l e  s o l ut ion which optimi z e s  the obj ec t ive 
f unction . I n  f ig ure 1 ,  the ob j ec t ive f unct ion i s  p lotted as  a 
dotted l ine for d i f ferent v a l ues o f  Zi one c an see that z 
ach ieve s a maximum feas i b le so l ution a t  ( 4 /3 , 4 /3 ) where z = 40 . 
Thi s i s  the opt ion a l  f e a s i b l e  so l ut ion to thi s  part i c ular l inear 
program ing prob l em . 

One can prove , a l though not done s o  here , that the opt ional 
s o l ut ion wi l l  o c c ur e i ther at one corner or along one edge of the 
reg ion of f e a s i b l e  so l ut ion s in any l inear programing  prob l em .  
I f  the optional s o l ut ion f a l l s  a long an edge o f  the reg ion , then 
the s o l ut ion po s s e s s e s  mul tiple opt ima l so l utions . The S imp lex 
a lgori thm starts at one corner of the region and proceeds to 
another corne r s uch that the obj ec tive f unction i s  nondecreas ing 
( or nonincreas ing i n  a minimi z at ion problem). Thi s  cyc le i s  

re peate d unt i l  a corner i s  reached where a l l  other pos s ib l e  
corners have a n  e q ua l  or sma l ler ( or an equa l  or l arger f o r  minim i 
z a t i on )  ob j ec t ive f unction . Thi s  point i s  then the optimal 
feasible so l ution to the prob l em .  

To app ly the S impl ex a lgorithm ,  one mus t  p lace the l inear 
program i ng prob lem into an e q uivalent form . Thi s  form mus t  
s at i s fy three cond i t i on s . 

1 .  A l l  con s traints mus t  be repres ented by e q ua l i t ie s . 

2 .  Each cons traint mus t  contain a var i ab l e  pos s e s s ing 
a coe f f i c ient of 1 in that c on s traint and 0 in a l l  othe r 
con s traint s . 

3 . The r i ght- hand s ide o f  e ach con s traint , b i , must be 
greater than or e q ua l  to z e ro . 

Con s ider , once again , the examp l e . Condi tion 3 i s  al ready 
s at i s f ied in that the con s traints ( 7 ) and ( 8 ) have pos i t ive 
right-hand s ide s .  Condi t ions 1 and 2 can be s a t i s f ied together 
by creat ing a s l ack var i ab l e  f or each con s traint . F or le s s  than 
or e q ua l  con s traint s , thi s i s  done by s imp ly add ing a un i q ue 
var i ab l e  to e ach l e s s  than or e q ua l  con s train t ,  and repre senting 
the var i ab l e  w i th a zero coe f f ic ient in the ob j ective f unction . 
The examp l e  then become s 

max z z - l 2Y l - l 8 Y2 + OY3 + OY4 0 

2Yl + Y 2 + Y 3 4 

Y l + 2y + Y
4 

4 
2 



9 

where Y 3 and Y 4 are the s lack var i ab le s . They are so named 
be cause they " -take up the s l ack " in the inequal i t i e s . Note that 
the nonnegat ivity re s t r i c tions apply to the s lack var i ab l e s  as  
we l l  a s  the original var i able s .  This , then , i s  the equivalent 
form o f  the examp l e . 

S uppo se we d e s i r e  to minimi z e  the ob j ec t ive function rather 
than max imi z e  i t .  Thi s  is expre s sed i n  the equival ent form by an 
ob j ective funct ion in which the coe f f i c ients are the negat ive o f  
the original . There fore , i f  i t  i s  de s i red t o  optim i z e  

m1n z z - l 2 Y l - l 8Y2 + OY 3 + OY 4 = 0 ,  

then the proper equ ivalent form i s  expre s s ed a s  

max z z + l 2 Y l + l 8Y 2 + OY 3 + OY 4 = O .  

When t h i s  i s  done , remember that the opt imal value o f  the 
obj ec t ive function wi l l  be - z when the solut ion i s  obta ined . 

Cons ider the examp l e  where eq ( 8 ) i s  now an equa l i ty rather 
than an inequa l i ty ;  then 

max z = l 2 Y l 
+ l 8Y 2 

2 Y l + Y 2 � 4 

Y 1 + 2 y  
2 = 4 . 

( 6 ) 

( 7 )  

( 9 ) 

Eq ( 9 )  a l ready s at i s f ie s  condi t ions 1 and 3 as  it s t and s . To 
sat i s fy cond i t i on 2 , add another var iable c a l led an art i f ic i a l  
var i ab l e . I f  this  variab le , however , po s s e s s e s  any value othe r 
than 0 in the f i n a l  solut ion , then eq ( 9 )  wi l l  be incorrect and 
the s o lut ion wi l l  be wrong . To ensure that the art i f i c i al 
var i ab l e s  wi l l  be 0 i n  the f inal so lut ion , we include them in 
the ob j ect ive funct ion wi th a s ma l l  negative coe f f ic ient , - T . 
Then the S impl ex a l gori thm wi l l  " dr ive out " the art i f i c i a l  
var i ab l e s  in the proce s s  o f  f inding a s o lu t ion . The equivalent 
form of the examp le now become s 

max z z - l 2 Y l - l 8 Y2 + OY 3 
- TY 4 0 

2 Y l 
+ Y2 

+ Y 3 
4 

Y l + 2 Y 2 + Y 4 
4 

where Y 3 i s  a s l ack vari ab l e  and Y 4 1S an art i f ic i a l  vari ab l e . 

Con s ider the example when eq ( 8 ) i s  now a greater than or 
equal inequal i ty rather than a l e s s  than or equal to inequa l ity : 
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max z = 12Y l + 

2Y l + 

Y l 
+ 

18Y 2 

Y 2 
< 

-

2Y 2 
> 

-

4 

4 .  

( 6  ) 

( 7 )  

( 10 )  

To sati s f y  cond i t ion 1,  add a s l ack var i ab l e  to eq ( 10 ). S ince 
s uch a var i ab l e  mus t  be nonnegat ive bec a us e  of the nonneg at iv i ty 
re s t r i c t i on s , i t  must be entered into eq ( 1 0 )  with a negat ive 
coe f f i c ient : 

Yl + 2Y2 
- Y4 

4 .  ( 1 1) 

Noti ce that eq ( 11) s t i l l  does not sati s fy cond i t i on 2 s ince i t  
has a coe f f i c i ent o f  - 1  r a ther than + 1. There fore , an art i f i c i al 
var i ab l e  mus t  a l so be added to eq ( 11). Once thi s i s  done , 
the proper equivalent form i s  f o und: 

max z z - 1 2Y
l 

- 18Y 2 + OY 3 + OY4 
- Ty S 

2Y l + Y 2 + Y 3 

Y l + 2Y
2 

- Y 4 + Y S 

° 

4 

whe re Y 3 and Y4 
are s l ack var i ab l e s  and Y S i s  an art i f i c i a l  

var i ab l e . 

Now that the techn i q ue for converting any l inear program ing 
prob l em into an e q uiva lent form for S implex a lgori thm s o l ut ion 
has been exp lored , a l l  that rema ins in thi s  d i s c us s i on i s  to 
examine how the S imp lex a lgori thm comput e s  the optimal s o l ut ion 
from an equivalent f orm . Cons i der the e q uivalent form of the 
original examp l e :  

max z z - 12y - 18 y + Oy + oy = ° ( 12) 
1 2 3 4 

2y + y + Y 3 
4 ( 1 3 ) 

1 2 

Y l + 
2Y 2 

+ Y4 
= 4 .  ( 1 4 ) 

The constraints ( 13 ) and ( 14) contain a total o f  f o ur var i a b l es , 
g iving two equations i n  four unknown s . I f  any two o f  the 
var iables  are s et to 0 ,  then a uni q ue s o l ut i on e x i s t s  for the 
remaining two var i ab l e s . The s e  two remaining var i ab l e s  are 
c a l l ed the b a s i c  var i ab l e s  and there are (i) = 6 ways o f  choos ing 
them from the set of f o ur var i ab l e s .  When thi s i s  done , ( Y l ' Y 2) 
achieves the v a l ue s  o f  ( 0 , 2) ,  ( 0 , 4) ,  ( 4/3 , 4/3 ) ,  ( 4 , 0 ) ,  ( 2 , 0 ) , and 
( 0 , 0 ) in f i g ure 1. The s e  are c a l led the b a s i c  s o l ut i o n s  to the 

l inear programing probl e m .  



Not i c e  that two of the b a s i c  s ol ut i on s , ( 0 , 4 ) and (4 , 0 ) , do 
not lie i n  the r e g i on of f e a s i b l e  s ol ut i on s . The S implex 
algor i thm on ly works up on the b a s i c  f e a s ib l e  s ol ut i on s  ( i . e . , 
the s ub s e t  of b a s i c  s ol ut i on s  c ontained in the region of 
feas ible s ol ut i on s ) .  Thi s s ub s e t  i s  the s e t  of c orne r s  ( 0 , 2 ) , 
(4 / 3 , 4 / 3 ) , (2 , 0 ) , and ( 0 , 0 ). The opt imal s ol ut i on ,  (4 / 3 , 4 / 3 ) , 
i s  the opt imal b a s i c  f e a s ib l e  s ol ut i on .  

T o  ens ure the S implex a l gor ithm can a lways s tart with a 
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bas i c  f e a s i b l e  s ol ut i on ,  c ond i t i on 2 wa s imp osed up on a l l  
equivalent f orms . Req uiring e ach c on s tr a int in the eq uivalent 
f orm t o  p os s e s s  a var i ab l e  wi th a c oe f f i c ient of 1 in that 
c on s traint and ° in a l l  others enab l e s  the S imp lex algor i thm to 
always begin wi th a b a s i c  f e a s i b l e  s ol ut i on .  Thi s i s  done by 
mak ing e ach arti f ic i al vari able and e ach s l ack var i ab l e  with a 
c oe f f i c ient of 1 a b a s i c  variab l e . A l l  the n onb a s i c  variab l e s  
a r e  i n i t i a l ly s e t  t o  0 .  In the examp l e , Y 3 and Y 4 are the bas i c  
var i ab l e s . F urthermore , the f ol l owi ng a r e  immediate ly seen : 

Y l 
= ° Y2 

= ° 

Y 3 
4 Y 4 

= 4 

and ° . z 

The S imp lex a l g or i thm " move s "  f r om one b a s i c  f e a s i b l e  
s ol ut i on to t h e  next by mak ing one b a s i c  vari ab l e  a nonbas i c  
var i ab l e  and b y  mak ing a nonbas i c  variable a b a s i c  var i ab l e . The 
bas i c  variable that bec ome s n onb a s i c  i s  s ai d  to " leave " the b a s i s ,  
and the n onb a s i c  variable whi ch be c ome s b a s i c  i s  said t o  " en te r "  
the bas i s .  

The S implex a l g or i thm s e l e c t s  the var iables  t o  leave and enter 
the ba s i s  i n  s uch a f a sh i on that the ob j ec tive f unct i on is n on
dec re a s ing . The var i ab l e  wi th the most negative c oe f f ic i ent in 
the obj ec t ive f uncti on i s  the vari able t o  next enter the b a s i s .  
I f  a l l  the c oe f f ic ients are greater than or e q ua l  t o  z e r o ,  then 
the opt imal s ol ut i on has been achieved . Examinat i on of eq (12 ) 
shows that Y2 wi l l  next enter the b a s i s .  

Next , the rat i os of the r i ght-hand s id e  of each c on s traint to 
the c orre spond ing c oe f f i c ient of the newly entering variab l e  are 
c omp uted . F or examp l e , 

4 / 1  4 f r om eq (1 3 ) ; 
and 

4 /2 = 2 f r om eq ( 14 ) .  
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I f  any of the se ratios i s  n o t  pos i t ive , then a f i n i te s o l ut i on 
does not exi s t ; that i s , the objective f unction i s  not bo unded 
by the constraint s .  The examp le i s  bo unded , and the ratios are 
pos i t ive . The variable with a coe f f i c ient of  1 in the eq uation 
that corre spond s to the minimum pos i tive ratio wi l l  be the 
var i ab l e  to next leave the ba s i s .  The minimum pos i t ive ratio 
correspond s to eq ( 14 ) ,  and Y4 is  the var i ab l e  wi th a coe f f i c i ent 
of  1 in that equation . There fore , Y4 wi l l  next l e ave the b a s i s .  

Once the vari ab l e s  to next l e ave and enter the ba s i s  have 
been ident i f ied , the S imp lex a lgori thm per forms a change of 
ba s i s . The change of b a s i s  i s  a s e r i e s  of e l ementary tran s 
formations exe c uted so that : 

1 .  The new b a s i c  vari ab l e  wi l l  have a coe f f i c ient o f  1 in 
the con s traint equat ion that c urrently ho l d s  the vari able whi c h  
i s  l e aving the b a s i s . 

2 .  The new b a s i c  variable has a coe f f i c ient of  0 in a l l  the 
other con s traints and ob j ect ive eq uations . 

Per forming a change o f  b a s i s  f rom Y4 to Y2 ' one exec ut e s  
step 1 b y  dividing eq ( 1 4 ) by 2 t o  y i e ld 

Eq ( 15 )  i s  then mul t i p l ied by 18 and a dded to eq ( 12 ) ; then 

( 1 5 ) 

eq ( 15 )  i s  mul t i p l ied by - 1  and added to eq ( 1 3) . Thi s  y i e lds 
a new s e t  o f  eq uation s : 

z - 3Yl + 

1 
l '2Y l 

1 /2 Yl 

Now Y2 and Y3 are the b a s i c  
fol lowing : 

Yl 
= 0 

Y3 2 
and 

OY2 +OY3+ 9 Y4 = 36 

+ 

+ 

Y -
3 

Y2 + 

1/2 Y4 
= 

1 /2 Y4 
= 

var i ab l e s . One 

Y2 = 

Y4 

z = 36. 

2 

2 .  

immediately 

2 

0 

s e e s  

Thi s  completes one cyc l e  o f  the a lgor i thm . S ince a negat ive 
coe f f ic ient s t i l l  e x i s t s  in the ob j ec t ive function , one knows 
that the s o l ution i s  not yet optima l . 

( 16) 

( 17 )  

( 1 5 )  

the 
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To comp lete the s o l ution , execute a second c yc l e .  The mos t  
neg ative coe f f i c ient in the obj ective f unction be longs t o  the 
var i ab l e  Y l ' I t  shal l  next enter the b as i s .  When comput ing the 
r atios , the v al ue s  obtained are 

( 2 /1� ) = 4 /3 for eq ( 17 )  

and 
( 2 /� ) 4 for eq ( 1 5 ) . 

The smal ler po s i tive r at i o  be longs to eq ( 1 7 ) , ind i c ating that 
the v ar i ab l e  Y 3 wi l l  next l e ave the b as i s . Mul t i p lying eq ( 1 7 )  
by 2 /3 become s 

lY l + 2 /3Y 3 - 1 /3Y 4 
= 4 /3 . ( 1 8 ) 

Eq ( 1 8 )  i s  then mul t i p l ied by 3 and added to eq ( 16 ) ; then 
eq ( 1 8 )  i s  multipl ied by - 1 /2 and added to eq ( 1 5 ) . Thi s  y i e l d s  
a new s e t  of  eq uation s :  

z + OY l + OY2 + 2Y 3 + 
8Y 4 

= 4 0 

Yl + 2 /3Y 3 1/3Y 4 
4 /3 

and 
Y2 

1 /3Y 3 + 2 /3Y4 
4 /3 . 

Now Y l and Y 2 are the b as i c  v ar i ab l e s . Thus one immedi ately s ee s : 

Y l 
4 /3 Y 2 

4 /3 

Y 3 
= 0 Y 4 = 0 

and 
Z = 4 0 .  

The objective f unction no longer contai n s  any negat ive 
coe f f icient s .  The s o l ution i s  optimal and agrees with the 
so l ution obt ained thro ugh g r aphi c al con s ide r at i on s . 

I n  general terms , the eq uival ent form of the l ine ar prog r am
ing prob lem i s  

n 
max Z Z - .E 

j = l  

n 

L 
j = l  

c . y .  
J J 

a . .  y .  = b .  lJ J l 

where i i s  1 to m over the b as ic var i ab le s . 

( 19 ) 

( 2 0 )  
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Let xk be the entry variable with the most negative coefficient 
in eq ( 19 ) . If all coefficients are nonnegative, the solution 

is optimal. 

i = l,m (basic) 

If not, the ratios are formed: 

b· 1 
1 l,m (basic); 

and the smallest positive ratio is chosen and represented by 
br/arn where r represents the leaving variable, Yr' and the rth 
pivotal equation with the ark pivotal element. If any ratio 
is negative, a bounded solution does not exist. If not, a 
change of basis is performed from Yr to Yk. The change of basis 
is nothing more than the transformations used in the Gauss
Jordan method of solving linear equations. The pivotal equation 
becomes 

y. 1 
( 2 1 )  

where the pivotal element becomes 1 .  Now eq ( 2 1 )  is multiplied 
by ck and added to eq ( 19 ) . The new objective equation becomes 

z - t (c. -
j=l J 

c ---.£l y. = b 
a .

) k ark J 0 

where the j=k coefficient becomes O.  

c b r r 
a rn 

The remaining equations are computed by multiplying the 
pivotal eq ( 2 1 )  by aik and subtracting the result from equations 1 
where i equals 1 to m (basic) and i is not equal to r. Then 
eq ( 2 0 )  becomes 

n 
(aij L -

j=l 

and 
n a 
L 

rl y. 
j=l a rk J 

a .a·k
) 

rJ 1 
a Yj rk 

b r (i = --

a rk 

b. -

1 

r) . 

a·kb 1 r 
a rk 

(i of r) 

This completes one cycle of the Simplex algorithm. The pro
cedure repeats until all the coefficients of eq ( 2 2 )  become 
negative. 
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Nonlinear Programing 

When f or any 9i is not a linear function of Y j in eq ( 1 ) or 
( 2 ) , the mathematical programing problem is said to be a non

linear programing problem. No algorithm currently exists to 
solve an arbitrary nonlinear programing problem with the ease 
and reliability that the Simplex algorithm displays in the solu
tion of the general linear programing problem. 

Although no simple general algorithm exists to exactly solve 
an arbitrary nonlinear problem, a large number of approaches exist 
for the nonlinear programing problem solution. Some methods use 
a variety of approximations--some are iterative, and some require 
derivatives of the functions. An approximation method is now 
considered. 

Separable Functions 

A function is said to be separable if it can be written in the 
form 

gl ( Y l ) + . . .  + g (y ) � b. n n > 

This quality is important since, if a function is separable, an 
approximation can be made to potentially linearize such a 
function. An approximate linearization would allow the applica
tion of the powerful Simplex algorithm to solve for the approxi
mate solution. 

Note that a function which appears to be nonseparable may, in 
fact, be separable. Such a function may be transformed by a 
change of variables into a clearly separable function. Consider 

( 2 3 ) 

and create two new variables: 

Yl Y 3 + Y4 and 
Y2 Y 3 Y4 ' 

The eq ( 2 3 ) can be replaced by 

2 2 � b Y 3 - Y 4 

Yl Y 3 Y 4 
0 

and 
Y 2 

- Y ..., + Y
4 

O . 
.) 

Therefore, eq ( 2 3 ) was indeed a separable function although it 
did not appear so at first. 
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Piecewise Linear Approximation 

Consider the separable function 
< 

gl (Yl) + . . .  + 9 ( Y ) = b. n n > 

One can approximate each element of the function, gj' over a 
range of values Do' to Dmj for the y, variable. The values Uij 
are known as the bleak points of theJpiecewise linear approxima
tion. A set of m new variables is created for each y, so that J 

where 

Yj = Ylj + . • .  + Ymj 

o < Y" < U, , - U1, 1 J' - 1J - 1,J - , 

For eq ( 2 3 ) to give a satisfactory approximation, impose the 
condition that, 

if Yij> 0 , then Yi-l,j = Ui-l,j 

Exactly how this condition is imposed is discussed later. 

( 2 3 ) 

( 2 4 ) 

The function gj is then approximated as a linear function over 
each adjacent pair of break points. This gives an approximation 

gJ' (yJ,) � g (U) + cl'Yl ' + • . .  + c 'Y , o J J illJ mJ ( 2 5) 

over the range Uoj to U '. 
defined as 

mJ Here, the piecewise slope, Cij' 1S 

c, , 1J 

g, (U , ,) - g, (U, 1 
,) 

J 1J J 1- ,] 
U .. - U, 1 ' 1J 1- ,] 

( 2 6 )  

At this point, computing an example is constructive. Consider 
the function 9 (Y) = l/y over the region 1 ::. Y :s. 6 .  The function 
is to be approximated with six equally spaced break points at 
the integers. In this case, m = 5. The results are displayed 
in table 1. 
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Table 1. -- Piecewise approximation sample 

i U .  g ( U  . ) C . 1 1 1 

0 1 1 

1 2 1/2 -1/2 

2 3 1/3 -1/6 

3 4 1/4 -1/12 

4 5 1/5 -1/20 

5 6 1/6 -1/30 

The expression for y is now 

y = 1 + Y1 + Y2 + Y3 + Y4 + Y5 

Now, the piecewise linear approximation of g(y) is 

g(y) � 1 - 1/2Y1 - 1/6Y2 - 1/12Y3 
- 1/20Y4 - 1/30y

5
, 

and is graphed in figure 2. One can see that this approximation 
becomes much better for large values of Yi and, of course, the 
approximation is exact at the break points. 

g(y)::1/y 

2 

O�--------�---------r---------.---------'r---------r---------'-
o 2 3 4 5 6 

y 

Figure 2. -- Piecewise linear approximation of l/y . 
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Suppose a solution is desired for the nonlinear programing 
problem 

mln z = 2y 
where 

l/y � 0 . 2 .  

The obj ective function is linear, and the constraint is nonlinear 
and separable. Using a piecewise linear approximation at integer 
break points from 1 to 6 ,  the problem may be reformulated as 

min z = 2 + 

1 - 1/2Yl - 1 /6 Y2 

2 Yl 
+ 2 y  + 2 y  + 2 y  + 2 y  

2 3 4 S 

- 1 /1 2 Y3 
- 1 /2 0 Y4 - 1 /3 0 y

S 
� 0 . 2 

where y. � 1 ,  and i = 1 , S. l 

Manipulating the first constraint algebraically, the problem 
becomes 

min z = 
and 

2 + 2 y  + 2 y  + 2 y  
1 2 3 

+ 1 /1 2 Y
3 

+ 1 /2 0 Y4 
+ 

+ 2 y  + 2 y  
4 S 

1 /3 0y s � 0 . 8 

where y. < 1 ,  and i = 1 , S .  From this formulation and by figure 2 ,  
one canlsep- that the optimal means of satisfying the constraint 
is by using the largest possible value of y. before using Yi+l. 
Thus the condition expressed by eq ( 2 4) is �utomatically satisfied 
by the form of the piecewise linear approximation. One can show 
that this will always be the case for an arbitrary function which 
is said to be convex. This, however, leads into the theory of 
convex sets and is beyond the intended scope of this report. The 
interested reader should refer to Hadley ( 1 9 6 1).  

IMPLEMENTATION 

A number of correspondences must be made to implement second
order network design in the form of a mathematical programing 
problem: 

and 
min z = f (Y

l
' . . .  , y ) n 

. . .  , y ) < b. n - l 

( 2 7 ) 

( 2 8) 

where i = l,m. The variable, yj will represent the repetitions 
of the jth observation. Eq ( 2 8  ) will be constraints upon the 
design coordinate variances. This will ensure that the desired 
coordinate variances, bi, are always satisfied. The obj ective 
function ( 2 7 ) is in this particular problem the cost function. 
This will model the costs incurred by a particular combination 
of observations. The remainder of this section is devoted to 
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the formulation of the nonlinear programing problem to optimize 
a second- order, horizontal control geodetic network design 
problem. 

Variance Constraints 

From the theory of least-squares adj ustment (Uotila 1967 ) , 

L x (AtL-1A)- 1  (29 ) 

The design matrix, A, was developed in the first section and is 
completely known. The variance-covariance matrix of the observa
tions, L, is unknown and will be a function of the observation 
repetitions. The variance-covariance of the coordinates, LXI will 
contain the required coordinate variances and is partially known. 

We assume that the repetitions of an observation are uncorre
lated so that 

where 0 � is the variance of a single observation it ni is the l 
repetitions of the ith observation, and 0� . is the variance of 

l 
the mean of the repetitions of the ith observation. We also 
assume that the observations are uncorrelated, yielding the 
variance-covariance matrix 

o 

This matrix has the inverse 
n1 
2" 
°1 

-1 
L = 

o 

o 

o 
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For an arb i t rary de s i gn matrix , AtL- 1A i s  a nondi agonal 
matrix of  var i ab l e s , n i . No s imp le form exists for the inverse 
of  a matrix of  var i ab l e s - - s o  an approximation used by Gre ve 
( 1 9 7 2 , pp . 3 9 - 40 )  i s  app l ied to the prob lem . Then 

where , 
G 

L x 

( 
t - l

A )
- l

A
t - 1  

A L . L . l l 

( 3 0 )  

Thi s i s  an i terat i ve equat ion that approximate s the var i ance
co variance matrix of  the coordinates in terms of  a current 
e s t imate of the repe ti tions of  e a ch obs e r vation and of pr ior 
es timates of  the optimal repeti tions of  the obs e r vation s .  
The re fore , the des i gn a lgori thm wi l l  be iterat i ve and require 
an i n i t i a l  e s t imate of  the optimal repe t i t ion s . 

Rotational ly I n va r i ant Cons traints 

H a ving d e ve l oped a relati on for the varian ce -covari ance matrix 
at coord inate s in terms of  obs e r vat ion repet i t ion s , one can wr ite 
1 /2 u2 cons traint inequa l i t i e s . The se inequa l i t i e s  would act as  
constraints on the vari an ce s  and covari ances o f  the coordinate s .  
Pra ct i ce has been to use m pairs o f  con straints on the var i ance s  
of  the x and y coord inate s : 

and 

where i 

. . •  , y ) 
n 

l , m s tation s . 

Using the approximat ion 

t I: = GLG 
x 

< 0 2 
y .  l 

and the f a ct that L lS d i agona l  wi th e lement s  o ? /n . ,  one s e e s  that l l 
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2 
g 

x l l  

2 
g 

Yl l  

2 
g

x ml 

2 g 
�ml 

· . . . . . . . . .  

· . . . . . . . . .  

· . . . . . . . . .  

2 
g

x 
ln 

2 
g 

Yl n  

2 
g

x mn 

2 g 
Ymn 

.--

0�J 
! 2 
: °

l
/n

l 

2 I 0 I 
I Yl l 
I 

I i= 
I 
I 

: 2 , 
, l o in , , 

2 i n n I -.J 0 x 
m 

2 0 
Ym. _.-1 

for the d i agonal e lement s  of  the var i ance- co variance matrix of 
the coordinate s , 02 and 02 . The re fore , the con straints x .  y . l l 
for the i th stat ion have the form 

n 2 L g
x . .  

2 
o . /n .  

J J 
2 < 0 ( 3 1  ) X .  j= l J l l 

and 
n 2 
L: g 

y . . 
2 

o ·/n . 
J J 

2 < 0 ( 3 2 )  y .  j=l J l l 

where 2 and 2 the maximum a l lowable vari ance s  in and 0 0y .  are x Y x .  
l l 

at the i th station . 

The drawba ck to the se con s traints i s  that d i f ferent optimal 
solutions are computed for d i f ferent orientation s  of  a g i ven 
con figurat ion . As d i s cu s s e d  i n  the beginning of  thi s report , 
control networ ks are based upon a s t andard independent of  network 
orientation . One de s i re s  the d e s i gn a lgori thm to ref l e ct thi s 
property . I t  happens that the sum of the var i ance s  of the x and 
y coordinates i s  inva r i ant wi th respect to rotation of the 
netwo r k  or coordinate sys tem . The re fore , a set of con straints 
wr i t ten in terms of  the s um o f  the coordinate var i an ce s  should 
g i ve a con s i s tent optimal so lution independent of  the netwo r k  
or coordinate sys tem orientation . The con straints f o r  1 /2 u  = m 
s tations would have the form 
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. . .  , n ) < 
n 

2 o 
X . l 

( i  = l , m) 

where f l
� i s  the s um of f 

x ·  
and f 

Yi 
I n  terms of  e l ement s  of  the 

G matrix , thi s gi ve s  l 

n 
L: 
j= l 

2 
< 0 

X .  l 

The se new cons traints are merely the pairwi se sum of eq ( 3 1 )  
and ( 3 2 ). Note that the se constraints are fun ct ions o f  the 
reciprocal of t he obs e r vat ion repe t i t ions and are therefore 
non l inear . 

Pie cewi se L inear Approximation 

S in ce the var i ance con straints are non l inear i n  the 
var i ab l e  n·,  the S imp lex a lgori thm cannot be used . Howe ver , 
the constraints  ( 3 3 )  are immediately s een to be separable . 
App lying the te chnique of  p i e cewi se l inear approximation , 
di s cu s s e d  pr eviou s ly , the con s tr a in t s  are appro ximated 
over £ break points at integer spacing from 1 to £. Then for 
the ith stat ion , 

n 
L: 
j= l 

2 ( 2 o . g  
J x . .  

Jl 

£- 1 2 ) ( '" n 'k ) + g  l - L..J J < 
Yji k= l  k ( k+l ) -

whe re 0 � n jk � i for a l l  j and k.  Now e a ch var i able , n · k , 
be come s the kth repe ti tion of  the i th obs e r vat ion . When J 

rearranging terms , e q  ( 3 4) b e come s 

L: 0 .  g + 
n ( 2 

j= l J Xji 
) Q.- l 

2 '" - n 'k 2 g L..J J < 0 Yji k= l k ( k+l ) - x .  l 

and the number o f  repe ti tions of  the jth ob s e r vation lS 

£- 1 
n .  = 1 + L: n j k . 

J k=l 
The p i e cewi s e  l inear approximation i s  made from 1 rather 

than f rom a numbe r close to 0 for two reason s . Pr ima r i l y , 
it  pre vents the e l imination ( by a s s igning 0 repe t i tion s )  of 

( 3 3 )  

( 3 4) 

an obs e r vation . This ensures that any redundant ob s e r vations 
for error che cking are pre s e r ved . I n  addi t ion , a poor 
approximation i s  obtained for the reciproca l  fun ct ion over the 
region 0 to 1 u s ing a single vari ab l e . A better approximation 
i s  produced by u s ing s e veral var i ab l e s  in the reg ion ; howe ver , 
in the fie ld,  only an integral number of  obs e r vation s  may be 
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per formed . Rather than do more work to comp ute a solut ion that 
is not phy s i c ally reali z able and may h urt error detect ion , the 
s imp le route i s  chosen by us ing an interval from 1 .  

Direction Con s traints 

One desires to s a t i s fy the cond i t ion that all direc tion 
observat ions in a g iven set at a station be observed with the 
s ame n umbe r of repe t i tion s . Thi s cond i tion can be met in ei ther 
of two ways . Fi r s t , a s e r i e s  of eq ua li ty con s traints can be 
constructed req ui r ing that the set of direction repetit ion s be 
eq ual.  Second , le t n i repre sent the n umbe r of repet it ions o f  
the i th d i rect ion ob se rvation t o  a l l  s i ghted stations . Thi s  
second approach i s  us ed for the de s ign a lgorithm .  

The se cond approach i s  partic ular ly attract ive because i t  
avoids increas ing the n umber o f  con s traints and red uces the 
n umbe r of var i ab le s .  I n s tead of £- 1 variables per direction , the 
method use s  £- 1 vari ab le s  per d i rection s e t ; and in a piecewi se 
linear approximation , an addi t ional con s traint is applied to 
each var i ab le .  So a reduction in the n umbe r o f  vari able s  also 
red uc e s  the n umbe r o f  constraints . Us ing thi s  approach , for the 
ith s t ation with a j d i rect ion obs ervations in the j th d i rection 
set , 

a .  
n J 2 
L L °

j h  
j= l h =l 

2 2 < ° + ° 
x .  y .  l l 

( 2 
g + 

x
j ih 

a .  n J 
- L I: 

j= l n=l 

2 L 
) i- l 

g
Yj ih k- l 

- n jk 
k ( k+l) 

2 °
j h  

( 2 
+ 

2 ) 
g

X"h 
g

Y"h J II J l 

and the n umbe r  o f  repet itions o f  the j th d i rect ion set lS 

£- 1 
n . = 1 + I: n jk J k = l  

Moore- Penro se Gene rali zed I nver s e  

The coord inate var i ances at a station a s s ume d i f ferent va l ue s  
when s e le c t i ng a d i f f e rent constrained point , even i n  a minima lly 
constra ined network . Thi s i s  d ue to the f act that coordinates 
are not e s t imab le q uanti t i e s . Bec a use o f  thi s , an optimal 
design wi ll vary according to the s e lect ion of the constrained 
point . In Yo ung ( 1 9 7 4, p .  3 5 7 ), one s e e s  that the error e ll ip s e s  
stead i ly incre a s e  in s i z e  f urther f rom the con s trained point . 
S ince a simp le relat ion exi s t s  b e tween coordinate vari anc e s  and 
error e llipse axe s , the examp le a lso i llus trates the increase in 
coordinate variances . A network des i gn wo uld pos s e s s  an 
increas ing n umber of observation repet it ions f urthe r from the 
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constrained point . A control n etwork , whi c h  min i ma lly s a t i s f i es 
its r elative accuracy s p ec i f ication s , shou ld not vary wi th 
r es p ect to the con s t r a in ed point . 

To formu la t e  the constraints such that thi s inc r ea s e  wou ld 
not occur i s  des i rable. On e approach i s  to use th e Moore
Penro s e  g en er a li z ed inver s e ,  ( At I-1A ) + , in p lac e o f  the Cay ley 
inver s e. The g en er a li z ed inver s e  g enerates coor dinate var ianc es 
that a r e  not di s t an c e  invari ant f ro m  the c entro i d  o f  the n et
work ( Pope 19 7 1) i but the incr ea s e  is in a much s lower fashion 
than that o f  the Cay ley inver s e. Thi s qua li ty , in co mbinat ion 
with rotational inva r i ance,  provi des a qua s i -ho mogen eous mea s u r e  
of a g eo det i c  n etwork.  S uch a measure has been propo s ed by 
B j erha mmar ( 19 7 3 ,  pp. 2 9 3 - 2 9 5 ). 

Cost Function 

The cost function , as  di scus s ed ear li er , c an b e  exc eeding ly 
comp lex . For thi s des i gn a lgorithm,  the cost i s  approxi ma t ed 
by a lin ear function o f  the r epet i t ions of  each obs ervation . 
Th e function to b e  mini mi z ed i s  

n 
L 
i- l 

c . n . l l 

wh er e  c i i s  the c o s t  for each r epet i t ion of  the i th ob s ervat ion . 

U s i ng a pi ec ewi s e  lin ear approxi mation i n c r ea s es th e numb er 
of var i ab les . Each of  thes e  mus t  b e  accoun t ed for by a cost 
coef f ic i ent.  S in c e  the c o s t  function i s  lin ea r  an d the 
approx i mat ion i s  ma de over un i t  interva ls , the func t i on to b e  
min i mi z ed beco mes 

n 
L 
i = l  

c .  l 

.Q,- l 

L 
j- l 

n . . lJ 

for an .Q,th or der p i ec ewi s e  appro x i mat ion . 

S in c e  ni r ep r es en t s  the r ep et i tions o f  a s et of  dir ect ions 
at a station , the cost function shou ld mo del the larger cost of 
an occupation that s i ghts a larger number of s tation s . Th i s  
con di tion i s  s a t i s f i ed b y  min i mi z ing 

n 

L 
i =l 

a . l 
L 

k=l 
n . . lJ 



for ai dir ect ions i n  the i th dir ect ion s et .  For thi s  des ign 
algor i thm, the c ik's are a s s u med equal for a s pec i f i c  i th 
dir ect ion s et .  Thi s  gives 

n 

L 
i= l 

a . c .  l l 

[-1 
L 

j = l  
n . . . lJ 

RES ULTS 

A progr a m  was wr i tt en in FORTRAN IV ( FORmu la TRAN s l a tor ) 
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to solve the s econ d- o r der network des i gn prob lem using the 
constraints and cost f unct ion des c r ibed ear l i er .  The solut ion 
proc eeds in an i t erative manner , wher e  the mo s t  r ec ent es t i mate 
of the r epet it ions of  each obs ervation is  u s ed to form a new 
var i ance- covari an c e  matrix for the next cyc l e. The output 
di s p l ay s  the r epet i t ions of  each obs ervation r equir ed to meet 
or b et t er the des ign s pec i f ication s .  

Th e input con s i s t s  of  three s et s  of  c a r ds - - pos i t ion cards , 
di stanc e  obs ervat ion cards , an d dir ection obs ervat ion c a r ds .  
Each po s i tion car d cons i s t s  o f  a station numb er , the x and y 
coordinates i n  met er s , an d the r equired var i ance s u m  

2 2 0 + 0 x y 

in square met er s .  Each di s tanc e  card contains the occupi ed and 
s i ghted stat ion numb er s , the varianc e an d the cost of  the 
s in g l e  obs ervat ion , an d an i n i t i a l  es t i mate o f  the o pt i ma l  
r epet i t ion s o f  that obs ervat ion . Each di r ec tion s et con s i s t s  
of  a n  occupation c a r d  an d any number of dir ec tion ob s ervation 
cards .  The dir ect ion occupation card i denti f i es the occupi ed 
stat ion numb er , the cost of  ob s erving one r epet i t ion o f  one of 
the dir ec t ions ( a ll are a s s u med equa l ) , and an i n i t i a l  es t i ma t e  
of t h e  opt i ma l  r epet i t ions of  t h e  s et .  Each di r ec tion ob s erva
tion card contains the number of the s ight ed s tation an d the 
var i anc e of that particular ob s ervation in square s econ ds . 

Th e progr a m  i n puts the data s et ,  con s tructing th e des i gn 
matrix a s  each obs ervat ion i s  r ea d. Th e invar i ant quant i t i es 
in the S i mpl ex tab l eau are ent er ed, an d the i t eration co mmen c es .  
In each i t erat ion , the G matrix i s  co mpu t ed u s i ng a l ibrary 
ps eu doinver s e  routine,  the con s traints are ent er ed into the 
tab leau , an d the l i n ear i z ed progr a mi n g  prob lem is so lved by 
a l ibrary S i mplex rout i n e. Th i s  cyc l e  then r epeats for a 
des i r ed number of i t eration s .  The f inal s o luti on cons i st s  
mer ely of  t h e  r ep et i t ions o f  each obs ervation , a r es u l t ant 
co s t  for each obs ervat ion , and a total cost of  the ent i r e  
obs ervat ion scheme. 
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A s er en dipitous r es u lt o f  u s ing a pi ec ewi s e  lin ear approxi ma
tion at integ er poi nts is that a s i gn i f i c ant number of the 
obs ervation s  a r e  o pt i mi z ed at integ er values . As s een in 
figure 2 , the p i ec ewi s e  approxi mation has extr eme points at 
the i n t eg er s ; and it is o f t en ther e  that the s o lut ion achi eves 
opti ma l  valu es .  Thi s  has two a dvantages .  S inc e the a pproxi ma
t ion is exact at the integ er points , exact obs ervation var ianc es 
are being r ef lec t ed i n  th e o pt i ma l  s o lution. In a ddit ion , s in c e  
on ly an i n t eger number of r epet i t ions c a n  actua lly be obs erved ,  
a mor e  phy s i c a lly r ea li z ab le obs ervat ion scheme r esult s .  A ll 
thi s occurs wi thout incorporating the i n c r ea s ed co mplex i ty o f  
integ er progr a ming t echniques .  

Qua dr i later a l  D eformation 

Thi s s er i es of  data s ets wa s run to investigate the behavior 
of  the opt i ma l  s o lut ion s ub j ec t  to the defor mation of  a t r i angu
lation qua dr i later a l. Throughout thes e  s ets , each dir ect ion 
i s  a s s u med to have a var i ance of 9 s 2 ( s econ ds squa r ed) an d 
the s a me cost ( 1  un i t )  no mat t er wher e  it i s  ob s erved. For 
each data s et ,  the s a me accuracy constraint is u s ed for each 
stat ion : 

0
2 

+ 0
2 < 0 . 0 0 0 4 

x Y 
2 

m ( met er squared ) . 

By u s ing thes e s a me va lu es , the vari a t ion in the opt ional 
solut ion is due so lely to the vari a t ion in the g eo metry of the 
qua dr i later a l. 

The f i r s t  t es t  ( f i g .  3 )  was a sy mmet r i c  qua dr i lateral,  5 k m  
( k i lo met er s )  o n  a s i de. 

(0 ,5000 ) B ..-----------,. C (5000 , 5000) 

(0 ,0)  A L------� D ( 5000 ,0) 

F igur e 3 . - - S y mmet r i c  t r i angu lation qua dr i later a l . 

The o pt i ma l  s o lution des i gn ed by th e metho ds pr evious ly 
des c ribed i s  s u mma ri z ed i n  table 2 .  



Tab l e  2 . --Symm et r i c  quadr i la t er a l  

d es ig n  

s t a t ion Rep et i t ions 

A 5 . 2 

B 6 . 0 

c 6 . 0 

D 6 . 0 

Total cost 6 9 . 6 
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Noti c e  that no particular r ea son ex i s t s  for station A to have 
l es s  than s i x  obs ervation s .  Thi s could have j us t  as  ea s i ly 
happen ed at any s tat ion . The p i ec ewi s e  l in ea r  approximat ion 
do es t en d  to k eep the solution at integ er values as di scus s ed 
ear l i er .  The tota l  cost i s  obt a i n ed by s umming the product of  
the number o f  dir ection obs ervation s  at a s t at ion by the 
ind icated number o f  r epet i t ions over all the station s .  

The next t es t  u s es the s ame data s et ,  exc ept that s t at ion C 
now has the coo r dinates ( 4 0 0 0 , 5 0 0 0 ) . The s o lu t ion r ecover ed for 
station s  A to D was ( 6 . 8 , 5 . 0 , 5 . 0 , 6 . 0 ) for a total co s t  of  6 8 . 4 
uni t s . The surpr i s ing r esult o f  thi s des i gn i s  that i t  has 
an opt ima l total c o s t  sma l l er than the opt imal total cost of  
the s ymm etric quadr i la t era l .  T o  inves tiga t e  thi s  b ehav ior , a 
numb er o f  data s ets wer e  run ; the r es u l t s  a r e  s umma r i z ed in 
tab l e  3 .  
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Table 3 . - -D e formed quadr i lateral des ign , I 

C coordinate s 

( 5 0 0 0 , 5 0 0 0 )  : 

( 4 0 0 0 , 5 0 0 0 )  : 

( 3 0 0 0 , 5 0 0 0 )  

( 2 5 0 0 , 5 0 0 0 )  

( 4 0 0 0 , 4 0 0 0 )  

Rep e t i tions 

5 . 2  

6 . 0  

6 . 0  

6 . 0 

6 . 8  

5 . 0  

5 . 0  

6 . 0  

7 . 3 

4 . 0  

5 . 0  

5 . 3  

6 . 0  

4 . 0  

5 . 5 

6 . 0  

9 .  4 

4 . 0  

5 . 0  

3 . 0 

Tot a l  cost 

6 9 . 6  

6 8 . 4 

6 4 . 8  

6 4 . 6  

6 4 . 3  



Tab l e  3 .  - -De formed quadr i lateral de s ign , I ( continued)  

C coord inate s Repe t i t ions Total cost 

1 0 . 0  

3 . 6 

( 3 0 0 0 , 3 0 0 0 )  : 4 . 0  

3 . 0 6 1 . 6 

From the r e s u l t s  summar i z ed in tab l e  3 ,  i t  would appear 
that the greater the de formation , the cheaper the optima l 
de s ign . The mechan i sm by which thi s  occurs i s  b e s t  descr ibed 
by con s ide r ing the network in f igure 4 . 

(0 ,5000) B 

(0 ,0) A L-. _________ � 0 (5000,0) 

F i gure 4 . - -De formed t r i angu l at i on quad r i l ateral . 

29 

As the pos i t ion of s tat ion C come s c loser to station A ,  the 
angle BCD tends to increase . The direction observations from 
station s  B and D intersect an an increas ingly poorer geometry . 
Th i s  make s the observations from A become important . I t  become s 
more e f fect ive to make two add i t ion a l  d i rection sets at A ,  
rather than one add i t ion a l  s e t  at B and at D .  Th i s  i s  r e f l ected 
by a l arge number of observations at station A in table 3 .  
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NOw , s in c e  a n  ent i r e  d i r ec tion s et i s  obs erv ed a t  each 
s tation , each r ep et i tion of d i r ec tion AC a l s o  means a r ep et it ion 
of AB and AD . The i n c r ea s ed numb er o f  obs ervations to B and D 
better d et er mines tho s e  p o s i tions , caus ing a r educ tion o f  the 
rep et i t ions n eed ed at B and D .  Thi s  i s  also r ef l ec t ed In 
tab l e  3 .  

Having id en t i f i ed the mechani s m  that d es c r i b es the opti ma l  
d i st r ibut ion of  obs ervation s , o n e  would exp ec t  a n  even lower 
opt i ma l  cost i f  two po s itions a r e  brought toward the c en t er o f  
t h e  n etwork . An exa mp l e  of such a network i s  d i splayed in 
f igur e 5 .  

B c 

(0,0) A L... __________ D (5000 ,0) 

Figure 5 . - - S y mmetric d efor med quad r i l a t er a l . 

Th e n ext s et o f  s o lutions ( tabl e  4 ) wa s comput ed with th e 
pos i tion s of  both B and C a l t er ed in a s y mmet r i c  f a s hion .  
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Tab le 4 . - - Deformed quadr i lateral de s i gn , I I  

B and C coord inates Repe ti t ions Tot a l  co s t  

5 . 2 

( 0 , 5 0 0 0 )  - 6 . 0 

( 5 0 0 0 , 5 0 0 0 ) : 6 . 0  

6 . 0  6 9 . 6  

6 . 0  

( 1 0 0 0 , 5 0 0 0 )  - 4 . 0  

( 4 0 0 0 , 5 0 0 0 )  : 4 . 0  

6 . 0 6 0 . 0  

5 . 5 

( 2 0 0 0 , 5 0 0 0 )  - 3 . 0 

( 3 0 0 0 , 5 0 0 0 )  : 2 . 6  

6 . 0  5 1 .  3 

5 . 0  

( 1 0 0 0 , 4 0 0 0 )  - 3 . 4 

( 4 0 0 0 , 4 0 0 0 )  : 3 . 4 

5 . 0 5 0 . 4 

4 . 5  

( 2 0 0 0 , 3 0 0 0 )  - 2 . 0 

( 3 0 0 0 , 3 0 0 0 )  : 2 . 0 

4 . 5  3 9 . 0  
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Center Point Quadr i l ateral 

The next t e s ts inve s t i gate the behavior o f  the opt ima l 
s o l ut ion o f  a center point quad r i lateral o f  triangulation . In  
the se te s t s , the geometry o f  the quadr i l ateral remains con s t an t , 
but the e f fect o f  occupation o f  the central point i s  examined . 
The observat ion var i anc e s , c o s t s , and required pos i t ional 
accuracy are identical  to tho se in the preceding top ic . The 
geome try of the f i r s t  t e s t  i s  d i s p l ayed in f i gure 6 .  

(0 ,5000) B �----------..,. C (5000,5000) 

" ,,/ 
, / 
E 'J:{. (2500 ,2500) 
" , 

" , 
/ , 

(0,0)  A IL.----------� D ( 5000,0) 

F igure 6 . -- Center point quadr i l ateral . 

The opt ima l so lut ion computed for thi s con f i gurat ion i s  ( 7 . 0 , 7 . 0 ,  
7 . 0 , 7 . 0 ) with a total cost o f  8 4 . 0 .  Thi s should be compared to 
the tota l c o s t  of 6 9 . 6 for the symme tric quadr i lateral w i th no 
center point . 

Stat ion E i s  occupied i n  the next te s t , w i th four direct ion 
obs e rvat ion s ori g inating to the other stations . The loc ation o f  
the s ta t ions r ema ins the s ame , however . I n  thi s  test the optima l 
so lut ion i s  ( 5 . 0 , 5 . 0 , 5 . 0 , 5 . 0 , 3 . 9 ) for a total o f  7 5 . 6 .  F rom t h i s  
one s e e s  that , i f  it  woul d  c o s t  l e s s  than 8 4 . 0  - 7 5 . 6  = 8 . 4 to 
occupy stat ion E with a theodo l i te , net saving s r e s u l t  by 
per forming such an occupation . 

C i r c u l ar Trave r s e  

I n  thi s f inal s e r l e s  o f  t e s t s , the opt imal so lut ion of a 
circular t r averse with a 2 0 -km d i ameter i s  inve s tigated . Both 
d i s t ance and d i rect ion ob s e rvations are made for three d i f f e rent 
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de s ign scheme s , which wi l l  be d i scus sed short ly . The geometry 
of the f i r s t  t e s t  i s  d i sp l ayed in f igure 7 ;  and the s tation 
coord inate s in meters are s ummar i z ed in tab l e  5 .  

L 

c 

F 

F igure 7 .  - - C ircular t r aver s e . 

Tab l e  5 . - -Circular traverse coordinate s 

station x y 
( m )  ( m )  

A 1 5 , 0 0 0  1 8 , 5 0 0  

B 1 8 , 5 0 0  1 5 , 0 0 0  

C 2 0 , 0 0 0  1 0 , 0 0 0  

D 1 8 , 5 0 0  5 , 0 0 0  

E 1 5 , 0 0 0  1 , 5 0 0  

F 1 0 , 0 0 0  0 

G 5 , 0 0 0  1 , 5 0 0  

H 1 , 5 0 0  5 , 0 0 0  

I 0 1 0 , 0 0 0  

J 1 , 5 0 0  1 5 , 0 0 0  

K 5 , 0 0 0  1 8 , 5 0 0  

L 1 0 , 0 0 0  2 0 , 0 0 0  



3 4 

For a l l  1 2  station s , the required accuracy i s  

2 2 2 o + 0 < 0 . 0 0 0  9m . x y 

The var i ance o f  a d i rec tion i s  a s s umed to be 1 . 4 s 2, ( s econds 
square s )  and for a d i s tance is 0 . 0 0 1 1 7 Sm2 . F in a l ly , a s sume 
that the rel ative c o s t s  o f  a d i s tance and a d i rect ion obs e rva
tion are equiva lent . Even i f  thi s  i s  not the case , the program 
a l l ows any d e s i red c o s t s  to be used for a network d e s i gn . By 
u s i ng thi s cowb i nat ion of ob s e rvation vari anc e s , c o s t s , and 
de s i red accurac i e s , the optima l  solut ion computed by the 
algor i thm requi r e s  e ach d i s tance to be mea s ured 3 . 0 t ime s and 
each d i re c t ion set be mea s ured 1 . 9  t ime s for a total cost o f  
B 1 . 6 .  

The next t e s t  inve s t i g ate s the pre sence o f  a d i rect ion target 
in the center of the trave r s e  ( 1 0 0 0 0 , 1 0 0 0 0 ) . No obs ervations o f  
any type are made f rom t h i s  target . S ince the target i s  bej ng 
ob served to s trengthen the remainder of the network , the target 
po s i t ion is not accurately required , and an extreme ly l arge 
var i ance s um 1S a s s i gned to it : 

The opt imal so lut ion for thi s  data s e t  s tates that the d i s t ance s 
should be mea s ured f rom 2 . 0  to 2 . 7  t ime s and each direct ion s e t  
should b e  mea sured for a t o t a l  c o s t  o f  6 4 . 0 .  Thi s i s  a drama t i c  
reduc t ion , s howing the bene f ic i a l  e f fect o f  observing direct ions 
to a central point . 

Note the po s s ib i l i ty that the so lut ion for the direction s , 
which spec i f i e s  e ach d i rect ion s e t  to be ob s erved 1 . 0  t ime s , 
coul d  be sma l ler . The constraint o f  the p i e cewi se l inear 
approximat ion over the region 1 to � p revent s  thi s  f rom happen ing . 
I f  s t r i cter requirement s  we re made on the coordinate vari ance 
sum , an even l arger reduct ion in the total cost might have been 
obse rved . 

The f in a l  t e s t  inve s t i gates the e f fect upon the optima l 
solution i f  both d i s tance and d i rection obs ervations are made 
to the centra l  point . In  t h i s  t e s t , the variance of the d i s tance 
obs erva t ions made to the central point i s  a s s umed to be 0 . 0 0 1 Bm2 . 
Th i s  corresponds to a var i ance o f  ( 3  cm pl u s  3 ppm) 2 for the 
d i s t ance . The opt imal s o lut ion ind i c at e s  that the r im d i s tanc e s  
be mea s ured 1 . 0 to 2 . 0  t ime s , that the s poke di s tan c e s  b e  
measured once , and that the d i rections b e  measured once for a 
total cost o f  6 7 . 4 . Thi s optimal so lution i s  s l i ghtly hi ghe r 
than that o f  the d e s i gn whe re d i s tances to the central t a rget 
we re not me asured . Remember : no observa tion i s  a l lowed to be 



3 5  

mea s ured l e s s  than once ; the cost o f  a direction i s  a s s umed to 
be equivalent to the c o s t  of a d i s t ance ; and the d i s tance s and 
direct ions are a s s umed to be uncorre l ated . 

IMPROVEMENTS 

Thi s  f inal s e c t i on examine s a range o f  po s sible improvements 
that cou ld be made to the d e s i gn a lgori thm embodied in the 
program . As d i scus sed e a r l i e r , the program was implemented 
u s i ng a number of approximation s . By deve loping more accurate 
repre sentations of obs ervation var i ances and cost s , a better 
geodet ic network de s i gn too l wi l l  result . 

Computer S torage A l location 

Although t h i s  problem was not mentioned e a r l i e r , the d e s i gn 
program u s e s  extreme ly l arge amounts o f  computer s torage with 
con sequent incre a s e s  in computer time requiremen t s . The se 
incre a s e s  are o f  such magn i tude that thi s prob lem should be 
tackled be fore any operat ion a l  use could be made o f  the program . 

F i r s t , however , one mus t  detai l  the prob lem . For a l l  te s t s , 
the program u s e d  doub le pre c i s i on a r ithmet i c  on an I nternat ion a l  
Bus in e s s  Machine , IBM 3 7 0 , w i th v i r tu a l  s torage . The quadr i 
l ateral o f  t r i angu l at ion a l lowing u p  t o  1 1  repe t i t ions ran in 
the 1 9 2 k  par t i t ion . However , the c i rcular traverse with a l l  
the d i s tance and d i rect ion ob s ervat ion s , a l l owing up t o  four 
repet ition s , ran in the 5 1 2 k  partit ion . Thi s  is a l arge amount 
of computer storage for such a mode s t  s i z e  network . 

Tab l e au Spar s i ty 

The reason behind the drama t i c  increase o f  computer storage 
requ i rement s  is primari ly due to the pie cew i se l inear approxima
tion . For such an approximation over integer values from 1 to 
� + 1 ,  the r e  i s  an � - fo l d  incre a s e  i n  the numbe r o f  vari abl e s . 
Further , the p i ecewi se l inear approximation produces an 
addi t iona l � - fo ld increase i n  s lack variables and extra n x � 
con straints . ( See eq 3 4 . )  This r e s u l t s  i n  a 2 ( n x � ) 2 increase 
in storage for tho se con s train t s  a lone . One approach to the 
reduct ion i s  to con s ider revi sed forms o f  the S imp lex a lgor ithm .  

The S implex l inear programing subroutine ca l led in the 
de s i gn program a l ready u s e s  a revi sed S imp lex method cal l ed 
the product form o f  the inverse ( Hadley 1 9 6 1 ) . In thi s form , 
the s e c t ion o f  the tab l e au that ho lds the s imple vari ab l e s  i s  
inva r i ant whi le the sect ion whi c h  ho lds the s l ack and art i f i c i a l  
vari ab l e s  i s  updated during the change o f  b as i s . N ow ,  the 
invar i ant section happens to be an augmented ident i ty matrix 
for the piecewi se l inear approximat ion over uni t  value s . Because 
o f  thi s ,  the ident i fy matrix port i on need not be s tored so long 
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a s  the S implex subrout ine i s  spec i al ly mod i f ied to reproduce the 
e f fect of the i dentity port ion of the matri x . Th i s  approach 
wou l d  reduce storage requi rements by a lmo s t  ha l f . 

Variable P iecewi se Linear Approximation 

A se cond approach provides for an even more dramatic decrease 
in the computer storage requirements . Con s i der the p iecewi se 
l inear approximation . There i s  no computat ional rea son for i t  
t o  b e  made over integer va lue s or even over equa l ly spaced break 
point s . Moreover , i f  the approximation i s  viewed from an 
iterat ive s t andpoint , then i t  i s  unneces s ary to use the s ame 
break points from i teration to i teration . One c an u s e  a crude 
approximation ove r a l arge reg ion and se lect s ubsequent break 
points that wi l l  a lways bracket the s o lut ion . When done 
iterative ly , one c an solve the non l inear programinq prob l em to 
an arbi trary accuracy u s ing only a sma l l  number of break point s . 

As an examp l e , s uppo se a non l inear funct ion may vary over 
1 to 5 1 . Rather than c re ate 5 0  var i ab l e s  and 5 0  new con s traint 
equation s , only 5 are created wi th break points at ( 1 ,  1 1 , 2 1 ,  
3 1 , 4 1 , 5 1 ) . S uppose the s o lut ion for that approximat ion i s  1 4 . 
Then , the next set o f  break points could become ( 9 ,  1 1 , 1 3 , 1 5 , 
1 7 , 1 9 ) . The next break po int could b r ing the break points into 
integer spac ing . Us ing thi s  approach , o f  cour s e , does not mean 
abandonment of the advantages of break points w i th integer 
spac ing . U s i ng thi s i terat ive approximat ion , one can rep l ac e  
each or i g in a l  variab le w i th o n l y  two approximation vari ab le s . 
Thi s  would l e ad to a tableau s torage requirement o f  only 8 2 

for the approximat ion con s traint s . n 

I n  add ition to the greatly reduced storage requirements , 
three other r e a sons point to the var i ab l e  p i ecewi s e  l inear 
approximat ion . F i r s t , the r e s u ltant l inear progr ami ng prob l em 
wi l l  be much smal ler , so that a solut ion may be computed much 
qui cker a l lowing the i terat ions to proceed at a rapid pace . 
Second , s ince the prob lem i s  re formu l ated at each iteration , 
roundo f f  error be comes much sma l ler . F inal l y , s ince the 
approximation to the inve r s e  i s  i terat ive ( eq 3 0 ) , the algori thm 
mus t  repeat anyway , so a sma l ler l inear programing prob l em 
might a s  we l l  be solved ins tead o f  a l arge one . 

One s l ight drawback to the i terative approach i s  that , i f  the 
break points are made to " c lose i n "  on the approximate solut ion 
too quickl y , add i t ion a l  i terat ions may have to be per formed unt i l  
the break �'oints again properly s tradd le the solut ion . One mus t  
deve lop some ru l e s  f o r  the opt imal rate of contraction o f  the 
break point s . 
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D i s tance Ob servat ion Corre l at ions 

One o f  the maj or a s s umptions made in the de s i gn a lgori thm 
was that the d i s t ance obs ervations are uncorre l ated . Thi s  i s , 
in fac t , not the case for modern e lectromagnetic d i s tance
measurement instrumentat ion ( Ma l la 1 9 7 8 ) . Because of thi s  
corre lat ion , the a s s umed uncorre lat ion make s d i s tanc e s  appear 
more e f fective than they are i n  rea l i ty . 

Two approache s can be u s ed to i ntroduc e the e f fect o f  
corre l at ion . The f i r s t  would b e  t o  deve lop some funct ion o f  n 
that adequately mode l s  the corre lat ion . A l e a st- squar e s  f i t  
o f  the funct ion cou ld b e  made for data that represent the 
var i ance of the me an over the numbe r o f  ob s e rvation s . The 
l e a s t- square s e s t imate of the variance of the mean could then 
be used in the de s i gn a l gor i thm . 

A s econd approach , however , i s  much s imp ler and u s e s  no 
approximation s .  The piecewi se l inear approximat ion requires 
the var i ance o f  the me an at each break poi nt and nowhere e l s e . 
There fore , i f  the break points are a lway s at integer value s , 
then the mean o f  the var i ance i s  only required at the s e  integer 
value s . The se data can be s tored in a tab l e . There is no need 
to compute some approximate l e a s t- squar e s  f unction . The second 
appro ach seems mo st e f fect ive for incorporating the corre l at ions 
o f  d i s t ance observat ion s . 

Re l a t ive Accuracy Cons tra int s 

As d i s c u s s ed e a r l ier , the spec i f i c at ions for hor i z ontal 
control networ k s  are wr i t ten in terms o f  length re lat ive 
accuracy requirement s .  I t  i s  natural , there fore , to w i s h  to 
determine the l ength re l a tive accurac i e s  a s soc i ated with the 
opt ima l so lut ions computed us ing the qua s i - coordinate inva r i ant 
con s traint s . 

and 

The l ength r e l at i ve accuracy i s  expre s sed as l : r  whe re 

1 
r 

CJ d . .  lJ 
� lJ 

2 2 2 
d . . = ( x . - x . )  + ( y . -y . ) . lJ J l J l 

Taking the opt ima l  so lut ion for the s ymmetric t r i angulation 
quadr i l ateral ( 5 . 2 , 6 . 0 , 6 . 0 , 6 . 0 ) and ho lding points A and D 
f ixed , one s e e s  that between B and C 

3 . 7  cm 
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and 1 - = 1 : 1 3 5 , 0 9 7 .  r 

For the d e formed quadr i l ateral w i th C at ( 3 0 0 0 , 3 0 0 0 ) , between B 
and C one comput e s  

and 

o = 4. 3 cm 
d

BC 

1 
r 

3 6 0 5 . 6  m 

1 : 83 , 5 46 ;  

and for the symme tric de formed quadr i l ateral wi th B at ( 2 0 0 0 , 
3 0 0 0 )  and C at ( 3 0 0 0 , 3 0 0 0 ) , between B and C one compute s  

and 

o = 3 . 2  cm 
dBC 

dBC 
1 0 0 0  m 

1 
- = 1 : 3 1 , 2 2 0 . 
r 

C l ea r ly , the r e l at ive accuracy be twe en B and C degrade s as  
the quadr i l ateral i s  de formed . P r imar i ly , t h i s  i s  due to the 
change in the d i s tance be tween B and C .  The s t andard error of 
the length between B and C exhibi t s  no spec i a l  pattern . One 
cannot be surpr i sed at the degradat ion s ince the original 
accuracy constraints  we re not in terms o f  length rel ative 
accurac i e s . 

I t  appe a r s  that the only way to en sure an optimal de s i gn 
s a t i s fying a particular d e s i gn requirement is to wr ite the 
spe c i f ic requirement into the constraint s . Furthe r , be fore one 
c an deve lop a network de s ign a l gorithm ,  one must dec ide which 
accuracy measures are app l i c ab l e  to the problem at hand . For 
hor i z ontal control networks , one would write the accuracy 
constraints in terms of length r e l ative accurac i e s . By l inear 
error propagation , the con s traints have the form 

2 D X  . .  lJ 

- 0 
y . x . l J 

- 2 0  
X . X . l J 

+ O x . y . ) + 
J J 

for a l l  i j over every ob s erved l i ne . 
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By be ing ab le to de s i gn networks directly s a t i s fy ing the 
spec i f i c at ion s , one c an s c rutin i z e  the s e  d e s igns w i th other 
te s t s , generating ideas for spec i f ic at ion rev i s i on s . The cycle 
would repeat i t se l f , r e s u l t ing in a s tronger s e t  o f  spec i f i 
cat ions . 

Station occupation Co s t s  

The next leve l o f  soph i s t i cat ion in model ing the f ie ld work 
cos t  is e s timating the cost of mark recovery , o f  tower 
con struc tion and d i smant l ement , and o f  ins trument s e tup and 
leve l ing . The se costs  are incurred at each occupied s tat ion 
regard l e s s  of the number of ob s e rvation s  made at that s tation . 
S uc h  c o s t s  s eem to be sub s tan t i a l  when compared to the co s ts 
o f  making the obs e rvation s . For thi s  reason , the mod e l ing o f  
station occupation costs  i s  a n  important prob l em .  

Mixed Integer Methods 

To mode l the cost o f  station occupation , one can use a f ixed 
charge c o s t  function ( Gaver and Thompson 1 9 7 3 , pp . 2 3 0 - 2 3 1 ) . 
The f orm o f  thi s  cost function i s  

n 
min z = L 

i = l  

k 
( c . y . ) + L b . O . 

1 1 j = l  J J 

where O J  � 1 and O J  mus t  be integer for a l l  j .  S ince O J  i s  
re stricted to integer value s , O J  may only be equal to 0 or 1 .  A 
station may only be unoccup ied or occupied . Thus , b l  r e f e r s  
t o  the c o s t  o f  occupati on o f  the j th s tation . However , Y i i s  
not r e s tri cted to integer value s , s o  the probl em become s a mixed 
integer prob l em .  One may d e s i re to a l so r e s t r i c t  Yi to integer 
values s ince only an integer number of observations can be made . 
Then the prob l em become s an integer programing prob l em . 

Keep in mind that o ther con s traints w i l l  be necess ary to 
enforce the f a c t  that , i f  no obs ervation s  from s tation j are 
made , a l l  obs e rvations Y i o r i g inati ng f rom that s tation mus t  
b e  O. The se con s traints are not formul ated in thi s  report . 

Preservation o f  Network Redundancy 

When mode l ing stat ion occupation cos t s  by a f ixed charge 
cost function , one mus t  a l l ow each ob s e rvati on to achieve a 
value o f  zero ( i . e . , a l low each obs e rvat ion not to be made ) . 
Un fortunately , any geode t i c  network de s igned in thi s  way i s  
l ikely t o  have a low degree o f  redundancy , a mo s t  und e s i rabl e  
feature . 

One s o l ut ion tha t  immedi a te ly spr ing s to mind i s  to deve lop 
some con s tra int wh ich would pres erve the redundancy in a network . 
T h i s  might requ ire the number o f  d i ff er ent observat ion s to a 
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given s tation meet or exceed a spec i f ied amount .  Al though the 
network woul d  pos s e s s  a margin of s afety agai n s t  ob s ervation 
blunde r s , the set o f  obs e rvations wi thout the blunde r s  may not 
s at i s fy the accuracy con s traint s . It woul d  be s e l f  defeating 
to de s ign a network that wou l d  meet accuracy requi rements 
aga i n s t  the wor s t  conce ivab le s e t  o f  b lunde r s , but �hi s  i s  
edg ing into an entire p roblem by i t s e l f . 

Other Approache s 

Perhaps the mo s t  e f f i c ient approach to network de s ign i s  to 
examine a s ub s e t  of a l l  pos s ib le comb ination s  of ob s ervat ion s  
by computing some " va lue " o f  e ach obs ervat i on . I n  thi s  s tr ategy , 
the network wou l d  be " b ui l t "  with the e f fect of e ach new 
obs ervat ion be i ng added to the foundation of  the previous 
obs ervat ion s . Thi s  approach i s  l i s ted l a s t  because i t s  
e f f ic iency i s  bought at the price o f  examin ing a s ub s e t  o f  a l l  
de s ign s , poten t ia l ly over looking a more optimal de s i gn . When 
such e f f i c ient a l gorithms are dev i s ed , they should be t e s ted 
aga i n s t  some thorough ( i f dec idedly s lower ) exhaus tive 
algorithm .  
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