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RELATIVISTIC GEODESY 

by Arne Bjerhammar1 

Nat ional Geodetic Survey 
Charti ng and Geode t i c  Services 

National Ocean Service , NOAA 
Rockville , MD 20852 

ABSTRACT . Theoreti cal formulas for estimat ion of 
relat ivistic geopotent ial differences are given . 
Clock frequencies are found to be inversely 
proport ional to the geopotent ial di fferences . 
R i gorously squared clock frequencies are inversely 
proport ional to the go o-elements of the metr i c  
tensor. The m i ss ing nondiagonal elements of the 
metr i c · tensor in t he Newtonian geopotent ial introduce 
a bias ( from angular momentum) which is avoided in 
the relat ivis t i c  approach. 

A technique for measuring potential differences with high-precision clocks 
( masers or equivalent)  i s  descr ibe d .  The method can operate over arbi trary 
terres trial distances uSing two clocks . The dri ft between the clocks i s  estimated 
by us i ng closed loops . The clocks cont inuously operated dur i ng the ent i re 
measuring interva l .  N o  satell ite l inks are necessary , but Very Long Base line 
Interferometry ( VLBI ) and the Global Posi t ioni ng System ( GPS ) can be combined with 
this method. 

Methods l i ke VLBI and GPS gi ve excellent geometr i c  coordinates but no dynami c 
information .  However , i t  is  poss ible to obtain geopotent ial differences by a 
relat ivistic approach. Bj erhammar ( 1 975)  and . Vermeer ( 1 983 ) suggested a technique 
that made use of signals transmi tted through the atmosphere ( eventually also 
through the ionosphere) . This meant that the method was extremely sens i t i ve to 
correct ions for non-relat ivist i c  error sources, s i�ce the total t i me delay in the 
ionosphere i s  about 30 m in the daytime for measuring a frequency of 400 MHz .  A 
relat ivis t i c  approach will of course be very sensi t ive to any transmi ssion of 
s i gnals . The time delay decreases wi th the second power of the frequency ,  and 
carr ier frequencies above 50 GHz are needed to avoid most of the difficulties wi th 
the ionosphere.  

No  such frequencies are avai lable today for geodet i c  operat ions. Furthermore , a 
system that requires satell ite support of i ts own will  probably take a long t ime to 
develop . Therefore i t  is desirable to develop a technique whi ch needs only two 
clocks and i s  otherwi se self-consistent . 

IPermanent address : Br inken 3 , 1 8  274 Stocksund , Sweden . 

Thi s  study was performed dur i ng a 6-month st ay in 1 984  when the author was a 
Senior Visit ing Scient ist at the Nat ional Geodetic  Survey , under the auspices of 
the Committee on Geodesy , Nat ional Resear ch Counci l ,  Nat ional Academy of Sciences , 
Washington, DC . 
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Tape recorders need not be directly available for the kind of operat ion in  mind.  
Instead we are go ing to use the clocks themselves as relat ivist i c  t ime t raps in  the 
phase mode . All phase compari sons are made over coaxial ( short ) l inks when the 
clocks are avai lable at the same site . Thus the accuracy is limi t ed only by the 
relat ive stab i l ity of the two clocks . Consequently , Doppler effects of the 
Newtonian type have no impact on the " measur i ng procedure .  F inally ,  i t  i s  also 
possible to compensate for dri fts between the two clocks . 

According 
between the 
and Q :  

1 .  ELEMENTARY RELATIVISTIC APPROACH TO GEODESY 

to the relat i vistic approach , we obtain the following 
geopotent ials Wp and WQ and the frequencies fp and fQ 

f�/f� = ( 1  - 2W
Q

/c2
) / ( 1  - 2Wp/C2 ) 

simple relat ion 
for two points P 

where c is the velocity of l i ght . We have a weak gravi ty f ield whi ch means the 
following approximat ion may be use d :  

where f = ( fp + fQ ) /2 .  Wi th this approach we can determine geopotential 

differences after measuring the frequency differences at the two pOints in  
quest ion. 

For a more r i gorous approach see section 2 .  

Somewhat confl ict i ng statements concerning the absolute stabil i ty of atom i c  
clocks can b e  found in the lit erature.  Reinhardt e t  a l .  ( 1 9 8 3 )  found a relat i ve . 

1 5  
frequency dri ft of 1 0  /days for two hydrogen masers , NP-2 and NX- 3 ,  in  a study 

cover ing 3 days . These clocks are probably among the best on the market today,  and 
have been applied in the Nat�onal Aeronaut i cs and Space Admin i stration (NASA) 
crustal mot ion VLBI prOgram . We consider these accurac ies suffi c i ent for 
interest ing geodetic  appl ication when using a measuring technique that properly 
t akes care of dr i ft .  

The difference i n  " proper time"  between two stat ions on the ground i s  extremely 
difficult to observe over large distances . It is therefore import ant to develop a 
measuring technique that takes care of all systemati c  errors to the highest 
pos s i ble degree.  We cons ider the t ime needed for a measurement as be i ng of m i nor 
importance in th is context . Instead we require that the resulting accuracy should 
always improve when increasi ng the number of complete measur i ng steps . It is 
understood that the measuring procedure can be used over a time span up to a year . 
This  should be accept able for measur i ng potent ial differences over ent i re 
continents for accuracies corresponding to the decimeter level or l ess . 

We compose the fol lowing def ini t ions : 

Universal time is  invariant with respect to potential and velocity ( coordinate 
t ime ) • 

Proper time is  a function of potential and velocity . See Landau and Lifshitz  
( 1 974 ) ,  Kilmeister ( 1 97 3 ) . 
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2 .  THEORETICAL CONSIDERATIONS 

A descr i pt ion of a process that takes place in nature requires a system of 
reference . It is necessary to have a coordinate system for indicat ing a parti cle 
in space as well as a clock .  In an inert ial reference system. a freely moving body 
( not exposed to external forces ) moves with constant velocity . I n  classi cal 
mechanics. the propert ies of t ime are independent of the system of reference . 
There i s  one and only one time for all reference frames . Consequently. if  two 
phenomena are simultaneous for two observers. then they are simultaneous for all 
observers . Futhermore. the time interval between two events must be equal for all 
observers and all reference systems . 

The i dea of absolute time i s  rej ected in Einstein's ( 1 9 16 )  theory of relat i vity . 

In  inert ial reference systems. the relat i vist i c  approach makes use of an 
infinitesimal invariant interval. which is defined in a four-d imensional coordinate 
system 

2 2 2 2 2  2 
ds = c dt - dx - dy - dz (1) 

where c is the veloci ty of l i ght. t the t ime coordinate. and x. y. and z posi tion 
coordinates . If t o is proper time. then 

2 2 2 ds = c dt o 

In general. one can express this interval ds in tensor notat ion 

(2) 

Here gij  is a matrix with spec ial properties that j ustify the name " tensor" . In  

our applicat ion. i t  is  sufficient to  know that thi s  matrix i s  symmetric with the 

following elements: 

gij 

If 

go o  g01 g0 2 
g l o g I l g1 2 

g2 0 g21 g2 2  
g30 g3 1 g3 2  

go 0 

gi i  
-1 for i - 0 

gij 
0 for i - j 

g03 
g13 

g23 
g33 

then thi s four-d imensionai coordinate system is called Gal i lean . 

( 3 )  

The tensor gi" i s  called the metric  tensor . The inverse of the metr i c  tensor i s  "j J denoted by gl 
• 

3 



Schwarzschild ( 1 9 1 6 )  computed the metric tensor for a centrally symmetric 
gravitational field wi th the coordinates Xo= ct , x l= r ,  X2 = � ,  and X3= A 

go o  = 1 - 2 V/c2 

gi l a -1 / ( 1  - 2V/c2
) 

2 
g22 = -r 

2 2 g33 = -r cos � and g
ij 

= 0 ,  i ;t j 

where � is  lat i tude , A longitude , r geocentric distance , and V gravitational 
potent ial . 

Kerr ( 1 96 3 )  included the rotat ion of the actual body and obtained for a 
stat ionary t ime-independent centrally symmetr ic gravi ty field 

go o  

gi l 

g2 2  

gu 

g03 

= 1 - 2 V/c
2 

a -11  ( 1  -2V/c2 ) 

= 

= 

= 

-r 2 

2 2 
-r cos � 

c-3G Mr
-'

cos2, and remaining g
ij 

= 0 

where G is the Newtonian constant and M angular momentum wi th the approximation 

M ( 2  mR2w ) /5 ( for the Equator ) 

with m mass, R radius, and w angular velocity for the body in question. 

This  solut ion holds for an external observer ( outside the Earth) . We note that 
our new metri c  tensor includes a nonsymmetri c  term . The Earth rotates wi th a rather 
low veloci t y ;  hence the correct ion will be small . 

The formulas can be transformed for an observer rotat ing with the body . We 
introduce new coordinates and ignore the relat ivist i c  length correction of gil 

A = A - wt , dA = dA + wdt , dA2 = dA2 + w
2

dt2 
+ 2 wdAdt 

where A i s  the geodeti c  longitude . Our study will be related first to two 
stat ionary clocks at di fferent pOSi tions on the Earth. 

The "Einstein interval" ds is now defined by new g-values and we obtain  

2 2 2 2 2 2 2 4 2 2 ds ( 1  - 2V/c - r w cos �/c + 2 GMw cos �/rc )c dt -

-dr2 
-

2 2 
-r d� -

-r2cos2�dA2 

- ( 2r2w cos2� - 2 GM cos2� Irc2 ) dtdA 

4 

( 4  ) 



Proper t ime is  apparently a functi on of the Newtonian potential as well as the 
kinet i c  potent ial . Furthermore ,  there is also a small correct ion for the angular 
momentum . The magnitude of these quanti t i es will be est imated for the Earth. 

-2 - 1 1 2� 6 1 6  -9 2Vc ... 2x6 . 67x1 0 x5 . 98x1 0 / ( 6 . 4x1 0 x9x1 0 ) 1 . 38x1 0 

2 2 2 2 r w cos 4dc ( at Equator) 

2 GMw cos
2 4)/rc 4 

( at Equator ) 

III 

III 

2 . 40x1 0
-1 2  

1 . 3x1 0
-21 

The rat io between the contribut ion from the Newtonian potent ial and the angular 

momentum is about 1 0 1 2
• This  means that the latter can be disregarded for most 

studies . For further detail� ,  see Landau and L i fshi tz  ( 1 974 : p .  323) . 

Two clocks at different positions 1 and 2 will generate the two frequenc ies fl 
22 2 2 2  and f2 • We put W* = V + ( 1 /2)r w cos , - GMw cos ,/rc and obtai n  

where W l and W 2 are t he geopotent ials a t  1 and 2 .  

Wi th all mass concentrated insi de a sphere of radius 2 Gmc
-2 (O . 9  cm for the 

Earth ) we obtain a " black hole . "  For zero angular momentum , the Kerr metri c is 
ident i cal to the Schwarzschild metri c .  For zero mas s ,  the Schwarzschild metr i c  
becomes the Galilean metric 

2 2 2 2' 2 2 ds a C dt - dx - dy - dz • 

For the case wi th moving clocks we introduce the two vectors X and Z 
-

cos>. 
X .. r sin>. Z 

( 5) 

where X is a 
polar axi s .  
The Einstein 
contr ibut ion 

posit ion vector for a point on the Earth and Z the unit vector for the 
Furthermore ,  r represents the geocentr i c  dlstance of the actual pOint . 
interval ds ' is now interpreted as a vector and the kineti c  
is  separated as 

ds .. dX + w ( ZxX ) dt , 
and 

ds2 
= c2dt; III dX2 + w2( ZxX ) 2dt2 + 2 w ( ZxX ) dX dt • 

Vector multipl i cati on i s  denoted by ( x ) . Proper time at an arbitrary point on 
-4 the Earth is represented by to , and t represents universal time . Neglecting c 

terms , we rewrite eq.  ( 4) 

We have a weak gravity field and it wi ll generally be j ustified to make use of 
-4 the approximat ion ( neglect ing c -terms and st ill smaller terms ) 

5 
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2 2 2 2 dt o = ( 1  - W*/c - ( dX/dt ) 12c ) dt - wZ ( XxdX ) / c  ( 9 )  

where dX/dt represents the velocity of the movi.ng clock relati ve to the Earth . 
This formula allows us to correct for the di fference in movements between two 
clocks used for a determination of potential differences . For stationary clocks , 
dX/dt i s  zero and we can use our original formula .  For small velocit ies of a 
clock , we can write 

( 1 0 ) 

Any movement of a clock will have a velocity that is small compared to the 
velocity of light . The difference in universal time is therefore obtained by the 
integration 

Z ( XxdX ) • ( 1 1 )  

If the clock is  moved along sea level at very low speed then the first integral 
is of no interest . The geopotential here should be a constant . The second term 
will be evaluated for a constant lat i tude . Then 

dX = ( ZxX ) d)' 
and 

Z ( XxdX ) = Z [Xx ( ZxX ) ] d)' 

0 
ZxX = r 0 x 

1 

Furthermore , 

2 
Z [Xx ( ZxX ) ]  = r 

o 
o 

cosljI COSA 
coscjl sin). 
sincjl 

coscjl cos). 
coscjl sin). 

_ sine/> 

= 

x 

r 
-COSIjI 

coscjl 
o 

-coscjl sin). 
COScjl cos). 

o 

sinA 
cos). 

2 2 
= r cos cjl .  

The f inal formula i s  then (wi th longi tude counted posi tive east ) 

2 -2 2 fA 
t 2 - t l = wr c cOSe/> d). . 

o 

( 1 2 ) 

( 1 3  ) 

( 1 4 ) 

( 1 5  ) 

( 1 6 )  

This formula gives +207 ns ( nanoseconds ) for one c ircumnavigation at the Equator . 
However , the error is  el iminated if two clocks are compared after making ident i cal 
tri ps . This procedure is used in  the relat ivistic time trap described above . 

Somet imes a transmission qf signals is  included for a comparison of two clocks . 
This case corresponds to eq . ( 1 0 )  with dto = 0 

dt = I dX l /c + wZ ( XxdX ) /c2• ( 1 7 ) 
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The total time delay is  computed for a case with transmission along a stra i ght 
l ine X = X I + y ( X z - X I ) wi th dX = dy( Xz - X I ) and 0 S Y � 1 

X z  

C-'f 
2 I dX I + wZ ( X l xXz ) /c • 

X I  

( 1 8  ) 

The first term of the right-hand side represents the time for transmission 
between the two po int s ,  including delay in atmosphere and ionosphere .  The second 
term is the relat i vistic  correction whi ch should be pos i t i ve for Xz east of X I . 

This  correct ion is  evaluated for two points with r l  = r z = r 

wZ ( XIx X2)!C2 
= wr

2
c

-2
( COS$IC05A1COS$2S1nAz - cos$lsinA1cos'zCOSA2) • (1 9 )  

We transcr ibe this express ion 

(20)  

This delay is  about 3 2 . 8  ns for a separat ion of  90 0 on  the Equator . 

In atomic clocks , there is a relat ivist i c  frequency change for an atom with the 
frequency fo • The velocity dX/dt = v gives the distorted frequency fv 

The kinetic energy of an atom must correspond to i ts absolute temperature T 
according to the relat ion ( wi t h  3 degrees of freedom for the atom) 

mv2
/2 = 3 kT/ 2 

( 2 1 ) 

( 2 2 )  

where k is  the Boltzmann constant and m the mass o f  the atom. The frequency change 
increases wi th T .  This  secondary Doppler effect can , for example , be reduced by 
laser cooling down to less than 1 0K .  (See sec . 5 . ) For further detai ls , see 
Misner et al . ( 1 97 3 )  and Murray ( 1 983 ) .  

We also note that the secondary Doppler effect can be reduced by selecting atoms 
wi th large mass .  

2 . 1  The Relati visti c Geoi d  

The ( covar iant ) elements gij o f  the metr i c  tensor are def ined by the E inste in 

equat ions ( Mi sner et al . 1 973 ) . In vacuo ( outsi de a body ) ,  these equations can be 

wr itten 

a (23 ) 

where 

( Ri cc i  tensor ) ( 2 4 )  

7 



We have used the Chirstoffel symbols 

h hk i j k 
r

ij = g (6gkj /6X + 6gki/6X - 6gij /6X ) /2 

The metric tensor is a nonsingular symmetr i c  matr i x  in our appl i cat ion . The 
elements of the inverse metr i c  tensor are denoted by superscr i pt s .  The inverse 
relat ion is given by 

kh h gikg = 6i (6 = 1 for i = j ;  otherwi se 6 = 0 )  • 

See also Hotine ( 1 969 ) for the tensor definition . 

or 

An equi potent ial surface has to sat i s fy the condi t ion 

go o  = constant 

2 2 2 2 2 2 4  
go o  = ( 1  - 2V/c - r 00 cos ,/c + 2 GMoocos ,/rc ) = constant 

( 25 ) 

( 26 )  

where V i s  the mass potent ial ( including extraterrestrial bodies ) .  The Newtonian 

geopotential is obtained by adding the centri fugal potential ( r
2 

002 cos2,/2 ) . The 

relat ivist i c  geopotent ial is  finally obtained after correcting for angular momentum 

( GMoo cos
2
,/rc

2
) .  This  means that there is  a minor bias in the Newtonian 

geopotent ial . I t  will  be harmless for normal geodet i c  operat ions . ( See eq. 4 . )  

The clas s i cal definit ion of the geo i d  was g iven as the equi potent ial surface 

nearest to mean sea level (Hot ine 1 969 : p. 200 ) . 

Molodensky ( 1 948 ) found that there was no way to determine the geoid  under the 
cont inents .  H e  introduced the concept " quasigeoid , "  which made use o f  the 
disturbance potentials from the physi cal surface instead of the true values inside 
the Earth . However , no proof was given for the existence and the uni queness of the 
solut ion of the actual free boundary value problem . 

Hormander ( 1 975 ) presented proof of the existence and uniqueness of a solution of 
the free boundary value problem . The solution was val id for the nonl inear case of 
smooth surfaces . 

For the existence and uniqueness in the nonlinear case with given surface , see 
Bjerhammar and Svensson ( 1 984 ) .  Modern satellite  methods such as GPS and VLBI make 
these new solutions fully realist i c .  However , only quasi geoi ds can be determined 
wi th these methods . 

Relat ivist i c  geodesy lends itself to the following new definit ion of the geo i d :  

The relat ivistic geoid is the surface nearest to mean sea level o n  which precise 
clocks run wi th the same speed.  

This  definit ion of the geoid is val id over the oceans as well as the continents . 
The geoid is d irectly observable anywhere i t  is accessibl e .  Mine shafts can be 
used for observat ions on the continents . The observed geoi d  represents the "true 
equipotent ial surface" with respect to the energy aspects .  ( Newtonian phys i cs 
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gi�es equipotential surfaces which ignore the relativistic correction for angular 
momentum . } 

The Dirich let problem is direct ly applicable to geodesy given a known surface and 
known potent ial differencea from our relat iviatic meaaur i ng technique . All oblique 
de�ivat i ve problems are avoi ded in th is kind of approach. 

3 .  A TIME TRAP FOR RELATIVISTIC PROPER TIME DIFFERENCES 

We postulate using two clocks , ( 1 )  and ( 2 ) , continually in an operational mode 
while determining the geopotential difference between the two stations P and Q .  
The following measuring procedure is suggested . 

Clo ck positions : 
1. Both clocks at p. 

Cal ibrat ion phaae 1 • 

2 .  Clock ( 1 )  at P. 
Clock (2) moves to Q. 
Transportation phase 1. 

3 .  Clocks rest at P and Q .  
Measuring phase 1. 

4. Clock ( 1 )  moves to Q .  
Clo ck (2) at Q .  
Transportat ion phase 2 .  

5 .  Both clocks at ( Q) 

Calibration phase 2 . 

6 .  Clock ( 2 )  moves to P 
Clo ck ( 1 ) at Q 
Transportation phase 3. 

7. Clock ( 1 )  at Q .  
Clo ck ( 2 )  a t  P .  
Measuring phase 2 .  

8 .  Clock ( 2 )  at P 
Clock ( 1 ) moves to P . 
Transportation phase 4 .  

9. Both clocks at P .  
Calibration phase 3 .  

Counts : Counts: 
Clo ck ( 1 )  Clock ( 2 )  

N 11 N21 

N12 N22 

N13 N23 

NIIt N z .. 

N IS N zs 

N16 N26" 

Comments 
N 11 .. N21 

Frequency check fl/f2 

N 12 ;t N2 2  

N13 ;t N2!I 

NI .. .. N z  .. 

-2 N l S- N z s= ( W
Q-W ) c  f+C " P 

Frequency check f l / f2 

N16 * NI6 
. 

N19- NZ9 = D 
Frequency check f l / fl 

There is an unk nown quantity C representing the drift between the clocks in 
position 5 .  ThiS unknown is determined when closing t he loop in step 9.  All  these 
steps can be repeated several times . If the drift is constant , then the correction 
C can be " exact ly" determined by this approach by putting C = D/2.  
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The transportat i on phases should be i dent i cal in an i deal time trap. It is , of 
course ,  imposs ible to fulfill this condit ion in a practical appl i cat ion. The 
relat ivistic errors from the transportation phase can be estimated if we know the 
differences which can be expected. 

There i s  a general relat ivistic time difference when the two clocks are exposed 
to different geopotentials dur i ng transportat ion. Thi s  t i me difference can be 
computed by : 

where gl  and hi represent gravity and he ight for clock 1 ,  and g2 and h2 represent 
gravity and height for clock 2. We put gl = g2 = g and hi - h2 = �h. T r epresents 
the actual measurement interval dur i ng transportat ion. A const ant height error of 
�h will give a relative error 

�t/T = g�h/c
2

; �t/T = 1 0
�16 

for �h = 1 m • 

I t  seems advi sable to make use of a number of checkpoints along the 
transportat ion road. These pOints should be passed at exactly the same time 
intervals for both clocks. There are also more sophist i cated techn iques for a 
definition of the transportat ion phase. However , in th is section we restrict our 
study to the errors that are d irectly l i nk ed wi th relat i vist i c  effects. 

If the two clocks are transported at d ifferent speeds , then the integrat ion t i me 
wi l l  be different for the two clocks. Proper records of t he movements of the 
clocks wi ll  allow for the necessary corrections. 

There is also a special relat ivist i c  t i me difference caused by the difference i n  
the velocities of the two mov ing clocks. The corresponding time difference here 
i s :  

I
T 2 2 -2 

�t = ( 1 /2 ) ( v 1 - v2) c  dt 
o 

where VI and v2 are the velocities relat i ve to the surface of the Earth for the 
clocks . 

With VI = 30 km/hr and v2 = 31 km/hr , the relati ve error At/T w ill be on the 

order of 1 0-1 7 • For a more r igorous approach see eq. ( 1 0 ) .  

If  the transportat ion phase has a durat ion of 1 0 , OOOs , t hen the correspond ing 
offset in time �t will be 

�t = 1 ps ( picosecond) x �h ( general relat ivity)  

where �h is the systemat i c  error i n  height ( in units of meter s ) .  
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If the transportat ion phase has a duration of 1 0 , 000s and the mov ing clock has a 
constant velocity of 30 km/hr , then the corresponding offset in time At wi ll be : 

At • 3.7 ps ( spec ial relat i vity) . 

The most suit able clock for a relat ivistic  determinat ion of geopotent i al 
di fferences is probably the hydrogen maser . The transi t ion frequency of hydrogen 
is strongly affected by the magnetic fi�ld� The ent ire transportat ion van should 
have addit ional magnet ic shielding i n  th is applicat ion. (See sec .  �.) This means 
that the moving clock approach seems very attractive, if phase measurements can be 
utilized for the determinat ion of d ifferences of proper time .  

I f  good correct ions are appl ied for differences in  veloci t ies a s  well as 
differences in altitude dur ing the transportation,  then the corresponding offset 
between the two clocks that made the same loop will be very small when cons ideri ng 
errors caused by relat i vistic effects ( probably less that 0 . 0 1  ps) . 

An unknown factor in this  comparison is  the eventual detuning caus ed by the 
transportation. No records are available for the behavior of hydrogen clocks 
dur ing transportat ion .  Such a detun ing can be detected if  a third clo ck is 
available at the primary point P in  the t i me trap .  The detun ing of each moving 
clock can then be es timated after closing the loops for clocks ( 1 ) and ( 2 ) .  If the 
thi rd clock generates the frequency f o  w e  will have two addit ional beat frequenci es 
at point P .  The two new beat frequencies ( f 1 - fo ) and ( f2 - fo ) should both be 
close to zero if there has been no detuning .  Even wi th ( f 1 - fa ) = 0 ,  we could 
very w�ll have an unacceptable detuning wh ich remains unknown. Consequently , we 
can control the measuring procedure in a better way if we utilize a th ird clock . 
If excess ive detuni ng has been recorded,  then the observat ions have to  be corrected 
or disregarded .  However , the th ird clock is not compulsory . 

�. THE HYDROGEN MASER 

The hydrogen maser is probably the most accurate clock now available. The 
phys ical uni t  includes a number of subdevi ces : 

1 .  An at omic dissociator is filled with hydrogen . Dissociated hydrogen leaves 
through a collimator . 

2. A variable field quadruple 
level in a vacuum chamber . 
storage bulb which is made 
( polyfluorine polymer ) .  

magnet selects the at oms of appropriate energy 
Expelled atoms leave the uni t and enter the 

of quartz and int ernally coated with Teflon m 

3 .  A resonant cav ity encloses the storage tube. Radio-frequency signals are 
taken out by a coaxial un it . 

�. A vacuum chamber encloses the resonant chamber . 

5. External magnetic shield ing and mult is tage temperature control are suppl i ed 
outside the acti ve un its . 
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A hydrogen maser has a resonant frequency of about 1 . 420 GHz . For an offset of 
0 . 3  Hz there will be an attenuat ion of the signal to about half the peak-to-peak 

value . This gives a Q-value of approximately 3 x 1 09 • The hydrogen maser , which 

has been available for more than 20 years , is manufactured by the Applied Physics 
Laboratory , Johns Hopk ins University ; Nat i.onal Bureau of Standards ; Smi thsonian 
Astrophys ical Observatory ; and others . The short-term accuracy ( or s tabili ty)  is 
closely correlated with the Q-value of the system. Estimates of short-term 
st ability are pri mar i ly obtained by observ i ng t he beat frequency between the 
signals from two masers . If i t  �an be postulated that the two signals are obtained 
wi thout any dr i ft , then the so-called Allan var iance gi ves a d irect measure of the 
short-term instab ility.  Rueger ( 1 98 1 ) presented results that were obtained from a 
hydrogen maser NR-1 (APL ) . 

1 /2 
( Allan variance ) 

( 1 0
-1 6 

x f::.f If ) 

± 263 
1 52 

93 . 3  
39 . 8  
23 . 5  
1 6 . 3  
1 2 . 9  
8 . 7 1  
9 . 67 
9 . 86 

Time interval 

( s ) 

1 0  
20 
40 

1 00 
200 
400 

1 , 000 
2 , 000 
4 , 000 

1 0 , 000 

These f i gures clearly show that a str ictly stochast i c  behavior occurs up· to 
2 , 000 s .  When increasing the time interval above 2 , 000 s ,  there i s  no further 
improvement .  The explanat ion is obv ious . The Allan var iance postulates that no 
systemat i c  trend is hidden in the data . 

Separating the stochasti c  and nonstochastic parts of the "Allan varIance" leads 
to the followIng est imate of t he standard deviat ions for an interval of 1 , 000 s :  

-1 5 s1 000 = ± 1 . 3 x 1 0  • 

An alternat i ve estimate is found in Re inhardt et al e ( 1 983 ) 

-1 5 s 
1 000 = ± 2 .  1 x 1 0 • 

These estimates of the standard deviat ion refer only to the stochastic part of 
the Allan var iance . However , they give the lower limi t for successful applicatIon 
when correctIng for systemat i c  effects . 
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If we disregard Earth t i des and transmiss ion errors. then we can est i mate the 
minimum observation times for obtaining a des ired accuracy when using the first 
clock ( wi th unchanged per formance in the f ield) 

Limit ing standard 
deviation in height 

( m )  

±1 . 4  
0.4 
0. 1 

Time interval 

( day) 

1 
1 0  

1 00 

Such "accuracies "  can only be expected in the relat i vistic approach if there i s  a 
technique for eliminating the systemat i c  errors . This means that the needed 
observat ion time will be at least twi ce as long in any present applicat ion with the 
actual instrument . 

Rueger ( 1 981 ) stated that this laser can be set over a range of ±5x1 0-8 to a 

resolution of 1 parts in 1 01 1 • This  means that the laser has a device for tuning 

the cavity to the resonant frequency . 

Boll inger et al e ( 1 983 ) give the following data for a passive NBS H-maser : 
-1 6 Frequency dri ft = 3x1 0 Iday. and square root of Allan vari ance 

set ) = 1 . 5 x 1 0-1 2t-1 /2 ( t  in seconds ) .  

The long t ime stability of hydrogen masers is  not �ell known . For the SAO maser 
clock Matt i son and Vessot ( 1 982 ) state : 

"Over intervals longer than 1 000 seconds. maser output frequency is influenced 
chiefly by systemat i c  effects that include changes in the resonance frequency of 
the mi crowave cavity and var iat ions in the external magnetic field . 

" Cavi ty frequency shifts , whi ch r esult in pulli ng of the atomic line shape and 
consequently of the output frequency. can be caused by temperature-induced changes 
in the dielectr i c  coeff i cient of the quartz storage bulb ; by changes in cavity 
dimensions due to var iat ions in ambient temperature. barometric pressure , or cavity 
mechan i cal propert ies ; and by other mechani sms . Work • • • has shown that some masers 

di splay a regular long-term frequency dr i ft on the order of parts of 1 0 1 4  per day 

that is accompani ed by a corresponding increase in the tuned cavity resonance 
-tIT frequency . The temporal behavior of these drifts is typi cally 1 -e • wi th T on 

the order of 40 days . We believe that th is  effect is due to "bedding" of the 

ground sur faces of t he low-expans ion Cervi t cavi ty at the jo ints between the 

cyli nder • • • •  We have taken steps to reduce th is dr ift by opt!cally polish ing the 
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cavity endplates and cylinder end surfaces , and assembling the cavity under clean 

room conditions • • • •  

"Other possible sources of cavity frequency drift ar e thermal expansion of the 
cavity material and relaxation of sur face stress in the cavity ' s  conductive 
coating . 

"Over an ambient temperature range of 21 to 28°C it yields_ffloestimated 
temperature sensitivity {l /f } {df/dT} of approximately 8 x 1 0  C • • • •  

"The measured shielding factor and magnetic sensitivity of a maser wi th the n ew 
magnetic shields are: 

d
Hext 

dH
int = 

3 1 df 
1 8x1 6 ; ' f dH 

= 

ext 
for dH t " 0 . 4 4  G ex " 

The NR-maser is available directly mounted in a van , which means it can be 
operated during transport . However,  no information is available concerning 
frequency stability or phase control during transportation.  The present tuning 
system will probably not allow transportation without serious res trictions . A 
refined tuning technique is being developed for this kind of hydrogen maser . 

The relativistic approach will  require an advanced tuning technique .  Mattison 
and Vessot {1 982 } state : "To remove any long term cavity drifts that remain , we are 
working on the development of an electronic cavity frequency st abilization system 
that will lock the cavity resonance to the at omic t rans i t ion frequency w ith min imum 

perturbation of the atomic lines." 

It seems reasonable that such a tuning technique can be developed with accuracies 
-16 close to 1 0  , but at present nobody seems to have a working solution . The tuning 

consistency will be of utmost importance if the cloc k does not have such st ability ,  
so that it can be transported by conventional means without Significantly 
influencing the setting of the tuning. 

Manual tuning , which is normally done on the hydrogen maser , allows the maser to 
be set over a wide range . Once t he tuning is completed,  then the maser "st ays" on 
the se lected frequency with high stability.  The relativistic approach has to 
sat i s fy a t  leas t one of the follow ing two condi t ions: 

1. After tuning is completed , the instrument must be able to withstand 
whatever type of transportation is used to a new observation Site, without 
lOSing the preset tuning . I f  this condition is satisfied ,  then there is a 
possibility of using a time trap of, some kind . 

2 .  The tuning can b e  reset without the help o f  any external signal or 
information. 

These conditions were probably not very important in the earlier deSign of 
hydrogen masers . If the hydrogen maser is to be considered a geodetic instrument 
for relativistic operations , then some deSign modifications must be contemplate d .  
The most promising strategy would probably be the application of electronic cavity 
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tuning whi ch would lock the cavity resonance strictly to the atomic frequency 
transitions. 

lJ.l Accuracy 

The accuracy of a frequency standard is measured wi th respect to " absolute 

values . "  There is  a frequency shift when the hydrogen atoms are reflected by the 
tm 

walls of the container . The storage bulb is coated mostly wi th Teflon to reduce 

reflect ions. Pet i t  et al . ( 1 980 ) found that the " wall shi ft "  was reduced to zero 
at a temperature of 1 1 2° C .  This temperature seems too high for practi cal 
appl i cat ions ; furthermore ,  the wall shi ft has to be determined individually for 
each maser . The lack of reproducibil ity of the coating l imits the accuracy of the 

hydrogen maser to the 1 0-1 2 level whi ch is less than the accuracy of the best 

cesium standards. Pet i t  et al e used a ref ined techn ique for measur ing the wall 
shift in the range 21°C - 81°C. They obtained the following value for the 
unperturbed hydrogen transit ion frequency ( fH ) :  

fH = 1 ,lJ20,lJ05,151 .113 ± 0.001  Hz. 

The claimed corresponding accuracy was 6 x 1 0
-1 3

• There was also a study of the 
frequency st ab i l i ty .  

t 1 0  

set ) 

Here t is the time interval in seconds and set )  the relat i ve standard deviation 
( square root of the Allan var iance) .  

This indicates that the accuracy of the hydrogen maser i s  only at the 1 0
-1 2  

leve l ,  and therefore we cannot expect to use hydrogen masers wi thout a previous 
cal ibrat ion or synchron izat ion . The stab i l i ty of the actual hydrogen maser reaches 
its optimal  value for a time interval of 1 , 000 s .  

Present clocks cannot be used for relati v istic determinat i on of  potential 
differences wi thout careful synchronizat ion and cal ibration . The accuracy of 1 0

- 1 4 

corresponds to only ±1 00 m .  However , the absolute accuracy of each of  the two 
clocks need not be high in a relat ivist ic appl i cat ion .  It  is  requ ired only that 
the two se lected clocks have almos t identi cal drifts over a long time interval .  
For thi s purpose we suggest us ing a pa ir of clocks that have been chosen from a set 
of clocks , wi th all having , as close as possible , the same physi cal parameters . 
Aging of the clocks for several months is  recommended before select ion of the "best 
pair . "  

The following steps should be considered: 
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1 .  Two matched clocks are selected. 
2. The beat frequency is observed for a t ime interval of n days. 
3. The phase difference ( time difference ) is measured s imultaneously for the 

same t ime interval. 

If n is 1 80 days,  then the elapsed time is about 1 .5 x 1 0
1 9  

ps. The time 
difference· is expected to be determined within ±1 ps. 

If the utmost accuracy is wanted,  then the geopotent ials should be measured for 
two pOints that are at almost the same height above sea level. The magnetic  field 
should be as similar as poss ible (Zeeman effects) . Electr i cal alternat i ng current 
fi elds should be avo ided. One of the clocks is now moved to the new pos i t ion in 
accordance wi th the principles of the t i me trap di scussed in sect ion 3. 

We conclude that it is sufficient to have two clocks with rather modest 
accuracies if the ir dr i fts are almost ident i cal. A cons"tant dr i ft between the two 
clocks is also acceptable , because such a dr ift can be completely eliminated. This 
means that we ask only for good relat ive stab i l i ty ( a  matched pa ir of clo cks) . 

Improved performance can be expected if a third clock is  used exclusively for 
frequency cal ibrat ions. The beat frequency is then measured between the third 
clock and alternat i vely clocks 1 and 2 during all the measuring phases. 

Rueger ( 1 981 ) found for the APL maser a j i tter of 0.3 ps. This  is a stochasti c  
error source o f  minor importance for a relat i visti c  approach , where the shortest 

observat ion intervals will be on the order of 1 day ( 8.64 x 1 0 1 6ps) .  

4.2 Hydrogen Masers Wi th Automatic Tuning 

Mattison and Vessot ( 1 982 ) ment ioned work on a new clock wi t h  automat i c  cav ity 
frequency stab i l i zat ion locked to the atomic frequency transi t ion. 

Peters (1984) gave a deta iled descr iption of a new hydrogen clock that 
successfully ut il ized a servosystem for automat i c  cavi ty tuni ng to the hydrogen 
frequen<;ly trans i tion. A technique .had been use d  ear+ ier for "autotuning" whi ch 
could benef i t  from simultaneous ut i l izat ion of two masers. There seems to be no 
way of using th is autotuning for a single osc illator. (Two osc illators can be 
phase-locked anyhow) . 

The new clocks , accord ing to Peters , have a number of new features that deserve 
to be ment ioned : 

Size: 80 x 40 x 50 cm ( alternat i vely wi th 20% incr eased values ) 
We ight: 1 25 kg ( 1 50 kg) 1 7  
"Settabll ity": ± 2.5 parts in 1 0  ( phase coherent ) 

The new design is based on a cavi ty frequency swi tch i ng technique that should 
eliminate cavity related dr ifts. The system has been designed in such a way that 
the " cavi ty is cont inuous ly maintained at the spin exchange offset frequency 
without the use of a secondary reference osc illator." Each maser is  therefore 
s erving as a s elf-consistent frequency standard whi ch is formally free from cavity 
pulling. The temperature of the cavity is use d  for controll ing the cavity 
frequency .  The servosystem operates between the two equil ibrium leve ls that are 
reached with in approximately 1 0  �s. In th is way the cavity resonance frequency is 
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switched rapidly between two different frequencies. The frequency switching 
introduces a phase modulation of the maser output signal . This phase modulation is  
eliminated in  the maser synthesi zer c ircuit . Therefor e ,  the short term stab i l ity 
is  more or less unaffected by the servo-operat ions.  Peters ( 1 984 ) derived the 
following theoreti cal value for the long-time stability  of the new hydrogen maser : 

�f/f = 1 . 55 x 1 0-1 4
t-1 /2 

( t  is time interval in  seconds ) 

or 

Af/f = ± 0 . 5  x 1 0
-16 

( 1 -day interval ) 

�f/f = ± 1 . 7 x 1 0
-1 7  

(10-day interval ) 

Test results from two di fferent designs of the servo5wi tching system were 
presented ( graphically displayed ) :  

Time interval 

( 5 )  

1 0  

1 02 

1 03 

1 04 

1 05 

6x 1 05 

(Allan var iance ) 1 /2 

( �f/f ) 

± 3x1 0-1 4  

7x 1 0
-1 5  

6x1 0-1 5  

4x1 0-1 5  

2x 1 0-1 5  

3� 1 0
-1 5 

Peters concludes : "No linear dr ift between the tuned masers has yet been 

observed wi thin the stat ist i cal uncertainty of measurement . ·  ( The calculated dr i ft 

for this 1 3-day period was 6x1 0-1 6/day . )" 

Several tests were made wi th the new masers: 

1 .  
-1 2  A frequency offset of 3x 1 0  was introduced . The servosystem responded wi th 

a l i near correction rate of 1 . 5x1 0
-1 2/hr . The correction continued unt il  the 

or iginal frequency was restored . 

2 .  A simi lar offset i n  the opposi te direction gave the same result . 

17 



3 .  The magnetic field ( external ) was changed from 1 . 5 to - 1 .6 Gauss . The 

shielding factor was found to be about 1 0
5 

for the best shielded ins trument 

and 3 . 7  x 1 0
4 

for about three times the smaller changes . 

4 .  No statistically significant temperature coefficient was found for the best 

behaving instrument . 

It should be noted that the new instruments incorporated several new techniques 
not applied in the previously mentioned servosystem . For example, new techniques 
for magnetic shielding and temperature control have been used . 

Peters (1984) concluded : 

"There are no apparent barriers to achieving the cavity related stability level 
implied by Equation 6 . "  ( Equation 6 refers to the section containing this 
quotation . )  

"The present results reported in this paper give a basis for a very optimistic 
proj ection of the performance level which may be ultimately achieved . "  

There seems to be little doubt that the new technology for hydrogen maser design 
represents a very promising development . It seems to have the power of mak ing the 
relativistic determination of geopotential difference quite attractive . 

4 . 3  Hydrogen Masers Especially DeSigned for Relativistic Operations 

Present hydrogen masers have been deSigned for laboratory operation . The APL 
masers are mounted in special portable vans . Masers from NBS as well as SAO can 
all be transported . but there is no indication that this can be done without the 
obvious risk of excessively detuning the clocks . Considering the kind of tuning 
done in these instruments . we conclude that the transportation phase would be so 
crit ical that a meaningful geodetic appl icat ion of relat ivist ic measurements 
becomes very intricate .  

The hydrogen maser of Peters . thus far . is made only in two copies . However . it 
has been shown that the servoswitching technique responds to a detuning of 

magnitude 3xl0
-1 2  with complete retuning after about 2 hours . These results are 

sensational and open the possibil ity for geodetic appl icat ions in a relat ivist ic 
mode . (This is an improvement by a factor of 1 00 above the classical technique . )  

The first two clocks were built according to two different concepts .  Their 
relative performance could probably have been considerably improved if maximum 
relative stability had been requested . 

Transportation of the clocks seems unavoidable in a geodetic relativistic 
operation and . therefor e .  some instrumental comments are .j ustified:  

1 .  The geodetic clocks should be mounted in vans similar to the ones used in the 
crustal dynamic program ( VLBI ) .  

2 .  The van itself should be used for additional magnetic shielding . The clocks 
have magnet ic shielding conSisting of four different shields with the first' 
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3 .  

4 .  

5. 

two inside the vacuum enclosure. A shielding factor of 20,000 has been 
obtained in this way. The transportation factor is expected to introduce 

Zeeman effects of the second order . It would be necessary to use a 
external shield , for example , the ent ire transportat ion van i tsel f .  

large 
( The 

shielding factor is on the order of -1 06 . )  

A zero temperature coefficient was found for one of the two new clocks . 
state was related to a higher beam intensity .  The clocks should still  
benef it  from additional temperature control in the entire shield volume . 

Corrections for gravity need to be included or added afterwards . 

Two matched twin clocks need to be used . 

This 

6 .  A third clock wil l be convenient for calibrat ion and for allowing stat ionary 
operat ions w i th the two measur ing clocks . (Satell i te l inks can also be 
cons idered . )  

5 .  NEW PRECISE CLOCKS 

The hydrogen maser apparently already reached an impressive short term stabil i ty 
many years ago . Vessot ( 1 979 ) reported clocks with a short term stab ility of 

6x1 0-1 6 • In a later publ ication Vessot (1 981 ) wrote , " • • • atomic clocks , whose 

stability is now well below the 1 0-1 5  level for intervals between 20 min. and 

hour ." Very long term stability is not well documented . The most promising 
development seems to be linked wi th methods for cav ity tuning directly to the 
transition frequency of the hydrogen atom . In a still longer perspective we have 
to consi der the changing of the wall shift for the hydrogen maser . 

Reports have bee� given concerning a number of new desi gns which make use of 
radio frequency ion traps eventually in combination wi th laser cooling . It is 
known that several laboratories are developing new frequency standards . A radio 
frequency ion trap is favorable for clock applicat ion because the ions can be 
trapped in confinement for a long period ( Bollinger et al e 1983 ) . Stored mercury 
ions are attracti ve because of the high frequency ( f=40 . 5  GHz ) and the small line 
wi dth (�f = 8 . 8  Hz ) .  The quality factor Q is 

Q = 2f/�f = 1 x 1 0 1 0 • 

The ions wil l be pumped from the ground state (F  = 1 )  up to the excited state and 
then will decay back to the ground state . Mi crowave radiation at the resonance 
frequency between the first and second excited state of Mercury 1 99 will produce 
fluorescence wh ich can be used for detecting the hyperfine resonance .  The decay 
passes over to Mercury 202 which has no hyperfine structure ( no nuclear spin) . The 
excited state and the ground state of Mercury 1 99 match well with the resonance 
frequency from the two excited states of Mercury 1 99 .  

The most important source of frequency shift in a system of th is k ind is the 
second-order Doppler shift caused by the special relativity effect on emitted 
atoms . The technique commonly used for cool ing in  such devices is sophist icated . 
Cutler et al e ( 1 98 1 ) outlined a method of cooling wi th the aid of a l ight inert gas 
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l i ke hel ium .  This system is under development by Hewlett Packard laboratories . 
( See also Jardino et al e (1981) for a similar approach. ) Equations (21) and (22) 
show that the second-order Doppler effects van ish at T = o. 

Wineland et al e (1981) descr ibed the pr inciples of a microwave frequency standard 
ut i l izing Mercury 201 ions stored in a stat i c  trap charged wi th a given quadruple 
electrical potent ial in a uni form magnet i c  field .  Since only stat i c  fields are 
used in the trap , cool ing the ions to reduce the second-order Doppler shift is 
greatly simpl ified.  

The technique chosen for cool ing appears promising .  The trapped ions are exposed 
to a laser beam tuned sl ightly below the resonant transi t ion frequency . If the 
laser frequency is above the resonant frequency ,  the the trap wi ll  be heated. The 
physical explanat ion is complex but mainly founded on the fact that if the stream 
of ions is directed against the laser beam , then the light frequency i s  shifted 
closer to resonance and this requi res energy. Laser cool i ng has successfully been 

applied to magnes ium and beryll ium ions . (See , for example , I tano et ale (1983) 
and Wineland et al e (1981) .) It Is expected that i t  will be poss ible to make an 
equi valent applicat ion for trapped Mercury 201 ions . This wi ll require a tunable 
cont inuous-wave , narrow-band laser . Such a source has recently been developed by 
NBS . The required frequency is  obtained by mixing independent laser signals ( Wayne 
et al e 1983). The proposed system is predi cted to have a stabil i ty correspond ing 
to (Allan 1966): 

t > 100 5 

where set ) is the square root of Allan var iance and t is the selected t ime 
interval . For one day of operat ion the l imiting value wi ll  be 

s ( 86400) = ± 6 x 10-1 8 
• 

The expected Q-value has been computed to be 

Q = 2.6 x 10 1 2 
• 

This is about 1,000 t i mes better than for the hydrogen maser . 

St ill  more exciting results are expected from "laser clocks" based on Mercury 201 
ions . The corresponding values were presented as 

set) = 2 x 10-18
t-1/2 t ) 2 s 

Q = 1.4 x 1014 

( See Wineland et ale (1981) and Wayne et al e (1983) for further detai ls . )  

Some competiti ve ions are perhaps found in barium wi th a Q-value of 1.6 x 1016 

and indium with a second-order Doppler shi ft of only 10-19. Such clocks might have 

up to 106 times better Q-values than present hydrogen masers . ( For superconducting 

cavi ty resonators ,  see Turneaure et al e (1983).) 
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6. SYSTEMATIC FREQUENCY DRIFTS 

At present , relat ivist i c  determinat ions of geopotent ials or dynamic heights are 
of i nterest  only for distances larger than 1 ,000 km. 

A relat ivist i c  determinat ion of dynamic heights has not yet been made for 
geodetic  appl ications. In a mov ing clock exper iment all errors would be generated 
by the clocks ( and transportat ion ) . The clock errors 

"
in an experiment will  be 

est imated. 

1. C locks operated wi thout sophist i cated cal ibrat ion (H 2 masers ) :  Dri ft 

rate/day:  10
-15• 

Corresponding he ight drift rate : ±10 m/day. 

2. C locks operated in closed loops wi th special cal ibrat ion for the daily  dr i ft : 
Repeated cali brations are expected to furnish mathemat i cal corrections to ��� 
cal ibration wh ich should reduce the final frequency errors to about 2 x 10 

or ±2 m. 

Geodes ists have had some earl ier exper ience in working wi th instruments that need 
cal ibrat ions in closed loops to give sat i sfactory results. For comparison we 
select here a gravity meter of the older type. These instruments could have a 
dri ft of about 10 mgal a day. If the instrument had been operated in closed loop , 
then the remaining errors could normally be reduced by a factor of 10. I f  there 
had been a l inear drift only , then better results would have been obtained. St ill 
better results can perhaps be expected from a relativist ic determinat ion of 
heights , which can benefi t from much longer observation. 

If the observat ions are made during very long observat ion intervals , then 
submeter accuracies should be completely real ist i c. Observat ions by the Mossbauer 
technique more than 20 years ago proved the val idity of these considerations. See 
Pound and Rebka (1960). 

A comparison with precise level ing seems somewhat less favorable but also less 
meaningful . The systemat i c  errors of level ing rema in mostly hidden. 

Somewhat confl icting information can be obtained concerning the stab i l ity of 
various "precise" clocks. Different procedures can be considered for obtaining 
useful estimates of proper time at two points a large distance apart on the Earth. 
We will restr ict our study to the case where the observations have been made in  
such a way that both clocks are exposed to  longi tud inal displacements in the same 
manner. Otherwi se , additional corrections have to be appl ied. See the appendix 
for further detai ls. 

We postulate that our problem will be to determine the difference in proper time 
for two selected pO ints P and Q .  There is  no need to know "absolute proper t i me" 
for the study we have in  mind. 

Some general rules for selecting adequate clocks can be contemplated. If a large 
number of clocks are avai lable ,  then it should be possible to make a prel iminary 
study which results in a pair of clocks with closest match. It is understood that 
present hydrogen masers mostly have frequency dri fts too large for an immediate 
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meaningful geodet i c  application in a relat ivistic  approach . Different modes of 
operations can be considered : 

1. Clocks are used wi th a primary cal ibrat ion and then wi thout further 
correct ions . 

Expected relati ve frequency dri ft : 3 x 101.� - 1015• 
( See Re inhardt et al e (1983) and Knowles et al e (1982).) 
Relativistic  he ight drift : 30 - 10 m .  
Comments : The stab i l ity indicated above is  not useful i f  corrections for the 
dr ift cannot be determined by rel i able methods . 

If the relati ve frequency drift is constant , then i t  should be possible to 
make the necessary correct ion wi thout a more sophist i cated technique . 
Probably the dr ift wi ll change with time and th is wi ll  make accurate height 
determinat ions difficult . 

2 .  The relat i ve dr ift between two clocks can be determined wi th high accuracy 
from the beat frequency obtained in a mult ipl icat ive mixing .  

The high frequency signal i s  filtered out and we simply obtain the beat 
frequency ( W I - W2 ) .  This approach is most conveni ently appl ied to direct 
observat ions of frequency differences . 

3. The phase difference between the signals from two clocks is  most easily 
interpreted if the clock frequenc ies are available as two ' low frequenci es ,  
whi ch are selected in such a way that dr ift i s  taken care of ins i de one full 
wavelength . A phase meter will then automat i cally give the int egrated value 
of the frequency dr ift during the measuring interval . The advantage of a 
phase measur ing system is  that i t  gives us an opportuni ty to make use of 
extremely long measuring times . 

A relat ivistic appl i cat ion of d ifferences in proper time makes i t  necessary to 
separate instrumental clock dr ift from true dri ft caused by difference in proper 
time.  

Instrumental drift and true dr ift cannot be separated in a straightforward study . 
Such is the case in the following si tuat ion .  

Two clocks (1) and (2) are cali brated and give i denti cal frequencies at a pOint . 
Clock ( 2 )  is  then moved to a new posi t ion ( Q) . The beat frequency is  now ( f l -
f2 ) .  What is  the instrumental dr ift and what is the true dri ft? This is a 
singular problem wi thout any meaningful solution . If e ither the true dr ift or the 
instrumental dr ift is known , then the remaining one can be determined . 

The previous exper iment is followed up by transport ing clock (1) to pOint Q. Now 
the beat frequency ( f 1  - f2 ) can be measured again. If ( f 1 - f2 ) - 0 ,  then there i s  
an instrumental dr ift . We can repeat this measur ing operat ion i n  the reverse 
direction . Each time we obtain a new measure of the different drifts. Each time 
the clocks are at P and Q we obtain a d irect measure of the total dri ft . Each time 
two clocks are in the same pos i t ion , we obta in a direct determinat ion of the actual 
instrumental drift. 
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Thi s measuri ng procedure requires a link between the two stations P and Q by 
satellite  or d irect transmiss ion . Transportat ion between the two s tat ions can be 
accomplished by air . and the time-dependent instrumental drift can probably be 
greatly reduce d .  However . any change in the instrumental dr i ft dur ing 
transportat ion would rema in unknown. 

We now consider a case where the frequency difference ( f l  - fa ) is  recorded over 
a longer t ime interval . This frequency difference is presented in the fol low i ng 
way : 

� 2 f l -fa  = c f( Wp-WQ ) + Xo + X l t  + X a t  + • • •  

where t is  t ime and x o . X I ' and x 2 are instrumental dr i ft parameters . Here X o  
represents t he off set and this constant can be determined wi th high accuracy when P 
and Q are coinc ident . Furthermore .  we can consider using a large number of 
observat ions for a determinat ion of the remaining unknowns . However . Xo and the 
geopotential d ifference wi ll be harder to separate when P and Q are noncoinc ident . 
One approach could be to determine the frequency difference after inter changing the 
clocks . The geopotent ial and Xo will then enter with opposite signs and the mean 
of the observed frequency differences should now be free of bias.  

Observat ions wi th two clocks in the same position 

2 f l - fa = Xo + X l t  + Xat + ( 1 ) + ( 2 )  in P 

If there is  no satell ite l ink . we cannot d irectly observe the beat frequency over 
long distances when we operate in the measur ing phase of the time trap . The beat 
frequency over a se lected t i me interval t is expressed by three unknown parameters 
X o . X I and x a . 

Observat ions with the two clocks in different positions 

� 2 f l - fa = c f ( Wp-WQ ) + . x o + X l t + X2t + 

After interchanging the two clocks we write 

-2 2 f l - fa = -c f ( Wp-WQ ) + Xo + X l t + X2t + • • •  

Observat ions wi th the two clocks in the same posi t ions 

2 f l - fa = Xo + X l t + Xat + 

(1) in P and ( 2 )  in Q 

( 2 )  in P and (1) in Q 

(1) and ( 2 )  in P 

Records for the determinat ion of the instrumental drift are obtained with both 
clocks in the same posit ion at three different steps of t he previous t i me t rap . 

(1) and ( 2 )  at P 
( 1) and ( 2 )  at Q 
(1) and ( 2 )  at P 

These records can be used for a determinat ion of the instrumental dr ift 
parameters XO . x I and xa. After subtracting the instrumental dri ft we obtain the 
geopotent ial difference from the beat frequency after proper integrat ion with 
respect to observat ion t ime or phase difference.  
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The three observat ions of beat frequencies at P-Q-P gi ve a model of the 
instrumental drift , and the mi sclosure in time can be computed. The d ifference 
between observed and computed misclosure is an est imate of the " transportat ion 
error . 

No records are available for a study of the behavior of precise clocks during 
transportat ion . H�wever , some ind icat ions can perhaps be found from the 
exper iments concerning the red shift . Vessot ( 1979) descr ibed a test with a 
hydrogen maser in a spacecraft . A near-vert ical trajectory wi th a maximum alti tude 
of 1 0,000 km was use d .  There was a second maser on the ground. Three microwave 
l inks transmi tted signals between ground and the spacecraft . The f irst-order 
Doppler shift was cancelled wi th the help of a closed loop from ground to 
spacecraft and back.  The expected grav itat ional red sh ift was on the order of 4 x 

-10 -14 10 and the expected stab il ity of the maser was about 10 • Vessot states : "Our 

present conclus ion is that the red shi ft agrees wi th predict ion to about 200 ppm. " 
Th is seems to ind icate that there was no major loss of stab il ity dur ing the space 
fl ight . Very strong accelerat ions were i nvolved in this experi ment . 

The Vessot experiment is not d irectly applicable to geodetic  determinat ions of 
geopotent ial di fferences , and i ts seems advi sable to use a measur ing technique 
which superv ises the transportat ion to the utmost . Therefore ,  we postulate that a 
large number of checkpoints would be use d .  For each checkpoint ,  we can make use of 
the following records : 

1 .  Beat frequency relat ive external precise clock : GPS . 

2. Geometr i c  height above the ell ipsoid : GPS or movable VLBI . 

3. Gravity : Precise gravity meter . 

4. Inert ial navigat ion coord inates : PADS . 

5. Temperature.  

6 .  Magnetic  flux . 

Present hydrogen masers used for movable VLBI would be mounted in vans . The 
clocks would be in operat ion dur ing the transportat ion , but w i th no records 
available for the beat frequency from such an exper iment . There i s  a r isk of 
irregular behavior dur ing transportat ion ( ma inly because of magnet ic disturbances ) .  
and additional magnetic sh ield ing should be j ust i fied.  (A large external sh ield is 
cons idered useful . )  

I t  is  now postulated that the observation intervals have the same durat ion before 
and after inter changi ng the clocks . We would then have t he fol lowing integrals of 
the beat frequenc ies : 

) dt . 
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Here I I  represents the phase d ifference at the end of the f irst measuring phase and 
1 2 the phase difference at the end of the second measuring phase . 

and 

-2 2 3 
I I - I z = 2Tc f(Wp-WQ) - x lT - 2 xzT + • • •  

where ( 1 1 - I z ) i s  obtained without the l inear drift.  

There i s  also a poss i b i l ity of modeling the instrumental drift from records of 
the beat frequenc ies at the three posi t ions where the c lo ck operate in the 
cal ibrat ion phase . 

( f 1 -f 2 ) 0 = X o  (Beat frequency:  both clocks at P . ) 

( f 1 -f 2 ) 1 
2 ( Beat frequency :  both clocles at Q. ) = xo + TX l + T x2 + . . . 

( f 1-fz ) 2 = Xo + 2Tx 1 + 4T2
Xz + . . . ( Beat frequency:  both clocks at 

p . ) 

These records determine the thr ee drift parameters xo , X l "' and x2 • 

Regard i ng the transportat ion phases , i t  is assumed that the errors of the 
transportation phases cancel in the computat ion or I I  and 1 2 •  Mode l ing or the 
instrumental dr ift will require a correct ion for the transportat ion phases if t here 
are signif icant errors. Furthermor e .  there is a possibil ity of using a large 
number of beat frequency observat ions ins ide each" cal ibrat ion phase . This would 
make it possi ble to gain degrees of freedom or a more detailed model . 

If  a satell i te l ink is  used in combinat ion w i th the t i me trap .  then the beat 
frequency can also be observed wi th the clocks at P and Q . 

The interc�anging of the two pr imary c locks is the most fundamental  operat ion for 
a determinat ion of the proper time difference or the corresponding true proper beat 
frequency . If transportat ion of the clocks can be made wi thout influenc i ng the 
tuning , then the two-clock approach with the time trap appears to be at tract i ve . 

I f  a satellite l ink is available .  then d irect observat ion of t i me will  be 
unnecessary . However , even in th is case we have to consider an interchange of the 
two clocks . Thi s  seems to be the best way to el iminate t he errors from an 
incorrect setting of the fr equencies for the two clocks . If the clocks are stab l e .  
then i t  should b e  suff icient to determine the beat frequency when the two clocks 
are at the same position. and then apply a correction in any future application. 

The use of a third clock is  an attract i ve approach because i t  leaves the two 
pr imary clocks stat ionary for most of the t i me .  The transportat ion of the pri mary 
clocks might be a r i sky enterprise,  eventually " result ing in mal funct ion of one or 
both clocks.  

The weakes t pOint in th is chain of observat ions is  probably the tuning of the two 
pr imary c locks. 
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Formal ly , we must always consider : 

1 .  The beat frequency between the two primary frequenc ies should be a constant , 
disregard ing t idal var iat ions . The change of beat frequency is  a direct 
measure of systemati c  errors l i ke "fl ickering . "  

2 .  The resolut ion ( theoret i cal)  of a precise hydrogen maser is  of the order of 
±1 ps . ( Observation� during half a year cover a time span of about 1 . 5 x 

1 0 1 9  ps . This means that our system will have a hei ght resolution of about 

±1 mm after operating half a year . A more realistic  resolution i s  ± 1 0 ps . ) 

Considerable loss in resolut ion follows from using signals transmitted through 
the atmosphere and the ionosphere .  Fiber opti c  links are under rap id development 
in t he commercial telephone system . A transatlant ic cable is already projected . 
The relat ivistic approach offers exceptional advantages from th is k ind of 
technology. 

7. GEOSTATIONARY SATELLITE LINK 

The t ime trap outl ined above opens t he poss ibil i ty of us ing two clocks as the 
only measuring tools needed for obtaining relat i vistic determi nations of 
geopotent ial differences . The technique can make use of extremely long int egrat i on 
t imes whi ch should be helpful in an early exper iment . Formally , the whole 
measurement would have the character of a phase-measur i ng techn ique,  where the 
total phase displacement eventually is observed at several frequencies in order to 
avoid ambiqui ty . The techn ique does not r equire a d ir ect commun icat ion l i ne 
between the two cloc ks .  This means that the errors of a communi cat ion line are 
also avoided . Instead we are exposed to the errors from the transportat ion phases 
of the measuring system . 

Ther e i s  another poss i b i l ity whi ch has some interes t ing reatures . Th i s  techni que 
uses an almost geostat ionary satelli te as a l ink between t he two c locks . 

The satellite generates a Signal with frequency fo and a suitable beacon for 
frequency control . The two ground stat ions generate s ignals wi th frequencies fp 
and fQ . Furthermore ,  there is commun icat ion in both d irect ions to t he satel l i t e ,  

t o  determine the movement of the satell ite . F inally , the satell ite should generate 

two auxi l i ary signals at different frequenc ies ,  whi ch allow determinat ion of the 
delay in the ionosphere .  

Our main measuring problem i s  solved in the following way :  

Superheterodyn ing 1 :  fp - fO 

Superheterodyn i ng 2: fQ - f
O 

Superheterodyning 3 :  ( fp- f
O

) - ( fQ- fa ) = fp-f
Q 

We note that this procedure benefits from the invar iance wi th respec.t to the 
reference frequency fo • The beat frequency fp- fo is  transmitted over the 
satellite link ( or along the ground) . Only geostat ionary satellites would serve 
well in a strict ly continuous mode.  
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Knowles et al e (1982) r eported a successful applicat ion of a phase coherent 
satell ite l ink wi th the use of the geostat ionary ANIK-satell ite . They concluded ,  
"Our present l ink should b e  better than a hydrogen maser over per iods of a day or 
longer ; t he improved l ink should be superior for per iods of 3 hours or longer." 
Figures in the r eport indi cate that the "two-way" l ink was capable of eliminat ing 
al l f irst-order effects of the satell ite motion. The upl ink was operated at 1 4  GHz 
and the downl ink at 12 GHz. Unfortunately,  there was no beacon transmi tted from 
the satellite , whi ch made i t  difficult to compensate for the dri ft of the satel l ite 
osci l lator. Thi s correct ion was instead computed by us i ng two tones separated by 
60 MHz. The experiment involved VLBI stat ions in Br it ish Columbia , Ontar io ,  and 
Maryland. 

Some figures from. the study might be of spec ial interest : 

Short-term noise of the l ink ±25 ps 

1-day stab i l ity ±175 ps 

10-day " ±250 ps 

1-day relat i ve stab i l ity 2)(10-15 

10-day " 3 )(10-16 

The f i gure for 10-day stab i l i ty i s  uncertain becaus e i t  is based on pred i ct ion . 

Several mod i f i cat ions wer e suggested. Ther e seem to be convinc ing arguments 
ind i cat i ng a satellite l ink of thi s  k i nd is the most promi s i ng system for 
generat ing "uni versal time." Al l numer ical data from the r eport refer to an 
exper imental des ign. The results are so excellent that t he method deserves further 
appli cat ion. 

It  should be noted that the main advantage of an ANIK-l ink compared with GPS i s  
that the ANIK-l ink gives cont inuous operat ion over almost unl imi ted t i me. This 
means that such a l in k ,  whi ch mak es use of a phase coher ent system over a very long 

-17 t ime , should be capable of def in i ng relat i ve long-t ime stabi l i t i es good to 10 • 

However , furt her stud ies will be needed before st ab i l i t ies of th is k ind can be 
success ful ly ut i l ized in a relat ivist i c  approach. (See Campbell and Lohmar (1982) 
for studies over the delay in the ionospher e.) 

A satell ite l i nk can serve as a sui table tool generat i ng the beat frequency 
between the two clocks involved in a relat i vistic measurement of proper time 
d i fferences. The fol lowing measur i ng procedure can be used: 

1. The beat frequency is de termined over the satellite link wi th both clocks at 
the selected stat ions (P and Q).  

2. The two clocks ar e inter changed an d the beat fr equency i s  determined aga in. 

Thi s  measur ing procedure can be r epeated an unl imi ted number of t i mes. The 
advantage of th is techn ique is that the "fl i cker ing" from the two instruments will  
be  gradual ly el iminated in t he f inal mean. For fl i cker i ng see Vessot (1976). 
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-14 If t he complete sys tem has an operat ional stabi li ty of only 10 , then the 
l imiting standard deviat ion after 400 days of observat ion wi ll be ±0 . 5  m. Improved 
per formance would r equire the us e of several clocks in s i multaneous operat ion at 
the observat ion s i tes. The technique should be investigated carefully at a tes t 
s i t e, where pO ints wi th known geopotential differences are available. I t  should be 
emphas ized that the time trap of sect ion 3 sho uld also benefit from using a 
satell ite l ink. 

8 .  GLOBAL POSITIONING SYSTEM 

A geostat ionary satell i te sys tem has obv ious advantages for a relat ivis t i c  
approach where long observation intervals can b e  important. The Global Positioning 
Sys tem ( GPS) will make use of 18 satelli tes when i t  is fully deploye d. At present, 
much less are in orb i t  and th is means that the observat ion i ntervals ar e restri cted 
to only a few hours. 

-11 -13 The satellite osc i l lators have stab i l i t i es of about 10 t o  10 for short 
intervals, an d are e ither rub id ium or ces ium. The geode tic  GPS r ece ivers mostly 

-10 -12 have crystal oscillators wi th a short-term stab i l i ty of 10 to 10 ( Goad and 

Remondi 1983). 

The stabil ities of the osc illators are so low that no d ir ect relativistic 
operat 1ons are mean 1ngful. The short observat 1on 1ntervals w 1 th the present 
sate ll ites in orb it further reduce the possibil ities wi th th is technique. 

Some mod i f i cat ions of the GPS approach might be cons ider ed as necessary for 
relat ivistic operat ions : 

1. The local osc il lat ors at the ground stat ion can be rep laced by a hydrogen 
maser of highest qual i ty. 

2. A dual or tr iple frequency techn ique i s  appl ied to reduce the errors in the 
ionos phere. 

3. Advanced new techniques ar e applied to reduce the orb i tal errors. 

Goad and Remond i (1983) r eport on t he. succe��t'ul determ inat ion of " the relat i ve 
variat ions of the ground clocks to the subnanosecond l eve!. " Th is is impressi ve 
accuracy for this k ind of system, but i t  is s t i l l  not quite sat i s factory when usi ng 
observat ion intervals of only 5 hours. The relat i vistic approach will  be good only 
for he i ght differences of about ± 1 , OOO m. More prom i s ing results can be expected 
from a dual frequency approach. 

Ava ilable records indicate that i t  should be possible to de term ine the offset 
between two distant clocks to about ±1 0 ps. Instruments of th is k ind are now being 
tested. We can cons ider us ing such instruments for a determinat ion of potent ial 
di ffer ences . 

One way of using the system is to incorporate two perfect clocks wh i ch replace 
the exist i ng clocks at the two ground uni ts in quest ion. Wi th only 5 hours of 
operat ion, the instab il ity of the time interval wo uld be on the order of ±1 0-15 • 
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The correspond ing he ight error in a relat i vistic approach is about ± 1 0 m. Improved 
accurac i es can , of cours e ,  be obta ined by r epeat ing the observat ions. ( Clo ck 
dri fts ar e disregarded. ) 

An experiment of the k ind indicated demonstrates how a relat i vistic he ight 
determ inat ion can be made. 

1. Two per fect clocks are running freely at the pos i t ions P and Q. Proper t i me 
has di fferent speed at different geopotent ials. The d i fference in the 
geopotentlals is dir ectly proport ional to the frequency d iffer ence of the two 
c·locks. 

2 .  The offset and the dri f t  between the two clocks are determined over the GPS 
l ink. 

3. The he ight differ ence i s  obtained from toe frequency differ ence 

2 -1 -1 h = (fp- fQ) C  r g 

where g i s  gravi ty and h dynamic he ight d i ffer ence. 

When all GPS satell ites will be in orb i t ,  then th is system could serve we ll as 
the t i mekeep ing uni t  in a relat ivist i c  he ight determinat ion approach. 

However , we should note that we get only a time re ference system by GPS. The 
f inal di fferences in proper t ime w i l l  be only as good as the clocks al low. In most 
s it uat ions we have to accept a mov ing clock technique to allow for proper 
cal ibrat ion , but the usefulness is l i m i ted as long as the operat ional t ime is so 
small. The GPS ins truments have been operated at a frequency of 1 0 575 GHz. 

9 .  VERY LONG BASELINE INTERFEROMETRY (VLBI ) 

The VLBI t echnique has so far been use d in an untuned mode. Th is means that the 
offs et between the two clocks operat i ng at the ends of a bas el ine is computed by 
cross-correlat ion between the signals received at the two stat ions wi thout any 
d irect refer ence to the differ ence in proper t i me. 

I f  we want to use the VLBI technique for a relat i vistic determinat ion of 
geopotent ial di ffer ence s ,  then the fol lowing procedure can be cons idered·: 

1. The two clocks at the end of the basel ine are tuned to the utmost for optima l  
per formance. The NR maser of APL i s  " settable" over a range of ±5 )( 10-8 to 
a r esolut ion of 7 parts i n  1017 (Rueger 1981 ) .  

2 .  The VLBI operat ion i s  completed in the usual way and the geometr i c  he ight 
difference is compute d. The two c locks are synchronized by the cross­
correlat ion techn ique (mathemat i cally ) .  A common uni versal time system is 
es tabl i shed. 

3 .  The VLBI operat ion i s  repeated after interchanging the clocks . The beat 
frequency now corresponds to twice the geopotent ial difference if there are 
no ins trumental errors. (This step can be cons idered only when using movable 
cloc ks. A pract i cal appl i cat ion has to be r estr i cted to mob i le VLBI. ) 
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�. Frequency checks can be included as in the time trap. Both clocks have to be 
compared at P and Q. 

Stat ionary VLBI instruments have perhaps the most accurate clocks with the most 

efficient temperature control. Ther e is a temperature dr ift of about 10-1�/1 ° if 

no add it ional external temperature stabil izat ion is included. Stat ionary 
i nstruments and VLBI instruments for crust al movement have an external oven wh ich 
should reduce the temperat ure var iat ions below 0.1 0 ( or less ) .  Addi t ional 
temperature correct ions can eventual ly be contemplat ed. 

I f  movable VLBI ins truments are avai lable for an exper iment of th is k ind,  then 
the fol lowing procedure can be cons idered:  

1. A test area is selected wher e two pOints P and Q have a d ifference in 
alti tude of  at least 1 , 000 M .  The distance 'between the points i s  not 
important , but a short distance will speed up the tes t .  

2 .  The two clocks from the VLBI stat ions are used in a measur ing s equence 
accord ing to section 3. Th is measur ing procedur e has to be preceded by a 
careful tun ing of the clocks for long-t i me stabili ty. About 10 intermed iate 
checkpOints between the given pOints P and Q can be consi der ed. The 
movements of the two clocks should follow a s tr i ct pattern and be proper ly 
mapped. 

3. The geometric coordinates for pOints P and Q ar e determined by using the 
st andard VLBI techn ique. I f  preci se level ing dat a are a va i lable , then thi s  
i s  an advantage. 

The observation time is important for an exper iment of th is k ind.  The shortes t  
meani ngful observat ion time seems to be on the order of 1 0  days . This is 
suff icient to def ine he ight d i fferences at the 10-meter level if the offset between 
the clocks can be determ ined wi th in ±1 ns. The dri f t  rate between the two c locks 

is predicted to be about 10-15/day, which has to be eliminated by cal ibrat ion. 

Our ent i r e  measur i ng procedure for the t ime trap is based on the techn ique of 
phase-measuring. It has the advantage of benefit ing from very long integrat ion 
t i mes. The movable VLBI instruments have masers wi th so-cal led " auto-tun ing." 
Techni cal data for th is k ind of tun ing are rather limited,  but the advantage of the 
tun i ng techn i que seems to be l imi ted to a s i tuation where two mas ers can be 
operated s imultaneously at the same pos i t ion. Th is mi ght indicate that two masers 
have to be used t oget her in the transport at ion van to preserve opt i mal stab i l i ty. 
Any pract i cal application has to be preceded by field tests of the masers. 

Ear ly appl i cat ion of the VLBI techn ique can be done wi thout prev ious advanced 
tun ing if two st at ions of known geopotential di fference ar e available. We can then 
compute the t heoret i cal beat frequency caused by the differ ence in proper t ime. We 
will have 

Af Af + Af observed proper i ns trumental 
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where Af b d i s  the beat frequency computed from the VLBI oper at ion , Af o s erve proper 
is the theoret ical beat frequency corresponding to the known geopotent ial 

difference , and Af i t t l is the tun ing error . ns rumen a 

The tun ing error i s  now determined for the system of two i nstruments. One of the 
instruments can t hen b e  moved to a new posi t Ion and the geopotent ial dIfference is 
directly obta inab le from the observed beat fr equency after due correction for the 
tun i ng error. All determ inat ions of new geopotent ial d i ffer ences can be made i n  a 
sequence that is terminated by a new determination of the tuning error at the 
pr imary po ints. This procedure assumes that the atomic c loc k can be moved wi thout 
being de tuned. 

The wavelength in the VLBI system i s  3. 8 cm. The portable ins trument has an 
antenna of on ly 4 m d iameter. Thi s  means that the s i gnal -to-noise rat io i s  l ess 
favorable than ·for the stat ionary system. It  seems ques tionab le i f  the movab le 
system can be used for the generat ion of "uni versal time "  wi th sati sfactory 
accuracy for a relat ivistic measur i ng  sys tem. Tes ts will  be requ ired for an 
evaluat ion. 

The stationary VLBI instruments cannot be use d in exper iments where the clocks 
have to be moved. However , VLBI observat ions can st i l l  be used for show ing how 
wel l the clocks can present proper time determ ined in the fo llowing way : 

1 .  An extra movable hydrogen maser i s  used in a clos ed loop wi th the extreme 
pOints at the stationary instruments. Beat fr equencies ar e recorded at each 
occupat ion of a stat ionary pO int. 

2. Wi th two movable hydrogen masers , the ent ire measur ing program of the time 
trap can be est abli shed and add i t ional in format ion about dr i ft can be 
obta ined. 

10. OUTLINE OF AN EXPERIMENT 

Since the clocks are sensi t i ve to the env ironment ,  i t  w i l l  be necessary to g i ve 
spec ial cons ideration to the following factors: 

1. Gravi ty 
2. Magnet i c  f ie ld 
3. Temperatur e 
4. Humid ity 
5. Pr essure 

The clocks might have s l i ghtly different correlat ions due to these factors , and 
ind iv idual cal ibrat ions may be needed. 

It mi ght be use ful to mount the two clocks in the same van and then tak e complete 
records while transport ing them on the road. If thi s  cannot be done , then the 
transportat ion phase can be investigated by using two vans wi th hydrogen masers and 
simult aneous transportat ion .  

The time-trap approach has mean ingful appl icat ion i n  comb inat io n w i t h  stat io nary 
VLBI , mob i le VLBI , and GPS. The clocks used in comb inat ion w i th st at ionary VLBI 

3 1  



are most oft en mounted in a fixed pos i t ion. Any applicat ion has to be made with a 
set of two independent, mov i ng clocks or at leas t one mov ing clock. 

The clocks in the mob ile VLBI are movab le and some of them are mounted in vans. 
They also have power equ ipment to al low measurement dur i ng transportat ion. The 
vans have a temperat"ure-controlled room for the clocks. I f  temperature 
stab i l izat ion in the room is kept wi th in 0.015°C, then sat i sfactory frequency 
stab i l izat ion can be expected. 

A prel iminary tes t should be of great interest. Two clocks should be mounted in 
the same van and records t aken of the beat frequency dur i ng transportat ion. With 
only one mov ing clock avai lable we can check the beat fr equency against a 
stat ionary hydrogen maser before and after transportat ion. 

11. BOUNDARY VALUE PROBLEMS AND RELATI VISTIC OBSERVATIONS 

The fr ee-boundary value problem lacks r igorous solut ions for a real i st i c  
topography (Hormander 1975). Th is problem i s  improper ly posed i n  a number of 
situat ions that deserve geodet ic recogni t ion. Useful solut ions are cons idered 
most ly wi th the aid of an interme diate aux i l iary surface, the telluroid. 
Or ig inally, the geo id was used as a re ference surface for the comput at ion of the 
potentials at the physical surface and in space . The limiting accuracy of the 
geopotential differences obtained from geoid calculations is present ly estimated as 
±O.5 m over global distances ( Rapp 1984). 

The fixed boundary value problem was f irst cons idered by Koch and Pope ( 1912) who 
proved existence and un iqueness for the l inear case , and un iqueness if there was a 
solution for the nonl inear case. Bj erhammar and Svensson ( 1983) proved un iqueness 
and existence for the nonl inear cas e .  The observed quanti ty here is gravi ty, and 
the surface is consi dered known. The problem assumes that grad I w i  = g is g iven on 
the sur face, where W is th� geopotent ial. The harmon i c  potent ial V i s  unknown and 
has to be computed. Th is is an oblique der ivat ive problem. Th is prob lem has 
inter est i ng appl icat ions if VLBI, GPS, and LAGEOS are us ed " to def ine the sur face of 
the Earth. The number of useful pOints is still  limited. 

The m ixed boundary value problem was solved for cont inents of l imited s ize by 
Holota ( 1980), and Svensson ( 1983) gave the proof for ex istence and un iqueness for 
cont inents of arbi trary s ize. This problem corresponds to the case where grav i t y  
has been observed o n  the cont inents and sea surface topography has been measured by 
geometriC means ( a lt i metry). It should be noted that thi s  problem wi l l  have an 
i nfinite number of s ingular it ies at the borders of the two sets of observat io ns. 
Svensson overcomes these d i fficult ies wi th the a i d  of operat ions in Sobol ev space. 
Numerous geodetic solutions have been presented in the geodetic l iterature ignoring 
the existence of the mixed boundary value problem. These so lut ions m ight be use ful 
for the actual purpose but they will not be un i formly convergent. 

The m i xed boundary value problem, accord i ng to Holota and Svensson, i nvol ves 
almost intractab le mat hemat ical d iff icult ies in a geodetic approach. No practi cal 
app l i cat ion wi th a new k ind of so lut ion has yet been publi shed. So far, there have 
been no realistic methods th�t can rep lace gravi ty observat ions. 

Our present relat ivist ic method of obs erv i ng geopotent ial differ ences opens the 
poss ibil ity of overcoming the singular ity problem when comb in ing terrestrial and 
sea-sur face obs ervat ions. We can choos e the fol lowing sets of obs ervat ions: 
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1 .  Relat ivist i c  observat ions of geopotent ial d i fferences over cont inents . 

2. Altimetric observat ions of sea surface topography over the oceans. 

Let W denote the geopotent ial at a pO int P, and V the harmon ic potent ial. The 
surface is now cons idered known and we compute 

V = W - ( w2r2 cos2, ) / 2  

where r is the geocentric d istance of the point P ,  and . geocentric lati tude. We 
can now compute t he potent ial V *  on an internal sphere w i th center at the center of 
grav ity. The potent ial V i s  str i ctly harmonic an d we can use the well-k nown 
Poisson int egral formula 

-1 2 2 II 2 2 -3/ 2  Vj = 4 ( wr o )  ( rj -r o )  v * ( rj +r o -2rj r o coswj i ) ) dS 

S 

where Vj i S  the potential, and rj the geocentric distance of a point j on the 

surface of the Earth. Furt hermore, ro  is the radius of the internal spher e ,  and 
wj i  the geocentric  angle between the point Pj and the mov ing point on the sphere S. 

In a discr ete approach, we can use the matrix equation 

where 

V .. A V* j 

3 2 -3/ 2  ( s-s ) ( l+s - 2 s  coswj i ) 

s r o /rj. 

I n  th is approach V *  r epresents the potent i al as a .Dirac quantity on the internal 
sphere wi th the vert ical through t he· given pO int on the phys ical surface. The 
j usti f ication for a downward cont inuat ion of th is k ind is g i ven by the theorem of 
Wa lsh ( 1929 ) . 

Potent ials outs ide the surface of the Earth can be computed after revers ing the 
procedur e  and us ing the Poisson integral in the class ical way. Potentials for 
pOints on the surface between the given pOints can also be computed from the 
obta ine d V *-values. The se pred icted potent ials will have a much lower accuracy 
than the d ir ectly observed potent ial. However, the geo id is a smooth surface and 
the j ust ificat ion for the procedure i s  obv ious. 

If the de term inat ion of a vertical datum is of ma in importance, then a number of 
alternat ives can be cons idered for the determinat ion of geopotent ial differences 
and dynamic he ights. 

1 .  Geometric he ights are de termined from VLBI and GPS . Dynamic he ights ar e 
computed through the fr ee boundary value problem us i ng a dens i f ied gravimetr i c  
network over the actual area. Th is procedure i s  closest t o  the classical 
techn ique. 
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Advantage: Fully developed technical procedure. 

Di sadvantage: The classi cal so lut ions of the free boundary value problem 
assuming that the geopotent ial of the boundary surface was known and the 
dis turbance potent ials as well as geome tr i c  he ights were the unknowns. 
Furthermore the free boundary value problem is probab ly improper ly pos ed when 
i t  comes to accurac ies we now have in mind. 

The theor etical j ustif icat ions for a procedur e of th is k ind are poor , but the 
techn ique wi l l  probably be successful in an area where local undulat ions of 
the geo id are sma ll. 

2. Geometric he ights are determined from VLBI and GPS. Dynamic he ights ar e 
computed through the fixed-boundary value problem. A dens if ied grav imetr i c  network 
over the actual network is also considered here.  

Advantage: Ful ly developed techn i cal procedure and a r igorous theory. 

Disadvantage: The method is of an indirect nature and forma lly mak es use of 
an infinite number of observat ions. Only a l imi ted number of str ict ly useful 
observations can be included .  Whenever new observat ions ar e ava i lab le , then 
t hes e might have an impact on the already computed potent ial d i f fer ence. 
( These obj ections can also be made against the free boundary value problem.) 

3. Direct obs ervat ions of geopotent ial differences: 

a. Leveling combined with gravity observat ions 
b. Hydrostat Ic level Ing 
c .  Relat i vistic approach 

Meaningful compari sons can be made between these thr ee dynamic methods. 
Tradit ional level ing is probably not as accurate as earl ier es t i mat es ind icated. 
Systemat i c  errors from the magnetic infl uence on automat i c  compensators rema ined 
undi scovered for 10 year s ,  wh ich means t hat the t rue accuracy in level i ng can be 
questioned. However , ther e is l i ttle doubt that it is the mo st accurate measuring 
procedure for obta in ing "potent ial d i fferences " for distances up t o  1 , 000 km. 

The relat ivistic approach represents a .measuring technique that never before has 
been appl ied in a techn i cal procedure for est i mat i ng useful quant i t ies. It  has 
been ma in ly a Ques tion of apply ing corrections of re lat i v ist i c  nature. Ther e seems 
to be good j ust ificat ion for an appl icat ion of this new techn ique over large 
dis tances and perhaps between cont inents. 

A compari son between class i cal and relat ivist i c  geodesy follows: 

Clas si cal geodesy (indir ect approach by integral equat ions ) :  

INPUT: Approx imate boundary surface + grav ity + integral equat ions . 

OUTPUT: Geometry + potent ials.  
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Relati vistic geodesy ( direct approach by observat ions ) :  

INPUT : Fi xed ( known ) boundary surface ( VLBI , laser ranging , GPS ) + 
proper t ime. 

OUTPUT : Potent ials . 

Classical geodesy used in a linear approach has an inherent accuracy of about 3 x 

1 0-3
• The nonlinear approach is  not stri ctly val i d  for arbitrary topography . 

HSrmander ( 1 975 ) gave proofs for existence and uniqueness when assuming a "smooth 

surface" ( Halder class H2+E ) 

Relativist i c  geodesy includes a potent ial theory that is strictly val id to an 

accuracy of about 1 0
- 1 1  ( if the Einstein metri c  is errorless ) .  

The weakness in the classi cal approach is mainly related to the theoret i cal 
foundat ions . The weakness in the relat i vistic approach is at present l inked to 
instrumental problems . However , wi th the development of new preci se clocks , future 
appl icat ions seem very promising . Potenti al improvements in the technique are only 
l imi ted by the Heisenberg uncertainty pr incipl e .  Accuracies at the cent imeter 
level should be completely real ist i c  over continental distances . The geometr i c  
coordinates from VLBI , LAGEOS , and GPS have already reached these accuraci es .  
However , geometri c heights have only a l imited applicat ion . Any use of water 
requires dynamic hei ghts . The· relat ivist ic  approach can serve here as the natural 
tool to exploit the precise geometriC data from modern technology. 

1 2 . VALIDITY OF GENERAL RELATIVITY 

The most early verifications of Einstein ' s  theory of general relat i vity were 
presented as determinat ions of the bending of l ight when i t  approached the surface 
of the Sun . This bending can be expressed by (Misner et al e 1 97 3 )  

d = ( 1 +Y)GM ( 1 +cosa ) 1 /2 ( 1 -COSa )
-1 /2r

-1 
S 

where G is the Newtonian constant , M solar mass , r geocentric distance of the Sun , s 
and a geocentric  angle between the l ight source and the Sun . The constant Y should 

be equal to 1 if Einstein ' s theory is correct . If l ight is  unaffected by gravity , 
then Y should be -1 .  The most accurate direct determinat ion of the bending was 
obtained from VLBI obse�vat ions , yielding a Y-value of 1 . 008±0 . 005 ( Robertson and 
Carter 1 984 ) . Indirect determinat ions over veloci ty changes have given sl ightly 
more accurate determinat ions , but are not directly comparable . 

D irect observat ions of the change in proper t ime wi th the geopotent ial were 
observed rather late . (See Pound and Rebka ( 1 959 , 1 960 ) and Pound and Snider 
( 1 965 ) . )  These studies ver i fy the Einstein approach for general relat ivity wi thin  
±0 . 0 1 . 
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Vessot ( 1 97 9 )  used a spacecraft with a hydrogen maser for compar ison with another 
hydrogen maser on the groun d .  The spacecraft was launched i n  a nearly vert ical 
orbit .  The results confirmed the Einstein theory "to a prec ision of 70 parts per 
mill ion. " Exper iments designed to r eplace the metr i c  ( Einste in)  system in favor of 
a non-metric system have not yie lded any significant f indings.  

It should f inally be noted that our s tud ies of the geopotent ial in a relat ivist ic 
approach have to include the potentials from the Sun and the Moon .  Since we are 
pr imar i ly concerned wi th observat ions over longer t i me i ntervals , we have not 
considered the inclusion of corrections for tides.  

1 3 . GEODETIC APPLICATION OF THE RELATIVISTIC APPROACH 

Corrections for special relat i vity have a'lready been applied frequently in 
astronomic and geodetic  operat ions . Robertson and Carter ( 1 984 ) showed that 
corrections for general relat i v ity are important for successful appl icat ion of the 
VLBI techn ique .  

Our previous analysis has given the necessary theoreti cal foundat ion for geodetiC 
appl i cat ion of relat ivistic  est imates of geopotent ial di fferen ces . The state of 
the art for clock desi gns has also been covered to some extent . Techniques for the 
el iminat ion of nonstochast i c  behavior of the clocks have been out l ined . 
Appropriate geodetic  appli cations still remain to be found.  

Determinat ions of the geoid  over the cont inents are most ly made after observing 
gravity anomalies for equal areas of 5° x 5°  blocks or 1 °  x 1 °blocks . Two of the 
latest publi cat ions of mean values for 1 °  x 1 °  blocks indicated d ifferences for 
individual blocks of about 1 00 mgal . These very large differences are perhaps 
somewhat surpri sing .  They correspond to about 300 m difference for the 
geopotential surface ( fr ee air ).. The main problem is not the observat 10nal 
accur acy . because good grav ity meters y ield standard errors below ±O . l  mga l .  

The real problem is  that the gravi ty anomaly r epresents very local information 
and Is extremely d ifficult to evaluate for a global solution of the gravimetric 
boundary value problem. 

A promising alternative can be outlined in the following way :  

For any actual surface element ( or surface element to b e  tes ted) w e  observe the 
geopotent ial d ifference by the relat i vistic technique and the geometric coordinates 
by GPS or VLBI . 

A global solution is  obtained from d iscr ete observat ions on the continents ( and 
the oceans) when us ing harmonici ty down to an internal sphere .  The smoothest 
solution sat i sfying the given observations should be the most log ical intermediate 
solut ion. ( Smoothness is referred to the phYS ical sur fac e . ) 

With a known surface and known geopotentials , we can compute the potential  
anywhere in space by the D ir i chlet problem. 

The geodetiC problem wi ll always be a "prediction problem" because we have 
informat ion only at di screte pO ints . 

Another interes ting application can be expected in the determinat ion of the 
vert ical datum for different cont inents or remote islands . There is  a lso a related 
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problem for the determinat ion of geopotential differences over large continents . 
Records from Canadian leveling indicate that errors of the order of 3 m can be 
suspected over continental distances . Probably sti l l  larger errors can be found in 
other parts of the world for level ing over similar distances . 

The theoretical problems in  the relat i vistic approach are not d irectly crucial . 
The instrumental problems st ill have to be carefully considered . This report 
indicates that present hydrogen masers seem to be the most conveni ent precise 
clocks now available for relat ivist i c  operat ions . Some restr i ct ions or l im i tations 
should be noted : 

1 .  Up to now , hydrogen masers were desi gned in such a way that the cavity had to 
be tuned exactly to the transit ion frequency of hydrogen .  This technique is 
cri t i cal and leads mostly to a mi smatch after a limi ted time i nterval . A more 
promising technique will be to use a tuning that ut i l izes equal detuning on both 
sides of the resonant frequency.  

2 .  The frequency swi tching servosystem of  Peters is  expected to  give an 
improvement in stabi l i ty of up to 1 00 t i mes compared to clocks of tradi t ional 

des ign and using observat ion i ntervals greater than 1 0
5 

seconds . I t  seems 

quest ionable i f  any competit ive system is available today . Further improvements 
are e.xpected to follow from the new technique . 

3 .  Any relat ivist i c  est imat ion procedure will benef i t  from using several clocks 
at the observation site . 

�. Operat ions wi th  mov ing clocks will  require improved magnet i c  shielding . This 
can be accompl ished by usi ng an external chamber ful ly shielded and large compared 
to the internal cloc k .  The natural chamber will b e  the van used for the 
transportat ion of the clock. Peters ( 1 984 ) states , "The only way to improve the 
shi elding effectiveness in a maser is to make the outer shield as large as 
pOSSibl e ,  the inner shield as small as pOSS ibl e ,  and to space the intermedi ate 
shields properly • • • •  " Tradit ional shielding has a shield ing factor of 1 , 800 and a 

-1 3  corresponding frequency dependence of 2 x 1 0  IG ( where G i s  the magneti c  flux in 

Gauss) .  Two addi t ional shields at large distance are expected to give at leas t 1 00 
times better shielding . (See also Matt i son and Vessot 1 982 . ) 

1 4 .  AN EVALUATION OF THE RELATIVISTIC APPROACH 

The relati vistic approach to geodesy differs so much from traditional geodet i c  
techniques in Newtonian physics that a compari son cannot b e  appl i ed in  a 
straightforward manner . Let us make an evaluat ion against present Doppler methods 
based on the Transi t system . The system has given submeter accuracy in spi te of 
ionospheri c  errors up to 900 m. The relat i vistic  approach should give better 
results wi th currently available instruments in the time-trap approach . 
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Systemati c  errors : 

Ionosphere at 40 0 lat . 
Error 1 2  hr Errorlhr 

( m )  
Doppler 1 

400 MHz 1 20 1 0  

1 50 MHz 900 75 

Relat ivity:  

Poor clocks2 0 

Good clocks 0 

Excellent clocks 0 

Stochastic  errors : 

Atmosphere Clock 
error dri ftlday 

(m)  ( m )  ( m )  

5 

5 

0 

0 

0 

< 1 00 

1 0  

< 

Clock 
dri ftlhr 

( m )  

< 4  

0 . 4  

0 . 04 

Doppler in translocation mode with 1 50 MHz and 400 MHz s i gnals : ± 1 0 ml l 00 s 

Relat ivity : ±1 0 mI l , 000 s 

1 0n the computation of ionospheri c  path delays for VLBI from satellite Doppler 
observat ions , see Campbell and Lohmar ( 1 982) . 

2See Matti son and Vessot ( 1 982 ) .  

1 5 .  CONCLUDING REMARKS 

The relat ivist ic approach offers completely new techniques for d irect observation 
of potent ial differences over cont inental distances independent of line of sight 
and without involving satell i tes . Som� experiences wi th relat ivist i c  experiments 
have been reported by Hafele and Keating ( 1 972 ) , Pound and Snider ( 1 965 ) , and 
Vessot ( 1 979 ) .  

An early applicat ion of the d iscussed relati vistic approach seems most promising 
in a simple use of two mov ing clocks in a proper t ime trap . Crude t ests with 
present hydrogen masers are expected to give he ight differences with standard 
errors of about ±1 00 m .  The hydrogen maser seems to be the most promising clock 
now avai lable .  ( See Rueger ( 1 981 ) ,  Mattison and Vessot ( 1 982 ) , Peters ( 1 984 ) ,  and 

Wal ls and Persson ( 1 984 ) . )  The stabil i ty of present clocks i s  l imi ted to 1 0
-1 5 • 

This  kind of stabil ity is  mostly measured by the Allan var iance ( least squares ) .  
Opt imum per formance is obtained after about 1 , 000 s .  Thi s k i nd of measure 
i ndicates that stab i l ity decl ines wi th increasing observat ion time , and 
"fl i cker ing" is blamed for the unsat isfactory performance ( Vessot 1 976 ) .  

Repeated operat ions in c1.osed loops are expected to eliminate most of the bias 
from the clock dr i ft . Tne measurements can be performed as phase ( or t ime ) 
observations with a resolution of ±1 0 ps . The corresponding ultimate performance 
will then be : 
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S o ± 1 0  ps Sh = ± 1 . 4 m for a time interval of 

Sh 
= ± 0 . 1 " " " " " 

day 

1 0  days 

where S o is the resolution , and s
h the standard deviation .  Uncompensated bias must 

be added to these errors . Errors from the dr ift are given by the time misclosure 
of the closed loop ( P-Q-P ) . The relat ive frequency dri ft is est imated from 
observat ions of the beat frequencies at three positions ( P-Q-P ) .  If the measuring 
time is  100 t imes longer than the transportat ion t ime , then there is a 
corresponding reduction of the transportat ion error . No est imates of the 
transportat ion errors can be made without f i eld operat ions . 

Most hydrogen clocks will probably not be operational wh ile in  transport . A new 
design by Peters ( 1 984 ) appears to revolut ionize the technology of stabil izing the 
frequency from a hydrogen maser . The frequency stab i l i zat ion is  accompl ished by 
using a servoswi tching technique which locks the frequency of the maser to the 
natural transi tion frequency of hydrogen .  There is a forced detuning with equal 
amounts on both sides of the transit ion frequency . This means that the maser will 

-1 2 be locked in a very stable position . A forced offset of 1 0  is  compensated for 

wi thin 2 hours.  These results look very promis ing . 

The princ ipal error source for this new technology will presumably be second­
order Zeeman effects . A relat ivist i c  design probably requires addi t ional magneti c  
shi elding o f  the ent i r e  transportat ion van . Th is should give an expected magnet i c  
shielding of better than ' 00 , 000 . 

There is  a very impressive development of new precise clocks that uti l i zes 
superconduct ing systems as well as trapped ions and laser cool ing .  ( See Bol linger 
et al e ( ' 983 ) , Cutler et al e ( 1 98' ) ,  Dehmelt ( 1 982 ) ,  ltano et al e ( 1 98 3 ) , Wayne et 
al e ( ' 98 3 ) , and Wineland et al e ( 1 981 ) . )  

Superconducting cavity resonators have been made with short-term stab i l ity of 

1 0
-1 6  and new des igns promise a stabil ity of 1 0  -1 8 . (See Stein et al e ( 1 975 ) ,  

Turneaure et al e ( 1 983 ) ,  and D i ck and Strayer ( 1 984 ) . )  

Cesium standards have been successfully deployed in the Global Posi tioning System 
(Hellwig and Levine 1 984 ) .  

A geodetic  clock might benefit from a hydrogen maser generating a primary signql , 
whi ch is filtered by a superconducting cavity resonator with short-term stabil ity 

on the order of 1 0
-1 8 • A successful geodetic  applicat ion wi ll most certainly 

require a pair of specially matched clocks . 

Relati vistic networks should benefit from constraints based on the determinat ion 
of geopotent ial differences from tradit ional precise level ing . 

There is  a possi b i l ity of using a geostat ionary satell ite link in combinat ion 
wi th the method.  For approximately a l , OQ96km distance and an observat ional 
interval of 1 0  days a stability  of 3 x 1 0  was given by Knowles et al e ( 1 982 ) .  
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APPENDIX . --CLOCK PARAMETERS 

The values listed below give crude estimates of Q-values as well as ultimate 
stabil ity ( square root of Allan var iance for 1 ,000 s ) . 

C locks 

RF clocks 

Quartz  crystal 

Rubidium 

Ces ium 

Hydrogen 

Laser clocks 1 

Beryll ium ( Bollinger et al e 1 983 ) 

Mercury (Wineland et al e 1 98 1 ) 

Thall ium ( Dehmelt et al e 1 982 ) 

Barium (Schneider and Werth 1 979 ) 

Indium ( Boll inger et al e 1 983 ) 

Cavity resonators 

Room temperature 

Superconduct ing ( Turneaure 

et al 1 983 ) 

Def init ion : 

3 lC 

7 lC 

2 lC 

Q Instab i l ity 

1 0
6 

± 1 0-1 0 

1 0
7 

± 2 lC 1 0
- 1 1  

1 0
8 

± 2 lC 1 0
- 1 3  

1 0
9 

± 1 0
- 1 5  

1 01 0  

1 0 1 2  

1 0
1 4  

1 0
1 6  

± 1 0
-1 9  

±3 lC 1 0
-1 6 

( 1 00s)  

where f is resonant frequency,  f 1 lower frequency of  hal f  ampl itude and f2 

upper frequency of half ampli tude . 

l Laser clocks are not available on the open market . Tests wi th beryll ium 

clocks have been reported . 
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