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Formulas for Positioning at Sea 
by Circular, Hyperbolic, 
and Astronomic Methods 

Commander James Collins, NOAA 
Chief, Coastal Mapping Dit•isio11 
1YOAA. National Ocean Sun:ey 

Rockville. J[ar)'land 

ABSTRACT 

Toda~\ positioning of a vessel is accomplished by using eilher hyperbolil' (LORAN). l'in-ular 
(Ra~disl). l't>l('slial, or saldlilP navigalion sys1ems. The use of thPse syskms "ith onhoanl 
,.-;,mpulPr~ of!Pn has crPatPd problems for 1he navigator and romputPr progranwr \\ho is fan·d 
with a \arirty of formula,, for computing ships' positions. This ri>port is an alt1·mpt to daril~ and 
:<implif~ tlw formulas and procedures required to correcth compute lhe positio11 of a n~ssi•l on lh" 
hi(!h "t'3S. 

1. INTRODUCTION 

The ,,eq u1·ncf· in \\ hi1·h malt•rial will Ix, presented is: 

• Computation of a Ion!! lirw in\ Prs1· distance. 
• Computation of po~ition>' from rircular or range-range 

positioning s~slt>ms. 

• Compulation of po:<ilions from h\ p•·rbolic positioning 
s\skms. 

• S igh1 n·tlurlion and computation of cdestial positions; 
• Solulion of posilioning problf'm using any rornbination 

of lhc abO\t' thn·1· ~\sl1•rns. 

The lasl ih·m, wllt'rt' llw na,iga tor wishes to use a celestial fix 
in combina tion with 1•l1·dronic navigation systems, is prP
,.;1·nted so tha1 tlw na\ igator ''ill have maximum flexibility in 
u~ing all his positionin{! information. 

Bt>fon· gi\ ing tht' formula~. a brief discussion of the figure 
of th1· Earlh (•·llip,.oid) i~ prt'~t'n le<I for readers who ari
unfamiliar "ith tlw \ariou~ t1•rrns. 

2. Tilt: ELLIPSOID 

2.1 Genc>ral 

All 1·11rnpu1ati11ns are p1·rfornwd on an t'arth ellipsoid. 
Figun· 2A ,hm\ ~ thi" t·llip,.oid and it~ a~'ociatt•d param!'lers. 

The difference in longitude i" tlw angular dilfrrenct• (in the 
plane of tht• E11uator) b1'lwc1•n plant>s rnntaining the mnidi
ans of the surface poinb. Som•· rornn11111 parameters of tlw 
ellipsoid that will be use•l an•: 

SQCARES OF: 

First Pccen trit·it' ? ,,- = 
a2 - b2 

a2 

St>cond eccentricit \ e'2= 
a2 - b2 

b2 

Third eccentricitv Ill = 
112 - 62 

a 2 + b2 

Fourth eccentricitv e 2 -
a2 - b2 

0 - ab 

2.2 Reduced Latitude 

Geodetic or geographi<· latitud1· (¢. phi) is lht' latitud•· 
generally given for poinb and represmts thl' anglt• Ld\\e1·n 
the equatorial plane and thi· normal (or 1wqwndicular) at llw 
point. The n·duc1•d and g1·01·entric la1itutl,., (/3. bPta. a ud If. 
psi) are rnath1·matical 4uan1itie" l!iH·n bv thl' ri>lation": 

tan f3 = !!..._tan ¢ and 
(J 

!J2 
tan "' = -., Ian¢ u-

llw gpoclt>tic and ge•x:i>n tric latit11dt' is ~li•m n in figun· 2B. 
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Tlw rrdun•d and geo«entric latitude:. \\ill be used in 
inverse computationi'- since the) simplify mo<-t expressions. 
The resuh of an~ pasition <:omputation. howe\'er, \\ill be 

geodetir or geo!ITaphir latitude. 

2.3 Surface Lint's 

Sinl'1' the Earth is repr('!;rnted by an 1·llipsoid of rotation. 
an~· plan1• that cul" this rllipi«1id will produce an rllipse. For 

examp!P, a planr <:u ttin!! th1· P!lipsoicl through thr Equator 
\\ill produce an ellip!'r of intersrrtion \\ ith zt'ro eccentricity 
(or circle). A plane cutting the dlipsoid through the polt>s 
will produ!'(' an ellipse \\ilh the maximum ecct'ntricity (r). 

Plant'!' cutting thl' ellipsoid at angles othn than zero or 90 
degrPt>s wilh lht' Equator \\ill produce an ellipse of interSt'C· 
tion \\ith an eccentricit\ ht'twcrn zero and f'. 

Plarw nrrvatun· (cuned in orw plant' onl~· ) surface lin1•s 
on the dlipsoiJ resuh from cutting the 1•llipsoid with a plant>. 
To cakulat l' th1· distanr1• hetwt•rn two points on an 1·1lipsoid, 
these plane rnnr o;urfar1• lin1•s may be U»t"d lo approximate 
tht> geodt•lil' lin1· or ··geodPsic'" 11hwh is thr shorlt'SI linr 
beh1rt•n the point~. T\\o plant' ('Uni.,. that an• often U!'t'd tu 
represt'nl surfact' distanr-t'~ brt\\t'1·n points on tlw ellip~oid an· 
thr normal st·.-tion an1l tht' /?rt'al 1·11iptic. 

2.3. l Thi· \onnal ~t'dion 

Thr normal s1Ytion is form1•d hy cutting tht' l'llipsoid with 
a plam· that rnntains tht' normal (se<' ligurl' 2) of uni· point, 
and got·~ through th1· ~1·rnnd point. Thi~ planr rnrve is the 
most frequrnlh us1•d. and a full disrnssion of il!\ rharal'lt'ris
lit·s can lw found in Bumford ( 1962) and mam other t1 •\t~. 

2.3.2 Th(' <; n·a1 Ellipti1· 

Tho· f!Tl'at t>llipti1· i_.., li1rnwd h~ cutting tht• c•lli1~oid \\ith a 
plant' that <·on lain~ th1· 1·1·nh'r of thl' t'llipsoid and l\\O ~urfa1·1· 

p<>ints. Sin1·t' 11 is tht' 1·a.--ir:-t !!''om1•tri1 · o·ur\1• on tht' t'llipsoid 
10 c111nput1• and sin1·p 11iflt•rt•ll('C U<'IWt't'n thl' gPodPsic, nor· 
mal seclion. and !!rral 1•1lipti1· an· rathr·r small. 1his c-urv1• \\ill 
he mwd lo romputt· ii;t•01!t·til' oli!'tanl'es on tlw 1•1lipsoid in this 
n•port. Computing !!n·al 1·llipti1· clistan1·1· lwl\\t'en points is 
analogous to computintr irrrat dn·lr tlistanet'" un a sphere. 

Great l'lliptil' a7imuth" (A.:12, fi~. 2) arf' ali<o :-imilar to 

azimuth .. rnmpult'd from gn•at l'ird1• l'ompulations. For a 

more d1•1ail1·d t>xplanalion th1• n·ader is rt'fem·d tu Bornforcl 
(1962) and Collin~ (19711. 

2.4 [nn•rse Problt>m 

The romputalion of 1h1· distanct• and atimulh of a lint· 
hetwet'll two points is 1·al11•cl the inversf' ~olution. The formu
la.5 for solution of 1h1• inwrst• distant·r h~ p:real elliptic 
formulas an• ~i\·en bt·lo\\: 

Gi\'en: Point orw 0'1) "ith Latituclt• </>1• aud 
Lon!!iludr ;\ 1 

• 3 

Point two (P2) \\ ith Latitude <t>2 • and 
Longitude .}\2 

Find: The surface distance from P1 to P2 (S). the 

for"ard azimuth from P1 to P2 (A=d· and 
the bark azimuth from P2 to P1 (Az2 1l· 

Thr forward azimuth is gi\en by: 

(tan if,i2 - tan if,i 1 cos AA] cos i/.i 1 
cot A::12 = . AA 

Sin 

and tlw fl'\ 1•rse or bal'k a;.imuth hv: 

[tan if,i 1 - tan if,i2 cos (- AA)l cos i/.i2 
n>t A.:21 = --------------

sin (- ~) 

\\hert' 
b2 

Ian if.i1 = 2 Ian <t>1 and 
a 

b2 
tan 1/12 = - 2 tan </>2 a 

and. ~A = .}\2 - A1. 

The di!>tanct' from P1 tu P2 (S) is a portion of the ellip~ of 
intt'rst•1·tion and ean he founJ b~· first determining th1• gro· 
crntric latitudes of points 1 and 2 on this ellipse of inkrsec· 

lion (J1). (St'e figure 2.) 

Th .. !tl'<)('t'lllric latitud1•.., on 1h1• ellipse of intersection ar1' 

~i\en by: 

ancl 

tan 1/11 =---
cos A::12 

- tan if,i2 
tanif.i2 =--

ros A::21 

Thi' cli;;tan1·e (S) can nm' be found by the simplr eakula
tion of th•• t•lliptie inlrgral owr tht' portion of the ellipse 
ht•t"•"t'n P1 and P2• 

111t· rllip~" of intrr!'Wtlion is of dimensions a and b when·: 

and 

tan2 {30 

a2 - b2 
Note: e '2 = ---bz 

= ~ [ tan
2 ij,1 + tan

2 if.i2 - 2 tan if,i 1 tan 1/12 cos AA] 
b2 sin2 .lA 

The lwst proet'dure for finding tilt' distance (5) is to 
1·ompute distancf' S1 (point P1 to P0 ) and S2 (point P2 to P0 ) 

and subtral'l S2 from S1: 

thus 

Tht> reason for our using thi;. procedurr- is that when long 
<listanel'S an• romputed, th(' quantit~ S2 beeomt•s posiliH• and 
S1 and S2 an· automatically atldl'd to give 1he correct length 
of S. 



There are mam .... a~s tu evaluate the elliptic integral, such 

as repetiti\'e incremental summing, the spiral approximation, 
and the classical series expansion and stf'p·by-step integra· 

lion. Since this last method is the most widel~· accepted, it 
.,.. ill ~ used here. 

The formulas for th is computation aCl'Ording to Gan "Shin 

(1969) are 

S = R0{1/; - A sin 21/; - B sin 41/; · • · l 
where 

and 

0 = ~ (a + b ) 1 - M R jl 2 2 ( m
2

) 

a2 - b2 m=--
a2 + b2 

if is t>xpressed in radians. 

To e\'aluale the distances S1 and S2, the polar angles 

instead of geocentric latitudes are used. 

let 

01 = 90° - ~I and 02 = 90° - lf,-2 

The distance formula nO\\ becomes: 

1 

2 

3 

.l>. = >-; - A; 

b2 
tan I/;; = - 2 tan </>; 

a 

sin 11'A 
tan A;: .. = -----------

•! (tan if; - tan I/;; cos dA) cos I/;; 

cos Azii 
4 () . = arc tan ---

1 tan "1; 

and 

S = [51 - S2]. 

Since .... e are evaluating distances of a small cllipst'. thf' 
third eccentricity \\ill be: 

a2 _ /;2 
m = 

a2 + /;2 
where 

b = b v'l + e'2 cos2 Po 
and the average radius of tht' interse<'tion ellipse is: 

Ro= J! (a2 + /;2) ( 1 - 7~) 
The <'onstants A and B no'' become: 

A= m + ~;nJ + 
4 128 

;n2 
B = 64 + 

In summar~ . the steps necessary to solve the m\'er.;e 

problt>m are: 

(where i = 1, 2 and j = 2. 1) 

Comnienl 

Find dillerenct' in longi tude . 

Find geocentric lat itudes for both points. 

Computt' forward and back azimuths. (Use arctan fu_nd ion 

that return,, azimuth in all four quadrants.) 

Compute polar angles in plane of interseding dlipse. 

5 
fJ a v'tan2 lf,-1 + tan2 1/;1 - 2 tan If; tan 1/;J cso 11>. 
1, 0 = arc tan - -------~-----~--- Compult' maximum rt>dueed latitude of great elliptic 

6 

7 

b s in f!V.. 

a2 - b2 b = b yl + t>' 2 cos 2 Po wlwrt>: t>'2 = --
b2 

-m= 
a2 _ -,;2 

a2 + b2 

8 R0 = j~ (a
2 + b2) [ 1 - ~: J 

9 A=..!!!._ 
4 

10 S; = R0IO; - A sin 20; I 

11 s = I S1 + S2 I 

Compute ,,erniminor axis of ellipse of intersection. 

Computt• third 1'1·1 ·i>n t rici 1~ of l'llipst• of inll'rst•t·tiun b~ ,.et'ond 

expression. 

C-0tnpu1t> a\erage radius of ellipse of intl'rsl'ction. 

Compute constants for e:-valuating elliptic inll'gral. 

Compute 5 1 and 52 (i = 1.2) usinp; tnrneated formula. 

Add S2 to S 1 to get S (absolute \'alue). 
4 • 



ll1i:- nonileratiw algori thm will giH' great elliptic dis
tancr s to millimeter accuracit•s for all lengths of lint'. If the B 
and m3 terms are disn·garded, the precision of I meter can 
he obtained in the computations, which !'hould be sufficient 
for most positioning problems. 

2.5 Programing Considerations 
The formulas for computing great elliptic di:;tanres ~ivt>n 

hPre are general and can he easily programed. If sufficient 
re~ard is given to signs of the angles. the distance and 
azimuths can be ohtained dirrctly without resorting to com· 
puter logic. It is especially helpful to use an arctangent 

function that returns \·alues in all four ttuadrant!'. (Evaluate 
numerator and denominator s1 •paratel~.) An example of this 
type of function is the rectangular to polar coordinatP con\f'r· 
sion used h~· He\dett-Packard handhcld calculators. 

For example. if thf' azimuths are evaluated from a funct ion 
that returns azimuth in all four quadrants. the cOrrf'ct azi· 
muths from 0 to 360 degrees \\ill be obtained. Tht> sign (-+-) 

of the cosint's of these azimuths will then df'termint> \\hethcr 
the polar angle (8) (fig. 2) is positive or negatiw. A n~gati\e 

\ alue of 8 \\ill result in a negative distance for S1 or 52 . If 
ont• of thl'se distances is negative and the othl•r positive. the 
di~tanrcs will sum to giw thl' difference hetween the values 
\\hich for the particular case is the corrt•<·t 1·alue of S. (St>e 
examples, Appendix A.) If line end points art' in difft>rl'nt 
hemisphnes, the distance is found by suhtracting S from 
(I I R0 ) (the meridianal length). 

3. CIRC LAR OR RANGE-RANGE 
METHODS 

The cirl'ular positioning method, when• the \'es..~ls rnng1• 
to h\O ~hore stations. will be the first method con!'idered: 
howevt'r, the approach \\ill work equall) \\ell \\ith h~f>t'rbolic 
or circular hyperholic system. Thi rnt'thod of computing 
positions is iterative in that an assumed position is used to 
hepn the rnmputation. A deduced reconing or (D.R.) posi· 
lion :;hould, in m0'-1 o·ases. he adequate so that only one 
l'omputational c~·clt- is necessa ry. 

Rt•ferring to figure 3: let thl' deduced reconing p<>s1t1on 
be thP origin of a <«>ordinate S)Stem. The inversed distances 
lo 1·ircular electronic control ~tat ion l and 2 \\ill l>1• 51 and 
S2• and the azimuth~ \\ill be A= 1 and Az2• respective!~. The 
diflf.rences between tht> inversed distances and the measured 
dio;tances (dial reading rnnverted to meters) \\ill he: 

j.SI = S'1 - SI 

.lS2 = S'z - S2 

wht>rc the primed values are thr obsen ed valurs. 
5 

The in tersect ion of the dashed Jines of figun• 3 thu
repreSt'nts !hr true position of the vessel. Ttw t'l(Uations of 
these dash1>d lines in slope intercept form will be: , 

Y = p;X +di 

d, = j.SJ cos A=, 

p, = -Lan A=; 

1 = 1, 2 ... . station 1 
station 2 

Since then' are tv.o ettuations in two unknowns. a "olution 
is possible. The solution 11 ill be presented later. 

4. HYPERBOLIC SYSTE 15 

lh p<'rbolic position s~ stems sueh as LORA:\ and Hi-Fi" 
es.'\f'ntiall~ pril\ ide diffen•nee in distances to 1\10 s la\ f' sta· 
lions and 01w or h\O ma~ter stations. 

Figure 4 shows t~ pica I It~ perholic geornetr~ . Whrre .'V is 
an integer indicating a lane reading, t' the propa1?,ation 
\f'locit~, and J the eomparison frequency. 

and 

"here ! ' is thl' larw "ichh at tho• base line 

!' = ...!:.. 
2/ 

B~ definition ... the din•ction of a h~·perbola at an~ point 
coincide~ 1\ ith tilt' bbector of the angle formed b~ lines 

joining the point to a pair of stations:· Laurila (1976). Thu~ 
the azimuth of tht' L h~perbola at P is: 

AE:2 = A=z + (%)(A:o - A:2) 

and the azimuth of the R hy(>"rbola at P is: 

A:-1 = A:o + ('/z)(A=1 - A::o) 

Let P he a D.R. position with coordinates 0 and A. 81 
computing imPrses from this a><,umerl point to all thrre 
stations (master and t\IO slaw) . tht• azimuths of the h~ per· 
bolas and tho• theoretical lane readings at th .. assumed point 
can be computed (N2 & Ni). 

F'i~ure 5 ,hows the geometr~ at :issumt>d point P. Tho• 
dashed linrs represent tht> obSt'ned lane count~ (.\'2 & s;). 
The ditforenct>s bet\\een the obsened and compult'd \alue:> 
can no\1 be formed. 

TI1e diffen•n('t'S can ll<' comerted into meter~ b~· the lane 
width at point P(!): 
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l 
sin ( 1/2) o:i 

.l.Y2 (in meters) = (.l. V)2(!2 ) 

.l.Yt = (:Vi)(11) 

The intnsection of the dashed lines (fig. 5) represents the 

true lo<'ation of the wssel. As before, these lines can be 
expressed hy linear equations of the form: 

\\ ht>rt' 

y =Pix+ di 

.lX 
d=--1

- t = 1. 2 
sin Az; 

p, =cot Az; 

Solution of tht'~P equations \\ill b.- pn·sented later. 

5. ASTRONOMIC POSITIONI NG 

The entire astronomic positioning computation could be 
fullv automated if :><J dt>sired. Jlo,,ever. the partially auto· 

matrd method is usrd here. This method requires that the 

dail~. siden•al hour anglr (SHA) and declination (o) he 

entered for t>ach ,,.tar. It is felt that, in most cast'S, this 

information must ht> looked up rach day in order to identify 

tht' s tar ohsrnt'd. Also it would n' 4uirt> a n inordinate amount 

of computer storagr to file tht' rnordinatf'S of all the stars in 

an t>phc·meris and {'Ornputt> dail~ coordinates from a given 

rpoch. 

5.1 Corrections to Observations 

Srparate prm ision mu~t be made• for index correction and 

eurrertions for tht' Sun. \1oon. and planets. Tht>i<f' nonstellar 

bodies ''ere not con~idered. since' tht'\' are seldom used in 

conjunction ''ith other ~tars and perhaps should be l'> eightcd 

diff<•rentlv in an\· caAf'. 

The refraction and dip corr .. «t ions are: 

Corn (in min.) = -0.97 !cot H0 + v'hl 
f/0 = obs altitude 

h = height of the• e~ e in feet 

5.2 Computations 

F'ol11rning is a li,-t of s~mbols u~·tl in the 1·omputation of 
po~ition from astronomi« sightings: 

.'innbol 

I' 

c 
h 

IJaw 

Sp••t•J of ad1·ance (w;;,,,,•I) 

Course rnadt' goo<l { \'f'SS<'I) 

lfri~ht of t'\t' in frt'l 
9 

Sunbol 

CCD 

For each star 

GMT 

Data 

Consecuti1 f' ca len<lar da1 of tir~t 

obsenalion (1 ... 365) 

Assumed position of ob,,t•n rr 

(D.R. at timr of obSt"n·ation) 

Greenwich Mran Time of 

obsen at ion 

Sidereal Hour Angle of star 

Declination of s tar + .\. -S 

Obsened altitudt> corre1·k<l for 

index error 

The first calculation to perform i;; the computation of thP 

Greerrnich Hour Angle of Aries (<~HAT) for zt>ro lroun- (;;\[T 

on thr da\ of observation. The Greem' ich Hour Anglt' of Arie>~ 
at 1,ero hours GMT on Januar~ l i;; l'\tracted from tht> \ a uti1·al 

Almanac for the currl'nt yt>ar. Thi~ hour an~l·· i~ thPn updalt'd 

to the z.ero hour of the date of ohser\'ation b1 tlw formula: 

GHAT 0 = CHAT 0 + 36000°.7689('1') + 0°.00m89(T:!) 

where: 

Consecutive calendar dav of obsrrvation - I T = ~~~~~~~~~~~~~~~~~-
365.25 

Subtract evPn multiples of 360 ° from 1·alrnlated CH:\ T 0. 

The GHAT 0 need onl~ be computed once 1.1er <la~. 

Compute the GHAT at thl' lime of ob,;t•n at ion. 

CHAT= GHAT0 + (G:\IT of ob 1·rvation) I\ 

CHAT= G HAT0 + (h + min / 60 + s/ 3600) I\ 

K = 15 ° .04107 

Using the sidl'real hour angle (SHA) of t>ach ~tar giwn in 

the Nautical Almanac. ''" l'an nm1 eompuk thP star";; 

GHA b .. : 

Gret>nwich Hour Angle Siar = Grc•1·nwich Hour :\nide 

Aries + SidPrea l Huur Angle Star 

GHA. =GHAT+ SHA. 

Tht• hour angle of the star ii' fuunil h:v suhtrading the· D.R. 

longitude (in degrees) from the GrN'nwid1 Hour Angle (in 

degrees) of the star. WPst longitudes arr po~itiw and t'a~t 

longi tudes are nt>gatiVl' (for celestial computation~ onl~ ). 

HA = <;HA. - .\ 

It is no\~ p<>ssible to compute the altitude (II) that thi· gi\1·11 

star would have if it \\ere ohsc>r\t'd from thl' 0. R. po~ition. 



sin fl = sin <P sin ~. + cos <f> ros ~. C<>l' (HA) 

The difference (in minutes) between the computed and 
ohsenPd altitudes is formt>d b\·: 

.lf/ = (f/0 - f/)l60); 

positiw is to\\ard thr star from assumed position . 

The .izimuth of the star (rlorkwise from north) 1s: 

sin (-HA) Ian A:: = ________ __;_ ____ _ 
!tan 6. - tan cfJ cos (-HA) I cos cp 

Thl' sij!ns of !he numerator and dr nominator of this expre:;sion 
will plare lht' azimuth angle in the proprr quadrant. 

6. ADJUSTMENT FOR SHIP' MOTlON 

Tut> prN·eding ralculalion ''ill giH• tht> information nt't"t':-· 
sa~ to plot one line of position (LOP) for t>ach star obS<.'nt'd. 
When plotl<'d. these lint's of position would be d1~plart>d along 
tlw veSSt>l's rourst> line due lo the motion of th1• H~s.~I bt>t\\rf'n 
obsenation:-. A graphie adjustment is generalh made for this 
displart:mr nl of LOP's b~ advancing or n•larding lhrm along 
thf' \es!Wl's track. 

Tht' a1hann•11wnt of retarda11on of lint's of position le• 
reduce all lines to 1h1• samP inslanl or rpcwb can ht• arrnm· 
pl isht•d matllt'matirall~ as \\I'll a~ graphirall ~. In fi~urr 6. tht' 
\'cssel's position at timl' (ti) is reprt>sentt>d by lh" origin of a 
plane coorninalr systt·m: thf' azimuth of 1hr Vt'S.~t>l's 1·011N' (C) 
and th ... wssers Spt'('d (V) art' also inclicatt•(I. In tigurf' 6. 
LOP:! at t 2, is shoi.n b~· thr solicl line. Wh1·n this line of 
position is rl'lard1•d to the· epoch of t1, ii is shoi.n h~ a cla1>h1•d 
linc labelt'CI LOP2 at t1• 

'11w lim• of position om· (LOP1) can hr reprt'5t·nted malh· 
t>malil·alh b~ an e4ua1ion of the form: 

and. 
p1 = (-) Ian (A::1) 

.in. 
di= ---

cos (A::1) 
(St't' tigurc 6.) 

If lhc vessel werl' stationary durin g the cnlirt· obSt'nalion 
1wriod. similar equations «ould h1• written for 1·ach obst'nalion 
and the set of t•quations could hr solved lo dt•termint.> lhc 
position. In moi'l l'aSt·s. ho\\t'Ver, the H'ssel 1'.ill mme hrl\\t't•n 
ob;.enatiun". 

"lwn· V j., lhc ship's speed in knots and t 2 - t 1 ts lhr 
difT1•n·nc1· in tim1• (in hours) hrrween lhf' inslanl ofob•wnalion 
for slan: "'o and onP, the distance the \l'S!'el travels het\\f•en 
obsenalion~ is: 

lO 

figure 6 shows lht' St'cond LOP taken at t2 as a solid l11w 
markPd LOP2 at t 2. Thi" second LOP musl bt> retard<'d b~ 

distanrf' SJ;~ on course C. if ii is to be ~ht>d simultant'ou~h 
\\ ilh LOP1• This is1usuall~ dont· graphicall~ '' ith a para lit> I rul~ 
and di, icier-.. Anollwr 1\3~ lo achiew 1hi,. retardation of LOP~ 

is lo replot ii using A;;2 and .lf/2 \\here: 

.lH2 = .l//2 + SV2 cos (C - .4;;2) 

Note: Sr ,,ill hi' 1wga1ive if LOP is rt'larnt·d. 

Plotting LOP2• using A::2 and .lH?_ 11ill give LOP2 at t 1 
(shcm n by a dashed lint'). This LOP ean be repret-e ntcd 
mathrmatiralh bv: 

y = p-iA' + d2 
whcrt> 

p2 = - Ian (A::2) 

d - jji2 
2 - ros A::2 

Sin1·e lht>rc are 110\1 h'o t'tjualions in l\\o un k no\\ n!'. both 
n•f1•renet'd to lhr -.ame coordinalt' S\slrm. a solution is possi· 
bl1·. In gf'nt'ral. ho\\t'\'t'r, lhrre "ill hr more than two LO P's. 

6.1 Least Squares olution for Three 
or Mon• Lines of Position 

Tiw l1·ast ~111an•s solution can h1· pnformt'd for all t't'lrslial 
fixt'S. If l\Hl star.-: an· ob!\l•n••d, lhl·n· i~ no redundancy: ho\\ · 
1•\er. the follm'm!! lcasl "quart's alirorithm 1'.ill give an idrnli
cal solution lo 1h1· !:oimuhanrou., "-Olution of the t\\o e4uaiions. 
In grnrral \\hl'n tbn•t: or mon· star:- art' obl>erwd. lht> lt'asl 
s11uart> solution \\ill pnwide thf' bt'sl fix.• 

,\.,. dt>mon~lrakd prrvioush , !he lin<''i of pmition a"~onal"d 
"ilh ,;tar ohSt·n a lion .... hypt•rbolil". ancl l'irt'ular svslt'lll" t"an lw 

\Hilh'n in tlw form: 

r = pX + d 

wht•n· 

lt't 
p = rnl A:: ; or p = -tan A:: 

d = }' axis inte•rrepl 

.Y. r = 1111' coordinal~" of lilt' 
.. inl<'l'St'l'lion •· of all 1h1· I.OP'• 

n = number of o~nalion 

i = l · · · n, 

•Thi~ hold, unh if tht'rl' is nu hi.i- in lht' oh•rnalion•. If n•rrrr
linn~ an· matl1· lo lht• hn1•, of po.,ilion. t•llh•·r a11a' from or l•l\\ ard 
tlw •ulH1·llar points of lh1· ~tar-. lhr nirn·<"lion rnu•I lw ma.I .. 
h..-fun• "'lualion~ an· •olw<I. 
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Thus. for 11 lines of position, or observations. (11) number 

of e11uation~ <'an b1• written: 

P1X - y =di 

P2X - Y = d2 

p3X - y = d3 

PnX - Y = dn 

lr·t thr following symhols represent quantities indicated: 

I Pi I = Pi + P2 + Pz + · · · Pn 

I Pi 2 I = Pt 2 + Pl + Pl · · · + Pn 
2 

I Pi 12 = (p1 + P2 + Pz · · · + p,.)2 

lpidi I = (p1d1 + P2d2 + p3d3 + · · · Pndn) 

ld;I = (dl + d2 + d3 •, • + dn) 

Tlw $olutinn lo the s~stcm of cc1ualions is: 

x - n(-lfp;dd +Ip; lid, I 
- nlpi2 1 - lp;l 2 

y = lp, li(-)p;dd + lp;2 lldd 

ulp/ I - lr1; 12 

Therefore lhe same algorithm <.:an be used for a <"ifl'ular, 
h, pt"rbolic. or astronomic position dl'termination. or an~ 

combination of tlw three svstf'ms. 

:\ better solution to thP simultaneous reduf' tion of a num· 
bl•r of lint's of position is prO\·idcd b~ weighting lhr rqua· 
lions. Weights q1, q2 • <13 ••• are assignrd to e11uation sys· 
tcms 1. 2. 3, .. . , and arc computrd as follo\\S: 

2 
- so . 2 

1/1 - 2sm n1 
el 

2 50 . 2 
92 = -2 sm O'z 

ez 

'' lwri> s0
2 is reference rnriance and represents the square of 

the standard de\ iation of the position determination. 5f'lec· 
lion of the referrnce variance ''ill not affret the 11utcomt' of 
the least squares solution. 

The following sums arr formed: 

IP;'li I = Pi'li + P2'12 + p3tf:i + 
1Pi

2
'l; I = P1

2
1/1 + Pl'I + Pl'l3 + 

IN/; 12 = [fi'/; 12 

12 

lp;q;d; I = P1'11d1 + P2'12d2 + p3t13d3 + 
ld;q; I = d1'11 + dzq2 + d3q3 + 

I I/; I = '11 + 1/2 + 93 + · · · 
The solution of X and Y is gi1en by: 

X = lq,ll-P1'11d.J + [p;q;][d;qd 
[p;2q;I [ q;I - lp,q;l2 

y = IPi'l1 lf-p;qid; I + 1Pi
2qd [diq;] 

[p/q; II 'Ii I - lp;lf; 12 

The variance and standard deviations of thr eoordinates 

(X, f) can be computed from: 

s 2 - . 2 lq;I 
x - .so [qdf P;2'ld - IPit/112 

s 2 - 2 [p
2
ql 

y - so [q; ][p,2qd - IP;'/; 12 

Thi> co\'ariance is given b~·: 

The major and minor axis of tht> error ellipst> al tlw Pcnnputrd 
point ma~ be dctermint·d directly from: 

a 2 = Yi(S/ + S/) + Y1/.i(Si - Sy2
)
2 + S}y 

b2 = lf:i(5/ + S/) - V1/.i(S/ - Sy2
)
2 + S_h 

and the.angle hetween the semimajor a'is of lhP dlips-• and 

lht> X axis is given by: 

(-)25~ 
Ian 2y = 

2 2 Sx - Sy 

Generalh tbe standard c•rrors in latitude (Sy) and longitudt· 
(Sx) ''ill pro\'id(' the necc•ssar~ information con<"ernin~ thr• 
validit~ of a position dc ·lt'rmination. 

6.2 Conversion of Solution to 
Lat itude and Longitude 

After thr> x and y \ahw~ ha\t' bec·n drlt·rminl'd. tl11·~·· 

c1uantities must lw r·onver1t•d into diffnenn·~ in latill1d1· arul 
longitude. If x and .Y are in melt-rs. the radius of 1·una1un· i~ 

computed from: 

and 

R = b 
l - e 2 sin2 q, 

y 
Cl¢= -p 

R 
180° 

wht·re: p = -
Tr 

Cl>.. = ~p cos <I>: for E long ( + ). 



If X an1I Yan· in minutt'!' of ar(' a~ in tht' astronomie solution 

.ic:> = r 
_lA = .\' l'OS <f> , 

tlw l'ompukd position of thl' \t':lsel \\ill 11<•: 

9 = ¢0 + .1¢ 

).. = A.o + .i>.. 

13 

Care "hould be used if astronomic Lor·- an· u!'Cd in 

conjunction "ith either circular or h~perbolic !'~st<•ms. Tht· y 
axis intercept is in meters for the electronic s~stem and in 

minute~ of arc for the celestial mcth0<1. Conwrsion from one 

to tht> other can be accomplished using the a\-l'ra!?<' radiu~ of 

l'Unaturc (R). 



Appendix A 

E"Xamplt': Long Lin<> Compul3lion 

Two e'amplrs cJf loni:i; lint> eomputationl> art' giH•n to 
illu,tr.1tr the• formulas prf'S(•ntt•tl. The ~tcp numht•r rt>f1·rs to 
tht> numhe·r-; gi\t'll on paJ!•'~ in St·C"tion 2.-1.. 

Ewmple l: 

G1\t'n: ¢ 1 = .. Jo0 00·00 (){)"\ 
A1 = 18 (}()'()() ()()()" \\ 
¢2 = 57°06'00.851 " \ 
.\2 = 45°08'.W.8-ll"F 

I. 

2. 

J. 

4-. 

:'). 

6. 

.. 
8. 

9. 

IO. 

l l. 

II = 6:~78206.-1. Ill b = 63,')6583.8 Ill 

.l,\ = 63 °. l 146 7806 

If 1 = 39° .80850328 
1/12 = 56 ° .92252243 

A:t2 = 45°.0(>275676 
A:21 = 27·1° .89020 I :J 

~ = .w· .28161054 
02 = 03° .17801-lOOO 

/10 = 57• .11699203 

b = 6.::\62.9.'>4. 762 

iii = 0.00239-:l-070 

ii0 = 6.370.:>82.863 

A = O.OOO:i98Sl8 

s, = t..475.056.154 
S2 = :~.>2.9:{3.872 
s = J.827.99Cl.026 

= 4.827.989.607 rn 

Ewmple 2: 

c;i\t·n: ¢1 = 40 °00'00"\ 
A1 = 18°00'()()"\\ 
¢2 = 49°16'35.187"'\ 
.\2 = 02°19'56.359"\'\ 

<I = 6:J78206 . .j. Ill /J = 6356.583.8 Ill 

l .J. 

,,,,,,,. 

l. .lA = I.5° .66767806 

2. -4-1 = 39• 8118)11:~28 
1/.-2 = 49 ° .08:~9 .J.186 

Az12 = 1.5° .0 181<>721 
A:21 = 2:J6 ° .ll6tH:{68 

5 . 

6. 

-.. 
8 . 

9. 

10. 

l l. 

01 = 4H° .:JO.H8800 
82 = !-12s0 .822;;:m19 

/10 = 57° l 7S:i9379 

b = 6.:~62.9\.-1-.916 

iii = 0.0023%617 

R0 = 6.370.577 943 

A = O.OOO:J'l8'X)4 

s 1 = ·1.477. m2.297 
s2 = 2.86H. l ;;:rn84 
s = l.609.:{29.213 

= 1 .609.:tN.:i82 m 

l11t> cli1Tt>rt•n1·1·~ hel'\\t't'n tht' tnw and computt'd Ji.•tances 
C'an be attrihulc'd to the· truncation of h'rm" in thf series 
*''pans1on of thr rlliptic in1t•gral -\ddit1onall~. 1·akulation" 
\\!'rt' pc>rformt'fl us in~ an II P-21 \\ hic·h givf'S 1•rroN bernnd 
tlw ninth cl1•1·imal plac1'. 

Tiw full srrit•s rxpansion for t•\aluating tilt' 1·ll iptir intrgral 
using th1· geoct•ntric latituclc· 1s gi\t'll bdow for those Jf'"iring 
{!l"t'3tl'r 1·omputational prrci"ion. 

S; = R0 (0 - A sin 28, + R"in .W1 - C~in 681 • • ·) 

A=!!!...+~m 3 
4 128 

-8 = -1
-m2 

M 

-C = _L"'3 
128 

\\ht'n- S, i!< the· cli,.1anr1· along tlw grt>at f'llipti1· from tlw pole 
of the c>llip .... • to tht' point. aml 0, i" tlw ~t'tK't'ntric polar anglt> 
of tlw point (hf!. 2B). 



Appendix B 

Example: Stellar Sight Reduction 

_.\11 t''\ampl1· of 1h .. n1111pulalion of 1he Grt>en" ieh Hour 
..\nµll', altiluclc•. and azimuth of a star is giH•n in lhis ap1wn

dj, lo dc·nwn,..lrah' tlw formula" eontairwcl in this rt>porl. 

E '\amplf': Th<' problem gin·n on paµf' .510 of Bu,,di1ch is 
u~d. 

E.wmplc· .J.. - Ouriniz t'\t>ning lwilight on June 1. 1958. 
tht> 1730 UR position of .i ship is lat. 40° 39'.2 S, Ionµ. 
75°01'.2 E. :\t C\IT 12h3Jm17• the na\iµator obsi•nt•s 

:\rdurus \\ i1h a marin ... "'''\tant having no IC. from a (wight 

of e~t· of 38 r .... ._ The· h~ i~ 7°55'.2. 

Re'luiml-Tiu· u. /.ri. Jnd AP. 

Sulutio11 -

]tlll{' J Arrturu.~ 

(,\IT 12h:nm17 .lun1· I + * I ;!h;~om 76°59' 
IC 

lml 7" 19' 
D 6' 

:-ill \ 1.u,· :n- R 7' 

CH\ 22:~ 0 ,')1' sum 1:3' 

" 75°09'E 
(-) ta' l'OIT. 

LH ·\ 299 °00' h~ 7°55' 
I 61 "00'E 

Jin 7° --l2' 
d 19°2--l' \ 

ul. .i 1 ·oo·s 
hr 7° l -l'.O d diff. 6' 

1·orr. (+)4'.5 

11'- ,. 18'.5 ~ti(+) 10.75 z .'i 123°.RE 
Ho 7°-t2' 

(/ 24T al 41 °00'5 

Z11 0.')6 ° .2 a 75°09'F. 

Cou111ing Januan I a~ th1· firi-l da~, Junt> 1 is thP I S2d 
da\ of tlw 1 Pal'. 

1:1t-\T0 on .lanuar~ I. 19.58 = 100°08'.--l 

= l ()() 0 . ] <l-0000000 
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l' (f(1r June' 1) = 152 - I = 0.004134155 
36525 

The Grt't'll\1 ich Hour ..\nglt> of Aries for zero hours. June 1 

<;JIAT0 = 100° .140000000 

+ 36.000° .7689(TJ + o· .000389(T2) 

GHAT0 = 248°.9727476 = 248°58'.36 

Thi· tabulat ... d rnlue for font' 1. 1958, i~: 258°58'.3 

The \alue ne.:d!> to ht• computed only once per day. 

Next. <·ompute the Green" ich Hour Angle of Aries at the 
instant of the cel ... stial ohsenation: 

GHAT at 12h31m17sz June l, 1958 

GHAT= 248°.97275 + 12°.52139(15°.04107) = 

GHAT = 437° .30784 

Subtr.u·t 360° 

GHAT= 77°.30784 

Compute the Gret•nwich Hour Angle: 

GHA 0 = GHAT + SHA. 

<;HA. = 77° .308 + 146 ° .55 

<;HA 0 = 223 ° .858 

Computt• the hour an~le of th ... ,,tar from the plotting longi
tutl•· of: 75°09'£ 

11:\ = c;11A. - >-. = 223°.858 - (-75° .15) 

I lour angles measured + (W) 

HA = 299° .008 

Computt" thC' altitude that the star would have if it were 

ohsC"necl from latitude --ll 0 S and longitude 75°09'E. 

!<in J-1 = sin <f> sin 8 + ros ¢cos 8 cos( HA) 

,,in H = sin( -41 ° .0) sin (l9 ° .4) 

~in /-/ = 0.12720 

II= 7° .306 

+ rns(-41° .0) cos(l9° .4) cos(299° .0) 



The azimuth of the star. \\hen obsened from tht- a~umed 

position is: 

OH: 

sin(- HA) 
Ian A= = -----------

(tan 8 - tan ip cos(-HA)j cosip 

sin(- HA) 
tan Az = ----------

tan 8 cos ip - sin ip cos( - HA) 

tan Az = 

sin(-299° .0) 

(tan(l9° .4) - tan( - 41°) cos( -299° .0)1 cos(-41°) 

\ 
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tan A= = +0.87462 
+0.58384 

Sincf' the numerator and denominator of lht- prt'n·dinl! 

exprf'SSion are both Positive, the anglt- \\ill lw in the fir~I 

<1uadrant: 

Az = 056°.3 

the computed altitude of 7° .308 = 7°18'.S. and tlw <"Olll· 

put Pd azimuth of 056 ° .3 checks the valut'!' l!iwn b\ B<m. 
ditch. 

• 



Appendix C 

Example: Cf•lestial Lines of Position and 
I .Past Squares Posit ions Computation 

Thi' l'omputation of a position from threl' Ct'lestial line~ of 
po,.ition i~ gin·n hen• lo illustra te the formulas in this rPp•n·t. 
Problem numlwr l 707h. page 462 of Bowdit(' h (1962) is 
u,.ed. 

17071.. Tlw 1800 DR position of a ship i~ lat. 
27°02'.2 N., long. 170°17'.0 W. Tlw ship is nn r·ourse 
0 l.') 0 • "lw<'d 14 knots. During t'Wninf! twilight thP na\·igator 
oh>'l'rw~ thn·1• ~tar• '' ith tht' follo11 ing n•sult!<: 

/J11bh" Altair 

Ti11w 1815 1821 18:30 
11, :1+ 0 ..J..'i'.2 22°11 '.8 .+7°24'.8 
110 3.+°.)l'.:3 22°1.5'.7 ..J.7°20':4 

A::: = z. :331 ° .. 5 090° .:3 219°.9 
.\,.,.urrn·d ¢ nL 21°00·.o \ 27°00'. \ 27·00·.o .:-.: 

,\ o:,\ 170° l0'.2 w 170°05'.0 \"\; 169°5+'.BW 

RN/ttiml.-Tlw 1830 fi,. 

·ln.Hu1r.- J8:~() fi\: 127° 11 '.5 :'-J, 170°00'.5 \'\. 

Thi" 1·\ampl1· ha~ to lw dianged ~li f!hth to .-.inform to tlw 
1·omputat ional form.it prt>:<Pnted in th i· n·porl. Orw a,.~urned 

po,.ition 11 il l lw U,.t'd for all thn•1• ~tar,. . Thi~ ,.ingl1• pos it inn 
"ilJ ,-fightl ~ altc•r tilt' rnmputed altitud1· (Hr) and thP azimuth 
lo I hr •tar. 

L..r tlw a""u11wcl position lw: 

cf> 27°00' N 
>. 110°os·.o \'\' 

'Jlw plotting data n1111 h1•1·ome: 

Dulih·· -1/tmr Sp,,. a 

Timi· 18 l.5 1821 18:30 
//, :~ i 0 ..J.2'.72 22° I l'.8 ..J.7° 30'.8:3 
110 :3..J.° .'i l'.:3 22°15'.7 17°20'...J. 
.·/: :3:31 ° ,.t. 090° .3 220° .ll 

¢ 21°00' \ 27°00· \ 27°00' \ 
,\ 170°05' \' 170°05' w l 70°05' w 

'llw altitud1· dilli·n•111· .. l' in minut"" of arl' no\\ lwl'lmlt': 

.:lll1 = +8'.5 

.:lH2 = +3'.9 

.:lJ/3 = - l0'.4 
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Tlw altitude di"tann·~ of Dubhe and .4/tair ad\an('ed to 
1830 bl'C-01111': 

.:lll; = .:lH1 + s1·,.11,.(C- .4:::
1

) 

.:lll; = + 8'.5 + 3'.5 co~(045 ° - 3:n ° .4) 
.:lll; = +9'.S 

.:lll; = +3'.9 + l'.48 

.:lll; = +5'.:{8 

Tlw "'fllalion,.. of tilt' thn·r lines of position adva nec:-d to 
1830 an·: 

r = +0.5452X + 10.820 
r = + l 90.984X + ( -1027.509) 
r = -0.8391X + 13.576 

llw ,.olution of this "<'I of t•quations ii> found h~· forming 
the follo11ing s11n1s and products: 

!pl = 0.5-15 + 190.98-t. + (-0.839) = 190.690 

[p2
] = 36475.889 

lpl 2 = (190.690)2 = 36:362.676 

[pd! = (5.897 - 196237.779 - 11.392) 
= - 19624J.27ct 

[di = 10.820 - 1027.509 + 13.576 = -1003.113 

x = (3)(196243.274) + ( 190.690)(-1003.113) 
(3)(36475.889) - (36362.676) 

x = 397 l-t6.2040 = 5.44 
7306-1-.991 

(190.690)( 19624:3.21·1) + (364 75.889) (-1003.113) 
r =------------------(3)(36475.889) - (36362.676) 

}' = 832191.-t80 = + 11.39 
7306-l .991 

Tlw eorn·I'! or upclatnl position of the vessel now bcrome~: 

¢ = +27°00' + 11'.4 = 27°11'.4 = 27°11'.4 '\ 

,\ = 170°05'.0 + 5'.41'os(27°. l9) = li0°00'.2 \'' 

Thi~ <"ompu!t•d ship"s position t"ould be u~rd a:; tlw a;<· 
~unwd pusition and tlw i;olution rriterated. If thi~ \\C'rP clom·. 
X a11d r u11tw,.. would ri-dun· to z1·ro. Gent'rall~. if the 
assunwrl and t"omput"d po~ition,; .ire \\ithin 10 miles of onl' 
anotlwr. 0111· itl'ration 11 ill ,..uffirl' . 



Appendix D 

Example: LORAN computation 

An example of a LORAi':-C position eomputation is gi\'en 
herr to illustrate the h~"Jlerbo\i(' formula~ containrd in thi~ 

repnrt. 

Given: 
Assu~dPosition(P):q> = 20°00'.0 N A = 40°00'.0 \\' 

LORA.V-C Station La1i1u<b Lo1111i1ude 

Right Station 
Nantucket, MA 41°15'11.98" :'l 6<> 0 58'40.51" \\ 

\faster Station 
C..arolina Bch .. :'IC 34°03'45.61" ;'<; 77°5-l.'+7.20" \'!;' 

Left Station 
Jupiter. FL 27°01'57.32" N 80°06'53.71" \\ 

Frequency: 1,000,000 Hc•rtz. Basclin!' rxtension clclav 
rates: 

CD1 = 33000, CD2 = 12000 

LORAN Readings: N1 = 35340: N2 = 15060 

Compute: Geodetic inverse clistanl"es S2 • S0 , S1 • S02 and 
S01 • Also rompute the 37jmuth~ of tht> th ref' LORA:'-1 slation:
from point P. Using the al~orithm given in SC'"l'tion 2.4. the 
followin~ \alues were computed: 

Point 

L-M = 2-0 
R-M = 1-0 
P-R = P-1 
P-M = P-0 
P-L = P-2 

807.401.8 
] .060. 720.8 
3.683,268.2 
4.042,672.7 
4.152.66S.2 

Compute baseline lane widths: 

Propagation velocitv 
21' = . = 

Frequen<·~ 

21' = 299.69116 m 

1' = 149.84553 m 

~H6° .40:3 

300° . .594 
288° .581 

299691160. 

1.000.000 

LORA -C formulas diffPr sli~htly from the standard hy
perbolic formulas in that the·~ US<' a reversed si{?n con\ention 
due lo the method of numlwring lanes. Furtht'rmori>. a 
correction function has been cle\elopt'd lo ('nrr1>ct for the 
Ion~ O\er-watcr ra~ paths. 
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Thi' Ot>fen:"e Mappin~ Agen1·~ H~drowaphi· · C1.·ntr•r n·t·· 
omnwncl:- a propagation \elocil\ uf '.N969 l. l 6 k.111 1wr 
St'C•>nd and th•· fo!IO\\ ing rorrt'l"lion ali::orilhm~ lw u:"etl In 

romputf' LORA 'i-C posilion .... 

l. Oi~tann·~ owr 100 statuh· mil,, ... : 

( T > 537 microsernnd~) 

:lT = l29.04398 - 0 .407S8 + 0.0006-l-.'l76+.18(T) 
T 

2. Oi~tan1·t'S lfss than LOO ... tatutf' mil,, ... : 

( T < 537 mirroseconds) 

:l T = 2.7412979 - 0.011 W2 + 0.()()():)27716:.:! ~fTI 
T 

The formula for computing larw rl'acling:< is: 

;\" = (T; + :lT,) - (Tm+ :lTm) + (Tmi + :l7;,.;l + <:i) 

When': 
s. 

T. =-' 
I 21' 

S'" T =-
'" 2!' 

T - Sm, 
ml - 21' 

:lT;. :lT'", :lT,,,1 an· ~i\t'n b~· th1· .-orn·t'lion «'tp1ation!' 
depending upon thi> valur of T. 

CD = the coding dela) associatrd \\ith 1•ad1 pair of !"tatiun~. 

In this i>xample the thl'nrelic·al or C"omputi·d larw n·ading~ 
associati>d "ith the assumed (0-R) positi1111 an· ~i\1·n h~ tlw 
following computations: 

T1 = 3683268·2 = 12290.2130;3 
299.691160 

Tz = 4152665.2 = 13856.48212 
299.691160 

T0 = l-01-2672·7 = 13489.46262 
299.691160 

T
01 

= l060720.R = 3539.37967 
299.691160 



T
0

? = B0?1(ll.B. = 2694 11"'83 
- 299.691160 . -

.lTi = 129.0·t398 _ 0_ 10758 
12290.21303 

+ O.OOOM576l38 I 12290.21303) 

.l T1 = 7 .53950 

~ T2 = 8.54976 

.l T0 = 8.31300 

.lT01 = l.91448 

~ T02 = 1.38008 

:\"1 = (7~ + .lTi) - (7;1 + ~7;,) 
+ IT.11 + .l7~1l +(./)I 

.\"1 = 2:MJ.21107 + :nooo = 35:M.i.21101 

.\·2 = ( T2 + .lT21 - 11;, + .l 7;,) 

+ lfo2 + .l Ti12l + f/)2 

.\"2 = 3062. 7 t917 + 12000 = 15062.71-9 l 7 

Computl:' 1he ditf1•n•m·(•< het\\1•en 1lw oh~1·n1·rl and rnmputt·d 

lane readinp;s. 

.l.\ = 35;~ .. m - :t'J:Hl.27107 = - 1.27107 

~-\i = 15060 - l.'>062.71-917 = -2.-1-917 

Thcs(• diffnt>n<'<'$ .in• conwrtt·d i1110 rnt'l•·r~ h' multiplying 
tlwm by thf' e.xpandt'd larlt' rnl111·~ . 

\\ bt:re: 

!' Ir,= = 
- sin(~)(A.:0 - A.:2 ) 

11 = 1089 .. '11.()52 

12 = J..1.32.11167 

l ~9.84.558 m 
-in(7° .905) 

J-t.9.8+558"' 
~in (6 ° .006) 

The differcnn·,. bt•l\\1'1•n 11li,..t>n1·d and t"Omputrd Ian" 'alu1·s 
comerte<l to nwtf'r- .1.re: 

i\"1 = (-1.21107)(1089.51052) = - ):38-1-.88227 

.l.V2 = ( - 2. 7-t.917)( 1-1-32.1116 7) = - 39:i7. 118-14 

Compute the azimuth-. of thl' h, 1wrholi1· linr~ pas,oin~ throu~h 
tht• a!'>-Uml'd (D-R) 1..1osition 

A!: 1 = A.:0 + 11/2 )(.1: 1 - A.:0 ) 

A!:2 = A:z + (112)1.4:0 - A:~) 

Az1 = 300· .S9-l + 7° .<>05 = :~08° . ..w<> 

A !:2 = 288" .381 + 6° .006 = 24-l 0 .587 
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Form 1•qua1ions of lines of position: 

Y = pX + d 

~.'\\ 
Y = cotA!: 1 + -.--,

"111 .4 =2 

r = -0.79.'>X + 1769.548 

Y = -O.-l58X - i:329.689 

.Yote: ·nw minus "ign prect'dinj? -t.:~29.689 is duP to the fal't 
that lane values inrrf'a.."" in a eounh•r clockwise din-ction for 
tht> lf'ft-hand st>t of h~ 1wrbola. F'or LORAJ\-C station confij?
urations 1he left h~ perbola "s lin" of position equation i!' 

1h1•n.forr giH·n hv: 

y ' MV2 = ("Ot -"'=2 - • I 

Siil A=21 

1lw wlution of 1lws1· two l'<jUations in 1\10 unkno\\n,., follm1 

thl' proct•<lurr iziven in Appcndix C. 

F'orm th1• followinj? •um.-: 

lpd = - l.253 

lpi2J = 0.81-1789 

lpd 2 = 1..570 

lp1d, I = s 76.206902 

fd,I = -2560.14100 

The ~olution of X and r i$ giwn by: 

X = (2)(-576.206902) + ( - l.253){-25v0.l-ll00) 

2(0.841789) - (l.570009) 

.r = 18098.63 

l"= 

(-1.253)(-576.206902) + (0.841789)(-2560.14100) 

0.113569 

y = - 12618.86 

Tiw J\ erage radius of rnn·atun· at the assumt•d Point P ii<: 

R (an·) = 6356583.8 
1 - 0.006768658 sin2 (20°) 

R(aw) = 6361620.821 

Tiw x and _r 'alues ('omertt'<.I to dt-gref'S are: 

~ = 18098·63 157.2957795) cos(20°) 
63()1620.821 

~ = 0°.1s3 

IA _ - 12618.8() ~- 2957795 
~y - 6~61020.821 (;:>1. • • ) 

.l¢ = - 0° .11.1 



Tft,. rnmp111t·1l po-ilion of 1h.- \t'•••·l '' ith L< >R .\ '\.C rt>adinl!~ 

uf \ 1 = 353-tO an<l .\! = 15060 is: 

<l>r = 20° + (-0° 114) 

<l>c = 19°.886 = 19°53'. 

Ar= 40° + 0°.153 

Ar= -39°.847 = -39°50.5 

.Yote: The minus longitude denotes a 'l'>est longitude. 

A ;.light!~ more complex but more correct method of caku· 

lating the 'rssel"s position is to assign "eights to the respe('

ti11• lim·5 of position. Theiw " eights are a function of tht' lam• 

'' idth ..it the vessel's position and are easil~ introduct•d into 
th.- .. olution. 

In th~ 1•xample the respective lane "idth:< at point P are: 

149.846 
!1 = = 1089.5 m 

sin(7° .905) 

149.846 
!2 = = 1432.1 m 

sin(6°.006) 

Compute Y the axi!' intercept for the respective lane patterns. 

. !1 -1089.5 
}l = - .-- = . 0 = 1392.1 

sm A.:1 sm 308 .5 

. !2 -1432.l 
>2 = -- = 0 = 1575.1 

sin Az1 sin 294 .6 

Selt•ct the largest value as a base value and compute the 

wlatilt' ''ei(!hts (q) of thi> h\O lines of po!'ition b~: 

[ 
1575.1 ] 2 

'h = 1392.l = 1.3 

[ 
1575.l ] 2 

'"' = --- = 1.0 - 1575.l 
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INtd = (-0.795)(1.3) + (- 0.458)(1) = -l..+915 

[p;2q1I = (-0. 795)2(1.3) + (-0.458)2(11 

= 1.0313965 

[p;q;l2 = 2.22457225 

[p;q;d1l = (-0.795)(1.3)(1769.548) + (-0.458)tl) 
(-4329.689) = + 154.16970-W 

ld;qil = (1769.548)(1.3) + (-4329.689)(1) 

lq;I = 1.3 + 1.0 = 2.3 

Thr o;olution of X and )' is gi1en b~ 

X = [q;l[-p1q1d1l + [p;q;l[d,q,I 
lp,2q;llq;I - [p;q11 2 

X= 

= -2029.27660 

(2.3)( - 15-U697040) + ( -1.49150)(...: 2029.27660) 

(l.0313965)(2.3) - (2.22457) 

x = 2672
·0757 = 18098.63 

0.1476397 

r = lp1qd[-p,q1dd + [p,2qiJfd,qd 
lp/qill<td - [p,q;l2 

Y= 
(- 1.4915)(-154.1697040) + (l.0313965)(-2029.27660) 

O.l.+76397 

r = -12618.86 

These coordinates ar<' comnte1I lo deA"recs of latitud,. and 

longitudt• difft>rence as before. In this rase. th<' U'<' of \Wi(!ht 

"ill not change llw solution ~ince thPre are on!~ l\\O lm1·~ of 

p~ition. 



Appendix E 

E\ample: Three Point Fi>. Computat ion 

Thi,, apprndi, irwludt·~ an example of 3 tlm•1· point fj, 

romputation. tu ('omplr h• the ~l'I of formula,., n1•1·•'SSln to 
position a 1·r,;s1·I (Derlri<'k 1978). Adclitionall~. th1· d1·1t'rmi· 
nati•m of th1· nror d lip,,e at a point is pn»•t'nkd for tl10~e 

dt'~irin!! to compuh· t•rror' a5"tK·ialt'1I 1\ith a f!iH•n position 
d1·11•rmi11ation. 

Giwn: (Ht>li·r to li,.run• 71 

Left an!(lt• = 01 = 27°.791 

Ri~ht an~l·· = 02 = 37°.247 

The rnordinatf'" of th1· thn•1• liv·d signals A. B. anrl C 

.\'A = 

.\B = 

.\'(' = 

sol111ion: 

3000.00 Ill 

0.00 Ill 

- 3000.00 Ill 

- 1000.()() m 

0.00 m 

- .')00.00 Ill 

Compute tlw ha"" lt>n!!lh~ hPhH't'll "ignal" ./II and RC 

bl = ((.\'_~ - _r8)2 + (}A_ )B)2)1 2 

b1 = (L\'c - _r8 )2 + ( }~ _ l8J2l 112 

bl = :3162.28 Ill 

b2 =:= 30i 13 8 Ill 

Con1pult' tlw 1·oonlinalf•,, of tlw c·1·nh•r, of tlw !'11ual an~le 
•·irdes (X1• r1. and .\'2• } 2 ) for angl•·" 01 and 0'2. 

),.·fl eirf'11•: 

\' - 3000.00 
. I - 2 

.\'l = 2+.IB.70,,, 

::1 162.28 ·(0 .3 HJ2:3 
1.05408 ) 

}~ + } B bl 
) I = 2 + ("in A: BAI 

2 tan 81 

}'1 = - 1.000.00 + :3162.28 (0.9 t.868) 
2 1.0.5408 

} I = 2:3 t-0.01) Ill 

\
. XB + Xe b2 

• ? = + (1·os A:::8 c) 
~ 2 2 tan 02 

.\'2 = -3000.00 + 3041.:38 (-0.16-l--«l) 
2 1.52067 

.\"2 = - 1828.80 m 

YB+ Ye 
}~ = --'----'-

2 

>:. = -SOO.OO + 2000.03 (0.98639) 
• 2 

r~ = 1122.s1 

( ~nnpult> till' r oonlinalt''i of thP ohS<'n·cr"s flO!'ition (.\'0 • l'0 ) 

din·1·th from tilt' pre\ iousl~ eompul t'J \alur~. 

\
. 2(Y2 - Y1) , . }. ,. > . 

· 0 = d2 - (. I 2 - · 2 I) 

}. 2(X2 - X1) , . l ' , . }' l 
O = ( - ) d2 (. I '2 - ' 2 I 

"ha1·: 

d 2 = (.\'2 - .\'1) 2 + (}2 - F1)2 

J 2 = (- 1818.80-2-l-IB. 70)2 + ( l 722.81 - U-16.0<))'2 

J 2 = 186851-8 i.21 

(.\'1 }~ - .\'2 f1l = (24-IB.70)(1722.81) 

- ( - 1828.80) (2:li6Jl9) 

!X1>2 - .\'2 Y1) = 850917t2i 

. 2(1722.81 - 23--16.09)(8509174.24) 

·'
0 = 18685484.21 

-567.67 

( - )2( - 1828.80 -· 2448. 70)(8509174.24) 
> ~. = 18685.m.1-.21 

}(I = :389.'5.86 

Tlw t>rror ell ipst> al l'omputt'd 11oint / ' c·au 11t1\\ lw tlrtn· 
mi1wtl .rnd tilt' l'IT<Jr., in la1itud1• and lon!!itudt• cakulatc-d. 

\,,Llllll ' for llw purpose· of illu~tration 1ha1 llw ), ·fl ancl 
ri1?ht a ni!l1·~ c·an b.~ nll'a~un·d "ith a prt'l'i!'ion of + 5 °. 
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CompulP tlw a1.imulhs of tht• linPs t•onnecling point P and 

the l'l'ntns of lhl· e11ual anglt> l'in·lt·~ (01 • 02 ). 

For lhr l1·f1 cirde tht' anmulh of lilt' lint' connrclmg point 
0 1 and Pis: 

a 1 =arc I.in (
X0 -X1 ) 

Yo - Y1 

o:l = arl'lan ( -567.67 - 2-148.70) 
3895.86 - 2346.09 

TI1e .t1.i111uth of lhr line· t'flllnt'l'linJ? 0 2 lo /' is: 

a2 =an- tan (X~ - X2 ) 
lo - Y2 

Cf, = (-567.67 + 1828.80) 
2 3895.86 - 1722.81 

a 2 = 30°.1287 

Compult' lht> anglf' bct\\~·n line·~ D01 and 0 1P and 
lwl11r1·n li11Ps £02 and 02P. 

For tlw l1•ft cirdP 1hi, an~lt' b: 

y 1 =a; - (A;BA - <X)°) 

y 1 = -62° .806S - (108°.•l349 - 90°) 

y 1 = -8l 0 .2iH 

For the riµht rirdl' the• angll' is: 

y2 = a; - IA=8c + 90°) 

Y2 = 30° .1287 - 1-99° . l62:i + 90°) 

y2 = 39° .5910 

Tht> clistan1·1· ht-1\\l'C'n 1h1· t'11ual angl1· l'irrlr. pa.-..~1111? 

through poinl P ~1·nnatl'd b~ angl1· 81• aml 81 plus S 
d1·11:r1•1•s is: 

:3162.28 .ll =-- ----
2 ~in2 (27 ° .791) 

{ (t'(r.<(27.791) + 1·0~(-81.2414) }__;_ 
57 .3 

.ll = -6.~.6 1 111 

~imilarh th is c·hanj!t' of p11,it ion fur tlw right 1•11ual an1d1· 
1·irde rr~uhinµ; from a .. hanf!t' of 5 ° in th .. anµlr is: 

2J 

.l2 = 3041.38 
2 sin2 (37° .247) 

. { } 5° 
cos(37°.247) + rus(39°.591) 

5
7°.

3 

.l2 = -567.53 m 

Compute• thP t'rron. in lht> dirt•dion of the equal angll' 

1·irdt'~. (Sf'e figure 8.) 

61 
e1 = ¥<here: FJ; = a 1 + 90° 

sin(/J1 - /J2) 

-658.16 
el = -si-n-(2_7_0 .-19_3 ___ ( ___ 5_9_•-.8-7-1)-) 

-659.02 

62 
e2=-----

s111(/J I - /32) 

-567.53 
0.99869 

-568.28 

Similar!~· . thr di~placemenls along the equal angle circles 
gennalt>d hy errors in 81 and 82 of minus 5 ° are 

e1 = 659.02 

e2 = 568.28 

The components of th<•sf' error; along the X and Y axis are 

ex2 = (i\ sin fi2)2 + (e2 sin fi1)2 

e/ = [659.02 sin( -59°.871)12 + [568.28 sin(27° .19312 

e/ = 392325.57 

"x = ± 626.36 

el = k1 t•os /32)2 + (e2 l'OS /J1)2 

e/ = [659.02 cos(-59°.871)2 + [568.28cos(27°.193)12 

t'y = +604.08 

In this example. tht> t>rror of + 5 ° in the left and right 
angles intrudul'cd an t'rror of ± 626.36 m in the X direc· 
lion and an Prror of ±604.08 m in the Y dircclion. 

The major and minor axi~ of tht> f'rror ellipse at point P 
"an lw eomputt'tl h~ fiNt computinp:: 

"}y = e1
2 rosfi2 sin /32 + e2

2 sin /J1 cos/J1 

e]y= (6!l9.02}21·1r.;( -59°.87l)sin(-59°.871) + 
+ ... (568.28)2 ..,jn(27.193) cos(27.193) 

e}y = -57278.33 
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Tiw major (a) and the minor (b) axis of the error ellipse at 
point P are found by solving the equat ions: 

e 2 + e 2 
a2 = x 2 Y + { Y.i(e/ - e/)2 + eh )112 

2 + 2 
b2 = ex ey - { 'l4(e/ - e/)2 + eh p 12 

2 

a2 = (626.36)2 + (604.08)2 ( (626.362 - 604.082)2 

2 + 4 

a2 = 378619.75 + 58895.60 

a2 = 437515.34 

a = 661 .45 m 

b2 = 378619.7:1 - 58895.60 

}

1/ 2 

+ (-57278.33)2 

25 

b2 = 319724.15 

b = 565.44 m 

The azimuth of the major axis of the error ellipse is given 
bv: 

e}y 
tana4 = (-) --e,.2 - a2 

(-57278.33) 
tan aa = ( - ) 392325.57 - 437515.34 

tun a 4 = -1.26751 

a
4 

= -51.7° 

Tlw .. ompulalion of tlw t>rror ellipse paramrters given here 

are general and work equall~ "di for electronic positioning 
systrms. In the case of t>lectronic systems the ..\ \alues are 
the unct>rtainties of the lane (line of position) values. 
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