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PREFACE 
In this publication it has been the aim of the authors to present in simple form 

some of the ideas that lie at the foundation of the subject of map projections. Many 
people, even yeople of education and culture, have rather hazy notions of what is 
meant by a map projection, to say nothing of the knowledge of the practical construc- 
tion of such a projection. 

The two parts of the publication are intended to meet the needs of such people; 
the first part treats the theoretical side in-a form that is as simple as the authors could 
make it; the second part attacks the subject of the practical construction. of some of 
the most important projections, the aim of the authors being to give such detailed 
directions as are necessary to present the matter in a clear and simple manner. 

Some ideas and principles lying a t  the foundation of the subject, both theoretical 
and practical, are from the very nature of the case somewhat complicated, and it is a 
difficult matter to state them in simple manner. The theory forms an important part 
of the differential geometry of surfnces, and it can only be fully appreciated by one 
familiar with the ideas of that branch of science. Fortunately, enough of the theory 
can be given in simple form to enable one to get a clear notion of what is meant by s 
map projection and enough directions for the construction can be given to aid one in 
the practical development of even the more complicated projections. 

It is hoped that this publication may meet the needs of people along both of the 
lines indicated above and that it may be found of some interest to those who may 
already have a thorough grasp of the subject as a whole. 

PREFACE TO FOURTH EDITION 
In this edition there has been added a rksurrik of the systems of map projection 

which are of special interest in problems of the present day. Tables for the gnomonic 
projection of a map of the United States have also been added, the center of the pro- 
jection or point of tangency being in latitude 40°, and the middle longitude recom- 
mended being 96’ west. The intervals of the projection are given for every degree. 
A new table for the construction of a parabolic equal-area projection for world or 
sectional mapping is givcn. As this table is based on the authalic (or equal-area) 
latitude, a greater precision in results is thereby obtained. In’addition to the fore- 
going tables there are also included the tables of two conformal projections for a map 
of the  world, one being the development of the sphere within the area inclosed by a 
two-cusped epicycloid, the other, a projection by Lagrange showing the earth’s surface 
within a circle with center on the Equator, the variations being most conspicuous in 
the polar regions. 

PREFACE TO THE FIFTH EDITION 
This edition contains a new plate showing outline of the United States in which 

the Lambert projection is superimposed on the Mercator projection on a scale suffi- 
ciently large to illustrate the difference in their properties and resulting delineation. 
Figures illustrating the nature of the Mercntor projection as compared with the per- 
spective projection upon a tangent cylinder have also been added with explanatory 
text. 

A new equal-area projection of the hemispheres by Dr. Oscar S. Adams is brought 
to notice and is shown on Plate XIV. 

The interesting property of isoperimetric curves (curves of true scale) which it3 
inherent on all equal-area projections, is presented by illustration, (see Plate 111), 
and also by figure No. 59, in its application to an Albers projection. Other features, 
more or less incidental, including Tissot’s Indicatrk as applied to the sinusoidal projec- 
tion, hbve been illustrated or briefly noted. 
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ELEMENTS OF MAP PROJECTION 
WITH APPLICATIONS TO MAP 
AND CHART CONSTRUCTION 

I 

PART I 
GENERAL STATEMENT * 

Whatever may be the destiny of man in the ages to come, it is certain that for 
the present his sphere of activity is restricted to the outside shell of one of the smaller 
planets of the solar system-a system which after all is by no means the largest in 
the vast universe of space. By the use of the imagination and of the intellect with 
which he is endowed he may soar into space and investigate, with more or le& certainty, 
domains far removed from his present habitat; but as regards his actual preeence, he 
can not leave, oxcept by insignificant distances, the outside crust of this small earth 
upon which ho has been born, and which has formed in the past, and must st i l l  form, 
the theater upon which his activities are displayed. 

The connection between man and his immediate terrestrial surroundings is there- 
fore very intimate, and the configuration of the surface featuies of the 'earth would 
thus soon attract his attention. It is only reasonable to suppose that, even in the 
most remote ages of the history of the human race, attempts were made, however 
crude theg; may have been, to depict these in some rough manner. No doubt these 
first attempts at representation were scratched upon the sides of rooks and upon the 
walls of the cave dwellings of our primitive forefathers. It is well, then, in the light 
of present knowhdge, to consider the structure of the framework upon which this 
representation is to b.e built. At  beat we can only partially succeed in any a t t m p t  
at representation, but the recognition of the possibilitiea and the limitations will serve 
as valuable aids in the consideration of any specific problem. 

We may reawnably assume that the earliest cartographical representations con- 
sisted of maps and plans of comparatively small areas, constructed to meet some 
need of the times, and it would be later oh that any attempt would be made to extend 
the representation to more extensive regions. In these early times map making, 
like every other science or art, was in its infancy, and probably the first attempts 
of the kind were not what we should now call plans or maps at all, but rough perspec- 
tive representations of districts or sketches with hills, forests, lakes, etc., all shown 
aa they would appear to a person on the earth's surface. To represent these features 
in plan form, with the eye vertically over the swious objects,,although of very early 
origin, was most likely a later development; but we are now never likely to know who 
started the ides, since, ea we have seen, it dates back f a r  into antiquity. 

8 

1 Paraphrased from "Maps and Mapmaking," by E. A. Reeves, Landon, 1910. 

9 
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Geography is many-sided, and has numerous branches and divisions; and though 
it is true that map making is not the whole of geography, as it would be well for us 
to remind ourselves occasionally, yet it is, a t  any rate, a very important part of it, 
and it is, in fact, the foundation upoa which all other branches must necessarily depend. 
If we wish to study the structure of any region wo must have a good map of it upon 
which the various land forms can be shown. If wo desire to represent the distribution 
of the races of mankind, or any other natural phenomenon, it is essential, first of all, 
to construct a reliablemap to show their location. For navigation and for military oper- 
ations, charts, plans, and maps are indispensable, as they are also for tho demarcation 
of boundaries, land taxation, and for many other purposes. I t  may, therefore, be 
clearly seen that some knowledge of the essential qualities inherent in the various 
map structures or frameworks is highly desirable, and in any case the makers of maps 
should have a thorough grasp of the properties and limitations of the various systems 
of projection. 

ANALYSIS OF THE BASIC ELEMENTS OF MAP PROJECTION2 
PROBLEM TO BE SOLVED 

A map is a small-scale, flat-surface representation of some portion of the’sur- 
face of the earth. Nearly every person from time to time makes use of maps, and 
our ideas with regard to the relative areas of the various portions of the earth’s surface 
are in general derived from this source. The shape of the land masses and their.posi- 
tions with respect to one anether are things about which our ideas are influenced by 
the way thege features are shown on the maps with which we become familiar. 

It is fully established today that the shape of the earth is that of a slightly irregular 
spheroid, with thepolar diameter about 26 milcs shorter than the equatorial. The 
spheroid adopted for geodetic purposes is an ellipsoid of revolution formed by revolving 
an ellipse about its shorter axis. For the purpose of tho present discussion the earth 
may be considered as a sphere, because the irregularities are very small compared with 
the great size of the earth. If the earth were represented by a spheroid with an equa- 
torial diameter of 25 feet, the polar diameter would be approximatcly 24 feet l l inches. 

The problem presented in m.ap making is the question of representing the surface 
of the sphere upon a plane. proper apprecia- 
tion of the difficulties that have to be overcome, or rather that have to bo dealt with 
and among which there must always be a compromise; that is, a liitle of one desirable 
property must be sacrificed to attain a little more of some other special feature. 

In  the first place, no portion of the surface of a sphere can be spread out in a 
plane without some stretching or tearing. This can bt? seen by attempting to flatten 
out a cap of orange peel or a portion of a hollow rubber ball; the outer part must be 
stretched or torn, or generally both, before the central part will come into the plane 
with the outer part. This is exactly the difficulty that has to be contended with in map 
making. There are some surfaces, however, that can be spread out in a plane without 
any stretching or tearing. Such surfaces are called developable surfaces and those 

I t  requires some thought to arrive at  

3 8ome of the elementary text in Part I and a number of the fllustratlons wore adaptcd from a puhUcation issuod by 0. Phllip 
& Eon (Ltd.), of London, England. The work Is entitled “A Llttlo Book on Map Projcctlon,” and Its author I3 W l l l h n  Qarnett 
writing under the pseudonym of Mary Adsms. We wish to acknowledgo our indobtcdnoss to tills work which Bots forth in slmgle 
lllustratlons some of the fundmental facts In regard to map conStrUctlOI1. 
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like the sphere are called nondevelopable. The cone and the cylinder are tho two well- 
known surfaces that are developable. If a cone of revolution, or a right circular cone 
as i t  is called, is formed of thin material like paper and if i t  is cut from some point in 
the curve bounding the base to the apex, the conical surface can be spread out in a 
plane with no stretching or tearing. Any curve drawn' on the 
surface will have exaclly the same length after development that it had before. In 
the same way, if a cylindrical surface is cut from base to base the whole surface can be 
rolled out in tbe plane, if the surface consists of thin pliable material. (Sec'figs. 3 and 
4.) Atten- 
tion is called to the developable property of these surfaces, because use will be made of 
them in the later discussion of the subject of map making. 

(See figs. 1 and 2.) 

In this case also there is no stretching or tearing of any part of the surface. 

Fro. 1.-Conical surface cut 
froni base t o  apex. Fro. 2.-Development of the conicnl surface. 

.-------- il-L FIQ. '4.-Development of the cylindrical surface. 
FIG. 3.-Cylindrical surfme 

cut from base t o  base. 

REFERENCE POINTS ON THE SPHERE 

A sphere is such that any point of it is exactly liko any other point; there is 
neither beginning nor ending as fnr as differentiation of points is concerned. On the 
earth it is necessary to have some points or lines of reference so that other points 
may be located with regard to them. Places on the earth nre located by latitude 
and longitude, and i t  may be well to explain how these quantities are related to the 
terrestrial sphere. The earth sphere rotates on its axis once a day, and this a i s  
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is therefore a definite line that is different from every other diameter. The ends of 
this diameter are called the poles, one the North Pole and the other the South Pole. 
With these as starting points, the sphere is supposed to be divided into two equal 
parts or hemispheres by a plane perpendicular to the axis midway bctween the poles. 
The circle formed by the intersection of this plane with the surface of the earth is 
called the Equator. Since this line is defined with reference to the poles, it is a 
definite line upon the earth. All circles upon the earth which divide it into two equal 
parts are called great circles, and the Equator, therefore, is a great circle. It is cus- 
tomary to divide the circle into four quadrants and each of these'into 90 equal parts 
called degrees. There is no reason why the quadrant should not be divided into 
100 equal parts, and in fact this division is so,metimes used, each part being then 
called a gradc. In this country the division of the qundrant into 90' is almost uni- 
v e d y  used; and accordingly the Equator is divided into 360'. 

After the Equator is thus divided into 360°, there is difficulty in that there is 
no point at which to begin the count; that is, there is no definite point to count as 
zero or as the origin of reckoning. This'difficulty is met by the arbitrary choice of 
some point the significance of which will be indicated after some preliminary 
explanations. 

Any number of great circles can be drawn through the two poles and each one of 
them fl cut the Equator into two equal parts. Each one of these great circles 
may be divided into 360°, and there will thus be 90' between the Equator and each 
pole on each side. These are usually numbered from 0' to 90' from the Equator to 
the pole, the Equator being 0' and the pole 90'. These great circles through the 
poles are called meridians. Let us suppose now that we take a point on one of these 
30' north of the Equator. Through this point pass a plane perpendicular to the 
axis, and hence parallel to the plane of the Equator. This plane will intersect the 
surface of the earth in a small circle, which is called a plrrallel of latitude, this par- 
ticular one being the parallel of 30' north latitude. Every point on this parallel 
will be in 30' north latitude. In  the same way other small circles are determined 
to represent 20°, 40°, etc., both north and south of the Equator. It is evident that 
each of these small circles cuts the sphere, not into two equal parts, but into two 
unequal parts. These parallels are drawn for every looJ or for any regular interval 
that may be selected, depending on the scale of the sphere that representb the earth. 
The point to bear in mind is that the Equator was drawn as the great circle midway 
between the poles; that the parallels were constructed with reforen& to the Equator; 
and that therefore they are definite small circles referred to the poles. Not- is 
arbitrary except the way in which the parallels .of latitude are numbered. 

DETERMINATION OF LATITUDE 

The latitude of a place is determined simply in the following way: Very nearly 
in the prolongation of the earth's axis to the north there happens to be a star, to 
which the name Polaris has been given. If one were at the North Pole, this star 
would appear to him to be directly overhead. Again, suppose a person to be a t  the 
Equator, then the star would appear to him to be on the horizon, level with his eye. 
It might be thought that it would be below his eye because it is in line with the earth's 
axis, 4,001T miles beneath his feet, but the distance of the star is so enormous t b t  
the radius of the earth is exceedingly small as compared with it. All h e 8  to the 
star from d ie ren t  points on the earth appear to be parallel. 
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Suppose a person to he at A (see fig. 5 ) ,  one-third of the distance between the 
Equator and the North Pole, the line BC will appear to him to be horizontal and he 
will see the star one-third of the way up from the horizon to the point in the heavens 
directly overhead. This point in the line of the vertical is called the zenith. It is 
now seen that the latitude of any place is the same as the height of Polaris above 
the horizon. Most people who have traveled have noticed that L L ~  they go south 
Polaris night by night appears lower in the heavens and gradudy disappears, 
while the Southern Cross gradually comes into View. 

At sea the latitude is determined every day a t  noon by an observation of the 
sun, but this is because the sun is brighter and more easily observed. Its distance 
from the pole, which varies throughout the yeas, is tabulated for each day in a book 

FIQ. 6.-Determination of the latitude of a, plaae. 

called the Nautical Almanac. When, therefore, an observation of the sun is made, 
its polar distance is allowed for, and thus the latitude of the ship is determined by 
the height of the pole in the heavens. Even the star itself is directly observed upon 
from time to time. This shows that the latitude of a place is not arbitrary. If 
the star is one-third of the way up, measured from the horizon toward the zenith, 
then the point of observation is one-third of the way up from the Equator toward 
the pole, and nothing can alter this fact. By Polaris, in the previous discussion, 
is really meant the true celestial pole; that is, the point at which the prolongation of 
the earth’s axis pierces the celestial sphere. Corrections must be made to the ob- 
servations on the star to reduce them to ihis true pole. In the Southern Hemisphere 
latitudes are related in a similnr way to the southern pole. r 
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Strictly speaking, this is what is called the astronomical latitude of a place. 
There are other latitudes which differ slightly from that described above, partly be- 
cause the earth is not a sphere and partly on account of local attractions, but the 
abovedescribed latitude is not only the one adopted in all general treatises but it 
is also the one employed on all general maps and charts, and i t  is the latitude by which 
all navigation is conducted; and if we assume the earth to be a homogenous sphere, 
it is the only latitude. 

DETERMINATION OF LONGITUDE 

The foregoing fixes only the parallel of latitude on which a place is situated. 
If i t  be found that the latitude of one place is 10" north and that of another 20" north, 
then the second place is 10" north of the first, but as yet we have no means of showing 
whether it is east or west of it. 

If at some point on the earth's surface a perpendicular pole is erected, its shadow 
in the morning will be on the west side of it and in the evening on the east side of it. 
At a certain moment during the day the shadow will lie due north and south. The 
moment a t  which this occurs is called noon, and i t  will be the same for all points 
exactly north or south of the given point. A great circle passing through the poles 
of the earth and through the given point is called a meridian (from meridies, midday), 
and it is therefore noon at  the same moment at  all points on this meridian. Let us 
suppose that a chronometer keeping correct time is set a t  noon a t  a given place and 
then carried to some other place. If noon at  this latter place is observed and the 
time indicated by the chronometer is noted a t  the same moment, the diflerence of 
time will be proportional to the part of the earth's circumference to the east or west 
that has been passed over. Suppose that the chronometer shows 3 o'clock when it 
is noon at the place of arrival, then the meridian through the new point is situated 
one-eighth of the way around the world to the westward from the first point. This 
difference is a definite quantity and has nothing arbitrary about it, but it would be 
exceedingly inconvenient to have to work simply with differences between the vari- 
ous places, and all would be chaos and confusion unless some place were agreed upon 
as the starting point. The need of an origin of reckoning was evident as soon as 
longitudes began to be thought of and long before they were accurately determined. 
A great many places have in turn been used; but when the English people began to 
make charts they adopted the meridian through their principal observatory of Green- 
wich as the origin for reckoning longitudes and this meridian has now been adopted 

In France the meridian of Paris is most generally used. 
The adoption of any one meridian as a standard rather than another is purely arbi- 
trary, but it is highly desirable that all should use the same standard. 

The division of the Equator is made to begin where the standard meridian crossea 
it and the degrees are counted 180 east and west. The standard meridian is sometimes 
called the prime meridian, or the first meridian, but this nomenclature is slightly 
misleading, since this meridian is really the zero meridian. This great circle, therofore, 
which passos through the poles and through Greenwich is called the meridian of Green- 
wich or the meridian of 0' on one side of the globe, and the 180th meridian on the 
other side, it being 180' east and also 180' west of the zero meridian. 

By setting a cbronometer to Greenwich time and observing the hour of noon a t  
various places their longitude can be determined, by allowing 15" of longitude to 

' by many other countries. 
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each hour of time, because the earth turns on its axis once in 24 hours and there are 
360" in the entire circumference. This description of the method of determining differ- 
ences of longitudo is, of coiirse, only a rough outline of the way in which they can be 
determined. The exact determination of a difference of longitude between two places 
is a work of considerable difficulty and the longitudes of the principal observatories, 
have not even yet been determined with su5cient degree of accuracy for certain 
delicate observations. 

PLOTTING POINTS BY LATITUDE AND LONGITUDE ON A GLOBE 

If a g l d e  has the circles of latitude and longitude drnwn upon it according to 
the principles described above and the latitude and longitude of certain places have 
been determined by observation, these points can be plotted upon the globe in their 
proper positions and the detail can be filled in by ordinary surveying, the detail being 
referred to the accurately determined points. In  this way a globe can be formed that 
is in appearance a small-scale copy of the spherical earth. This copy will b,e more or 
less accurate, depending upon the number and distribution of the accurately located 
points. 

PLOTTING POINTS BY LATITUDE AND LONGITUDE ON A PLANE MAP 

If, in the same way, lines to represent latitude and longitude be drawn on a plane 
sheet of paper, the places can be plotted with reference to these lines and the detail 
filled in by surveying as before. The art of making maps consists, in the first place, 
in constructing the lines to reprosent latitude and longitude, either as nearly like the 
lines on the globe as possible when transferred from a nondevslopable surface to a 
flat surface, or else in such a way that some one property of tho lines will be retained 
a t  the expense of others. It would be practically impossible to transfer the irregular 
coast lines from a globe to a map; but i t  is comparatively easy to transfer the regular 
lines representing latitude and longitude. It is possible to lay down on a map the 
lines representing the parallels and meridians on a globe many feet in diameter. These 
lines of latitude and longitude may be laid down for every IOo, for every degree, or 
for any other regulnr interval either greater or smnller. In any case, the thing to be 
done is to lay down the lines, to plot the principal points, and then to fill in the detail 
by surveying. After one map is made it may be copied even on another lund of pro- 
jection, care being taken that the latitude and longitude of every point are kept correct 
on the copy. It is evident that if the lines of latitude ond longitude cannot be laid 
down correctly upon a plane surface, still less can the d e t d  be laid down on such a 
surface without distortions. 

Since the earth is such a large sphere it is clea?. that, if only a small portion of 
a country is taken, tho surface included will differ but very littlo from a plane surfaco. 
Even two or t hee  hundred square miles of surface could bo represented upon a plane 
with an amount of distortion that would be negligible in practical mapping. The 
difficulty encountered in mapping largo areas is gotten over by first making many 
maps of small arca, gencrally such as to be bounded by lines of latitude and longi- 
tude. When a large number of these maps have been made it will be found that 
they cannot be joined together so as to lie flat. If they aro carefully joined along ' 
the edges it will be found that they naturally adapt themselves to the shape of tho. 
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globe. To obviate this difficulty another sheet of paper is taken and on it are laid 
down the lines of latitude and longitude, and the various maps are copied so RS to 
fl1 the space allotted to them on this larger shdet. Sometimes this can be done by 
a simple reduction which does not affect the accuracy, since the accuracy of a map 

In most cases, however, the reduction will have to be 
unequal in different directions and sometimes the map has to be twisted to fit into 
the space allotted to it. 

I n  the 
first place, correct maps of small areas must be made, which may be called survey- 
ing; and in the second place these small maps must be fitted into a system of lines 
representing the meridians and parallels. I This graticule of the orderly arrange- 
ment of lines on the plane to' represent the meridians and parallels of the earth is 
called a map projection. A discussion of the various ways in which this graticule 
of lines may be constructed so as to represent the meridians and parallcls of the earth 
and at the same time so as to preserve some desircd feature in the map is called a 
treatise dn map projections. 

, is independent of the scale. 

The work of making maps therefore consists of two separate processes. 

HOW TO DRAW A STRAIGHT LINE 

Few people realize how difficult it is to draw a perfectly straight line when no 
straightedge is available. When a straightedge is used to draw a straight line, a 
copy is really made of a straight line that is already in existence. A straight line 
is such that if any part of it is laid upon any other part so that two points of the one, 
part cqincide with two points of the other the two parts will coincide tliroughout. 
The parts must coincide when put together in any way, for an arc of a circle can be 
made to coincide with any other part of the same circumference if the arcs are brought 
together in a certain way. A carpenter solves the problem of joining two points 
by a straight line by stretching a chalk line between them. When the line is taut, 
he raises i t  slightly in the middle portion and suddenly releases it. Some of the pow- 
dered chalk flies off and leaves a faint mark on the line joining the points. This 
depends upon the principle that a stretched string tends to become as short as possible 
unless some other force is acting upon it than the tension in-the direction of its lyngth. 
This is not a very satisfactory solution, however, since the chalk makes a line of con- 
siderable width, and the line will not be perfectly straight unless extra precautions 
are taken. 

A straightedge can be made by clamping two thin boards together and by 
planing the common edge. As they are planed together, the edges of the two will 
be dike, either both straight, in which casc the task is accomplished, or they will 
be both convex, or both concave. They must both be alike; that is, one can not 
be convex and the other concave at  any 'given point. By unclamping them it can 
be seen whether the planed edges fit exnctly when placed together, or whether they 
need some more planing, due to being convex or concave or due to being convex 
in places and concave in other places. By repeatcd trials and with 
sufficient patience, a straightedge can be made in this way. In practice, of course, 
a straightedge in process of construction is tested by one that has already been made. 
Machines for drawing straight lines can be constructed by linlcwork, but they are 
seldom used in practice. 

(See fig. 6.) 
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It is in any case diEcult to draw straight lines of very great length. A straight 
line only 8 few hundred meters in length is not easy to construct. For very long 
straight lines, as in gunnery and surveying, sight lines are taken; that is, use is made 
of the fact that when temperature and pressure conditions are uniform, light travels 
through space or in air, in straight lines. If three points, A, B, and C, are such that 
B appears to coincide with C when looked at from A, then A, B, and C are in a straight 
line. This principle is made use of in sighting a gun and in using the telescope for 
astronomical measurements. In surveying, directions which aro straight lines are 
found by looking at the distant object, the direction of which from the point of view 
we want to determine, through a telescope. The telescope is moved until the image 
of the small object seen in it coincides with a mark fixed in the telescope in the center 
of the field of view. When this is the case, the mark, the center of the object glass of 
the telescope, and the distant object are in one straight line. A graduated scale on 
the mounting of the telescope enables us to determine tho difection of the line joining 
the fixed mark in the telescope and the center of tlie object glass. This direction is 
the direction of the distant object as seen by the eye, and it will be determined in 
terms of another direction assumed as the initial direction. 

FIQ. &-Construction of a straight odge. 

HOW TO MAKE A'PLANE SURFACE 

While a line lias length only, a surface has length and breadth. Among surfaoes 
a plane surfaco is ono on which a straight line can be drawn through any point in any 
direction. If a straightedge is applied to a plane surface, it can be turned around, 
and it wi l l  in every position coincide throughout its entire length with the-surface. 
Just as a straightedge can be used to test a plane, so, equally well, can a plane surface 
be used to test a straightedge, and in a machine shop a plate with plane surface is used 
to test accurate workmanship. 

The accurate construction of a plane surface is thus a problem that is of very 
great practical importaxbe in engineering. A very much greater degree of accuracy 
is required than could be obtained by a straightedge applied to the surface in different 
directions. No straightedges in existence are as accurate QS it is required that the 
planes should be. The method employed is to make three planes and to test them 
against one mother two and two. The surfacm, having been made as truly plane as 

6 0 9 1 0 6 " 4 ~ 2  
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ordinary tools could &der them, are scraped by hand tools and rubbed together from 
time to time with a little very h e  red lcad between them. Where they touch, the 
red lead is rubbed off, and then the plates are scraped again to remove the little eleva- 
tions thus revealed, and the process is continued until all the projecting points have 
been removed. If only two planes were worked together, one might'be convex 
{rounded) and the other concave (hollow), and if they had the same curvature they 
might still touch at all points and yet not be plane; but if three surfaces, A, B, and C, 
are worked together, and if A fits both B and C and A is concave, then B and C must 
be both convex, and they will not fit one another. If B and C both fit A and also fit 
one another at all points, then all three must be truly plane. 

When an accurate plane-surface plate has once been made, others can be made 
one at a time and tested by trying them on the standard plate and moving them over 
the surface with a little red lead between them. When two surface plates made as 
truly plane as possible tire placed gently on one another without any red lead between 
them, the upper plate will float almost without friction on a very thin layer of air, 
which takes a very long time to escape from between the plates, because they are 
everywhere so very near together. 

HOW TO DRAW THE CIRCLES REPRESENTING MERIDIANS AND PARALLELS 
t ON A SPHERE 

We have seen that it is diacult to draw a straight line and also dimcult to con- 
struct a plane surface with any degree of accuracy. The problem of constructing 
circleshpon a sphere is one that requires some ingenuity if the resulting circles are 
to be accurately drawn. If a hemispherical cup is constructed that just fits the sphere, 
two points on the rim exactly opposite to one another may be determined. (See fig. 
7.) To do this is not so easy as it appears, if there is nothing to mark the center of 
the cup. The diameter of the cup can be measured and a circle can be drawn on card- 
board with the same diameter by the use of a compass. The center of this circle will 
be marlred on the cardboard by the fixed leg of the compass and with a straight edge 
a diameter can be drawn through this center. This circle can then be cut out and fitted 
just inside the rim of the cup. The ends of the diameter drawn on the card then mark 
the two points required on the .edge of the, cup. With some suitable tool a small notch 
can be made at each point on the edge of the cup. Marks should then be made on the 
edge of the cup for equal divisions of a semicircle. If it is desired to draw the parallels 
for every 10' of latitude, the semicircle must be divided into 18 equal parts. This 
can be done by dividing the cardboard circle by means of a protractor and then by 
marking the corresponding points on the edge of the cup. Thc sphere can now be put 
into the cup and points on it marked corresponding to the two notches in the edge of 
the cup. Pins can be driven into these points and allowed to rest in the notches. If 
the diameter of the cup is such that the sphere just. fits into it, it  can be found whether 
the pins are exactly in the ends of R diameter by turning tho sphere on the pins as an 
axis. If tho pins are not correctly placed, the sphere will not rotate freely. The diam- 
eter determined by the pins may now be taken as the axis, one of the ends being 
taken as the North Pole and the other a8 the South Pole. With a sharp pencil or with 
an engraving tool circles can'be drawn on the sphere at the points of division on the 
edge of the cup by turning the sphere on its nxis while the pencil is held against the 
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surface at the correct point. The circle midway between the poles is a great circle and 
will represent the Equator. The Equator is then numbered 0' and the other. eight 
circles on either side of the Equator are numbered loo, 20°, etc. The poles themselves 
correspond to 90'. 

Now remove the sphere and, after removing one of the pins, insert the sphere 
again in such a way that the Equator lies dorig the edge of the cup. Marks can then 

' be made on the Equator corresponding to the marks on the edge of the cup. In  this 
way the divisions of the Equator Corresponding to the meridians of 10' interval are 
determined. By replacing the sphere in its original position with the pins inserted, 
the meridians can be drawn along the edge of the cup through the various marks on 
the Equator. These will be great circles passing through the poles. One of these 
circles is numbered 0' and the others lo', 20°, etc., both east and west of tlie zero 
meridian and extending to  180' in both directions. The one hundrod and eightieth 
meridian will be tlie prolongation of the zero meridian through the poles cmd will be 
the same meridian for either east or west. 

FIQ. 7.-Constructing tlie circles of parallels and meridians on a globe. 

This sphere, with its two sets of circles, the meridians and the parallels, drawn 
upon i t  may now bo taken as a model of the earth on which corresponding circles are 
supposed to be drawn. When it is a question only of supposing the circles to be drawn, 
and not actually drawing them, it will cost no extra efl'ort to suppose them drawn and 
numbered for every degree, or for every minute, or even for every second of arc, but 
no one would attempt actually to draw them on a model globe for intervals of less than 
lo. On the the earth itself a second of latitude corresponds to a little more than 100 
feet. For the purpose of studying the principles of map projection i t  is quite enough to 
supposc that the circles arc drawn a t  intervals of 10'. 

I t  was convenient in drawing lhe meridians and parallels by the method just 
described to plnce the polar axis horizontal, so that the sphere might rest in the cup 
by its own weight. Hereafter, however, we shall suppose tho sphere to be turned 
so that its polar axis is vertical with the North Polo upward. Tho Equator and all 
the parallels of latitude will be horizontal, and the direction of rotation corresponding 
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to the actual rotation of the earth will carry the face of the sphere at which we are 
looking from left to right; that is, from west to east, according to the way in which 
the meridians were marked. As the earth turns from west to east a person on its 
surface, unconscious of its movement and looking a t  the heavenly bodies, naturally 
thinks that they are moving from east to west. Thus, we say that the sun rises in 
the east and seta ia the west. 

THE TERRESTRIAL GLOBE 

With the sphere thus constructed with the meridians and parallels upon it, we 
get a miniature representation of the earth with its imaginary meridians and parallels. 
On this globe the accurately determined points may be plotted and the shore line 
drawn in, together with the other physical features that i t  is desirable to show. 
This procedure, however, would require that each individual globe should be plotted 
by band, since no reproductions could be printed. To meet this difficulty, ordinary 
terrestrial globes are made in the following way: It is well known that a piece of 
paper cannot be made to fit on a globe but a narrow strip can be made to  fit fairly 
well by some stretching. If the strip is fastened upon the globe when it is wet, tho 
paper will stretch enough 'to allow almost a perfect fit. Accordingly 12 gores are 
made as shown in figure 8, such that when fastened upon the globe they will reach 
from the parallel of 70' north to 70' south. A circular cap is then made to extend 
from ea& of these parallels to the poles. Upon these gores the projection lines and 
the outlines of the continents are printed. They can then be pasted upon the globe 
and with careful stretching.tbey can be made to adapt themselves to th'e sphcrical 
surface. It is obvious that the central meridian of each gore is shorter than the 
bounding meridians, whereas upon the globc all of the meridians are of the same 
length. Hencebin adapting the gores to the globe the central meridian of each gore 
must be slightly stretched in comparison with the side meridians. The figure 8 
shows on a very small scale tbe series of gores and the polar caps printed for covering 
a globe. They arc as nearly 11s may be on a 
plane surface, a facsimile of the surface of the globe, and only require bending with a 
little stretching in certain directions or contraction in others or both to adapt them- 
selves precisely to the spherical surface. If the reader examines the parts of the 
continent of Asia as shown on the separate gores which are almost a facsimile of the 
same portion of the globe, and tries to piece them together without bending them 
over the curved surface of the sphere, tho problem of map projection will probably 
present itself to him in a new light. 

It is seen that although the only way in which the surface of the earth can be 
represented correctly consists in making the map upon the surface of a globe, yet 
this is a difficult task, and, at  the best, expedients have to be resorted to or the 
cost of construction will be prohibitive. It should be remembered, however, that 
the only source of true ideas regardbg the mapping of large sections of the surface 
of the earth must of necessity be obtained from its representation on a globe. Much 
good would result from making the globe the basis of all elementary teaching in 
geography. The pupils should be warned that maps are very generally used because 
of their convenience. Within proper limitations they serve every purpose for which 
they are intended. Errors are dependent upon the system of projection used and 

These gores do not constitute a map. 
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when map and globe do not agree, the former is at fault. This would seem to be 
a criticism against maps in general and where large sections are involved and where 
unsuitable projections are used, it often is such. Despite defects which are inherent 
in the attempt to map a spherical surface upon a plane, maps of large areas, com- 
prising continents, hemispheres or even the whole sphere, are employed because of 
theh convonience both in construction and handling. 

8 Perfect g l o b  BFB seldom ne811 on sooount of the expenee involved In thelr menufaoture. 
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Makers of globes would confer a benefit on future generations if they would make 
cheap globes on which is shown, not as much as possible, but essential geographic 
features only, omitting, perhaps, the line of the ecliptic which only leads to confu- 
sion when found upon a terrestrial globe. If the oceans were shown by a light blue 
tint and the continents by darker tints of another color, and if the principal great 
rivers and mountain chains were shown, i t  would be sufficient. The names of oceans 
and countries, and a few great cities, noted ‘capes, etc., are all that should appenr. 
The globe then would serve as the index to the maps of continents, which again would 
serve as indexes to the maps of countries. 

REPRESENTATION OF THE SPHERE UPON A PLANE 
THE PROBLEM OF MAP PROJECTION 

It seems, then, that if we have the meridians and parallels properly drawn 011 

any system of map projection, the outline of a continent or island can be drawn in 
from information given by the surveyors respecting the latitude and longitude of 
the principal capes, inlets, or other features, and the character of the const between 
.them. Copies of maps are commonly made in schools upon blank forms on which 
the meridians and parallels have been drawn, and these, like squared paper, give 
assistance to the free-hand copyist. Since the meridians and parallels can be drawn 
as closely together as we please, we can get as many points as we require laid down 
with strict accuracy. The meridians and parallels being drawn on the globe, if we 
have set of lines upon a plane sheet to represent them we can then transfer detail 
from the globe to the map. The problem of map projection, therefore, consists in 
finding some method of transferring the meridians and parallels from the globe to 
the map. 

DEFINITION OF MAP PROJECTION 

The lines representing the meridians and parallels can be drawn in an arbitrary 
manner,, but to avoid confusion we must have a one-to-one correspondence. In 
practice all sorts of liberties are taken with the methods of drawing the meridians 
and parallels in order to secure ma s which best fulfill certain required conditions, 

law or system that wiU give the one-to-one correspondence. Hence a map projoction 
may be defined as a systematic drawing of lines representing meridians and parallels 
on a plane surface, either for the whole earth or for some portion of it. 

provided always that the methods o P drawing tho meridians and paraIIeIs foIlow some 

DISTORTION 

In order to decide on the system of projection to be employed, we must consider 
the purpose for which the map is to be used and the consequent conditions which 
it is most important for the map to fulfill. In geometry, size and shape are the two 
fundamental considerations. If we want to show without exaggeration the extent of 
the different countries on a world map, we do not care much about the shape of the 
country, so long as its area is properly represented to scala. For statistical purposes, 
therefore, a map on which all areas are correctly represented to scale is valuable, 
and such a map is called an “equal-area projection.’’ It is well known that parallelo- 
grams on the same base and between the same parallels, that is of the same height, 
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have equal area, though one may be rectangular or upright and the other very oblique. 
The sloping sides of the oblique parallelograms must be very much longer than the 
upright sides of tho other, but the areas of the figures will bo the same though the 
shapes are so very different. The process by which the oblique parallelogram can be 
formed from the rectangular parallelogram is called by engineors “ shoadng.” A 
pack of cards as usually placed together shows as profile a rectangular parallelogram. 
If a book be stood up against the onds of the cards as in figuro 9 and then made to 
slope as in figure 10 each card will slide a little over tho one below and the profile of 
the pack will be the oblique parallologram shown-in figure 10. The height of the 
parallelogram will be the same, for it is the thickness of the pack. Tho base will 
remain unchanged, for i t  is the long edge of the bottom card. The area will be un- 
changed, for i t  is the sum of the areas of the edges of the cards. The shape of the 
parallelogram is very diffcrent from its original shape. The sloping sides, it is true, 

n 

FIG. 9. -Pack of cards before “shearing.” Fxo. 10.-Pack of curds after “shearing.” 

FIG. 11 .-Square “sheared" into an equivalent parallelogram. 

are not straight lines, but are made up of 52 littlo steps, but if instead of cards severa1 
hundred vory thin sheets of paper or mctal had been used the steps would be invisible 
and the sloping edges would appear to be straight lines. This sliding of layer upon 
layer is a “simple shear.” It alters tho shape without altoring the area of thefigure. 

This shearing action is worthy of a more careful consideration in order that we 
may understand one very important point in map projection. Suppose the square 
A B C D (sce fig. 11) to be shcarcd into tho oblique parallelogram a b C D. Its  base 
and height remain the same and its area is unchanged, but the parallelogram a b C D  
may be turned around so that C b is horizontal, and then C b is the base, and tho lino 
a N drawn from a perpendicular to b C is the height. Then the area is the product of 
b C and a N,  and this is equal to tho area of the original square and is constant whnt- 
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ever the angle of the parallelogram and the extent to which the side B C has been 
stretched. The perpendicular a N, therefore, varies inversely as the length of the side 
b C, and this is true however much B C is stretched. Therefore in an equal-area pro- 
jection, if distances in one direction are increased, those measured in the direction at 
right andes are mduced in the corresponding ratio if the lines that they represent are 
perpendicular to one another upon the earth. 

If lines are drawn a t  a point on an equal-area projection nearly at right angles 
to each other, it will in general be found that if the scale in the one direction is increased 
that in the other is diminished. If one of the lines is turned about the point, there 
must be some direction between the original positions of the lines in which the scale 
is exact. Since the line can be turned in either of two directions, there must be two 
directions at the point in which the scale is unvarying. This is true at every point of 
such a map, and consequently curves could be drawn on such a projection that would 
represent directions in which there is no variation in scale (isoperimetric curves). 

In  maps drawn on an equal-area projection, some tracts of country may be sheared 
so that  their shape is changed past recognition, but they preserve their area unchanged. 
In  maps covering a very large area, particularly in maps of the whole world, this gen- 
erally happens to a very great extent in parts of the map which are distant from both 
the horizontal and the vertical lines drawn through the center of the map. (See fig. 12.) 

FIQ. 12.-The Mollweide equal-area projection of the aphew. 

It will be noticed that in the shearing process that has been described every 
little portion of the rectangle is sheared just like the whole rectangle. It is stretched 
pamUel to B C (see fig. 11) and contracted at right angles to this direction. Hence 
when in an equal-area projection the shape of a tract of country is changed, it follows 
that, the shape of every square mile and indeed of every square inch of this country 
will be.changed, and this may involve a considerable inconvenience in the use of the 
map. In the case of the pack of cards the shearing wag the same at all points. In the 
case of equal-area projections the extent of shearing or distortion varies with the 
position of the map and is zero at the center. It usually increases along the diagonal 
lines of the map. It may, however, be important for the purpose for which the map ie 
required, that small areas should retain their shape even at the cost of the area being 
increased or diminished, so that different scales have to be used at different parts of 
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the map. The projections on which this condition is secured are called “conformal” 
projections. If it wore possible to secure equality of area and exactitude of shape a t  
all points of the map, the whole map would be an exact counterpart of the correspond- 
ing area on thd globo, and could be made to fit the globe a t  all points by simple bending 
without any stretching or contraction, which would imply alteration of scale. But a 
plane surface cannot be made to fit a sphere in this way. It must be stretched in some 
diroction or contracted in othors (as in the process of “raising” a dome or cup by 
hammering sheet metal) to fit the sphere, and this means that the scale must be altered 
in one direction or in the other or in both directions at once. It is therefore impossible 
for a map to preserve the same scale in all directions a t  .all points; in other words a 
map cannot accurately represent both size and shape of the geographical features at. 
all points of the map. 

CONDITIONS FULFILLED BY A MAP PROJECTION 

If, then, we endeavor to secure that the shape of a very small area, a square inch 
or a square mile, is preserved at  all points of the map, which means that if the scale 
of the distance north and south is increased the scale of the distance east and west 
must be increased in exactly the same ratio, we must be content to have some parts 
of the map represented on a greater scale than others. The conformal projection, 
therefore, necessitates a change of scale at different parts of the map,-ttough&e scale 
isithe samGhTd?rect ions at  any one point. NoG3t  is clear that if in a map of 
h6rf i  America‘tle northern part of Canada ishrawn on a much larger scale than the 
southern States of the United States, although th’e shape of every little bay or head- 
land, lake or township is preserved, the shape of the whole continent on the map must 
be very different from its shape on the globe. In choosing our system of map pro- 
jection, therefore, we must decide whether we w a n t  

(1) To keep the area directly comparable a l l  over the map a t  the expense of correct 
shape (equal-area projection), or 

(2) To keep the shapes of the smaller geographical features, capes, bays, lakes, 
etc., correct at the expeqse of a changing scale all over the map (conformal projection} 
and with the knowledge that large tracts of country will not preserve their shape, or 

(3) To make a compromise between these conditions so as to minimize the errors 
when both shape and area are taken into account. 

There is a fourth consideration which may be of great importance and which 
is very important to the navigator, wMe it will be of much greater importance to the 
aviator when aerial voyages of thousands of miles are undertaken, and that is that 
directions of places taken from the center of the map, and as far as possible when taken 
from other points of the map, shall be correct. The horizontal direction of an object, 
measured from the south is known as its azimuth. Hence a map which preserves 
these directions correctly is called an “azimuthal projection.’’ We may, therefore, 
add a fourth object, viz: 

(4) To preserve the correct directions of all lines drawn from the center of the 
map (azimuthal projection). 

Projections of this kind are sometimes called zenithal projections, because in 
maps of the celestial sphere the zenith point ie projected into the central point of the 
map. This is a misnomer, however, when applied to a map of the terrestrial sphere, 

We have now considered the conditions which we should like a map to fulfill, 
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and we have found that they are inconsistent with one another. For some particular 
purpose we may construct a map which fulfills one condition and rejects another, 
or vice versa; but we shall find that the maps most commonly used are the result of 
compromise, so that no one condition is strictly fulfilled, nor, in most cases, is it 
extravagantly violated. 

CLASSIFICATION OF PROJECTIONS 
There is no way in which projections can be divided into classes that are mutually 

exclusive; that is, such that any given projection belongs in one class, and only in 
one. There are, however, certain clnss names that are made use of in practice princi- 
pally m a matter of convenience, although a given projection may fall in two or more 
of the classes. We have already spoken of the equivalent or equal-area type and of 
the conformal, or, as it is sometimes called, the orthomorphic type. 

The equal-area projection preserves the ratio of areas constant; that is, any 
given part of the map bears the same relation to the area that it represents that the 
whole map bears to the whole area represented. This can be brought clearly before 
the mind by the statement that any quadrangular-shaped section of the map formed 
by meridians and pardels will be equal in area to any other quadrangular area of 
the same map that represents an equal area on the earth. This means that all sec- 
tions between two given parallels on any equal-area map formed by meridians that 
are equally spaced are equal in area upon the map just as they are equal in area on 
the earth. In another way, if two silver dollars are placed upon the map, onb in 
one place and the other in any other part of the map the two areas upon the earth 
that q e  represented by the portions of the map covered by the silver dollars will 
be equal. Either of these tests forms a valid criterion provided that the areas selected 
may be situated-on any portion of the map. There are other projections besides 
the equal-area ones in which the same results would be obtained on particular portions 
of the map. 

A conformal projection is one in which the shape of any small section of the 
surface mapped is preserved on the map. The term orthomorphic, which is some- 
times used in place of conformal, means right shape; but this term is somewhat 
misleading, since, if the area mapped is large, the shape of any continent or large 
country will not be preserved. The true condition for a conformal map is that the 
scale a t  any point be the same% all directions; the scale will uhange from point to 
point, but i t  will be independent of the azimuth a t  all points. The scale will be 
the same in all directions at a point if two directions upon the earth a t  right angles 
t o  one another are mapped in two directions that are also a t  right angles and along 
ivhich the scale is the same. If, then, we have a projection in which the meridians 
and parallels of the eartxare represented by curves that are perpendicular each to 
each, we need only to determine that the scale along the meridian is equal to that 
along the parallel. The meridians and parallels of tbe earth intersect at right angles, 
and a conformal projection preserves the angle of intersection of any two curves 
on the earth ; therefore, the meridians of the map must intersect the parallels of the ~ 

map at right angles, The one set of lines are then said to be the orthogonal trajectories 
o f t h e r  set. If the meridians and parallels of any map do not intcrsect at 
right angles in all parts of tbe map, we may.& once conclude that it is not a conformal 
map. 

__-. .- _ _  _- 
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Besides the equal-area and conformal projections we havo already mentioned 
the azimuthal or, as they aro sometimes called, the zenithal projections. In these 
the azimuth or direction of all points on the map as seen from some central point 
are the same as the corresponding azimuths or directions on the earth. This would 
be a very desirable feature of a map if it could be true for all points of the map as 
well as for the central point, but this could not be attained in any projection; hence 
the azimuthal feature is generally an incidental one unless the map is intended for 
some special purpose in which the directions from some one point are very important. 

Besides these classes of projections there is another class called perspective pro- 
jections, or, as they are sometimes called, geometric projections. The principle of 
these projections consists in the direct projection of the points of the earth by straight 
lines drawn through them from some given point. Tho projection is generally made 
upon a plane tangent to the sphere at the end of the diameter joining the point of 
P rejection . ._ _ _  __  and the center of the &&-:Ifthe projecting point is the center of the 
sphere, the point of tangency is chosen in the center of the area to be mapped. The 
plane upon which the map is made does not have to be tangent to the earth, but this 
position gives a simplification. Its position anywhere parallel to itself would only 
change the scale of the map and in any position not parallel to itself the same result 
would be obtained by changing tho point of tangency with mere change of scale. 
Projections of this kind are generally simple, because they can in most cases be con- 
structed by grnphical methods without the aid of the analytical expressions that 
determbe the elements of the projection. 

Instead of using a plane directly upon which to lay out the projection, in many 
cases use is made of one of tho developable surfaces as an intermediate aid. The 
two surfaces'used for this purpose are the right circular cone and the circular cylinder. 
The projection is made upon one or the other of these two surfaces, and then this 
surface is spread out or developed in the plane. As a matter of fact, tho projection 
is not constructed upon the cylinder or cone, but the principles are derived from a 
consideration of these surfaces, and then the projection is drawn upon the plane just 
as it would be after development. The developable surfaces, therefore, sorve only 
as guides to us in grasping the principles of tho projection. After the elements of the 
projections are determined, either geometrically or analytically, no further attention 
is paid to the cone or cylinder. A projection is called conicnl or cylindrical, according 
to which of the two developable surfaces is used in the determination of its elements. 
Both kinds are generally included in the one class of conical projections, for tho cylinder 
is just a special case of the cone. In  fact, even tlie a z i m u t ~ a l - p p i ; d j ^ e c ~ ~ ~ s ~ ~ g ~ ~ h ~ ~ ~  
been included 'in the- genKil-clas3. If we have a cone tangent to the earth and then 
imagine the apex to recede more and more while the cone still remains tangent to the 
sphere, we shall have at the limit the tangent cylinder. On the otJier hand, if the 
apex approaches nearer and nearer to the earth the circle of tangency will get smaller 
and smaller, and in the end it will become a point and will coincide with the apex, and 
&he cone will be flattened out into a tangent plane. 

Besides these general olasses there are a number of projections that are called 
conventional projections, since they are projections that are merely arranged arbi- 
trarily. Of course, even these conform enough to law to permit their expression 
analytically, or sometimes more easily by geometric principles. 

~ .-_. - ---_- 
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THE IDEAL MAP 

There are various properties that it would be desirable to have present in a map 
that is to be constructed. (1) It should represent the countries with their true shape; 
(2) the countries represented should retain theii relative size in the map; (3) the 
distance of every place from every other should bear a constant ratio to the true dis- 
tances upon the earth; (4) great circles upon the sphere-that is, the shortest distances 
joining various points-should be represented by straight lines which are the shortest 
distances joining the points on the map; (5 )  the geographic latitudes and longitudes 
of the places should be easily found from their positions on the map, and, conversely, 
positions should be easily plotted on the map when we have their latitudes and longi- 
tudes. These properties could very easily be secured if the earth were a plane or one 
of the developable surfaces. Unfortunately for the cartographer, it is not such a 
surface, but is a spherical surface which cannot be developed in a plane without dis- 
tortion of some kind. It becomes, then, a matter of selection from among the various 
desirable properties enumerated above, and even some of these can not in general be 
attained. It is necessary, then, to decide what purpose the map to be constructed 
is to fulfill, and then we can select the projection that comes nearest to giving us 
what we want. 

PROJECTIONS CONSIDERED WITHOUT MATHEMATICS 

If it is a question of making a map of a small section of the earth, it  will so nearly 
conform to a plane surface that a projection can be made that will represent the true 
state to such a degree that any distortion present will be negligible. It is thus possible 
to consider the earth made up of a great number of plane sections of this kind, such that 
each of them could be mapped in this way. If the parallels and meridians are drawn 
each at 1 5 O  intervals and then planes are passed through the points of intersection, we 
should have a regular figure made up of plane quadrangular figures as in figure 13. Each 
of these sections could be made into a self-consistent map, but if we attempt to fit them 
together in one plane map, we shall find that they will not join together properly, but 
the effect shown in figure 13 will be observed. A section 1.5' square would be too large 
to be mapped without error, but the same principle could be applied to each square 
degree or to even smaller sections. This projection is called the polyhedral projection 
and i t  is in substance very similar to the method used by the United Statea Geological 
Survey in their topographic maps of the various States. 

Instead of considering the earth as made up of small regular quadrangles, we might 
consider i t  made by narrow strips cut off from the bases of cones as indigure 14. The 
whole east-and-west extent of these strips could be mapped equally accurately as shown 
in figure 15. Each strip would be all right in itself, but they would not fit together, as is 
shown in figure 15. If we consider the strips to become very narrow while at the sane  
time they increase in number, we get what is called the polyconic projections. These 
same dficulties or others of like nature are met with in every projection in rphich we 
attempt to hold the scale exact in some part. At best we can only adjust the errom in 
the representation, but they can never all be avoided. 

Viewed from a strictly mathematical standpoint, no representation based on a 
system of map projection can be perfect. A map is a compromise between the various 
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FIG. 13.-Earth considered as formed by plane quadrangles. 

h a .  14.-Earth considered aa formed by fruetrums of oonw. 
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FIG. 15.-Dcvclopment of the frustrum surfaces. 

conditions not all of which can be satisfied, and is the best solution of the problem that 
is possible without encountering other difficulties that surpass those due to a varying 
scale and distortion of other kinds. It is possible only on a globe to represent the 
countries with their true relations and our general ideas should be continually corrected 
by reference to this source of knowledge. 

In order to point out the distortion that may be found in projections, it will be well 
to show some of those systems that admit of easy construction. The perspective or 
geometrical projections can always be constructed graphically, but it is sometimes easier 
to make use of a computed table, even in projections of this class. 

ELEMENTARY DISCUSSION OF VARIOUS FORMS OF PROJECTION 

CYLINDRICAL EQUAL-AREA PROJECTION v 
This projection is one that is of very little use for the construction of a map of the 

world, although near the Equator it gives a fairly good representation. We shtdl use 
it mainly for the purpose of illustrating the modifications that can be introduced into 
cylindrical projections to gain certain desirable features. 

In this projection a cylinder tangent to the sphere along the Equator is employed. 
The meridians and parallels are straight lines forming two pnrallel systems mutually 
perpendicular. The lines represen tirig the meridians are equally spnced. These fea- 
tures are in general characteristic of all cylindrical projections in which the cylinder is 
supposed to be tangent to the sphere along the Equator. The only feature as yet 
undetermined is the spacing of the parallels. If planes are passed through the various 
parallels they will intersect the cylinder in circles that become straight lines when the 
cylinder is developed or rolled out in the plane. With this condition it is evident that 
the construction given in figure 16 will give the network of meridians and parallels for 
10' intervals. The length of the map is evidently T (about 3%) times the diameter of 
the circle that represents a great circle of the sphere. The semicircle is divided by 
means of a protractor into 18 equnl arcs, and these points of division are projected by 
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lines parallel to the line representing the Equator or perpendicular to the bounding 
diameter of the semicircle. This gives an equivalent or equal-area map, because, as 
we recede from the Equator, the distances representing differences of latitude are de- 
creased just as great a per cent as the distances representing differences of longitude a r ~  
increased. The result in a world map is the appearance of contraction toward the 
Equator, or, in another sense, as an east-and-west stretching of the polar regions. 

CYLINDRICAL EQUAL-SPACED PROJECTION 

If the equal-area property be disregarded, a better cylindrical projection can be 
socured by spacing the meridians and darallels equally. In this way we get rid of the 
very violent distortions in the polar regions, but even yet the result is very unsatisfac- 
tory. Great distortions are still present in the polar regions, but they are much less 
than before, as can be seen in figure 17. As a further attempt, we can throw part of 
the distortion into the equatorial regions by spacing the parallels equally and the 
meridians equally, but by malting the spacing of the parallels greater tlinn that of the 
meridians. In  figure 18 is shown the whole world with the meridian and parallel 
spacings in the ratio of two to three. The result for a world map is still highly unsatis- 
factory even though it is slightly better than that obtained by either of the forme1 
methods. 

PROJECTION FROM THE CENTER UPON A TANGENT CYLINDER 

As a fourth attempt we might project the points by lines drawn from the center 
of the sphere upon a cylinder tangent to the Equator. This would have a tendency 
to stretch the polar regions north and south as well as east and west. The result of 
this method is shown in figure 19, in which the polar regions are shown up to 70' of 
latitude. The poles could not be shown, since m the projecting line approaches them 
indefinitely, the required. intersection with the cylinder recedes indefinitely, or, in 
mathematical language, tho pole is represented by a line at  an infinite distance. 

MERCATOR PROJECTION 

Instead of stretching thc polar regions north and south to such an extent, i t  is 
customary to limit tho stretching in latitude to an equality with tho stretching iu longi- 
tude. In this way we get a conformal projcction in which any small 
area is shown with practically its true shape, but in which largo areas will be distorted 
by the change in scale from point to point. In this projection the pole i s  rcpresciitod 
by a line a t  infinity, so that the map is seldom extended much beyond 80' of latitude. 
This projocfion can not bc obtained dircctly by grapl&xI construction, but the spacings 
of the parallels havc to be taltcn from a computcd table. This is the most important 
of the cylindrical projcctions and is widely used for the construction of sailing charts. 
Its common use for world maps is very misleading, since the polar regions are 
represented upon a very enlarged scale. 

Since a degree is one three-hundred-and-sixtieth part of a circle, the degrees of 
latitude are everywhere oqual on a spherc, as tho meridians are all equal circles. Tho 
degrees of longitude, however, vary in tho samo proportion as the sizcs of the pardlcls 
vary a t  tho different latitudes. The parallul of 60° latitude is jus t  one-half of tho 

(See fig. 20.) 
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length of the Equator. A square-degree quadrangle at 60' of latitude has the same 
length north and south as has such a quadrangle a t  the Equator, but the extent east 
and west is just one-half as great. I ts  area, then, is appro;ximately one-half the area 
of the one at  the Equator. Now, on tho Mercator projection tho longitude a t  60' is 
stretched to double its length, and hcnce the scale along the meridian has to be increased 
an equal amount. At 80' of latitude the 
area is incrcased to 36 times its real size, and a t  89' an area would be more than 3000 
times as lar$e as an equal-sized area a t  the Equator. 

This excessive exaggeration of area is a most serious matter if tho map be used 

The area is therefore increased fourfold. 

FIQ. 18.-Modified cylindrical equal-spaced projection. 

for general purposes, and this fact ought to be emphasized because it is undoubtedly 
true that in the majority of cases peoples' general ideas of geography are based on 
Mercator maps. On the map Greenland shows larger than South America, but in 
reality South America is nine times as large as Grocnland. As will be shown later, 
this projection has many good qualities for special purposes, and for some general 
purposes it may be used for areas not very distant from the Equator. No suggestion 
is therefore made that it should be abolished, or even reduced from its position among 
the first-class projections, but it is most strongly urgod that no ono should use it with- 
out  recognizing its defects, and thereby guarding against boing misled by falso appear- 
ances. This projcction is often usod because on it tho whole inhabited world can be 

0 0 9 1 0 6 " - 4 6 ~ 8  * 
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shown on one sheet, and, furthermore, it  can be prolonged in either an east or west 
direction; in other words, it  can be repeated so as to show part of the map twice. By 
this means the relative positions of two places that would be on opposite sides of the 
projection when confined to 360' can be indicated more definitely. 
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COMPARISON OF THE PERSPECTIVE PROJECTION WITH THE MERCATOR 
PROJECTION 

In Fig. 19 we hav,e a semicircle described from 0, with radius representing the 
sphere. By drawing lines from the center a t  0 through the equal divisions of the semi- 
circle to the tangent line, we obtain the spacing of the parallels of a perspective projedion 
upon a tangent cylinder. 

In Fig. 20, from a semicircle with center at 0', the radius being the samo aa before, 
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FIG. 20.-Mercator projection-a comparison. 

let us plot to scale the intcrvals of the parallels along the tangent linefrom a Mercator 
projection, We find from the nature of this projection that the projecting lines passing 
through the cqual divisions of the semicircle originate, not at  the central point 0’, but 
at  increasing distances from it, as shown in the figure. while these points along the 
polar and equatorial axes (see also Fig. 21), can be computed and located, and the suc- 
cessive parallels determined, it is nevertheless difficult to see what useful purpose this 
would serve. 

It can thus be seen that it is practically impossible to visualize the Morcator pro- 
jection as a direct geometrical projcction because of the variablc distances between tho 
points in the axis from which the various parallels are projected. 

Mercator refers to his representation simply as “ a  new proportion and a new arrange- 
ment of the meridians with reference to tho parallels”-a mathematical navigational 
dewice to mako the rhumb line or loxodromic curvo a right line on tho chart, preserving the 
same angle of bearing with respect to the intersected meridians as does the track of a 
vessel under a true course. 

In this mathematical transformation, Mercator did not employ a tangent cylinder 
nor is it ever employed in this projection. This conception did not originato with him, 
but is a later invention. The statements to  this effect that appear in many textbooks 
may be dismissed as erroneous and misleading. 

In canfirmation of what has here been expressed as to the nature of this projection, 
it is interesting to note that Edward Wright, author of the tables published in “Certaino 
Errors in Navigation,” 1599, and likewise the Admiralty Manual of Navigation, 1914, 
did not employ the cylinder in their principles of computation and construction of 
Mercator’s chart. 

From a certain viewpoint, Fig. 21 has a pictorial value in showing that the parallels 
are not projected from a common point, i. e., the center of the sphere. As a forward 
step in the computation and construction of n Mercahr projection, it has no practical 
value, and only serves to illustrate the confusion that has so often arisen as to the nature 
of the Mercator projection. 
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The figure shows the spacing of the parallels of a Mercator projection on a tangent 
cylinder as related to the polar and equatorial nxes of the sphere. From the sketch 
below it is obvious that the Mercator projection does not result from a geometric pro- 

It will be seen that the projecting lines to the parallels do not originate from the 
center of the sphere and that their location in the polar and equatorial axes requires 
unnecessary computation. 

jection upon a cylinder tangent tbt the equator. / 

FIG. 21 .-Mercator projection showing spacing of the parallels. 

In  some projections, such as the Mercator projection, the rofcrcnce lines of latitude 
end longitude are in no sense whatever projected. In practice the Mercntor projection 
is computed as a conformal projection upon a plane without resort to tho cylinder or to 
the location of points in either of the axes. Many other projections are not constructed 
upon a cylinder or a cone, but a picture of their principles may, in a general way, be more 
readily referred to a consideration of geometric surfaces than is the case of a Mercator 
projection. 

GEOMETRICAL AZIMUTHAL PROJECTIONS 

Many of the projections of this class can be constructed graphically with very little 
trouble. The merid- 
ians are then represented by straight hes radiating from tho pole and the parallels 

This is especially true of those that have the pole a t  the center. 
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are in turn represented by conccntric circles with the polc as center. The angles 
between the meridians are equal to the corresponding longitudes, so that they aro 
represented by radii thn.t are equally spaced. 

STEREOGRAPHIC POLAR PROJECTION 

This is a perspective conformal projection with the point of projection at  the South 
Pole when the northern regions are to be projected. The plane upon which the pro- 
jection is made is generally taken as the equatorial plane. A plane tangent at  the 
North Pole could be used equally wcll, the only difference being in the scale of the 
projection. In figure 22 let N E S W bc the plane of a meridian with N rcprescnting 
tho North Pole. Then N P will be the trace of the plane tangent at  thc North Polo. 
Divide the arc N E  into equal parts, cach in the figure being for 10' of latitude. Then 
all points at distance of 10' from the North Pole will lie on a circle with radius Np, 

FIG. 22.-Dctcrmination of radii for stereographic polar projection. 

thosc at  20' on a circle with radius Nq, ctc. With these radii we can construct tho 
map ns in figuro 23. On the map in this figure the lines are drawn for each 10' both 
in latitude and longitudo; but it is clear that a lnrger map could be constructed on 
which lines could be drawn for evcry degrce. We'have seen that a prnctically correct 
map can be made for a region measuring 1' each way, because curvature in such a 
size is too slight to be taken into account. Suppose, then, that correct maps were 
made separately of all the little quadrangular portions. It would be found that by 
simply rcduciiig each of them to the rccluisitc scale it could bo fitted almost exactly 
into the space to whicli i t  belonged. We say almost exactly, bccauso the cdgo nearcst 
tho center of thc map would have to be a little smaller in scale, and hence would have 
to be comprcsscd a litllo if tho outer edgea wcro reduced the cxact amount, but tho 
compression would be so slight that it would require very careful measurement to 
dctcct it. 
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It would seem, then, a t  first sight that this projection is an ideal one, and, as a 
matter of fact, it is considered by most authorities as the best projection of a hemi- 
sphere for general purposes, but, of course, it  has a serious defect,. I t  has been stated 
that each plan has to be compressed at  its inner edge, and for the same reason each 
plan in succession has to be reduced to a smaller averago scale than the one outside of 
it. I n  other words, the shape of each space into which a plan has to be fitted is prac- 
tically correct, but the size is less in proportion at  the center than at  the edges; so that 
if a correct plan of an area at  the edge of the map has to be reduced, let us say to a 
scale of 500 miles to an inch to fit its allotted space, then a plan of an area at  the center 
has to be reduced to a scale of more than 500 miles to an inch. Thus a moderate area 
has its true shape, and even an area as large as one of the States is not distorted to 
such an extent as to be visible to the ordinnry observer, but to obtain this advantage 
relative size has to be sacrificed; that is, the Property of equivalence of area has to be 
en tirely disregarded . 

0 '  

90 

PIQ. 23.-Stereographic polar projection. 
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Fro. 24.-Determinstion of radii for gnomonic polar projection. 

CENTRAL OR GNOMONIC PROJECTION 

In  this projection the center of the sphere is the point from which the projecting 
lines are drnwn and the map is made upon a tangent plane. When the plane is tangent 
a t  the pole, the parallels aro circles with the pole as common center and the meridians 
are equally spaced radii of these circles. In  figure 24 it can be seen that the lengths of 
tho various radii of the parallels are found by drawing lines from the center of a circle 
representing a meridian of the sphere and by prolonging them to intersect a tangent 
line. In  the figure let P be the pole and let PQ, QR, etc., be arcs of lo", then Pq, 
Pr,  etc., will be the radii of the corresponding parallels. It is at  once evident that a 
complete hemisphere can not be represented upon a plane, for the radius of 90" from 
the center would become'infinite. The North Pole regions extending to latitude 30' 
is shown in figure 25. 

The important property of this projection is the fact that all great circles are 
represented by straight lines. This is evident from the fdct that the projecting lines 
would a11 lie in the plane of the circle and the circle would be represented by the 
intersection of this plane with the mapping plane. Siice the shortest distance be- 
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tween two given points on the sphere is nn arc of a great circle, the shortest distnnce 
between the points on the sphere is represented on the map by the straight line joining 
the projection of the two points which, in turn, is the shortest distance joining the 
projections; in other words, shortest distances upon the sphere are represented by 
shortest distances upon the map. The change of scale in the projection is so rapid 
that very violent distortions are present if the map is extended any distance. A map 
of this kind finds its principal use in connection with the Mercator charts, as will be 
shown in the second part of this publication. 

LAMBERT AZIMUTHAL EQUAL-AREA PROJECTION 

This projection does not belong in the perspective class', but when the pole is the 
center it can be easily constructed graphically. The radius for the circle representing 
a parallel is taken as the chord distance of the parallel from the pole. In  figure 26 
the chords are drawn for every 10' of arc, and figure 27 shows the map of the Northern 
Hemisphere constructed with these radii. 
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90 
P!o. 27.-Lambcrt equal-area polar projection. 
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ORTHOGRAPHIC POLAR PROJECTION 
When the pole ig the center, an orthographic projection may be constructed 

graphically by projecting the parallels by parallel lines. It is a perspective projection 
in which the point of projection has receded indefinitely, or speaking mathematically, 
the point of projection is at infinity. Each parallel is really constructed with a radius 

FIQ. 28.-Determination of radii for orthographic polar projection. 

FIG. 29.-Orthographic polar projection. 

proportional to its radius on the sphere. It is clear, then, that the scale along tho 
parallels is unvarying, or, as it is called, the parallels are held true to scale. The 
method of construction is indicated clearly in figure 28, and figure 29 shows the North- 
ern Hemisphere on this projection. Maps of the surface of the moon are usually 
constructed on this projection, since we really see the moon projected upon the celestial 
sphere practically ns the map appears. 
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AZIMUTHAL EQUIDISTANT PROJECTION 

43 

In  the orthographic polar projection the scale along the parallels is held constant, 
as we have seen. We can also have a projection in which the scale along the meridians 
is held unvarying. If the parallels are represented by concentric circles equally spaced, 
we shall obtain such a projection. The projection is very easily constructed, since 
we need only to draw'the system of conkentric, equally spaced circles with the merid- 
ians represented, as in all polar azimuthal projections, by the equally spaced radii of 
the system of circles. Such a map of the Northern Hemisphere is shown in figure 30. 
This projection has the advantage that it is somewhat a mean between the stereo- 
graphic and the equal area. On the whole, it  gives a fairly good representation, since 
it stands as a compromise between the projections that cause distortions of opposite 
kind in the outer regions of the maps. ' 

OTHER PROJECTIONS IN FREQUENT USE 

In figure 31 the Western Hemisphere is shown on the stereographic projection. 
A projection of this nature is called a meridional projection or tl projection on the 
plane of a meridian, because the bounding circle represents a meridian and the North 
and South Poles are shown at  the top and the bottom of the map, respectively. The 
central meridian is a straight line and the Equator is represented by another straight 
line perpendicular to tho central meridian; that is, the central meridian and tho Equa- 
tor are two perpendicular dinmeters of the circle that represents the outer meridian 
and that forms the boundary of tlie map. 
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FIG. 31.-Stcreographic projection of the Wcstern Hemisphere. 

In figure 32 a part of the Western Hemisphere is represented on a gnomonic pro- 

A meridiond equal-area projection of the Western Hemisphere is shown in 
jection with a point on the Equator as the center. 

figure 33. . 

FIQ. 32.-Gnomonic projection of part of the Western Hemisphere. 

An orthographic projection of the same hemisphere is given in figure 34. In this 

A projection that is often used in the mapping of a hemisphere is shown in figure 35. 
The outer meridian and the central meridian are 

the parallels become straight lines and the meridians are arcs of ellipses. 

Zt  is called the globular projection. 
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divided each into equal parts by the parallels which are arcs of circles. The Equator 
is also divided into equal parts by the meridians, which in turn are arcs of circles. . Since 
all of the meridians pass through each of the poles, these conditions are sufficient to 
determine the projection. By comparing it with thc stereographic i t  will be seen that 

FIG. 33.-Lambert equal-area projection of the Western Hemisphere. 

FIQ. 34.-Orthographic projeotion of the Western Hemisphere. 

the various parts are not violently shcarcd out of shapo, and a comparison with the 
equal.-area will show that tho areas arc not badly rcprcsented. Certainly such a rcpre- 
sentation is much less misleading than the Mercator which is too often employed in tho 
school gcographies for the use of young people. 
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FIQ. 35.-Globular projection of the Western Hemisphere. 

' R  

FIQ. 86.-Determination of the elements of a stereographic projection on the plane of a meridian. 

CONSTRUCTION OF A STEREOGRAPHIC MERIDIONAL PROJECTIOK 

Two of the projections mentioned under the preceding heading-the stercographic 
and the gnomonic-lend themselves readily to graphic cbnstruction. In figure 36 lot 
the circle PQP' represent the outer meridian in the stereographic projection. T a h  tho 
arc PQ, equal to 30'; that is, Q will lie in latitude 60'. At Q construct t he  tangent 
RQ; with R as a center, and with a radius RQ construct the arc QSQ'. This arc repre- 
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sents the parallel of latitude 60'. Lay off OK equal to RQ; with K as a center, and 
with.a radius KP construct the arc PSP'; then thh arc represents the meridian of 
longitude 60' reckoned from the central meridian POP'. In  the same way all the 
meridians and partdlels can be constructed so that the construction is very simple. 
Hemispheres constructed on this projection are very frequently used in atlases and 
geographies. 

CONSTRUCTION OF A GNOMONIC PROJECTION WITH POINT OF TANGENCY 
ON THE EQUATOR 

In figure 37 let PQP'Q' represent a great circle of the sphere. Draw the radii OA, 
OB, etc., for every 10' of arc. When these are prolonged to intersect the tangent at  P, 
we get the points on the equator of the map where the meridians intersect it. Since the 
meridians of the sphere are represented by parallel straight lines perpendicular to the 
straight-line equator, we can draw the meridians when we know their points of inter- 
section with the equator. 

The central meridian is spacod in latitude just as the meridians are spaced on the 
equator. In  this way we determine the points of ,intersection of the parallels with 
the central meridian. The projection is symmetrical with respect to the ceiitral 
meridian and also with respect to the equator. To determine the points of inter- 
section of the parallels with any meridian, we proceed ns indicated in figure 37, where 
the determination is mado for the meridian 30' out from the central meridian. Draw 
CK perpendicular to OC; then CD', which equals CD, determines D', the intersection 
of the parallel of 10' north with the meridian of 30' in longitude east of the central 
meridian. These same values can be trans- 
ferred to the meridian of 30' in longitude west of the central meridian. Sinco the 
projection is symmetrical to the equator, the spacings downward on any meridian 
are the same as those upward on the same meridian. After the points of intersection 
of the parallels with the various meridians are determined, we can draw a smooth 
curve through those that lie on any given pardld, and this curve will represent the 
parallel in question. In  this way the complete projection can be constructed. The 
distortions in this projection are very great, and the representation must always 
be less than a hemisphere, because the projection extends to ;nfinity in all &ections. 
As has already been stated, the projection is used in connection with Mercator sailing 
charts to aid in plotting great-circle courses. 

In  like manner CE'=CE, and so on. 

CONICAL PROJECTIONS 

In  the conical projections, when the cone is spread out inathe plane, the 360 degrees 
of longitude are mapped upon a sector of a circle. The magnitudo of the angle at the 
center of this sector has to be determined by computation from the condition imposed 
upon the projection. Most of the conical projections are determined analytically; ' 

that is, the elements of the projection are expressed by mathematical formulas instead 
of being determined projectitrely. There are two classes of conical projections-one 
called a projection upon a tangent cone and another called a projection upon R secant 
cone. In the first the scalo is held true along one parallel and in the second the scale 
is maintained true along two para4els. 
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F I ~ .  37.-Construction of a gnomonic projection with plane tangent at the Equator. 

CENTRAL PROJECTION UPON A CONE TANGENT AT LATITUDE 30' 

As an illustration of conical projections we shall indicate the construction of one 
which is determined by projection from the center upqn a cone tangent at latitude 
30'. In this case the full circuit of 360' of longitude will be mapped 
upon a seAicircle. In figure 39 let PQP'Q' represent a meridian circle; draw CB 
tangent to the circle at latitude 30°, then CB is the radius for the parallel of 30" of 
latitude on the projection. CR, CS, CT, ctc., are the radii for the parallels of 80°, 

(See fig. 38). 
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70°, 60°, etc., respectively. The map of the Northern Hemisphere on this projection 
is shown in figure 40; this is, on the whole, not a very satisfactory projection, but it 
servcs to illustrate some of the principles of conical projection. We might determine 
the radii for the parallels by extending the planes of the'same until they intersect 
the cone. This would vary the spacings of the parallels, but would not change the 
sector OR which the projection is formed. 

A cone could be made to intersect the sphere and to pass through any two chosen 
parallels. Upon this we could project the sphere either from the center or from any 
other point that we might choose. The general appearance of the projection would 

C 

P' 

FIQ. 38.--Cone tangent to the sphere at latitude 30°. 

be similar to that of any conical projection, but some computation would be required 
for its construction. As has been stated, almost all conical projections in use have 
their elements determined analytically in the form of mathematical formulas. Of 
these the one with two standard parallels is not, in general, an intersecting cone, strictly 
speaking. Two separate parallels are held true to scale, but if they were held equal in 
length to their length on the sphere the cone could not, in general, be made to intersect 
the sphere so as to have the two parallels coincide with the circles that represent them. 
This could only be done in case tho distance between the two circles on the cone was 
equal to the chord distance between the parallels on the sphere. This would be true 

000108"46----4 
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in a perspective piojection, but it would ordinarily not be true in any projection deter- 
mined analytically. Probably the two most important conical projections are the 
Lambert conformal conical projection with two standard parallels and the Albers equal- 
area conical projection. The latter projection has also two standard psrallels. 

FIG. 39.-Determination of radii for conical central perspective projection. 

BONNE PROJECTION 

There is a modified conical equal-area projection that hss been much used in map 
making called the Bonne projection. In  general a cone tangent along tho parallel in 
the central portion of the latitude to be mapped gives the radius for the arc represent,ing 
this parallel. A syitem of concentric circles is then drawn to represent the other 
parallels with the spacinge along the central meridian on the same scale as that of the 
standard parallel. Along the arcs of these circles the longitude distances are laid oft' on 
the same scale in both directions from the central meridian, which is a straight line. 
All of the meridians except the central one are curved lines concavo toward tho straighb 
line central meridian. This projBction has been much used in atlases partly because it 
is equal-area and partly because it is comparatively easy to construct. A map of the 
United Statee is shown in figure 41 on this projection. 
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FIG. 41.-Bonne projection of the United States. 

POLYCONIC PROJECTION 

I n  the polyconic projection the central meridian is represented by a straight line 
and the parallels are represented by arcs of circles that are not concentric, but the cen- 
ters of which d lie in the extlension of the central meridian. The distances between 
the parallels along the central meridian are made proportlional to tho true distances 
between the parallels on the earth. The radius for each parallel is determined by an 
element of the cone tangent along the given parallel. When the parallels are con- 
structed in this way, the arcs along the circles representing the parallels are laid off 
proportional to the true lengths along the respective parallels. Smooth curves drawn 
through the points so determined give tho respective meridians. In figure 15 it may 
be seen in what manner the exaggeration of scale is introduced by this method of 
projection. The 
great advantage of this projection consists in the fact that a general table can be 
computed for use in any part of the earth.. In most other projections there are certain 
elements that have to be determined for the region to be.mapped. When this is 
the case a separate table has to be computed for each region that is under considera- 
tion. With this projection, rcgions of narrow extent of longitude can be mapped with 
an accuracy such that no departure from true scale can be detected. A quadrangle 
of 1' on each side can be representrd in such a manner, and in cases where the greatest 
accuracy is either not required or in which the error in scale may be taken into account, 
regions of much greater extent can be successfully mapped. Tho general table is 
very convenient for making topographic maps of limited extent in which it is desired 
to represent the region in detail. Of course, maps of neighboring regions on such a 
projection could not be fitted together exactly to form an extended map. This same 
restriction would apply to any projection on which the various regiom were repre- 
sented on an unvarying scale with minimum distortions. 

A map of North America on this projection is shown in figure 42. 
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FIQ. 42.--Polyconic projcction of ?fort11 America. 
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ILLUSTRATIONS OF RELATIVE DISTORTIONS 
A striking illustration of the ‘distortion and exaggerations inherent in various 

systems of projection is given in figures 4 3 4 6 .  In figure 43 we have shown a man’s 
head drawn with some degree of care on a globular projection of a hemisphere. The 
other three figures have the outline of the head plotted, maintaining the latitude and 
longitude the same as they are found in the globular projection. The distortions and 
exaggerations are due solely to those that are found in the projection in question. 

FIQ. 43.-Man’s head drawn on globular FIQ. 44.-Man’s head plotted on orthographic 
I 

projection. projection. 

FIQ. 45.-Man’s head plotted on stereo- 
graphic projection. ’ 

FIQ. 46.-Man’s head plotted on Mircator 
projection. 

This does not mean that the globular projection is the best of the four, because the 
symmetrical figure might be drawn on any one of them and then plotted on the others. 
By this method we see shown in a striking way the relative differences in distortion of 
the various systems. The principle could be extended to any number of projections 
that might be desired, but the four figures given serve to illustrate the method. 
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PART 11 
INTRODUCTION 

It is the purpose in Part I1 of'this review to give a comprehensive description of 
the nature, properties, and construction of the better systems of map projection in 
use a t  the present day. Many projections have been devised for map construction 
which are nothing more than geometric trifles, while others have attained prominence 
at the expense of better and ofttimes simpler types. 

I t  is largely since the outbreak of the first World War that an increased demand for 
better h+ps has created considerable activity in mathematical cartography, and, as 
a consequence, a marked progress in the general theory of map projections has been in 
evidence. 

Through military necessities and educational requirements, the science and art 
of cartography have demanded better draftsmanship and greater accuracy, to the 
extent that many of the older studies in geography are not now considered as worthy 
of inclusion in the present-day class. 

The whole field of cartography, with its component parts of history and surveys, 
map projection, compilation, nomenclature and reproduction is so important to the 
advancement of scientific geography that the higher standard of today is due to a 
general development in every branch of the subject. 

The selection of suitable projections is receiving far more attention than was 
formerly'accorded to it. The exigencies of the problem at hand can generally be 
met by special study, and, as a rule, that system of projection can be adopted which . 
will give the best results for the area under consideration, whether tho  desirable con- 
ditions be a matter of correct angles between meridians and parallels, scaling prop- 
erties, equivalence of areas, rhumb lines, etc. 

The favorable showing required to meet any particular mapping problem may 
oftentimes be retained at the expense of other less desirable properties, or a compro- 
mise may bo effected. A method of projection which will answer for a country of 
small extent in latitude will not at all answer for another coiintry of great length in 
a north-and-south direction; a projection which serves €or the representation of the 
polar regions may not be at all applicable to countries near the Equator; a projection 
which is the most convenient for the purposes of the navigat;br is of little value to the 
Bureau of the Census; and so throughout the entire range of the subject, particular 
conditions have constantly to be satisfied and special rather than general problems 
to be solved. The use of 8 projection for a purpose to which i t  is not best suited is, 
therefore, generally unnecessary and can be avoided. 

PROJECTIONS DESCRIBED IN PART I1 
I n  the description of the different projections and their properties in the follow- 

ing pages the mathemetical theory and development of formulas are not generally 
included where ready reference can be given to other manuals containing these features. 
In  several instances, however, the mathematical development is given in somewhat 
closer detail than heretofore. 

In  the selection of projections to be presented in this discussion, the authors have, 
with two exceptions, confined themselves to two classes, viz, conformal projections and 

56 



INTRODUCTION-PART II 57 

equivalent or equal-area projections. The exceptions are the polyconic and gnomonic 
projections-the former covering a field entirely its own in its general employment 
for field sheets in any part of the world and in maps of narrow longitudinal extent, 
the latter in its application and use to navigation. 

I t  is within comparatively recent years that the demand for equal-area projec- 
tions has been rather persistent, and there are frequent examples where the mathe- 
matical property of conformality is not of s&cient practical advantage to outweigh 
the useful property of equal area. 

The critical needs of conformal mapping, however, were demonstrated at the 
commencement of the first World War, when the French adopted the Lambert con- 
formal conic projection as a basis for their new battle maps, in place of the Bonne 
projection heretofore in use. By the new system, a combination of minimum of 
angular and scale distortion was obtained, and a precision which is unique in answering 
every requirement for knowledge of orientation, distances, and quadrillage (system of 
kilometric squares). 

CONFORMAL MAPPINQ is not new since it is tt property of the stereographic and 
Mercator projections. It is, however, somewhat surprising t h d  the comprehensive 
study and practical application of the subject,as developcd by Lambert in 1772 and, 
from a slightly different point of view, by Lagrange in 1779, remained more or less 
in obscurity for many years. It is a problem in an important division of cartography 
which has been solved in a manner so perfect that it is impossible to add a word. This 
rigid analysis is due to Gauss, by whose name the Lambert conformal conic projection 
is sometimes known. In the representation of any surface upon any other by simi- 
larity of infinitely small areas, the credit for the advancement of the subject is due to 
him. 

EQUAL-AREA MAPPINQ.-The problem of an equal-area or equivalent projection 
of a spheroid has been simplified by the introduction of an intermediate equal-area 
projection upon a sphere of equal surface, the link between the two being the authalic ' 
latitude. A table of authalic latitudes for every half degree has been computed 
(seo U. S. Coast and Geodetic Survey, Special Publication No. 67), and this can 
be used in the computations of any equal-area projection. Tho coordinates for tho 
Albers equal-area projection of the United States were computed by use of this table, 

THE CI-IOICE OF PROJECTION 

Although the uses and limitations of the diffcrent systems of projections are 
given under their subject headings, a few additional observations may bo of interest. 
(Seo frontispiece.) 

COMPARISON OF ERRORS OF SCALE AND ERRORS OF AREA IN A MAP OF THE UNITED STATES 
ON FOUR DIFPEI~ENT PROJECTIONS 

Maximum Scale Error 
Per cent 

7 
2% 

. .  Polyconic prolection _ _ - _ _ _ _ _  . _ _  - - - - -. - - - _ _  _ _ _  _ _  - - - - - - -. - - - - - .  - - _ _  _ _  - - _ _  _ _ _ _ _ _ _ _ _ _ _  - - - 
Lambert conformal conic projection with standard parallels of latitude at 33' and 45'- - - - - - - - 

Strictly speaking, in the Lambert 
conformal conic projection these percentages are not scale error but change of scale.) 

Albers projection with standard parallels at 29'30' and 45O30'_____ - - - - - - - - - - - - - - - - - - - - - - - - - 

(Between latitudes 305O and 47s0, only one-half per cent. 

Lambert zenithal equal-area projection-- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - IN  
1% 

4 Tho tnrm authalic was flrst omploycd by Tlasot. in 1881, slgnifylng equal area. 
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Maximum Error of Area Per cant 
P o l y c o n i c - - - _ - - - _ _ _ _ - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -  7 
L ~ b e r t c o n f o r r n a l c o n i c ~ - ~ ~ ~ _ ~ ~ ~ - - ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ _ ~ ~ _ _ _ _ _ _ _ ~ _ _ ~ _  5 
Lambert e e n i t h a l ~ _ ~ _ ~ ~ ~ ~ ~ ~ ~ ~ _ _ _ _ _ _ _ . _ _ _ _ _ _ _ _ _ _ _ _ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ - ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~  0 
A l b e r s - _ - _ - - - - - - - - - - - - - . - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - ~ - - - - - -  0 

Maximum Error of Azimuth 
P o l y c o n i c _ - _ - - - - - - - - _ - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -  lo  56' 

Lrtmberteenithal--------------------------------------- . .---------------------------  1'04' 
0°43' 

Lambert conformal conic _ _ _ _ _  - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - ,----------- O O O O '  

An improper use of the polyconic projection for a map of the North Pacific 
Ocean during the period of the Spanish-American War resulted in distances being 
distorted along the Asiatic coast to double their true amount, and brought forth the 
query whether the distance from Shanghai to Singapore by straight line was longer 
than the combined distances from Shanghai to Manila and thence to Singapore. 

The polyconic projection is not adapted to mapping areas of predominating 
longitudinal extent and should not generally be used for distances east or west of its 
central meridian exceeding 500 statute miles. Within these limits it is sufficiently 
close to other projections that are in some respects better, as not to cause 'any incon- 
venience. The extent to which the projection may be carried in latitude is not limited. 
On account of its tabular superiority and facility for constructing field sheets agd 
topographical maps, it  occupies a place beyond all othem6 

Straight lines on the polyconic projection (excepting its central meridian and 
the Equator) are neither pent  circles nor rhumb lines, and hence the projection is not 
suited to navigation beyond certain limits. 

The polyconic projection has no advantages in scab; neither is it conformal nor 
equal-area, but rather a compromise of various conditions which determine its choice 
within certain limits. 

The modified polyconic projection with two sthndard meridians may be carried 
to a greater extent of longitude than the former, but for narrow zones of longitude 
the Bonne projection is in some respects preferable to either, as it is an equal-area 
representation. 

For a map of the United States in a single sheet the choice rests between the 
Lambert conformal conic projection with two standard parallels and the Albers epual- 
area projection with two standard parallels. The selection of a polyconic projec- 
tion for this purpose is indefensible. The longitudinal extent of the United States 
is too great for this system of projection and its errors are not readily accounted for. 
The Lambert conformal and Albers are peculiarly suited to mapping in the Northern 
Hemisphere, where the lines of commercial importance are generally east and west. 

In  Plate I about one-third of the Northern Hemisphere is mapped in an easterly 
and westerly extent. With similar maps on both sides of the one referred to, and 
with suitably selected standard parallels, we would have an interesting sorios of the 
North ern Hemisphere. 

The transvel;se polyconic is adapted to the mapping of comparatively narrow 
4 The polyconic projectlon has alwaya been cmployed by the Coast and Oeodetic Survey for fleld sheets, and gonerd tables for 

tho construction of this proJeitlon arc published by thb Bureau. A projection for any small part of the world can readily be con- 
struc tcd by the us0 of theso tables and the accuracy of thln system within the llmits specifled are good reasons for its gonerd use. 
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areas of considerable extent along any great circle. (See Plate 11.) A Mercator pro- 
jection can be turned into a transverse position in a similar manner and will give us 
conformal mappihg. 

The Lambert conformal and Albers projections are desirable for areas of pre- 
dominating east-and-west extent, and the choice is between conformality, on the one 
hand, or equal area, on the other, depending on which of the two properties may be 
preferred. The authors would prefer Albers projection for mapping the United States. 
A comparison of the two indicates that their difference is very small, but the certainty 
of definite equal-area representation is, for general purposes, the more desirable prog- 
erty. When latitudinal extent increases, conformality with its preservation of shapes 
becomes generally more desirable than equivalence with its resultant distortion, until 
a limit is reached where a large extent of area has equal dimensions in both or all direc- 
tions. Undor the latter condition-viz, the mapping of large areas of approximately 
equal magnitudes in all directions approaching the dimensions of a hemisphere, com- 
bined with the condition of preserving azimuths from a central point-the Lambert 
zonithal equal-area projection and the stereographic projection are preferable, the 
former being the equal-area representation and the latter the conformal representation. 

A study in the distortion of scale of four different projections is given in tho frontis- 
piece. Deformation tables giving errors in scale, area, and angular distortion in 
various projections are published in Tissot’s Memoire sur la Representation des Sur- 
faces. These elements of the Polyconic projection are given on pages 166-167, U. S. 
Coast and Geodetic Survoy Special Publication No. 57. 

The mapping of extensive areas of hemispherical proportions on any projection, 
whether conformal or equivalent, introduces serious scale variations or serious distor- 
tions of areas in certain parts of the map. It is better to reserve the outer areas for 
title space ns in Plate I rather than to extend the mapping into them. The polar 
regions should in any event be mapped separately on a suitable polar projection. For 
an equatorial belt a cylindrical conformal or a cylindrical equal-area projection inter- 
secting two parallels equidistantl from the Equator may be employed. 

The lack of mention of a large number of excellent map projections in Part I1 
of this treatise should not cause one to infer that the authors deem them unworthy. 
I t  was not intended to cover the subject in toto a t  this time, but rather to caution 
against the misuse of certain types of projections, and bring to notice a few of the 
interesting features in the progross of mathematical cartogrnphy, in which the theory 
of functions of a complex variable plays no small part to-day. Without the elements 
of this subject a proper treatment of conformal.mapping is impossible. 

On account of its specialized nature, the mathematical element of cartography 
has not appealed to the amateur geographer, and the number of those who haqe re- 
ceived an adequate mathematical training in this field of research are few. A broad 
gulf has heretofore existed between the geodesist, on the one hand, and the cartographer, 
on the other. The intorest of the former too frequently ceases a t  the point of present- 
ing with sufficiont clearness the value of his labors to the latter, with the result that 
many chart-producing agencies resort to such systems of map projection as are readily 
available rather than to those that are ideal. 

It is because of this utilitarian tendency or negligence, together with the mani- 
fest aversion of the cartographer to cross the threshold of higher mathematics, that 
those who cnre more for the theory than the application of projections have not re- 
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ceived the recognition due them, and the employment of autogonal (conformal) 
projections has not been extensive. The labors of Lambert, Lagrange, and Gauss 
are now receiving full appreciation. 

In  this connection, the following quotation from volume IV, page 408, of the 
collected mathematical works of George William Hill is of interest: 

Maps being used for a great variety of purposes, many different methods of projecting them may 
be admitted; hut when the chief end is to present to the eye a picture of what appears on the surface of 
the earth, we should limit ourselves to projections which arc conformal. And, as the construction of 
the Aseau of meridians and parallels is, exkept in maps of sniall regions, an important part of the labor 
involved, it should be composed of the most easily drawn curves. Accordingly, in a well-known 
memoir, Lagrange recommended circles for this purpose, in which the straight line is included as being 
a circle whose center is at infinity. 

An attractive field for future research will be in the line in which Prof. Goode, of 
the University of Chicago, has contributed so substantially. Possibilities of other 
combinations or interruptions in the same or different systems of map projection may 
solve some of the other problems of world mapping. Several interesting studies given 
in illustration a t  the end of the book will, we hope, suggest ideas to the student in 
this particular branch. 

On all recent French maps the name of the projection appears in the margin. 
This is excellent practice and should be followed at  all times. As different projec- 
tions have different distinctive properties, this feature is of no small value and may 
serve as a guide to an intelligible appreciation of the map. 

THE POLYCONIC PROJECTION 
DESCRIPTION 

[See Fig. 48.1 

The polyconic projection, devised by Ferdinand Hassler, the first Superintenden t 
of the Coast and Geodetic Survey, possesses great popularity on account of mechanical 
ease of construction and the fact that a general table ' for its use has been calculated 
for the whole spheroid. 

I t  may be interesting to quote Prof. Hassler in connection with two projections, 
viz, the intersecting conic projection and the polyconic projection: 

1. Projection on an interseding cone.-The projection which I intended t o  use waa the develop- 
ment of a part of the earth's surface upon a cone, either a tangent to a certain latitude, or culling, 
two given parallel3 and two meridians, equidistant from thc niiddlc meridian, and extended on both 
sides of the meridian, nnd in latitude, only so far as to  adniit no deviation from the real magnitudes, 
sensible in the detail surveys. 

2. The poluconic projec1ion.-* * * This distribution of the projection, in an assemblage of 
sections of aurfnces of successive cones, tangents to or cutting a regular succession of parallels, and 
upon regdarly changing central meridians, appeared to me the only one applicable to the coast of 
the United States. 

I ts  direction, nearly diagonal through meridian and parallel, would not admit any other mode 
founded upon n single meridian and parallel without g e n t  deviations from the actual magnitudes 
and shape, which would have considertthle disadvantages in iisk. 

conaervcnt les angles, et  aulhallCua celles qui conservent Irs nlrcs." 
0 Page 76, Tlssot's M6molre sur la Rcprkntation des Burlam, Paris, lml- "Now appollerons aulogonalca 10s prOJoct~0 Us qU 

7 Tablea for the polyconlc protection of maps, Cowt and Oeodotlc Survoy, fipeclal Publlcfltlon NO. 6. 
8 Papers on varlous subJects connected wlth tho survoy of the cost of tho United Btates, by F. R. Ewler;  communlcsted Mar. 

3, 1820 (In Trans. Am. Phll. ~ o c . ,  new scrloe, vol. 2, pp. M, Phlledelphla, 1826). 
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Fxo. 48.-Polyconic development of the sphere. 

At the left of figure 49’there are shown the centers (K, K,, K,, Kg) of circles on 
the projection that represent the corresponding pardcls on the earth. At the right 
of the seme figure there is shown the distortion at the outer meridian due to the vary- 
ing radii of the circles in the polyconic development. 

A central meridian is assumed upon which the intersections of the parallels am 
truly spaced. Each parallel is then separately developed by means of a tangent 

;* 
I 
iK. 

FIQ. 49.-Polyconic development. 
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cone, the centers of the developed arcs of parallels lying in the extension of the central 
meridian. The arcs of the developed parallels are subdivided to true scale and the 
meridians dmwn througb the corresponding subdivisions. Since the radii for the 
pardlels decrease as the cotangent of the latitude, the circles are not concentric, and 
the lengths of the arcs of latitude gradually increase as we recede from the meridian. 

The central meridian is a right line; all others are curvQs, the curvature increas- 
ing with the longitudinal distance from the central meridian. The intersections 
between meridians and parallels also depart from right angles as the distance increases. 

From the construction of the projection it is seen that errors in meridional dk- 
tances, areas, shapes, and intersections increase with the longitudinal limits. It 
therefore should be restricted in its use to maps of wide latitude 4nd narrow longitude. 

The polyconic projection may be considered as in a measure only compromising 
various conditions impossible to be represented on any one map or chart, such ae 
relate to- 

First. Rectangular intersections of parallels and meridians. 
Second. Equal scaleQ over the whole extent (the error in scale not 'exceeding 

1 percent for distances within 560 statute miles of the great circle used as its central 
meridian). 

Third. Facilities for using great circles and azimuths within distances just 
mentioned. 

Fourth. Proportionality of areas with those on the sphere, etc. 
The polyconic projection is by construction not conformal, neither do the parallels 

and mendims intersect at right angles, as is the case with all conical or single-cone 
projections, whether these latter are conformal or not. 

I t  is sufficiently close to other types possessing in some respects better properties 
that its great tabular advantages should generally determine its choice within certain 
limits. 

As stated in Rinks' Map Projections, i t  is a link between those projections which 
have some definite scientific value and those generally called conventional, but possessing 
properties of convenience and use. 

The three projections, polyconic, Borne, and Lambert zenithal, may be considered 
as practically identical within areas not distant more than 3' from a common central 
point,'the errors from construction and distortion of the pftper exceeding those due to 
the system of projection used. 

The general theory of polyconic projections is given in Special Publication No. 57, 
U. S. Coast and Geodetic Survey. 
-~ 

D The errora In meridional scnle and area are expressed In permntsgo very closely by the formula 

In whlch lo-distanca of poInt from csntral merldlan expressed in degree8 of Iongituda, and *-latitude. 

meridIan and the B B ~ O  amount for area. 

merldlan 15" dlstant from the dentral mcrldlau; at 80' dletant It lnmeeses to 5' 38'. 

of aefmuth is one-half of the above amount& 

EXAHPLE.-FOr latltude 30" the omor for 10' 26' 22'' (aa0 atstute mllea) departure In longftude fa I perOQnt for smle along the 

Tbe angular dlstortlon Is a variable gusntlty not easily expressed by an equatfon. In latitude 30° this distortlon Is Io 27' on the 

The greatest anpiler dlstortlon In this projection is at the Eguetor, decreasing to zero 88 we approach the pole. The distortlon 
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CONSTRUCTION OF A POLYCONIC PROJECTION 

Having the arm to be covered by a projection, determine the scale and the interval 
of the projection lines which will be most suitable for the work in hand. 

SMALL-SCALE PROJECTIONS (1-500,000 AND SMALLER) 

Draw a straight line for a central meridian and a construction line (ab in the 
figure) perpendicular thereto, each to be as central to the sheet as the selected interval 
of latitude and longitude will permit. 

On this central meridian and from its intersection with the construction line lay off 
the extrerhe intervals of latitude, north and south (mm2 and mm,) and subdivide 
the intervals for each parallcl (m, and ma) to bo represented, all distances l1 being taken 
from the table (p. 7, Spec. Pub. No. 5,  “Lengths of degrees of the meridian”). 

Through each of the points (m,, m2, m3, m,) on the central meridian draw additional 
construction lines (cd, eft gh, ij) perpendicular to the central meridian, and mark off 
the abscissas (z, xl, z2, za, &, sa) from the central meridian corresponding to the values l1 
of “X” taken from the table under “Coordinates of curvature” (pp. 11 to 189 Spec. 
Pub. No. 5 ) ,  for every meridian to be represented. 

At the points (5, zl, z2, Za, z4, xs) lay off from each of the construction lines the 
corresponding values l1 of “Y” l2 from tho table under “Coordinates of curvature” 
(pp. 11 to 189, Spec. Pub. No. 5 ) ,  in a direction parallel to the contra1 meridian, above 
the construction lines if north of the Equator, to determine points on the meridians and 
parallels. 

Draw curved linea through the points thus determined for the meridians and 
parallels of the projection. 

I 

LARGE-SCALE PROJECTIONS (1-10,000 AND LARGER) 

The above method can be much simplified in constructing a projection on a large 
scale. Draw tho central meridian and the construction line ab, aa directed above. 
On the central meridian lay off the distances la mmz and mm4 takon from the tablo 

* under “Continuous sums of minutes” for the intervals in minutes between the middle 
parallel and the cxtreme parallels to be represented, and through the points mp and m4 
draw straight lines cd and ef parallel to the line ab. On the lines ab, cd, and ef lay off 
the distances la mql  mixg, and m4x5 on both sides of the central meridian, taking the 
values from the table under “Arcs of the parallel in  meters” corresponding to the lati- 
tude of the points m, ml, and m4, respectively. Draw straight lines through the points 
thus determined, x6, for the extreme meridians. 

11 The lengths of the arm of the meridIan3 and parallel8 ahange when the latitude ohangea and dl dbtancw must be taken from 

13 Approllmate method of deriving the values of Y Intormedlah betwoon thoso shown In the table. 
The rotlo oJany two aucctddw ordfnclter oJmWure quob the tatlo oJthc rpuarw oJthe conwpondfng am. 
+mpb.-htitude Bo0 to 81’. Given the value of Y fgr longitude W ,  2g2.-8 (soc table), to obtaln the value of Y for 

the tablo opposlte the latitude of the point in UBB. 

longitude 56’. 
( W y .  

- F z * h e n c a  Yf0r4~-0747~, ai a70is 

ml m.8, hence Y-8M.mS (s~etable. 
Blmllarly, Y for 3°-87Ub-. 

whlah dieera !& born the tabular value, a negllglble puantlty for the Intermediate values of Y under moat conditions. 

the table opposite the latitude of the point in w. 
13 The lengths of the arcs of tho meridlam and parallels ohango when the latltude changes nnd all dfafanctr must be taken from 
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FIG. 50.-Polyconic projection-construction plate. 

At the points 5 on the line ab lay off the value“ of Y corresponding to the interval 
in minutes between the central and the extreme meridians, as given in tho table under 
“Coordinates of curvature,” in a direction parallel with the central meridian and 
above the line, if-north of the Equator, to determine points in the central parallel. 
Draw straight lines from these points to the point M for the middle parallel, and from 
the points of intersection with the extreme meridians lay off distances”on the extreme 
meridians, above and below, equal to the distances mm2 and mm, to locate points in 
the extreme parallels. 

Subdivide the three meridians and three parallels into parts corresponding to 
the projection interval and join the corresponding points of subdivision by straight lines 
to complete the projection. 

To construct a projection on an intermediate scale, follow the rigid method.for 
small-scale projections to the extent required to give a projection as accurate as can 
be constructed graphically. 

In the “largo-scalo projectlon” method, the uso of the tablo of “Arcs of tho parallel" instead ofX ooordlnates, although not theoreti- 
cally correct, is sufnclently accurate for projections oven up to scalo 1:4O,OOO. Due to tho fact that tho X coordinates aro not mpplled 
in tho tablo for latltudas Intermodlato botweeu degrees, It Is mnvenlent to uso are lengths instead of X coordlnatos in ordor to wold 

14 Tho lengths of tho arcs of tho moridlans and parallels chango when tho latltudo changes and all dfatancca muat be t&on fmm 
tho table opposlto tho latitude of tho point In use. 
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interpoletion. However, It becomes neeassary in projwtiom of large longitudinal extent in scales smaller than 1:4O,OOO to apply a 
chock on tho two spta of values, and to us0 the X mrdlnates when thoy bocome smaller than the values taken from tho “Arm of tho 
p d l e l . ”  

A mor0 frequent u90 of Y coordlnates is necessary 89 scales h o m e  smaller than 1:1O,ooO; and on Intermediato s d e a  up to 1:4O,oM) 
it Is generally sufilcient to apply the Y coordlnates on the central, upp”, and lower parallels at their extremities, and at htermOdl8te 
Intervals of such froguoncy BS will bo graphldly needful. 

the U. S. Goological Survcy in Bulletin 650, Geographic Tables and Formulas, pages 34 to  107. 
Coordinates for the projection of maps on various scales with the inch as unit, are published by 

TRANSVERSE POLYCONIC PROJECTION 

(See Plate 11.) 

If the map should have a predominating east-and-west dimension, the polyconic 
properties may still be retained, by applying the developing cones in a transverse 
position. A great circle a t  right angles to a central meridian at  the middle part of the 
map can be made to play the part of the central meridian, the poles being transforred 
(in construction only) to the Equator. By transformation of coordinates a projection 
may be completed which will give all polyconic properties in 8 transverse relation. This 
process is, however, laborious and has seldom been resorted to. 

Since the distance across the United States from north to south is less than three- 
fifths of that from east to west, it follows, then, by the above manipulation that the ’ 

(maximum distortion can be reduced from 7 to 2% per cent. 
A projection of this type (plate 11) is peculiarly suited to  a map covering an important section of 

the North Pacific Ocean. If a great circle 16 passing through San Francisco and Manila is treated in 
construction as a central meridian in t h e  ordinary polyconic projection, we can cross tho Pacific in 
a narrow belt so a~ to include the American and Asiatic coasts with a very small scale distortion. By 
transformation of coordinates the meridians and parallels can bo constructed so that  the projection 
will present the usual appearance and may be utilized for ordinary purposes. 

The configuration of the two continents is such that all the prominent features of America and 
eastern Asia are conveniontly close to this selected axis, viz Panama, Brito, San Francisco, Straits of 
Fuca, Unalaska, Kiska, Yokohama, Manila, Hongkong and Singapore. It is a typical case of a 
projection being adapted to the configuration of the locality treatod. A map on a transverse poly- 
conic projection as here suggested, while of no special navigational value, is of interest from a geo- 
graphic standpoint aa exhibiting in their true relations a group of important localities covering a 
wide expanse. 

For method of constructing this modified form of polyconic projection, see Coast and Geodetio 
Survey, Special Publication No. 57, pages 167 to  171. 

POLYCONIC PROJECTION WITH TWO STANDARD MERIDIANS, AS USED FOR 
THE INTERNATIONAL MAP OF THE WORLD, ON THE SCALE 1:1,000,000 

The projection adopted for this map is a modified polyconic projection devised 
by Lallemand, and for this purpose has advantages over the ordinary polyconic 
projection in that the meridians we straight lines and meridional errors are lessened 
and distributed somewhat the same (except in an opposite direction) as in a conic 
projection with two standard parallels; in other words, it provides for c1 distribution 
of scale error by having two standard meridians instead of the one cehtral meridian 
of the ordinary polyconic projection. 

i d  A greet c h l o  tangent to parollel 46’ north latltudo et laOD w a t  longitude was ah0sc.n as the aris of the projwtion Inthbplate. 

000100°48-6 



66 U. S. COAST AXD GEODETIC SURVEY 

The scnle is slightly reduced along the rert tral mcridian, thus bringing the parnllels 
closer together in such a way that the meridians 2" 011 ruch side of tlie center arc made 
true to scnle. Up to 60" of latitude the separate sheets are to include G o  of longitude 
and 4" of latitude. From latitude GO" t o  the pole the slicets are to include 12" of 
longitude; that  is, two sheets are to be united into one. The top and bottom parallel 
of each sheet are constructed in the usual way; that is, they arc circles constructed 
from centers lying on the central meridian, but not concentric. These two pnrttllcls 
are true to scale nnd truly divided. The meridinns are straight lines joiriiiig tlio 
corrcspoiding points of the top tiricl bottom parallels. Any sheet will then join exactly 
along its mcrrgiris with its four neighboring slicets. The correction to the length of the 
centriil incridian is very slight, nmoimting to only 0.01 inch a t  the most, and the change 
is almost too slight to be measured on the map. 

I n  the resolutions of the International Map Committcc, London, 1909, it is not 
stated how the meridinns are to be divided; but, no doubt, tin cqual division of the 
central meridian was iriterided. Through these points, circles could be constructed 
with centers on the central meridian and with rntlii equal to pn cot 4, in which pn is the 
radius of curvature perpendicular to the meridirm. In prnctice, howcver, ail equal 
division of tlie straight-line meridians between the top and bottom parallels could 
scarcely be distinguished from the points of parallels actually constructed by meails 
of radii or by coordinrites of their intersections with the meridians. The provisions 
also fail to state whether in the slieets covering 12" of longitude instead of 6", the 
meridians of true length shall be 4" instead of 2" on each side of the central meridian; 
but such was, no doubt, the intention. I n  any Etise, the sheets would not exactly 
join togetlAr along the parallel of 60" of latitude. 

The appended tables give the corrected lengths of the central meridinn from 0" to 
60" of latitude and the coordinates for the construction of the 4" pafnllels within the 
snme limits. Each parnllcl has its own origin; i. e., where the parallcl in question 
intersects the ceritrrrl meridinn. The central meridian is the Y axis arid a perpendic- 
ular to it a t  the origin is the X axis; the first table, of course, gives the distance 
between the origins. The 1~ values rve small in every instance. In terms of tho pnra- 
meters these values are given by the cxpressioiis 

x = p n  cot + sin (x sin +) 

y=pn cot +[I -cos ( A  sin ~ $ ) ] = 2 p , ~  cot C$ sin2 --- (" SF "> 
The tables as given below are all that are rcquired for the construction of all 

This fact in itself shows very clearly the advnntnges 

A disciission of the numerical properties of this map system is given by 

maps up to 60" of lntitude. 
of the use of this projection for the purpose in hand. 

Lallemand in the Comptcs Relidus, 1911, tome 153, page 559. 
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TA~LES FOR THE PROJECTION OF THE SHEETS OF THE INTEI~KATIONAL MAP OF THE WORLV 
[Scelo: 1:1,ooO,ooO. Assumed flguro of the etuth: ad378 .24  km.; b - W . 5 8  km.] 

TABLE 1.-Corrected lengths on the central meridian, in  millinietcrs 

442.00 
442.05 
442. 14 
442.27 
442. 4 5  

412. f t j  
442.91 
443.19 
443.49 
443.81 

444.14 
414.47 
444.81 
445.13 
446.44 

Latitude 

m tn 24 ... . . . . . _ _ _ _  _ _  _ _  _ _  - -. -.. . . . . . . . . . . . . . . . . . . . . . ._. ._. . . . . . . - .. . . . . . . . . . . . . . . . - . . .. 
24 to 7A _ _ _ _  ._______.______. . . . . . . __. . . . . . . . . . . . . . . . . . . . ___. .___ __.._ ~ 

28 to 32 ._____.______. .___. . . .... .. . . . . . .. .__. . . ... . _.. . ._._...___.__ 
3 2 t 0  __._...__..._.__.. .___._.__.__...._..... 
30 tu 40.-. . ~ _ _ _ _ _  _ _ _ _  - -. . . . . .. . . . . . . . -. . . .-. . -. . . . . __. -. . . . . . . . -. _. . __. . . . - . ~ .  . .__. . . . . . . _ _  
40 to 44 .__.._.__ _ _  .. ..____.__...___._____._.____r_._______._ ~ __._..__._..._ 
44 tu 48.. . . . . . . . ~. - _. .. - -. . . . . - . . . . . . . . . . . . .. . . . . . . ._ 
48 tO 62 . . _ _ _  _ _  -. . . . . . . . . . . . . . . . . -. . . . . . . . .. . . . . __. . . . . . . -. . . .___ __. . . , _ _  __. . . . . . 
62 10 Sf,.-. . -. . . .~. . -. .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . -. . . . . -. - . . . . . . . . . . 
6G to 00 _____.________..____._. ._ . . . . . . . . .. . . . _ _ _ .  . . .. ... ._. . _._. ..___... __._. . ..__ ___.. . . 

.. _ _ _ _  .. . . __. . .- _ _  
_.__ .-.. ....___.._____ 

. . . . . . . . . . . .-. .. . .. . . . . . . .-. . . . . . . . . . 

Natural 
lciigth 

442.90 
443.13 
443. :io 
443.tiX 
443.08 

444.M 
444. La 
444.92 
445.22 
445. G2 

0 0  

From 0 to 4 ............................................................. 
4 t u  R - 
8 to 12 ._..___.._________._._._... 

12 t o  lti _....._..-..______.__. ..... . ......... 
16 to m... . .....-_________. ___._. . . . . .. . . . ._. . . . . __. .. . . . . . . . . . . . . . ___.____ .. ... .__ .. .. _ _  _ _  . .......................... 

442. n 
442.31 
442.40 
442.53 
442.69 

Corrcc- Corrcctcd 
tion length 

TABLE 2.-Coordinutes of the  intcrsectiotrs of the parallels and the nieridians, in  niillinieters 

Lati- Coordi- 
Cud0 i nates 

8 4 1  

3 a i  2 

12 I 
I 

2 0 :  
I 24 

3ti 
I 

40 

44 I 
48 I 
52 

5G 

GO 

I 

I 
V 
1: 
?J 
T 
Y 
z 
Y 
r 
Y 
I z 

I 

v 
V 
.c 

2 

V 
z 
U 
I 
Y 
t 
Y 
1: 
V 
z 
v 
I 
V 

Longitrrdr Irom central 
iiicrldian 

10 
---- 

111.32 
!I. OD 

111.05 
0.07 

110.24 
0. 13 

ion. MI 
n 20 

107. 0 4  
0. "U 

10.1.65 
0.31 

101.75 
0.30 

98. Bll 
0.40 

04. M 

w). 18 
0. 4 0  

85.40 
0. 48 

80.21 
0.4u 

0. 48 
Fi. 68 
I). 47 

02. :ID 
0.46 

65.80 
0. 42 

n. 44  

74. ra 

- 

222.64 
0. 00 

222. 10 
0.27 

220.4v 
0. 54 

217.81 
0.79 

214.07 
1.03 

2oD. 20 
1.25 

203.50 
1.45 

100.72 
1.81 

1. 75 
180. :12 

1.85 

1. 02 
160.40 

1.05 
140.24 

1.04 
137. 3 4  

1. BW 
124.77 

1.81 
111. so 

1. ti0 

im. vn 

170.78 

30 
-- 
333. s0 

30. I D  
0. (il 

330.73 
1.21 

326.71 
1.78 

321. 10 
2.32 

313. W3 
2. SI 

805.24 
3.25 

205. I10 
3. CiB 

283. 45 
3. !)B 

270.40 
4. 10 

264.14 
4.31 

22R. 83 
4. 30 

205.fJs 
4.25 

187.13 

l(i7.35 
3. w) 

n. oo 

240. bn 
4. :a 

4. ua 

In the debates on the international map, the ordinary polyconic projection wm 
opposed on the ground that D number of sheets could not be fittcd togothcr on account 
of the curvaturo of both meridians and parallcls. This is truo from the naturo of 
things, skco it is impossiblo to mnlto a map of tho world in a series of flat shcets which 
slinll fit togetlicr l~iid at t h o  same time be iinpurtinlly reprcscrltativo of all meridians 
and parallels. Every sheet edge in thc intornational map has an exact fit with the 
corresponding edges of its four adjacent sheets. (SCC fg tI .) 
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The corner sheets to complete a block of nine will not make a perfect fit along 
their two adjacent edges simdtaneously; they will fit one or the other, but the angles of 
the corners are not exactly the same as the angles in which they are required to fit; 
and there will be in theory a slight wedge-shaped gap unfilled, as shown in the figure. 
It is, however, easy to calculate that the discontinuity at the points a or b in a block 
of nine sheets, will be no more than a tenth of an inch if the paper preserves its shape 
absolufdy unaltered. What it will be in practice depends entirely on tho paper, and a 
map mounter will have no difliculty in squeezing his sheets to make the junction 
practically perfect. If more than nine sheets are put together, the error will, of courso, 
increase somewhat rapidly; but at the same time the sheets will become so inconven- 
ienlily largo that the experiment is not likely to be mndo very often. If the difficulty 
does occur, it must be considered an instructive example at once of the proposition 
that a spheroidal surface can not be developed on a plane without deformation, and of 
the more satisfying proposition that this modified projection gives a remarkably 
successful approximation to an unattainable ideal. 

Fro. 51.-International map of the world-junction of sheete. 

Concerning the modifled polyconic projection for the international map, Dr. 
Frischauf has little to say that might be considerod as favorable, partly on account 
of errors that appeared in the finit publication of the coordinates. 

The claim that the projection is not mathematically quite free from criticism and 
does not meet the strictest demands in the matching of sheets has some basis. The 
system is to some extent conventional and does not set out with any of the better 
scientific propertica of map projections, but, within the limits of the separate sheets 
or of several sheets joined together, should meet all ordinary demands. 

The contention that the Albers projection is better suited to the same purpose 
raises the problem of special scientific properties of the latter with its limitations to 
separate countries or countries of narrow latitudinal extent, a~ compared with the 
modified polyconic projection, which has no scientific interest, but rather a value of 
expediency. 

In the modified polyconic projection the separate sheets are su5ciently good and 
can be joined any one to its four neighbors, and fairly well in groups of nine through- 
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out the world; in the Albers projection a greater number of sheets may be joined exactly 
if the latitudinal limits are not so great as to necessitate new series to the north or south, 
as in the case of continents. The latter projection is further discussed in another 
chapter. I 

The modified polyconic projection loses the advantages of tho ordinary polyconic 
in that the latter has the property of indefinite extension north or south, while its gain 
longitudinally is offset by loss of scale on the middle parallels, The system does not, 
therefore, permit of much extension in other maps than those for which it was designed, 
an@a few of the observations of Prof. RosBn, of Sweden, on the limitations of this 
projection are of interest: 

The junction of four sheets around a common point is more important than junc- 
tions in Greek-cross arrangement, as provided for in this system. 

The- system does not allow a simple calculation of tho degree scale, projection 
errors, or angular differences, the various errors of this projection being both lengthy 
to compute and remarkably irregular. 

The length differences are unequal in similar directions from tho same point, and 
the calculation of surface differences is especially complicated. 

For simplicity in mathematical respects, Prof. Ros6n favors a conformal conic 
projection al.ong central parallels. By the latter system the sheets can be joined along 
a common meridian without a ?earn, but with a slight encroachment along the parallels 
when a northern sheet is joined to its southern neighbor, The conformal projection 
angles, however, being right angles, the sheets will join fully around a corner. Such a 
system would also serve ns a better pattern in permitting wider employment in other 
maps. < 

On the other hand, the modified polyconic projection is sufficiently close, and its 
adaptability to small groups of sheets in any part of the world is its chief advantage. 
The maximum meridional error in an equatorial sheet, according to Lallemand is only 
&o, or about one-third of a millimeter in the height of a sheet; and in the direction 
of the parallels X600, or one-fifth of a millimeter, in the width of a sheet. The error 
in azimuth does not exceed six minutes. Within the limits of one or several sheets 
these errors are negligible and inferior to those arising from drawing, printing, and 
hygrometric conditions. 

THE BONNE PROJECTION 
DESCRIPTION 

b 4  flK. 62) 

In this projection a central meridian and a standard parallel are assumed with 
a cone tangent along the standard parallel. The central meridian is developed 
along that element of the cone which.is tangent to i t  and the cone developed on a 
plane. 

The standard parallel falls into an arc of a circle with its center a t  the apex of 
the developing cone, and the central meridian becomes a right line which is divided 
to true scale. The parallels are drawn &s concentric circles at their true distances 
apart, and all parallels arc'divided truly and drawn to scale. 

18 See Attl dol X C o n g r w  Interntufonele dl Qeoge48, Rome,, 1813, pp. 3 7 4 .  
Ir Ibld., p. 681. 

' 
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Through the points of division of the parallcls thc meridians are drawn. The 
central meridian is a straight line; all others are curves, the curvature increasing 
with the difference in longitude. 

The scale along all meridians, exccxpting the central, is too grmt, incrcn6ng with 
the distance from the center, and the meridians become more inclinod to the pnmllcls, 
thereby increasing the distortion. The developed arcns preserve a strict equality 
in which respect this projection is prefei,ablc. to the polyconic. 

system of projection, still used to  some extent in Francc., 
will be discontinued there and superseded by the Lnmbcrt system in military mapping. 

BONNE PROJECTlON OF HEMISPHERE 

Development of cone tangent along parallel 45’ N. 

Usm.-Ttic Bonnc 

FIG. 52. 

It is also used in Belgium, Netherlands, Switzerland, and bhe ordnance survcys 
of Scotland and Ireland. In Stieler’s Atlas we find a number of maps with this pro- 
jection ; less extensively so, perhaps, in Stanford’s Atlas. This projection is strictly 
equal-area, and this has given i t  its popularity. 

In maps of France having the Bonne projection, the center of projection is found 
at the intersection of the meridian of Paris and the parallel of latitude 50° ( = 4 5 O ) .  
The border divisions and subdivisions appear in grades, miputes (centesimal), sec- 
onds, or tenths of seconds. 

LIMITATIONS.-ItS distortion, ns the difference in longi tude iiicrcascs, is its chief 
18 Tables for this profrctiori for the IIIR~ of Fmncc! w e ~ c  wrrlputed by I’lwis. 
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dcfcct. On the mnp of Frnncc thc distortion nt the edgcs reaches n yaliie of 18' for 
angles, nnd if cxtcritlctl into Alsncc, or westctrn Gcrmany, i t  would linvc errors in dis- 
tances wliicl~ arc inndmissiblc in calculations. In the rigorous tcsls of the military 
operations thcsc crrors became too scrious for Llic purposcs wliicli tlic map was intciidcd 
to  serve. 

THE ShNSOi\i-FIAMSTEED PROJECTION 

In this particiilar casc of the Bonnc projection, wlierc the Equator is chosen for 
tdic standard pnrnllrl, the projection is gcncrally lmo~vn under the I I I L I I I ~  of Snnson- 
Flninstecd, or as tho sinusoidal equal-urcn projection. All the? parrillcls become 
straight lines parallel to thc Equator and preserve l h e  snmo distniiccs ns on tlic 
splicroid. 

Thc latter projection is employed in at1:lscs to n considernblc rslcnt in tlic 
ninpping of Africn and South Amcrica, on account of its property of oqual nrca and 
t h o  comparntivc cnsc of construction. I n  tho mapping of Africa, however, on account 
of ils considernblc lorigitudinal cxknt ,  the Tmnbcrt xcnithd projection is prcfcrable 
in h a t  i t  prcscnts lcss angular dist,orLion and lias dccitlcdly less scale error. Dicr(:lic's 
Allns cmploys the 1,sml)crt zenith1 projection in thc mapping of North Americii, 
Europe, Asia, Africa, nnd Occnnia. In nn equal-arca mapping of South America, 
n Bonne projection, with ccnlcr on parnllcl of lntitudc 10' or 15' south, would give 
somewhat bet tcr i-esults llinri the Sanson-Flamstccd projoctiori. 

COA'STRCCTlOrU OF A BONNE PROJECTION 

Duc to  the naturc of the projection, no gcncral tables can br computed, so that for 
tiny locnli ty spcvi:d cornpiitations become necessary. The following method involvcs 
rio di13icult mfitlicmatical calculations: 

Draw n SIrHight line to rcprescnt the ccntrnl mcritlinn and crcct a pcrpendiculw 
to  it at the crritcr of tlic slicct. With the centrnl meridian as J' axis, and Ibis 1wr- 
j)cndiculnr as x axis, plot the points of thc middle or standurd parallel. The coordi- 
nntcs for this paralld can be takcn from the  polyconic tnblcs, Spcciul Publication 
No. 5. A smooth curve drnwn througli thcsc plotted points will establish thc stand- 
ard parllcl. 

Thc rndiiis of thc circle rcprcscnting the pnrnllel can be dctcrmincd as Iollows: 
'I'h coordinntcs in the polyconic table are givcn for 30' from tho central meridian. 

With tbe  x and 1~ for 30°, we get 

O Y  5 tan -= -e  and TI=- 
2 2' sin 0 

( e  bcing thc nnglc at t h  wntcr subtended by the arc that rcprcsontsGO0 of longitude). 
By using the largest valuos of r and y givcri in the tnblc, the valuo of TI is better doter- 
mincd th'an it would be by using any othcr coordinntcs. 

This value of rl can be derived rigidly in the follo\ving manner: 

r l = N  cot 6 

( N  hcing the length of the normal to its intersection with tlic Y axis); but 
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(A' being the factor tabulated in Special Publication KO. 8, U. S. Coast and Geodetic Survey). Hence, 

From the radius of this central parallel the radii for the other parallels can now 
be calculated by the addition or subtraction of the proper values taken from the 
table of "Lengths of degrees," U. S. Coast and Geodetic Survey Special Publication No. 
5 , page 7, aa these values give the spacings of the parallels along the central meridian. 

Let r represent the radius of a parallel determined from r1 by the addition or 
subtraction of the proper value as stated above. If 8 denotes the angle between the 
central meridian and the radius to any longitude out from the central meridian, and 
if P represents the arc of the parallel for 1' (see p. 6, Spec. Pub. No. ti), we obtain 

P 8 in seconds for 1' of longitude=- * r sin 1"' 

e chord for 1' of longitude=2r sin5. 

Arcs for any ,longitude out from the central meridian can be laid off by repeating 

e can be determined more accurately in the following way by the use of Special 

X"=the longitude in seconds out from the central meridian; then. 

this arc for 1'. 

Publication No. 8: 

A'' cos 4 
rA' sin 1"' e in seconds= 

his computation can be made for the greatest A, and this 0 can be divided pro- 
to the required X. 

If coordinates are desired, we get 
X=T sin e. 

e y=2r sins- 2' 
- 

The X axis for the parallel wi l l  be perpendicular to the central meridian at the 

If the parallel has been drawn by the use of the beam compass, the chord for the X 
point where the parallel intersects it. 

farthest out can be computed from the formula 

7 'I 
e chord=2r sin-. 2 

L The Lrc thus determined can be subdivided for the other required inbrsections 
with the meridians. 

The meridians can be drawn a8 smooth curves through the proper intersections 
with the parallels. In  this way dl1 of the elements of the projection may be determined 
with minimum labor of computation. 
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THE U B E R T  ZENITHAL (OR AZIMUTHAL) EQUAL-AREA 
PROJECTION 

DESCRIPTION 
[see Frontispiece.] 

This is probably the most important of the azimuthal projections and was gm- 
ploycd by Lambert in 1772. The important property being the preservation of azimuths 
fr0m.a central point, the term zenithal is not so clear in meaning, boing obviously de- 
rived from the fact that in making a projectionof the celestial sphere the zenith is the 
center of the map. 

In  this projection tho zenith of the central point of the surface to be represented 
appears as pole in the center of the map; the azimuth of any point within the surface, 

I as seen from the central point, is the same as that for the corresponding points of the 
map; and from the same central point, in all directions, equal great-circle distances to 
points on the earth we represented by equal linoar distances on the map. 

It has the additional property that areas on the projection are proportional to the 
corresponding areas on the sphere; that is, any portion of the map bears the same ratio 
to the region rcprewnted by it that any other portion does to its corresponding region, 
or the ratio of area of any part is equal t40 the ratio of area of the whole representation. 

This type of projection is well suited to the mapping of areas of considerable extent 
in all directions; that is, mens of approximately circular or square outline. In the frontis- 
piece, the base of which is a Lambert eenithal projection, the line of 2 par cent scale 
error is represented by the bounding.circle and makes ~b very favorable showing for R 
distance of 22' 44' of arc-measure from the center of the map. Lines of other given 
errors of scale would therefore be shown by concentric circles (or almucantars), each one 
representing R small circle of the sphere parallel to the horizon. 

Scale error in this projection may be determined from the scale factor of the almu- 

cantar as represented by the expression - in which 8=actual distanceinarcmwure 

on osculating sphere from center of map to any point. 
COS %e 

Thus we have the following percentages of scale error: 

In this projection azimuths from the center are true, a~ in all zenithal projections. 
The scale along the parallel circles (almucantars) is too large by the amounts indicated 
in the above table; the scale along their radii is too small in inverse proportion, for the 
projection is equal-area. The scale is increasingly erroneous aa the distance from the 
center increaees. 
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The Lambert zenithal projection is valuable for maps of considerable world areas, 
such as North America, Asia, and Africa, or the North Atlantic Ocean with its some- 
what 6ircular configuration. It has been employed by the Survey Department, 
Ministry of Finance, Egypt, for a wall map of Asia, as well as in atlases for the delin- 
eation of continents. 

The projection has also been employed by the Coast and Geodetic Survey in an 
outline base map of the United States, scale 1 :7,500,000. On account of the inclusion 
of the greater part of Mexico in this particular outline map, and on account of the 
extent of area covered and thc general shapc of the whole, the selection of this system 
of projection offered the best solution by reason of the advantages of equal-area repre- 
sentation combined with practically a minimum error of scale. Had the limits of the 
map been confined to the borders of the United States, the advantages of minimum 
area and scale errors would have been in favor of Albers projcction, described in another 
chapter. 

The maximum error of scale a t  the eastern and western limits of the United States 
is but 1% per cent (the polyconic projection has 7 per cent), while the maximum crror 
in azimuths is 1’04’. 

Between a Lambert zenithal projection and a Lambert conformal conic projection, 
which is also employed for base-map purposes by the Coast and Geodetic Survey, on 
a scale 1:5,000,000, the choice rests largely upon the property of equal areas repre- 
sented by the zenithal, and conformality as represented by thc conformal conic pro- 
jection. The former property is of considerable value in the practical use of the map, 
while the latter property is one of mathematical refinement and symmetry, the pro- 
jection having two parallels of latitude of true scale, with definite scale factors available, 
and the advantages of straight meridians as an additional element of prime importance. 

For the purpqses and general requirements of a base map of the United States, 
disregarding scale and direction errors which are conveniently small in both projec- 
tions, either of the above publications of the U. S. Coast and Geodetic Survey offers 
advantages over other base maps heretofore in use. However, undcr the subject 
heading of Albers projection, there is discussed another system of map projection 
which has advantages deserving consideration in this connection and which bids fair 
to supplant either of the above. 

Among the disadvantages of the Lambert zenithal projection should be men- 
tioned the inconvenience of computing the coordinates and the plotting of the double 
system of complex curves (quartics) of the meridians and parallels; the intersection of 
these systems a t  oblique angles; and the consequent (though slight) inconvenience 
of plotting positions. The employment of degencrating conical projections, or rather 
their extension to large areas, leads to difficulties in their smooth construction and 
use. For this reason the Lambert zenithal projection has not been used so exten- 
sively, and other projections with greater scale and angular distortion are more fre- 
quently seen because they are morc readily produced. 

The centcr used in the frontispiccc is latitude 40’ and longitudo 96’, correspond- 
ing closely to the geographic center of the United States, which has been determined 
by means of this projection to be approximately in latitude 39’50‘, and longitude 
98’35’. Directions from this central point to any other point being true, and the 

(See frontispiece and tablc on pp. 57-58.) 

19 “Ooographic conter of the United States” Is hero considered ILY a point analojious to tho wnter of gravity of a sphorid surface 
equnlly wolghted (pcr unlt nrea), and henw may be found by moans slmllar to thoso omployod to Bud tho ccntor of gravity. 
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law of radial distortion in all azimuthal directions from the central point being tho 
same, this type of projection is admirably suited for the determination of the gco- 
graphic center of the United States. 

The coordinates for the follbwing tables of the Lambert zcnithd projection 2o 
wcre computed with the centcr on parallel of latitmde 40°, on a splicrc with radius 
equal to the geometric mcan between the radius of curvature in the meridian and 
that perpendicular to the meridian a t  center. The logarithm of this mean radius in 
meters is 6.8044400. 

THE LAMBERT EQUAL-AREA MERIDIONAL PROJECTION 
This projection is also known as the Lambert centrnl equivalent projection upon 

the plane of a meridian. In this case we have the projection of the parallels and mcrid- 
ians of the terrestrial sphere upon the plane of any meridian; the center will be upon 
the Equator, and the given meridional plane will cut the Equator in two points distant 
each 90' from the center. 

I t  is the Lambert zenithal projection already described, but with the centcr on 
the Equator. While in the first case the bounding circle is a horizon circle, in the 
meridional projection the bounding circle is a meridian. 

Tables for the Lambert meridional projedtion are given on page 77 of this publica- 
tion, and also, in connection with the, requisite transformation tables, in Latitude 
Developments Connected with Geodesy and Cartography, U. S. Coast and Geodetic 

.Survey Special Publication No. 67. 
T h i  useful property of equivalence of arca, combined with very small error of 

scale, makes the Lambert zenithal projection admirably suited for extensivc areas 
having approximately equal magnitudes in all directions. 

TABLE FOR THE CONSTRUCTION OF THE LAMBERT ZENITHAL EQUAL- 
AREA PROJECTION WITH CENTER ON PARALLEL 4.0' 
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~ O A  msttiernntfcnl ncwunt of thJs prdoctlon Js glvon In: Z(lpprltz, Prof. Dr. Karl, Loltfodon dor Kartoncntwurlslrhro, Erster 
Theil, h i p z i g ,  1890, I)P. 38-44. 
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TABLE FOR THE CONSTRUCTION OF THE LAMBERT ZENITHAL EQUAL- 
AREA PROJECTION WITH CENTER ON PARALLEL 40°-Continued 
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TABLE FOR THE CONSTRUCTION OF THE LAMBERT ZENITHAL EQUAL- 

77 

AREA MERIDIONAL PROJECTION ' 

, [Ooordinatea in units of the earth's radius.] 
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THE LAMBERT CONFORMAL CONIC PROJECTION WITH TWO 
STANDARD PARALLELS 

DESCRIPTION 

[See Plates I and XI.] 

This projection, devised by Johann Heinrich Lambert, fist came to notice in his 
Beitrago zum Gebraucho der Mathemntik und deren Anwendung, volumo 3, Berlin, 
1772. 

Although used for a map of Russia, the basin of the Mediterranean, as well as 
for maps of Europe and Australia in Debes’ Atlas, it was not until the beginning of the 
first World War that its merits were fully appreciated. 

The French armies, in order to mcet thc nccd of a system of mapping in which 
a combination of minimum angular and scale distortion might be obtaincd, adopted 
this system of projection for the battle maps which were used by the allied forces in 
their military operations.‘ 

HISTORICAL OUTLINE 

Lambert, Johann Heinrich (1728-1777), physicist, mathematician, and astronomer, 
was born at Miilhausen, Alsace. He was of humble origin, and it was entircly due to 
his own efforts that hc obtained his education. In 1764, after some years in travel, he 
removed to Berlin, where he received many favors at  the hand of Frederick the Grcat, 
and was elected a member of tho Royal Academy of Sciences of Berlin, and in 1774 
edited tho Ephcmeris. 

Tho intro- 
duction of hyperbolic functions to trigonometry was due to him, and his discoveries 
in geometry are of great value, as well as his investigations in physics and astronomy. 
He was also the author of several remarkable theorems on conics, which bear his name. 

We aro indebted to A. Wangerin, in Ostwald’s Klassiker, 1894, for the following 
tribute to Lambert’s contribution to cartography: 

The importance of Lambert’s work consists mainly in the fact that he was the first to make general 
in vcstigations upon the subject of map projection. His predecessors limited themselves to  the inbesti- 
gations of a single method of projection, especially the perspective, but Lambert considered the problem 
of the representation of a sphere I~pon aplane from a higher standpoint and stated certain general condi- 
tions that the representation waa to fulfill, the most important of them being the preservation of angles 
or conformality, and equal surfnce or equivalence. These two properties, of course, can not be attained 
in the same projection. 

Although Lambert has not fllllp developed the theory of these two methods of representation, yet 
he waa the first to  express clearly the ideas rcgarding them. Thc former-conformality-has become of 
the grentevt iniportance to pure mathematics as well as the natural sciences, but both of them are of 
grent significance to the cartographer. It is no inore than just, therefore, to date the beginning of a 
ncw epoch in the science of map Projection from the appearance of Lambert’s work. Not only is his 
work of importance for the gericrality of his ideas but he has also succeeded remarkably well in the 
results that he has attained. 

The name Lambcrt occurs most frequently in this branch of geography, and, as 
stated by Craig, it is an unqucstionablc fact that hc has done morc for the advanccmcnt 
of the subject in the way of iriventirig ingenious apd useful methods than all of those 
who have either preceded or followed him. The manner in which Lambert analyzcs 
and solves his problems is very instructive. He has developed several methods of 

He had the facility for applying mathematics to practical questions. 
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projection that are not only interesting, but are.to-day in use among cartographers, the 
most important of these being the one discussed in this chapter. 

Among the projections of unusual merit, devised by Lambert, in addition to the 
conformal conic, is his zenithal (or azimuthal) equivalent projection already described 
in this paper. 

DEFINITION OF THE TERM “CONFORMALITY” 

A conformal projection .or development takes its namo from the property that all 
small or elementary figures found or drawn upon the surface of the earth retain their 
original forms upon the projection. , 

This implies that- 
All angles between intersecting lines or curves are preserved; 

‘LIMITS OF PRWECTtON 

FIG. 53.-Lambert conformal conic projeotion. 

Dhgram Illasbating the lntoreeotlon of a cOno and sphere along two etanderd pardole. Tho olomente of the projedlon m’od- 
Oulsted for the tangent wno and afterwards reduced In scale 80 ~9 to  produm tho effect of a Jecant cono. Tho parallels that are frue to 
scale do not exactly winclde with those of the earth, slnca they are spaced In suoh a wry BB to produrn OooforxMIlty. 
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For any given point (or restricted locality) the ratio of the length of a linear 
element on the earth’s surface to the length of the corresponding map dement is 
constant for all azimuths or directions in which the element may be taken. 

Arthur R. Hinks, M. A., in his treatise on “Map projections,” defines ortho- 
morphic, which is another term for conformal, aa follows:. 

If at any point the scale along the meridian ankthe parallel is the -e 
in &e two directm-e parallels and meridians of the map are at right angles to one another, 
teen the shape of ~ n x  very small area on the mar, is the same as t p  
area upon the earth. 

The Lambert Conformal Conic,projection is of the simple conical type in which 
all meridians are straight lines that meet in a common point beyond the limits of 
the map, and the parallels are concentric circles whose conter is a t  the point of inter- 
section of the meridians. Meridians and parallels intersect at right angles and the 
angles formed by any two lines on tho earth’s surfaco are correctly represented on this 
projection. 

The projection is then called orthomorphic (right shape). 

FIQ. 64.-Scale distortion of the Lambert conformal conic projection with the standard parallels at 
29’ and 4 6 O .  

I 

It employs a cone intersecting tho spheroid a t  two parallels known as the stand- 
ard parallels for the area to bo represented. In general, for equal distribution of 
scale error, the standard parallels are chosen at one-sixth and five-sixths of the total 
length of that portion of the central meridian to be represented. It may be advisable 
in some localities, or for special reasons, to bring them closer together in order to 
have greater accuracy in the center of the map at the expense of the upper and lower 
border area.  

On the two selected. parallels, arcs of longitude are represented in their true 
lengths, or to exact scalo. Between these parallels the scale will bo too small and 
beyond them too large. The projection is specially s’uited for maps having a pre- 

noo100946.----8 
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dominating east-and-west dimension. For the construction of a map of the United 
States on this projection, see tables in U. S. Coast and Geodetic Survey Special 
Publication No. 52. . .  

The chief advantage of this projection over tho polyconic, as used by several 
Government bureaus for maps of the Unitcd States, consists in reducing the scale 
error from 7 per cent in the poljrconic projection to 2% or 1)i per cent in the Lambert 
projection, depending upon what pardels are chosen as standard. 

The maximum scale error of 2% per cent, noted above, applies to a base map of 
the United States, scale 1 : 5,000,000, in which the parallels 33' and 45' north latitudc 
(see fig. 55) were selected as standards in order that the scale error along the central 
parallel of latitude might be small. As a result of this choice'of standards, the max- 
imum scale error between latitudes 3 0 j h ' O  and 47%O is but one-half of 1 per cent, thus 
allowing that extensive and most important part of the United States to be favored with 

FIG, 55.-Scale distortion of the Lambert conformal conic projection with the standard parallels at 
33' and 45O. 

unusual scaling properties. The maximum scale error of 2%' per cent occurs in southern- 
most Florida. 

With standard parallels at 29" and 45" (see fig. 54), the maximum scale error for 
the United States docs not exceed 1% per cent, but the accuracy a t  the northern and 
southern borders is acquired a t  the expense of accuracy in the center of the map. 

The scale error for southernmost Texas is somewhat less. 

GENERAL OBSERVATIONS ON THE LAMBERT PROJECTION 
I n  the construction of a map of France, which was extended to 7' of longitude 

from the middle meridian for purposes of comparison with the polyconic projection 
. of the same area, the following results were noted: 

Mnximum scale error, Lambert=0.05 per cent. 
Maxinium trculc error, polyconic = 0.32 per cent. 
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Azimuthal and right line tests for otthodrome (great circle) also indicated a 
preference for tlic Lambert projection in these two vital propcrties, these tests indicating 
accuracies for the Lambert projection we11 within the errors of map construction 
and paper distortion. 

In  respect to areas, in a map of the United States, it should be noted thnt while 
in thc polyconic projection they are misrepresentcd along the western margin in one 
dimension (that is, by meridional distortion of 7 per cent), on the Lambert projec- 
tion they are distorted along both the parallel and meridian as we depart from the 
standard parallcls, with a resulting maximum error of 5 per cent. 

In the Lambert projection for the tnap of France, employed by the allicd forces 
in their military operations, the maximum scale errors do not exceed 1 part in 2000 
and arc practically negligiblc, while the angles measured on the map are practically 
equaI to those on the earth. I t  should be remembered, howcwr, that in the Lambert 
conformal conic, as wcll as in all other conic projections, tlic scale errors vary increas- 
ingly with the range of latitude north or south of the standard pamlle1s. I t  followvs, 
then, that this type of projections is not suited for ntaps having cxtensive latitudes. 

AnEAs.-For arcas, as stated before, thc Lambert projection is somewhat better 
than the polyconic for maps like the one of France or for the United States, where we 
have wide longitude and comparatively narrow latitude. On tho other hand, areas 
are not represented ns w-ell iir the Lambert projection or in the polyconic projection 
as they are in the Bonne or in other conical projections. 

For the purpose of equivalcnt areas of large extent the Lambert zenithal (or 
azimuthal) equal-area projection offers advantages desirable for census or statistical 
purposes superior to other projections, excepting in areas of wide longitudes com- 
bined with narrow latitudes, where the Albers conical equal-area projection with two 
standard parallels is preferablo. J 

In measuring areas on a map by the use of a planimetor, the distortion of the 
paper, due to the method of printing and to changes in the humidity of the air, 
must also be taken into consideration. It is better to disregard the scalo of tlic map 
and to use the quadrilaterals formed by the latitiido and longitude linos as units. 
The areas of quadrilaterals of the earth’s surface are given for different extents of 
latitude and longitude in the Smithsonian Gcograpliical Tables, 1897, Tablcs 25 to 29, 

It follows, thereforc, that for the various purposes a map may bo put to, if the 
property of areus is slightly sacrificed and tho several other properties more desirable 
aro retained, we can still by judicious use of the planimeter or Geographical Tables 
overcome this one wealter property. 

The idea seems to prevail among many that, while in the polyconic projcction 
cvcry parallel of latitude is devcloped upon its own cone, tlic multiplicity of cones so 
cmploycd necessarily adds strcngth to tho projcction; but this is not true. Tho ordi- 
nary polyconic projcction has, in fact, only one line of strength; that is, the contra1 
meridian. In’this rcspcct, then, it is no better than tho Bonne. 

~ 

SI I n  tho Lamhort projoctlon, overY PohL has a scdo factor oharactcrlstlc of that point, 90 that thc area of any restrlotrd locdty 
b roprcsuutei~ by tho oxpression 

moasurod area ou map. 
(scnlo factor)’ 

Wltliout a k n o w l c d ~  of scale C r r m  In PrOfwtlOnS that aro not cquivalcnt, orroncous rcsulL’i In arras are ofton obtalood. In tho 
tablo on p. 68, “Maximum error Of Woa,‘’ Only tho Lnxnbort zenithnl and tho Albors prolcotlons nro oqulmdont, tho polyconlc anti 
Lamhr t  conformal belng profoctions thnt havo crrors in moa. 
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The Lambert projection, on the other hand, employs two linea of strength which 

A line of strength is here used to denote singular line characterized by the fact, 
me parallels of latitude suitably selected for the region to be mapped. 

that the elements along i t  are truly represented in shape and scale. 

COMPENSATION OF SCALE ERROR 
In the Lambert conformal conic projection we may supply a border scale for 

each parallel of latitude (see figs. 54 and 55), and in this way the scale variations may 
be accounted for when eitreme accuracy becomes necessary. 

With a knowledge of the scale factor for every parallel of latitude on a map of 
the United States, any sectional sheet that is a true part of the whole may have its 
own graphic scale applied to it. In that case the small scale error existing in the map 
as a whole becomes practically negligible in its sectional parts, and, although these 
parts have graphic scales that are slightly variant, they fit one another cxactly. The 
system is thus truly progressive in its layout, and with its straight meridians and 
properties of conformality gives a precision that is unique and, within sections of 2 O  
to 4’ in extent, answers every requirement for knowledge of orientation and distances. 

’ Caution should be exercised, however, in the use of the Lambort projection, or 
any conic projection, in large areas of wido latitudes, the system of projection not 
being suited to this purpose. 

The extent to which the projection may be carried in longitude 22 is not limited, 
a property’belonging to this general class of single-cone projcctions, but not found 
in the polyconic, where adjacent sheets have a “rolling fit” because the meridians 
are curved in opposite directions, 

The qpestion of choice between the Lambert and the polyconic system of pro- 
jection resolves itself largely into a study of the shapes of the areas involved. The 
merits and defects of the Lambert and the polyconic projections may briefly be stated 
as being, in a general way, in opposite directions. 

The Lambert conformal conic projection has unquestionably superior merits for 
maps of extended longitudes when the property of conformality outweighs the prop- 
erty of equivalence of areas. All elements retain their true forms and meridians 
and parallels cut at right angles, the projection belonging to tho same general formula 
as the Mercator and stereographic, which have stood the test of time, both being like- 
wise conformal projections. 

It is an obvious advantage to the general accuracy of the scale of a map t o  have 
two standard parallels of true lengths, that is to say, two axes of strength instead 
of one. As an additional asset all meridians are straight lines, as they should be. 
Conformal projections, except in special case$, are generally of not much use in map 

A map (chart No, 8070, .w Plsb I) on the Lambert conformel conlc projcctlon of the North Atlsntlo Omn, Inoludlng the eastorn 
part of the Unlted Etatea and the greater part of Europe, haa bean propared by the Cosst and Ocodotlc Burvey. Tho western llmlta 
are Duluth to New Orlearn; the enatern Ilmlts, Bagdad to Cairo; extendhg from Oreenland ln the north to the We& Indlea ln the 
south; scale l:lO,ooO,ooO. The selected standard parallels ere 36’ and M’north latitude, both those pmllols boing, therefore, trne scale. 
The scale on pnrelle146° (mlddle parallel) fa but 1% per cent too smell: beyond tho standard parellels tho scale fa Inmasingly lnrge. 
Th4 map, on wrtaln other wbll-known projectlons coverlng the same area’, would have dlstortlons and scale error8 so neat 89 to render 
their use hndmhible. It is not intended for navlgetional purposes, but w88 constructed for tho use of mother departmont of the 
Government, and is denigned to bring the two continents vis-B-vfa In an approrlmately truo rolatlon and scale. The profeotlon is based 
on the rlgld formula of Lambert and mvora a range of longitude of 166 degrees on the middle pfudbl. Plate I fa s reduction of chart 
No. 8070 to approxlmata scale 1:26,6oo,ooO. 
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making unless the meridians are straight lines, this property being an almost indis- 
pensable requirement where orientation becomes a prime element. 

Furthermore, the projection is raadily constructed, free of complex curves and 
deformations, and simple in use. 

It would be a better projection than the Mercator in the higher latitudes when 
charts have extended longitudes, and when the latter (Mercator) becomes objection- 
able. It can not, however, displace the latter for general sailing purposes, nor can 
it displace the gnomonic (or centr'al) projection in its application and use to navigation. 

Thanks to the French, it has again, after a century and a quartdr, been brought . 
to prominent notice a t  the expense, perhaps, of other projections that are not con- 
formal-projections that misrepresent forms when carried beyond certain limits. 
Unless these latter types possess other special advantages for a subject a t  hand, such 
as the polyconic projection which, besidos its special properties, has certain tabular 
superiority and facilities for constructing field sheets, they will sooner or later fall 
into disuse. 

On all recent .French maps the name of the projection appears in the margin. 
This is excellent practice and should be followed a t  all times. 
tions have different distinctive properties, this feature is of no small valuo and may 
serve as a guide to an intelligible appreciation of the map. 

In  the accompanying plate (No. I),2a North Atlaptic Ocean on a Lambert con- 
formal conic projection, a number of great circles are plotted in red in ordor that 
their departure from a straight line on this projection may be shown. 

GREAT-CIRCLE COURSEEL-A greabcircle course from Cape Hatteras to the English 
Channel, which falls within the limits of the two standard parallels, indicates a do. 
parture of only 15.6 nautical miles from a straight line on the map, in a total distance 
of about 3,200 nautical miles. Thb departure of this line on a polyconic projection' 
is given as 40 milcs in Lieut. Pillsbury's Charts and Chart Making. * 

DIsTANcEs.-The computed distance from Pittsburgh to Constantinople is 5,277 
statute miles. Tho distance between these points as measured by the graphic scale 
on the'map without applying the scale factor is 5,258 statute mil&, a resulting error 
of less than four-tenths of 1 per cent in this long distance. By applying the scale 
factor true results may be obtained, though it is hardly worth while to work for closer 
results when errors of printing and paper distortion frequently exceed the above 
percentage. 

The parallels selected as standards 'for the map are 36' and 5 4 O  north lo  titude. 
The coordinates for the construction of B projection with those parnllols as standards 
are given on page 88. 

CONSTRUCTION OF A LAMBERT CONFORMAL CONIC PROJECTION 

As different projec-, 

FOR A MAP OF THE UNITED STATES 

The mathematical development and the general theory of this projection' are 
given in U. S. Coast and Geodetic Survey Special Publications Nosc 52 and 53. The 
mothod of construction is given on p$ges 20-21, and the necessary tables on pages 68 
to 87 of the formor publication. 

8ee footnoto on p. 64. 
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Another simple. method of construction is the following one, which involves 
the use of a long beam compass and is hardly applicable to scales larger than 
1 :2,500,000. 

Draw a line for a central meridian sufficiently long to include the center of the 
curves of latitude and on this linc lay off the spacings of the parallcls, as taken from 
Table 1, Special Publication No. 52. \.lrith a beam cornpass set to the vulucs of the 
radii, the parallels of latitude can be described from a conimon center. 

(By computing chord distances for 25' of arc  on t h e  upper and lower parallels of latitude, t h c  
method of construction and subdivision of the meridiaiis i s  t h e  same as t h a t  described below under t h e  
heading, For small-scale mapa.) 

However, instead of establishing the outcr meridians by chord distances on the 
upper and lower parallcls we can determine these meridians by the following simple 
process: 

Assume 39' of latitude as the central parallel of the map (see fig. 56) ,  with. an 
upper and lower parallel locatcd at 49' and 24'. To fmd on parallel 24' thc inter- 
section of the meridian 25' distant from the ccntral meridian, lay off on the central 
meridian the value of the y coordinate (south from the thirty-ninth parallel 1,315,273 
meters, as taken from the tables, page 69, Special Pub. No. 52, second column, opposite 
2 5 O ) ,  and from this point strike an arc with thc 2 value (2,581,184 meters, first column). 
The intersection with parallcl 24' cstablishcs the point of intcissection of the pnrullel 
and outer meridian. 

In  thc same manner establish the intersection of the upper parallel with the same 
outer meridian. The projection can then be completed by subdivision for intermediate 
meridians or by extension for additional ones. 

The following vulucs for radii and spacings in addition to those given in Table 1,  
'Special Publication No. 52, may be of use for extqpion of the map north and south of 
the Unitcd States: 

. 

1 780 033 
1901 178 

0 016 D11 
9 730 4W I " *  

I 

FOR SMALL-SCALE MAPS 
In  the construction of a map of the North Atlantic Ocean (see reduced copy on 

Plate I), scale 1 :10,000,000, the process of construction is very simple. 
Draw a line for a central meridian sufficiently long to include tlic ccntor of tlic curves 

of latitude so that thesc curves may be drawn in with a beam compass act to the rcspcc- 
tive values of thc radii ns taken from the tables given on page 88. 

*To determine the meridians, a chord distance 

puted and dcscrihd .from and on cadi sidc of tlic cciitral mcridian on n lower parallcl 
of Iatitudc; preferably this chord should reach an outer meridian. The anglc e equals 
A in which X is the longitude out from the central meridian, a i d  I is a factor of 
proportjonnlity; T is the mdius of the parallel in question. On parallel 30°, the chord 
of 65 degrccs=6,230,277 mctcrs. 
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By means of a straightedge the points of intersection of the chords at the outer 
ends of a lower parallel can be connected with the same center as that used in dcscrib- 
ing the parallels of latitude. This, then, will detcrmine the outer meridians of the 
map. The lower parallel can then be subdivided into as many equal spaces as the 
meridional interval of the map may require, and the meridians can then be drawn in 
RS straight lines to the same center as the outer ones. 

If a, long straightedge is not available, the spacings of the meridians on the upper 
parallel can be obtained from chord distance and subdivision in a similar manner to 
that employed on the lower parallel. Lines drawn tllrough corresponding points on 
thc upper and lower parallels will then determine the meridians of the map. 

An adaptation of this method has been developed in connection with the con- 
struction of many aeronautical charts on this projection in recent years. Instead of 
the conventional rectangular coordinates (“2” and “y”), direct-plotting values (“a 
and “b”) are used, as follpws: 

h 

16’ 

FIG. 56.-Dinarnm for constrricting a Lanibcrt projection of sninll scale. 

Construction lincs are drawn for the top and bottom parallels of the cllart, each at 
right angles to the central meridian, and tho “a” values for the desired diffcrcnccs of 
longitude are laid off along both. The meridians are then drawn directly, as strnight 
lines between corresponding points on the two construction lines. 

Tilc “b” vulucs represent the distance along each meridian fiom the construction 
line to the parallel itself, and arc thcrcforc measured along the meridians, not at right 
niiglcs to tho construction lines. Tho arcs of tho parnllols nro drawn through the points 
so obtriincd on each meridian. Special tables for this method have been computed, 
and may bo obtained from the Director, U. S. Coast and Geodetic Survey. 

This method of construction for small-scale maps is far more sntisfnctory than the 
on0 involving rectangular coordinntcs. 
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TABLE FOR THE CONSTRUCTION OF A LAMBERT CONFORMAL CONIC 
' PROJECTION WITH STANDARD PARALLELS AT 36" AND 54" 

lThk table w88 used h tho construction of U. 5. Coad and Qeodetlc Survoy Chart No. 3070, North Atlantlc Ocean, saIel:10.000,000. 

MdU8 
8 859 

36 403 
79 629 

141 069 
219 786 

0 Meters 
492 142 
982 394 

1408 870 
1 949 718 
2 423 070 

8paChga of 
parallols 

316 a71 
427 478 
6 5 5 0 ~ 2  
BBB 416 
8b3 210 

1031430 
I 218 408 
1418 428 
1630 721 

2 OB8 825 

2 686 BBB 

I 801 473 

2 a32 876 

Meter8 
3 496 8W.8 
2 853 632.4 
2 248 672.8 
1 808 247.4 
1 104 052.3 

2 am 182 
3 840 105 
a 7 8 o w e  
4 2 0 6 ~ 8 4  
4 616 a67 
6007163 
6 879 710 
6 731 010 
6 081 616 

6 a@ 146 

~ _ _ _ _ _ _  ~ _____. 
_ _ - - - _ _ - -  ~ __-. 

649 088.8 
OOO MM.0 
649 366.4 

1102 423.9 

1 663 084.8 
2 236 238.0 
2 822 909.7 
a 430 em. e 

Coordhatea of parallel 60D I Coordinate3 of par8llel Woo I Coordlnatos of para1101 40° 

r 

Meters 
285 837 
670 676 
863 126 

1 132 400 
1 407 327 

1 676 861 
1 939 939 
2 196 679 
2 442 700 

2 808 169 

2 880 es 

a 124 sa a 328 933 a 620 ma 
amao a 002 an 
4 011 688 
4 146 261 

SCALE ALONG THE PARALLELS. 

Y I r l u  

(To correct diatances measured with graphic scale, divide'by scale factor.) 
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Latitude (degrees) 

TABLE FOR THE CONSTRUCTION OF A LAMBERT CONFORMAL CONIC 
PROJECTION WITH STANDARD PARALLELS AT 10' AND 48'40' ' 

[This table wa8 w d  in the construction of a map of the Northern and 6outhern Hemispheres. See Plate VU.] 

Radius 

11 483 014 

11 272 163 
11 100 782 
11 061 628 

10 966 642 
10 861 796 
10 747 069 
10 042 400 
10 637 781 

11 377 761 

' I  

Difference 

Mders 
118 308 
117 319 

116 479 
114 623 

113 807 
113 026 
112 287 
111 687 
110 820 

110 284 
108 088 
100 140 
108 618 
108 123 

107 668 
107 243 
108 850 
100 488 
108 104 

106 883 
106 688 
IO6 301 
106 164 
104 BSB 

104 847 
104 730 
104 a0 
I04  609 
104 604 

104 010 
104 868 

I04 862 
106 002 

106 181 
106 400 
106 661 
106 939 
108 m 

116 a78 

104 74a 

-f6; log K-7.1389824.) 

I 

-I I I 

1.0328 
1.0258 
1.0187 
1.0121 
1.0069 

l.boO0 
0. w4 
0. Q891 
0. 8R42 
0.9796 

0.97661 
0.8711 
0.9678 
0.8838 
0.8006 

0.0471 
0.8169 
0.9449 
0. Q442 
0.8437 

0.9430 
0.9437 
0. Q442 
0.0449 
0. BAm 

MdtT8 
9980888 
9 '274 267 
9 167 230 
9 069 703 
8 961 802 

8 843 311 
8 734 252 
8 624 669 
8 614 220 

8 291 302 
8 178 090 
8 066 070 
7 960 MI0 
7 836 042 

7 718 438 

7 481 888 
7 361 378 
7 239 886 

7 116 464 
0 w1 e42 
6 865 117 
6 730 762 
6W3443 

6 474 028 
6 838 362 

6 OB2 631 
6 919 888 

6 771 a8.L 
6 626 462 
6 472 824 
6 316 433 
6 156 604 

4 989 gga 
4 819 073 
4 642 237 
4 468 752 
4 #)7 727 

8 868 410 
8 096 w 7  

a 403 148 

7 800 1379 

e 202 MI 

4 ora 076 

8 468 ?7Q 

Dlflerenm 

M d m  
106 628 
107 031 
107 473 
107 801 
108 491 

108 069 
108 883 
110 348 
111 072 
111 846 

112 672 
113 Joo 
114 610 
116 K!8 
110 604 

117 769 
118 803 

121 713 
123 211 

124 812 
126 626 

la0 316 
132 418 

im  MI 

128 366 

134 e76 
187 103 
189 718 
14!2 M6 
146 601 

148 Q22 
I62 658 
168 491 
100 82Q 

170 919 

183 486 
181 026 
199 062 

mow 
221 122 

166 e12 

170 aw 

. - - - - - - - - - . 

- - 
6 d 0  

long the 
parallel 

0.9588 
0.8810 
0.9666 

0.9710 

0.9787 
0. WR 
0.WM 
0. WKe 
1.0021 

1. oogz 

1.0248 
1.0334 
1.0420 

1.0525 
1.0630 
1.0743 
1.0883 
I. 0882 

1.1m 

1. I433 
1.1601 
1.1782 

1.1976 
1.2184 
1.2108 
1.m. 
1.2812 

I 1.3195 
1.86 
1.38 

1. IS 
1. 61 
1.66 
1.01 

1.76 

I. 83 
1.03 
2.04 

0. BB88 

0. 8888 

1.0167 

I. ]no 

1-44 

1. 67 
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THE GRID SYSTEM OF MILITARY MAPPING 
A grid system (or quadrillage) is a system of squares dcterrnined by the rectangular 

coordinates of the projection. This system is referred to one origin arid is extended 
over the whole area of the originnl projection so that every point 011 the map is coordi- 
nated both with respect to its position in a given square as well as to its position in 
latitude nnd longitude. 

The orientation of all sectional sheets or parts of the general mop, wherever 
located, and on any scale, conforms to the initial meridian of the origin of coordinates. 
This system adapts itself to the quick computation of distances between points whose 
grid coordinates are given, as well a s  the dcterminntion of tlie azimuth of n line joining 
any two points within artillery range and, hence, is of great valuc to military operations. 

The system was introduced by the First Army in Frnnce under the name "Quad- 
rillnge kilomhtrique systhme Lambert," and manuals (Special Puhlicntioris Nos. 47 
and 49, now out of print) containing method and tables for constructing the qundrillnge, 
were prepared by the Coast and Geodetic Survey. 

As the French divide the circumference of the circle into 400 grades instead of 3G0°, 
certain essential tables were included for the conversion of degrees, minutes, and seconds 
into grades, as well as for miles, yards, and feet into their metric cquivalcnts, and vice 
versa. 
' The advantage of the decimal system is obvious, and its extension to practical car- 

tography merits consideration. The quadrant hns 100 grades, and instead of 8"39'56'', 
we can write decimally 9.6284 grades. 

GRID SYSTEM FOR PROGRESSIVE MAPS IN THE UNITED STATES 

The French system (Lambert) of military mapping presented a number of fea- 
tures that were not only rather new to cartography but were specially adapted to the 
quick computation of distances and azimuths in military operations. Among these 
features may be mentioned: (1) A conformal system of map projection which formed the 
basis. Although dating back to 1772, the Lambert projection remained practically in 
obscurity until the outbreak of tlie first World War; (2) the advantage of one reference 
datum; (3) the grid system, or system of rectangular coordinates, alrendy described; 
(4) the use of the centesimal system for graduation of tlie circumference of the circle, 
and for the expression of latitudes and longitudes in place of the sexagesimal system of 
usual practice. 

While these departures from conventional mapping o a r e d  many advantages to 
an area like the French war zono, with its possible eastern extension, military mapping 
in tlie United States presented problems of its own. It was necessasy to adopt a suc- 
cessi6n of zones on tlic polyconic projection, 7 in number, extending north and south 
across the United States, covering a range of 9" in longitude and having overlaps of 1' 
of longitude with adjacent zones east and west. 

A grid system similar to the Frcnch, as already described,is projectcd over the wholo 
area of cach zone. The table of coordinates for onu 'zona c m  bo used for any othcr 
zone, as each has its own central meridiuri. 

The overlapping area can be shown on two sots of maps, 0110 on cach grid system, 
thus making it possible to have progressive maps for each of the zones; or the two 
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I 

FIG. 57.-Grid zorles for progressive military maps of the Cnited States. 2 
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FIG. SS.-Diagrem of zone C, showing grid system. 
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grid system can be placed in different colors on the same overlap. (The maximum 
scale error within any zone will be about one part in 500.) 

The system is styled progressive military mapping, but it is, in fact, an inter- 
rupted system, the overlap being the stepping-stone to a new system of coordinates. 
The grid system instead of.being kilometric, as in the French system, is based on 
units of 1000 yards. 

REFERENCES 
Sp. Pub. 59, "Grid System for Progressive Maps in the United States" (out of print; see next 

paragraph). 
Grid System for Milit.ary Maps of United States. 4 vola.: 0' to P o ;  7' to 38"; 24' to 50' (a reprint 

of Coast and Geodetic Survey Sp. Pub. 59) ; and 49' to 72' printed by Map Reproduction Office, 
U. S. Engineers. 

As there are many other plane coordinate grid systems throughout the world 
used for military or other purposes, it would be futile under present world conditions 
to examine these in detail even though the necessary data were available. 

THE ALBERS CONICAL EQUAL-AREA PROJECTION WITH TWO 
STANDARD PARALLELS 

DESCRIPTION 

[See Plate 1111 

This projection, devised by Albers2' in 1805, possesses advantagos over others 
now in use, which for many purposes givca it a place of special importance in carto- 
graphic work. 

In mapping a country like the United States with a predominating east-and-west 
extent, tho Albers system is peculiarly applicable on account of its many desirable 
properties as well as the reduction to a minimum of certain unavoidable errors. 

The projection is of the conical type, in which the meridians are straight lines 
that meet in a common point beyond the limits of the map, and tho parallels are 
concontric circles whoso conter is at the point of intersection of tho meridians. Morid- 
ians and parallels intersect at right angles and the arcs of longitude along any given 
parallel are of equal length. 

It employs a cone intersecting the spheroid at two parnllols known as the stand- 
ard parallels for the area to be represented. In  general, for equal distribution of 
scale error, the sbndard pamllels are placed within the area represented at distances 
from its northern and southorn limits each equal to one-sixth of the total meridional 
distance of the map. It may be advisable in some localities, or for special roasons, to 
bring them closer together in order to have greater accuracy in the center of the map 
at the expense of the upper and lower border areas. 

On the two selected parallels, arcs of longitude are represented in their true 
lengths. Betweon the selected parallels the scale along the meridians will be a triflb 
too large and beyond them too small. 

14 Dr. H. 0. Albors, tho inventor of this projoction, was a native of Lllnoburg, Gormany. Bovoral articlos by hlm on tho subject 
of map projections appeared In Zaoh'a Monatllcbe Corrospondenr durlng tho year 1805. Very llttlo is known about him, not oven 
hls full name, tho tltlo "doctor" being w d  wlth his name by Oormah about 1W. A book of 40 pagos, ontltlod Untorrloht Im 
Bohachplel (Instruotlon In C h w  Playing) by H. C. Albors, LUnoburg, 1821, may havo boon tho work of tlia Inventor of 
thla projection. 
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The projection is specially suited for maps having a predominating east-and- 
west dimension. Its chief advantage over certain other projections used for a niap 
of the United States consists in the vnluable properLy of equal-area reprcsenttktion 
combined with a scale error 26 that is practically the minimum attainablc in any system 
covering this ares in a single sheet. 

I n  most conical projections, if the map is continued to the pole the latter is repre- 
sented by the apex of the cone. In  the Albers projection, howcver, owing to the 
fact that conditions tlre imposcd to hold tlie scale esuct along two parallels instead 
of one, as well as the property of equivalcncc of area, it becomes necessary to give up 
the requirement that the pole should be represented by the apex of thc cone; this 
means that if the map should be continued to the pole the lntter would be repre- 
sented by a circle, and the series of triangular graticules surrounding the pole would 
be represented by quadrangular figures. This can also be interpreted by tlic state- 
ment that the map is projected on a truncated cone, because the part of the cone 
above the circle representing the pole is not used in the map. 

The desirable properties obtained in mapping the United States by this system 
may be briefly stated as follows: 

1. As stated before, i t  is an equal-area, or equivalent, projection. This means 
that any portion of the map bears the same ratio to  the region represented by i t  that 
any other portion does to  its corresponding region, or the ratio of any part is equal 
to  the ratio of area of the whole representation. 

2. The maximum scale error is but 1% per cent, which amount is about the mini- 
mum attainable in any system of projection covering the wholc of the United States 
in a single sheet. Other projections now in use haw scale errors of as much as 7 per cent. 

The scale along the selected standard parallels of latitude 29:h0 and 45)/2" is true. 
Between these selected parallels, tlie meridional scale will be too grcat and beyond 
them too small. The scale along the other parallels, on account of h e  compensation 
for area, will always have an error of the opposite sign to the error in the meridional 
scale. I t  follows, then, that  in addition to the two standard parallels, there are a t  
any point two diagonal directions or curves of true-length scale approximately at 
right angles to each other. Curves possessing this property are termed isoperimetric 
curves. 

Due to the 
symmetry of the map projection, there are an infmite number of isoperimetric (true 
scale) curves, exact replicas of those shown. 

Fig. 59 illustratcs an isoperimetric curve on an Albers conical equnl-area pro- 
jection of the world, with standard parallels at 0' and 30' north latitude. The 
computation and drawing for this sketch were made by X4r. Id. R. hllacPhai1 of the 
Standard Oil Company of Venezuela. As a pioneer in this particular property of 
equal-area projections, much credit is due to  him for this interesting contribution to 
cartography. 

On Plate 111, a number of isoperimetric curves are shown in red. 

U Tho standards chosen for a map of tho United Btatca on tho Albcrs projoclion arc parallcls 291.j'' and 46M0, and thls sclcction 
provides for a scnle error slightly less than 1 per cent in tho wnter of tho mnp, with n masirnuni of 1% por cent along tho northern 
and southorn borders. Thls arriingerncnt of tho stnndnrds alvo plnccs thum nt nn cvcn 30-mlnuto Intcrvnl. 

Tho stnndnrds in thfs system of projection, as In the Lambert conformal conic prolcctlon, win be placed at will, nnd by not 
favoring thc ccntrnl or morc Important part of tho Unitcd States a maximum scalc urror of somewhat lrsv thnn 1% por amt might bc 
obtnlned. Prof. Hart1 suggests the placing of the standnrds so that tho total length of tho wntrnl mcridian remain truc, and this 
arrangcmont would bc ideal for a country mor0 rcctnngulnr in shape with predominating cast-and-west dimonslons. 
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With a knowledge of the scale factors for the-different parallels of latitudo i t  
would be possible to apply corrections to certain measured distances, but when we 
remember that the maximum scalc error is practically the smallest attainable, any 
greater refinement in scale is seldom worth while, especially as errors due to  distortion 
of paper, Lhe method of printing, and to changes in the humidity of the air must also 
be triken into nccourit and arc frequently as much as the maximum scale error. 

It therefore follows that for scaling purposes, the projcction under consideration 
is supcrior to others with the exception of the Lambert conformal conic, but the lattor 
is not equal-area. It is an obvious advantage to the gcncral accuracy of the scale 
of a map to havc two siandwd parallels of latitude of true lengths; that is Lo say, 
two axes of strength instead of one. 

Caution should bc exercised in the selcction of standards for the use of this pro- 
jection in large areas of wide latitudes, as scale errors vary increasingly with the range 
of latitude north or south of the standard parallels. 

FIG. 50.-Albcrs conical cqual-arcn projection oE the world. With standard parallcls at 0' and 30' N. 
latitude. Showing an isoperimetric curve. 

3. The meridians arc straight lines, crossing the parallels of concentric circles 
nt right anglcs, thus preserving tho angle of tho moridians and parallels and facili- 
tating construction. Thc intervals of Che parallels depend upon the condition of 
equal-area. 

The time required in the construction of this projection is but a fraction of that 
employed in othcr well-known systems that have far greater errors of scale or lack 
the property of equal-area. 

4. The projection, bcsidcs the many other advantages, does not detcriorato as 
we depart from the central meridian, and by reason of straight mc1-idians it is easy 
ut any point, to measurca direction with tho protractor. In other words it is adapted 
lo indcfinite east-and-west cxtension, n property belonging to this gciicrnl class of 
singie-conc projections, but not found in tho polyconic, whero adjacent sheots con-. 
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structed on their own central meridians have a “rolling fit,” because meridians are 
curved in opposite directions. 

Sectional maps on the Albers projection would have an exact fit on all sides, and 
the system is, therefore, suited to any project involving progressive equal-area map- 
ping. The term “sectional maps” is here used in the sense of separate sheets which, 
as parts of the whole, are not computed indcpcndently, but with respect to the one 
chosen prime meridian and fixed standards. Hence the sheets of the map fit accurately 
together into one whole map, if desired. 

The first notice of this projection appeared in Zach’s Monatliche Correspondenz 
zur Beforderung der Erd- und Himmels-Kunde, under the title “Beschreibung einer 
ncuen Kegelprojection von H. C .  Albers,” published at Gotha, November, 1805, 
pages 450 to 459.’ 

A’more recent development of the formulas is given in Studien iiber flachentreue 
Kegelprojectionen by Heinrich Hartl, Mittheilungen des I(. u. K. Militar-Geograph- 
ischen Institutes, volume 15, pages 203 to 249, Vienna, 1895-96; and in Lehrbuch 
der Landkartenprojectionen by Dr. Norbert Herz, page 181, Leipzig, 1885. 

It was .employed in a general map of Europe by Reichard at Nurcmberg in 1817 
and has since been adopted in the Austrian general-staff map of Central Europe; also, 
by reason of being peculiarly suited to a country like Russia, with its large extent of 
longitude, it was used in a wall map published by the Russian Geographical Society. 

An interesting equal-area projection of the world by Dr. W. Behrmann appeared in Petermanns 
Mitteilungen, September, 1910, plate 27. In thia projection equidistant standard parallels are choden 
30° north arid south of the Equator, the projection being in fact a limiting form of the Albers. 

In view of the v,arious requirements a map is to fulfill and a careful study of the 
shapes of the areas involved, the incontestable advantages of the Albers projection for 
a map of the United States have been sufficiently set forth in the above description. 
By comparison with the Lambert conformal conic projection, we gain the practical 
property of equivalence of area and lose but little in conformality, the two projcctions 
being otherwise closely identical; by comparison with the Lambert zenithal we gain 
simplicity of construction and use, as well as the advantages of less scale error; a com- 
parison with other familiar projections offers nothing of advantage to these latter 
except where their restricted special properties become a controlling factor. 

MATHEMATICAL THEORY OF THE ALBERS PROJECTION 
If a is the equatorial radius of the spheroid, e the eccentricity, and 4 the latitude, 

the radius of curva,ture of the meridian is given in the form. ’ 

and the radius of curvature perpeudicular’to the meridian 2e is equal to 

a 
*=(l-ez sin* 4)lfi’ 

B 8ee U. 8. Cosst and Oeodetio Survey BpecIal Publication No. S7, pp. 9-10. 
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The differential clement of length of the meridian is therefore oqual to the expression 

and that of the parallel becomes 

in which X is the longitude. 
The element of area upon the spheroid is thus expressed in the form 

m -a2(1 -2) COS c$d+dA -. 
(1-2 sin2 t$)z dS=dmdp - 

We wish now to determine an equal-are@ projection of the spheroid in the plane. 
If p is the radius vector in tho plane, and e is the angle which this radius vector 

makes with some initial lino, the element of area in the plane is given by the form 

p and e must be expressed as functions of 4 and A, and therefore 

and 
ae ae 
34 ah &=-d++ -dA. 

We will now introduce the condition that the parallels shall be represented by 
concentric circles; p will thereforo be a function of t$ alone. 
or 

As a second condition, we require that the meridians be reprosentod by straight 
This requires that e should be lines, the radii of thc system of concentric circles. 

indepcndont of 4, 
or 

Furthermore, if 0 and X are to vanish a t  the same time and if equal differences of 
longitude are to be ropresonted at all points by equal arcs on the parallels, e must 
be equal to some constant times A, 
or 

in which n is the required constant. 
000100'46-7 
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This givea us 

dB=n dA. 

By substituting these values in the expression for dS', we get 

a P  dS'= p- n&dh. a+ 
Since the projection'is to be equal-area, dS' must equal -dS, 

or 
bP ~ ' ( 1 - 2 )  COS + d+ d h  

(1 - €2 sin2 + ) z  
d4 dh= - a+ e 

The minus sign is explained by the fact that p decreases as C#I increases. 
By omitting the dh, wo find that p is determined by the integral 

If R represents the radius for $=O, this becomes 

If fl is the latitude on a sphere of radius c, the right-hbd member would be 
represented by the intogral 

We may d e h o  by setting this qu'mtity equal to the above right-hand member, 
or 

=a2(l-2) (COS 44-22 s h 2  + COS ++3t4 sin' + COS 44-48 sind 4 COS ++. . . . .)dC#I., P 
Therefore, 

. . . . .  22 

As yet e is an undetermined constant. We may determine it by introducing the 
condition that, 

?r ?r when +=-) f i  shall also equal -e 2 2 
This gives 

2 = 3 ( 1 - c 2 ) ( l + T + ~ + q + .  22 3c' 4 2  . . . , :} 
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The latitude on the sphere is thus defined in the form 

99 

This latitude on the sphere has been called the authalic latitude, the term authalic 
meaning equivalent or equal-area. A table of these latitudes for every half degree 
of geodetic latitude is given in U. S. Coast and Geodetic Survey Special Publication 
No. 67. 

With this latitude tho expression for p becomes 

The two constants n and R are as yet undetermined. 
Let us introduce the condition that the scale shall be exact along two given parrallels. 

On the spheroid the length of the parallel for a given longitude difference h is equal to 
the expression 

' 

aX cos 4 
(1 -2'SinZ 4)" P= 

On the map this arc is represented by 

On the two parallels along which the scale is to be-exact, if we denote them by 
subscripts, we have 

ah cos 41 
(1-2 s i n 2  &)M' 

pl-n(l-8 sin2 +1)"' 

plnh= 

or, on omitting X, we have 

and 

a c00 C#I~ -- 

Substituting these values in turn in the general equation for p, we get 

and 

In U. S. Coast and Geodetic Survey Special Publication No. 8 a quantity called 
A' is defined aa 

and is there tabulated for every minute of latitude. 
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Hence 
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a2 1 
(1 - e2 sin2 &) = AI2 sin2 1’” 

(The prime on A is here omitted for convenience.) 

The equations for determining R and n, thererorc, become 

2c2 cos2 41 

A12n2 sin2 1” 
R2-- sin B1= n 

and 
cos2 42 

A22n2 sin21”’ sin p2= R2-- 2c2 
n 

By subtracting these equations and reducing, Ive get 

cos2 41 cos2 42 
AI2 sin2 l“-A? sin2 1” 

2c2(sin /&--Sin a,) n= 

cos2 $1 cos2 &? ----- 
- AI2 sin2 1“ AZ2 sin2 1” r,z- r2* - 

4c2 sin m 2 - 8 1 )  cos %(BzfB,)  =4c2 sin w 3 2 -  PI)  cos %(A+ 6,) ’ 
r1 and ~2 being the radii of the respective parallels upon the spheroid. 

By substituting the value of n in the above equations, we could determino R, 
but we are only interested in canceling this quantity from the general equation for p. 

Since n is determined, we have for the determination of p1 

But 

By subtracting tGs equation from the general equation for the doterminstion 
sf p we get 

2c2 
p2-+=x (sin /.&--sin 8) 

or 

In a similar manner we have 

and 
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The radius c is the radius of a sphere having a surface equivalent to that of the 
spheroid. For the Clurke spheroid of 1866 (c in meters) 

log ~=6.80420742 r 

To obviate the difficulty of taking out large numbers corresponding to logarithms, 
it is convenient to use the form 

$=e sin y~ (pl-p) cos X ( B ~ + ~ ) ,  
cz cz+; 

2 

until after the addition is performed in the right-hand member, and then p can be 
found without much difficulty. 

For thc authalic latitudes use the table in U. S. Const and Geodetic Survey 
Special Publication No. 67. 

Now, if X is reckoned as longitude out from the central meridian, which becomes 
the Y axis, we get 

O=nX, 
z=p sin e, 
y= -,, COS e. 

In  this case the origin is tho center of the system of concentric circles, the central 
meridian is the Y axis, and a line perpendicular to this central mcridian through the 
origin is the X axis. The y coordinate is negative because it is mcasured downward. 

If it is desired to refer the coordinates to the center of the map as a single system 
of coordinates, the values become 

x = p  sin e, 
y=po-p COS e, 

in which po is the radius of the parallcl passing through the center of the map. 

the point in which the parallel intersects the centrd meridian. 
ordinates become 

The coordinates of points on each purdcl may be referred to a separate origin, 
In this case the co- 

z = p  sin e, 
Y = P - ~  COS e=2p sin2 $ e. 

If the map to bo constructed is of such u scde that tho parallels can be constructed 
by the use of a beam compass, it  is more expeditious to proceed in tho following manner: 

If X' is tho X of the meridian farthest out from the central meridian on the map, 
wo get 

o'=nX'. 

WQ then determine the chord on the circle representing the lowest parallel of 
the map, from its intersection With thc central meridian to its intersection with the 
meridian represented by X' , 

chord=2p sin % e'. 
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With this value set off on the beam compass, and with the intersection of the 
parallel with the central meridian aa center, strike an arc intersecting the parallel 
at the point where the meridian of A' intersects it. The arc on the parallel represents 
A' degrees of longitude, and it can be divided proportionately for the other intersections. 

Proceed in the same manner for the upper parallel of the map. Then straight 
lines drawn through corresponding points OD these two parallels will determine all 
of the meridians. 

The scale along the parallels, k,, is given by the expression 

in which pa is the radius of the circle representing the parallel of t$a, and r, is the radius 
of the same parallel on the spheroid; 
hence 

The scale along the meridians is equal to the reciprocal of the expression for tho 
scale along the parallels, or 

CONSTRUCTION OF AN ALBERS PROJECTION 

This projection affords a remarkable facility for graphical construction, requiring 
practically only the use of a scale, straightedge, and beam compass. In a map for the 
United States the central or ninety-sixth meridian can be extended far enough to in- 
clude the center of the curves of latitude, and these curves can bo drawn in with a beam 
compass set to the respective values of the radii taken from the tables. 

To determine the meridians, a chord of 25' of longitude (aa given in the tables) 
is laid off from and on each side of the central meridign, on the lower or 26O parallel 
of,latitude. By means of a straightedge the points of intersection of the chords with 
parallel 26' can be connected with the same center as that used in drawing the parallele 
of latitude. This, then, will determine the two meridians distant 26O from the center 
of the map. The lower parallel can then be subdivided into aa many equal spaces as 
may be required, and the remaining meridians drawn in similarly to the outer ones. 

' If a long straightedge is not available, the spacings of the meridians on parallel 45' 
can be obtained from chord distance and subdivision of the arc in a similar ma/nner to 
that employed on parallel 25'. Linea drawn through corresponding points on parqlels 
25' and 45' will then determine the meridians of the map. 

This method of construction is far more satisfactory than the one involving rec- 
tangular coordinates, though the length of ti beam compass required for the construe- 
tion of a map of the United States on a scale larger than 1:5,000,000 is rather unusual. 

In equal-area projections it is a problem of some dficulty to make allowance for 
the ellipticity of the earth, a d&culty which is most readily obviated by an interme- 
diate equal-area projection of the spheroid upon a sphere of equal surface. This amounts 
to the determination of a correction to be applied to the astronomic latitudes in order 
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Longitude from central 
merldlan 

to obtain the corresponding latitudes upon the sphere. The sphere can then be pro- 
jected equivalently upon the plane and the problem is solved. 

The name of authalic latitudes has been applied to the latitudes of the sphere of 
equal surface. A table 27 of these latitudes has been computed for every half degree 
and can be used in the computations of any equal-area projection. This table was 
employed in the computations of the following coordinates for the construction of a 
map of the United States. 

TABLE FOR THE CONSTRUCTION OF A MAP OF THE UNITED STATES ON 

I 

ALBERS EQUAL-AREA PROJECTION WITH TWO STANDARD PARALLELS 

Chords on 
latitude Uo 

3paoings O! 
parallels 

A 

MetCr.4 
107 108 
la9 030 
la9 (80 

:E E; 
log 808 
100 062 

110 ln33 
110 888 

111 OB0 
111 911 
111 610 
111 677 
111 822 

111 %?a 
112 011 
112 CHI1 
112 084 
112 066 

112 011 
111 021 
111 787 
111 616 
111 402 

111 la8 
110 828 
110 472 
110 082 

loe 060 
1QB 484 

110 am 

ioe 601 

Addltional data. 

P a  1- 1.3602771 
CI 

log C-6.8042076 
oolog n-0.2197622 

I 

Scale factor 1 th?p%el 
Latltude 

Chords on 
latitude 4S0 

Mdcrr 

Bade factor 
don 

the merhlan 

0.9876 
1. m 
1.0087 
1. m 
.m78 . BBBO 

THE MERCATOR PROJECTION 
DESCRIPTION \ 

(See Plate XII, Figs. 20, 21, PP. W,M, Figs. 60, 61, p. 106, Flg. 62, p. 108. and Fie. 70, p. 16K.l 

The projection takes its name from the Latin surname of Gerhard Krilmer, the 
inventor, who waa born in Flanders in 1612, and wm a graduate of the University of 
Louvaih. With an exceptional talent he devoted his life to the betterment of maps, 
improving and formulating a new device in their mathematical framework, ahd putting 
in order the accumulating stores of geographic knowledge. The first known map bearing 
his name is a map of the world in 1538 on an equal-area projection. 

n Latitude Developments Connected wlth Oeodesy and Cartography, U. 8. Coest end Oeodetlo B m e y  Special Publlaatlon 
No. 67. 
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In 1569, Mercator published his nautical projection in a map of the world on a new 
system which bears his name and is known as the Mercator projection. For the sake 
of historical accuracy it might be stated that his results were derived by approximate 
formula. By the use of a smaller initial element, a more accurate method of computa- 
tion, and tables for the construction of a projection were made known 30 years later 
by Edward Wright of Cambridge in a publication entitled, “Certaine Errors in Navi- 
gation.” 

Mercator announced his results simply as “a new arrangement of the meridians 
with reference to the parallels.” In  consideration of the mathematical resources of the 
time, his “arrangement” proved to be of sufficient precision to exercise a powerful in- 
fluence on the progress’ of navigation. Accurate values of meridional parts, however, 
did not become available until more than a century later when the calculus was in- 
vented and better values determined for the figure of theearth. 

This map, or nautical chart, of 1569 wasB thegreatest achievement in cartographic 
history, and on account of its excellence, it was reproduced in 1931 by the International 
Hydrographic Bureau, Monaco, consisting of 18 sheets in all. As an original creation 
it made Mercator famous, transmitting his name to all time. It was the first projection 
in which the meridians are straight and equally spaced parallel lines, and a t  right 
angles to them the parallels are straight parallel lines their distances apart increasing 
toward each pole in proportion to the lengthening of the parallels with reference to the 
equator. The great importance of this to the mariner lies in the fact that the chart 
based on this new projection is the prototype of the modern marine chart. 

For nautical purposes this system of projection is now universally employed and 
will probably be so as long as ships follow the loxodrome, i. e., base their courses on 
rhumb lines. It may be stated that Mercator’s nautical chart stands alone 
in map history, isolated from his many other works as a radical de- 
parture and improvement over methods existing before his time. In contemporary 
judgment he was styled as “In cosmographia longe primus,” which, translated, means: 
In cosmography by jar  the jirst. 

Not including the large issue of pilot charts, communication charts, etc., the annual 
issue of Mercator nautical charts at the present day throughout the world is several 
million copies, the Coast and Geodetic Survey done contributing over a million. 

For ordinary geographic purposes, however, the Mercator nautical projection has 
no value and was not intended to  be used as such by the inventor. In  the mapping of 
political divisions and continents, he held to equal-area representations of his own or his 
contemporaries. 

Let none dare to attribute the shame 
Of misuse of projections to Mercator’s name; 

But smother quite, and let infamy light 
Upon those who do misuse, 

Publish or recite. 

It is interesting to note that the word “Atlas” as used today was borrowed from 
the Greek mythology and introduced by Mercator as a geographic term. 

~ 

21 Mercator’s orlglnal chart of the world was found In Brealsu In 1889 (wlth two other large ones, elso by Merator). Thia treasury 
of cartographic art ia polychromatic, being profusely decorated and ornamental. The map meaaurea 82.7 inchas by 61.2 inches. 
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GREAT CIRCLES AND RHUMB LINES 

The shortest line between any two given points on the surface of a sphere,is the 
arc of the great circle that joins them; but, as the earth is aspheroid, the shortest or 
minimum line that can be drawn on its ellipsoidal surface between any two points is 
termed a geodetic line. In connection With the study of shortest distances, however, it 
is customary to consider the earth as a sphere and for ordinary purposes this approxima- 
tion is sufficiently accurate. 

P 

Earth 

\ 1 
& 

?@art 

Fro. 62.--The Earth and ihe Mercator Projection. 

med Ihw excepting the Equator and the meridlam. 

-+ , 1 

The rhumb line ( m e )  F-T on the Earth fs represented by the stralght line C t  on the chart. All rhumb lines on the earth ace 

The lengths of tbe pardlols A--0, A‘-0’ rue representad by 8 - - c . 8 ‘ 4  on the chart. Tho 8bove flguro Is sdapted from Admlrslty 
Manual of Navlgatlon, 1814. 

A rhumb line, or loxodromic curve, is a line which crosses the successive meridians 
at a constant angle. A ship following always the same oblique come  would contin- 
uously approachnearer and nearer to the pole without ever theoretically arriving at if. 
In “sailing a rhumb,” a ship is, therefore, on one course continuously following a rhumb 
line, and will, theoretically at  least, pass all points along that line exactly as they are 
charted.2g 

The only projection on which such a line is represented as a straight line is the 
Mercator; and the only projection on which the great circle is represented aa a shaight 
line is the gnomonic; but as any oblique great circle cuts the meridians of the litter at  

When 8 long route Is flown In one mean magnetic course, however, 8 considerable departure from the intended tr8ok may result, 
the departure from this cause being greatest, of course, where the greatest dlfferenoes in magnetlo variation ooou. Buoh an mor b 
unrelated to the projection and is due solely to aseumlng a mean magnetic correction for the entire distance. 
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different angles, to follow such a line would necessitate constant alterations in the 
direction of the ship's head, an operation that would be impracticable. The choice is 
then between a rhumb line, which is longer than the arc of a great circle and at every 
point of which the direction is the same, or the arc of 'a great circle which is shorter than 
the rhumb line, but a t  every point of which the direction is different. 

The solution of the problem thus resolves itself into the selection of points at 
convenient course-distances apart along the great-circle track, so that the ship may be 
steerod from one to the other along the rhumb lines joining them; the closer the points 
selected to one another,-that is, the shorter the rhumb lines sailed-the moro nearly 
will the track of the ship coincide with the great circle, or shortest sailing route. On 
other projections, a navigator, assuming a straight line as his cowse, will not track 
the line exactly because he is consciously or unconsciously sailing a rhumb. 

For this purpose the Mercator projection, except in high latitudes, has attained 
an importance in surface navigation beyond all others, in that the great circle can be 
plotted thereon from B gnomonic chart, or it may be determined by calculation, and 
these arcs can then be subdivided into conveniont sailing rhumbs, so that, if the courses 
are carefully followed, the port bound for will in due time be reached by the shortest 
practicable route. 

It suffices for the mariner to measure by means of a protractor the angle which his 
course makes with any meridian. With this course corrected for magnetic variation 
and deviation his compass route will be established. 

It may be stated here that the U. S. Coast and Geodetic Survey and the Hydro- 
graphic Office, U. S. Navy, have prepared a series of charts on the gnomonic projection 
which are most useful in laying off great-oircle courses. As any straight line on these 
charta represents a great circle, by taking from them the latitudes and longitudes of a 
number of points along the line, the great-circle arcs may be transferred to the Mercator 
system where bearings are obtainable. 

It should be borne in mind, moreover, that in practice the shortest course is not 
always necessarily the shortest passago that can be made. Alterations become necessary 
on account of the irreylar distribution of land and water, the presence of rocks and 
shoals, the effect of set and drift of currents, and of the direction and strength of the 
wind. It is necessary, therefore, in determining a course to find out if the rhumb line 
(or lines) to the destination is interrupted or impracticable, and, if so, to determine 
intermediate points between which the rhumb lines are uninterrupted. The resolution 
of the problem at the start, however, must set out with the great circle, or a number of 
great circles, drawn from one objective point to the next. In the interests of economy, 
a series of courses, or composite sailing, will frequently be the solution. 

ADVANTAGES OF THE MERCATOR PROJECTION 

The projection commends itself to map makers because of ready tables, its ease 
of construction, its rectilinearity, and its use. 

Another advantage of the Mercator projection is ita simplicity; in that meridians, 
or north and south lines, are up and down, always constant throughout tho chart, 
pointing the same way and parallel with the east and west borders of the chart-just 
where oue expects them to be. 

The essential need of straightforward knowledge of the four principal directions, 
North, South, East, and West, in conformity with t h e  borders and the system of 
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reference l i e s  of latitude and longitude, is best provided for in the Mercator projection. 
The mariner’s aversion to curved lines has always been in evidence, and in connec- 

tion with curved meridians, Mercator, in a legend on his nautical chart of 1569, expresses 
himself in the following statement translated from Latin: “Indeed, the forms of tho 
meridians, as,uscd till now by geographers, on account of their curvature and their 
convergence to each other, are not utilizable for navigation.” 

A c o m e  can be laid off from starting point and measured at  any meridian along tho 
line, and the border scale of a Mercator chart can be divided as minutely as desirable, 
leaving the body of the chart free from further subdivisions, such as are frequently 
necessary where one or both systems of reference lines are curved. 

The latitude and longitude of any placc are readily found from its position on the 
map, and the convenience of plotting points or positions by straightedge across the map 
from corresponding border divisions preven ts’errors, especially in navigation where two 
systems of psojection cover the same locality. This cannot be done on any other pro- 
jection in common use. 

A compass course may be carried by parallel ruler from a compass rose to any part 
of the chart without error, and the side borders furnish a distance scale ao convenient to 
all parts of the chart, as described in the chapter on “Construction of a Mercator Pro- 
jection,” page 117. 

From the nature of the projection any sufficiently narrow belt of latitude in any 
part of the wosld, except polar regions only, enlarged or reduced to a desired scale, 
represents true form for the ready use of the locality it represents. All Mercator charts 
being similarmat~iematically, when broughc to similar scales on a common latitude, will 
fit in their relationship to one another, and adjacent chartg of uniform latitude scale will 
join exactly and will remain oriented when joined. 

In  a series of charts it may be convenient to have them all on such scales that the 
overlaps will agree, and this can best be attained by adopting the same longitude scale 
for the series. 

In  connection with latitude bands and longitude tiers covering the large commercial 
area of the world on the smaller scales, a uniform longitude scale may offer an advantage 
in tho use of the Mercator system as based on the equator. Adjoining charts, north or 
south, will differ in scale only, but continuity of conformality will bo maintained. 

The Mercator projection with its nautical literature, tables, and devices, provides 
a complete and satisfactory system of navigntion and, through centuries of use, has 
attained a status and popularity that is well established. The projection provides for 
longitudinal repetition so that continuous commercial routes, east or west, around the 
world may be completely shown on one map, and it avoids the discontinuities or breach 
of orderly arrangement seen in many other world maps, noticeably the so-called inter- 
rupted projections. , 

Finally, for a nautical chart, especially in ocean navigation as contrasted with coast- 
wke navigation, the Mercator projection has stood the test of time and has acquired the 
momentum of success, largely due to the convenience of having one system in use by all 
nations. 

In view of the frequent misunderstanding of the properties of this projection, a few 
words aa to its truo merits may be appropriate. I t  is by no means an equal-area repre- 

smaller mle cherts, 8 dl~grmmatlc scale can be pleood on the charta, glvlng the scale for varlow 18tItudcS. 
The border latitude scale will mensure the correct distance in the correspondlng letitude. If mtaolently Important on the 

< .  
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sentation, and the mental adjustment to moot this idea in a map of the world has caused 
unnecessary abuse in ascribing to it properties that are peculiarly absent. But there is 
this distinction between it and others which give greater accuracy in the relative size 
and outline of countries-that, while the latter may serve as a basis for geographic and 
engineering purposes, the Mercator projection, and it alone, in its special delineation, 
has tho invaluable property that a ship’s track under a constant coursc from any point. 
is a straight line on the chart; it can be laid off with accuracy and ease, and position can 
be readily ascertained. I t  is, therefore, a ‘convenient working base-a projection that 
meets certain requirements of navigation and has a world-wide use. 

The Mercator projection with scde continuously increasing, when extended beyond 
60’ of latitude, or even 40° of latitude, shows distances and areas seriously exaggerated, 
and critics invariably cite Greenland and Alaska. The remosk has been made that it 
places “Alaska too fnr north.” This observation after all is not so far-fetched when y e  
consider that at 60°, the scale of proportion is increased loo%, and the corresponding 
distances and areas proportionally increased. Granting that the latter are enlarged 
relatively when sections of the map Mering in latitude are compared, an intelligent 
use of the marginal scale will d e h e  these quantities for any limited section. In  many 
other projections the scale is not even uniform about a given point, the scale at the 
point depending upon the azimuth of a line. 

Thejncrements in meridional parts must not be considered as an error of t.he sys- 
tem of projcetion but as entirely due to an orderly change of scale, and when in long 
lines the apex or several points of a great circle are transferred from a gnomonic to a 
Mercator projection, thgmggurement of dist-tgceEmust, be mads .aloggth_c-p@h-of ,the.. 

- great -’ circle instead-0L-h- the memuring unit changing with the latitude. 
These measuring or “stepping units” can better be obtained from a horizontal diagram- 
matic scale based on the different latitudes. 

When the p e a t  circle becomes a curved -__I__ line on the Mercatorprojection I 

~ 

2.. it ~ ma _-. Y . seem . .  
paradoxical that the me&&ed distance between two points should ___. be shorter along-th; - . 

c---. curved . . .. (great-circle) _. . - . . - line . than . . . . . . along . the straight (rhumb) line. The fact is that, in the 
higher latitudes, where - the __ great circle falls above the .rLumli ~ ~ e , - t ~ ~ ~ ~ e p ~ ~ g - u ~ ~ s - - -  

m & c u r v o b e c o m e  greater than those along the straight lifiqEidthem-easiir’6d 
distance is thereby decreased. 

In  many other projectio& when extended tdo far, forms and positions of regions 
may be distorted so much, on account of the oblique incidence of meridians and parallels, 
that true relations cannot be maintained or measured. 

L----- 

, ,. - .-.....-.~~-.---..---..----.--.-__._I-___.____ I_..-..-__. -- ---- - -. . - . . 

MERCATOR PROJECTION IN HIGH LATITUDES 

In latitudes above 60°, where the meridional parts of a Mercator projection 
increase rather rapidly, charts covering considerable area may be constructed advan- 
tageously on a Lambert conformal projection, if the locality has a predominating 
east-and-west extent; and on a polyconic projection, or rt transverse Meroator, if the 
locality has predominating north-and-south dimensions. In regard to suitable projec- 
tions for polar regions, see page 155. 

DifEculties in navigation in the higher latitudes, often ascribed to the use of the 
Mercator projection, have in some instances been traced to unreliable positions of land- 
marks due to inadequate surveys and in ,other instancea to the application of corrections 
for variation and deviation in the wrong direction. 
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For purposes of navigation in the great commercial area of the world the Mercator 
projection has the indorsement of all nautical textbooks and nautical schools, and its 
employment by maritime nations is universal. It is estimated that of the 15,000 or 
more different nautical charts published by the various countries not more than 1 per 
cent are constructed on a system of projection that is noticeably different from Mercator 
chart?. 

The advantages of the Mercator system over other systems of projection are evi- 
dent in nautical charts of small scale covering extensive areas, 81 but the larger the 
scale the less important these differences become. In harbor and coast charts of the 
United States of scales varying from 1:10,000 to 1:80,000 the difference of the various 
types of projection is almost inappreciable. 

This being the case, there is a great practical advantage to the mariner in having 
one uniform system of projection for all scales and in avoiding a sharp break that would 
require successive charts to be constructed or handled on different principles a t  a point 
where there is no definite distinction. 

The use of the Merccltor projection for nautical charts by the U. S. Coast and 
Geodetic Survey is, therefore, not due to the habit of continuing an old system, but to 
the desirability of meeting the special requirements of the navigator. It was adopted 
by this Bureau after much deliberation, and remodeled charts appeared in 1911, 
superseding the polyconic projection formerly employed. 

The middle latitudes employed by the U. S. Coast and Geodetic Survey in the 
construction of charts on the Mercator system, are as follows: 

Coast a'nd harbor charts, scales 1:80,000 and larger, are constructed to the scale 
of the middle latitude of each chart. This series includes 86 coast charts of the Atlantic 
and Gulf masts, each on the scde f:80,000. The use of these chai'ts in series is prob- 
ably less important than their individual local use, and the slight break in scale between 
'adjoining charts will probably cause less inconvenience than would the variation in the 
scale of the series from 1:69,000 to 1:88,000 if constructed to the scale of the middle 
latitude of the series. 

General charts of the Atlantic coast, scale 1 :400,000, are constructed to the scale 
of latitude 40°. The scales of the different charts of the series are therefore variant, 
but the adjoining charts join exactly. , This applies likewise to the following three groups: 

General charts of the Pacific coast, San Diego to Strait of Juan de Fuca, are con- 
' structed to the scale of 1 :200,000 in latitude 41O. 

General charts of the Alaska coast, Dixon Entrance to Unalaska Island, are con- 
structed to the scale of 1 :200,000 in latitude 60'. 

General sailing charts of the Pacific coast, S& Diego to the western limit of the 
Aleutian Islands, are constructed to the scde of 1 : 1,200,000 in latitude 48'. 

Some of the older charts still issued on the polyconic projection will be changed to 
the Mercator system as soon as practicable. Information as to the construction of 
nautical charts in this Bureau is given in Rules and Practice, U. S. Coast and Geodetic 
Survey, Special Publication No. 66. 

It has frequently been stated in treatises on geography and elsewhere that the 
Macator projection is a projection upon a cylinder tangent at the equator. This 
hes caused many to think of it as a perspectivo or geometric projection upon the cylh- 

w o n  is obvious to the eye and affelects the method of u l n g  the ohm. Latitude can not be Carried farm psrpendlouler to the 
or west Mdcs In any of the Conic projeotlons. 

' 

I t  On wall eade charts ln tho mlddle or higher latitudes, the dlllarenca between the Mercator and Lambert or polyoonlo pm. 
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der with all the projecting lines radiating from the center of the sphere. They do 
not. In the Mercator projection of the sphere the scale iricreases as the secant of 
the latitude; in the cylindrical perspective projection i t  increases as the square of the 
secant of the latitude. The distance of any point of the map in the latter projection 
is given by s=a tan 4; hence by the calculus, 

0 

In the Mercator the lengths of all arcs of the parallels are kept equal and the 
same as on the equator; 'hence the scale along the parallels is sec t$ of the ,respective 
parallels; and since the scale is constant a t  a point, the scale along the meridian a t  
the point is also equal to the secant of the latitude of the point, and not seta tp as in 
the perspective projection. 

It is thus misleading to speak of the tangent cylinder in connection with the 
Mercator projection, and it is better to discard all mention of its relation to a cylinder 
and to view it entirely as a conformal projection upon a plan;. As stated before, i t  is 
derived by mathematical analysis. The distances of the various parallels depend upon 
an integral, and the required values are not obtained by any simple formula. 

FURTHER OBSERVATIONS ON THE MERCATOR PROJECTION 
* The two errors, to one or both of which all map projections are liable, are changes 

of area and distortion as applying to portions of the earth's surface. The former error 
is well illustrated in a world map on the Mercator projection where a unit of area at  
the Equator is represented by an area approximating infinity as we approach the pole. 
Errors of distortion imply deviation from right shape in the graticules or network of 
meridians and parallels of the map, involvink deformation of angles, curvature of 
meridians, and errors of distance, bearing, or area. 

In the Mercator projection, however, as well aa in the Lambert conformal conic 
projection, the changes in scale and area cannot truly be considered as distortion or aa 
errors. A mere alteration of scale or size in the same ratio in all directions is not 
considered distortion or error. These projections being conformal, both scale and 
area are correct in any restricted locality when referred to the scale of that locality, 
but as the scale varies with the latitude large areas are not relatively correct in repre- 
sen ta tion. 

There is one important feature in particular, however, in which the Mercator 
projection does not respond directly, and that is in the plotting of radio bearings to 
or from a distant point. A0 the path of radio signals is a great circle, it becomes 
necessary to convert true bearings to mercatoria1 bearings. This may be done by 
means of conversion tables, such as are given in the Coast Pilots of the U. S. Coast and 
Geodetic Survey, and in Radio Aids to Navigation, U. S. Navy Department, Hydro- 
graphic Office, 1939, Vol. 1, pp. 9-15. 

> <  

MERCATORIAL CORRECTIONS 
It is evidently necessary to determine carefully the pius or minus corrections to 

directional bearings on a Mercator chart, and, in view of the increasing speed of air- 
planes, the question arises whether time is ordinarily available for the tapplioation ,of 
mercatoria1 corrections in air navigation. The arguments wed in the conversion 
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table are the middle latitude and the difference of longitude between the plane’s dead- 
reckoning position and that of the radio station. The sign of the correction is additive 
or subtractive, depending upon the plane’s position, westward or eastward of the radio 
station, and other varying conditions. 

The possibility of applying the sorrection on the wrong side calls for methods 
making the benefits of great-circle navigation readily available a t  a critical time. 

I t  is evident from numerous experiments and years of pract’ical use that the auto- 
matic or self-contained safety properties embodied in the Lambert projection avoid 
confusion and are sufficiently accurate for air-navigation puFposes, and thaf the utility 
of the Mercator projection in many instances is lessened comparatively thereby. 

Other comparisons of the Mercator projection with the Lambert projection for 
aeronautical charts appear in the R6sum6, pp.193, 200. 

One of the main differences between the Mercator system and that of the Lambert 
or other conic projections consists in laying off courses. In  the former system, it is 
customary to base the course upon the meridian of origin; in the other systems, a true 
course.angle is measured with the meridian nearest half-way along the course. The 
two methods are equally good, but they do not begin the same way. 

. The use of the gnomonic projection as an intermediate device in plottingpdio 
bearings, does not ordinarily simplify the solution. On account of the angular distor- 
tion in a gnomonic projection, a specially computed rose (except at the point of. tan- 
gency) is necessary in order to obtain a true bearing or azimuth from a station. The 
problem may be simplified either by including on the gnomonic chart compass roses 
computed f6r important stations, or by supplying for the stations on any particular 
chart the Gnomonic azimuth tables, such aa are given in Special Publication No. 75, 
Radio-Compass Bearings, U. S. Coast. and Geodetic Survey. 

DERIVATION OF THE FORMULAS FOR THE COORDINATES OF THE 
MERCATOR PROJECTIONaz 

The Mercator projection is a conformal projection which must be derived by 
mathematical analysis. The Equator is represented by a straight line true to scale 
and the meridians are represented by straight lines perpendicular to the line represent- 
ing the Equator, being equally spaced in proportion to their actual distances apart 
Gpon the Equator. The parallels are represented by a second system of parallel lines 
perpendicular to the family of lines representing tho meridians; or, in other words, 
they are straight lines parallel to the line representing the Equator. The only thing 
not yet determined is the spacings between the lines representing the parallels; or, 
what amounts to the same thing, the distances of these lines from the Equator. 

Since the projection is conformal, the scale at any point must be the same in all 
directions. When the parallels and meridians are represented by lines or curves that 
are mutually perpendicular, the scale will be equal in all directions at a point, if the 
scale is the same along the parallel and meridian at that point. In the Mercator pro- 
jection the lines representing the parallels are perpendicular to the lines representing 
the meridians. In order, then, to determine the projection, we need only to introduce 
the condition that the scale along the meridians shall be equal to the scale along the 
parallels. 

*rThls projectlon should not be Interprotad 88 a porspeotlve projectlon lrom the center of the spheroid upon a tangent cyllnder 
as is erroneously atatod in certain treatises of geography. The dlstanoes of tho varlous parallels from the Equator depend upon 811 
integral and the requlred value 18 not obtelned from any simple formula. 
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An element of length along a parallel is equal to the expression , 

a cos 4 dX 
(1 - 2 sin2 4) 1'2' 

dp = 

in which a. is the equatorial radius, cp the latitude, X the longitude, and c the eccentricity. 
For the purpose before us we may consider that the meridians are spaced equal to 

their actual distances spart upon the earth at the Equator. In  that case the element 
of length d p  along the parallel will be represented upon the map by a dX, or the scale 
along tbe parallel will be given in the form 

An element of length along the meridian is given in the form 

dm=------. u (I-€') d4 
(1 - e2 sin2 4) 3p 

Now, if ds is the element of length upon the projection that is to represent this element 
of length along the meridian, we must have the ratio of dm to ds equal to the scale 
along the parallel, if the projection is to be conformal. 

- Accordingly, we must have 
a (1-2) & cos q5 

ds -ds (1 -e2 s i n 2  4 3 / * =  (1 - 2 s i n 2  +yp' 

a (1-2) & 
(1-2 sin2 4) cos 4' , 

ds= 

Tho distance of the parallel of latitude'4 from the Equator mu& be equal to the 
integral 

a (1-2)  dc#l 
(1-8 sin' 4) cos rjJ 

-€cos 4drjJ ae € C O S  9 o?#J - -ap!L C O S $ + 2  af l - e s i n +  --l 2 l + r s i n q 5  

6 0 0 1 0 6 " 4 6 - 8  
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On integration this becomes 
4 a-e 

8=a log, sin (:+3)-a log, cos (:+$)+? loges (I--e sin + I - ~  log, ( I+€ 

=a log, tan (:+$)+? log, ( l ~ - e  1 € S i n +  sin +) 
=a log, [tan (;+$) --e sin sin J?. + 

The distance of the meridian X from the central meridian is given by the integral 

=ah. 

The coordinates of the projection referred io the intersection of the central meridian 
and the Equator as origin are, therefore, given in the form 

L3 ( 1  ' F) x=aX;,  ____. 

In U. S. Coast and Geodetic Survey Special Publication No. 67, the isometric or 
conformal latitude is defined by the expression 

or, if 

tan -=tan z t. . ( l+-ecOspy* 
2 l--e cos p - 

With this value we get 
2 y=a log, cot -, 2 

or, expressed in common logarithms, 

a 2 
2 y = a  log cot -, 

in which M is the modulus of common logarithms. 

M=0.4342944819, 

log M=9.6377843113-10. 

A table for the isometric colatitudes for every half degree of geodetic latitude 
is given in U. S. Coast and Geodetic Survey Special Publication No. 67. 
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The radius a is usually expressed in units of minutes on the Equator, 
or 

10800 a=------) , 
A 

log a=3.5362738828, 

log (6)=3.8984895715. 

log y=3,8984895715+10g 

or9 
z y=7915'.704468 log cot 

The value of z now becomes 
10800 x=- 

. ? r  

with X expressed in radians; 
or, 

s=x, 

with X expressed in minutes of arc. 
The table of isometric latitudes given in U. S. Coast and Geodetic Survey Special 

Publication No. 67 was computed for the Clarke spheroid of 1866. If it is desired to 
compute values of y for any other spheroid, the expansion of y in series must be used. 
In this case 

y=7915'.704468 log tan (;-I-$) 
I 

) t' €6 €8 
-343Y.747 2 sin 4+3 sin8 4+5 sin', ++- 7 s in7  ++ . . . , ( 

or, in more convenient form, 

. y=7915'.704468 log tan (2+$)-3437'.747 P + a + g + a +  . . . .) sin 4 [( e' 5;8 

1 -(&+,+,+ ea 3 8  . . .) sin 34+(&+&+ . . :) sin 60-(m+ P . . .) sin 74 . .  . 
If the given spheroid is defined by the flattening, c2 may be computed from the 

formula 

in which j is the.flattening. 

in closed form, as follows: 

P = 2 f - f )  

Theperks for y in the sines of the multiple arc8 c k  be written with coefficients 

y=7915'.704468 log tan (:+$)-3437'.747 Sin 4 - 3  sin 34 

+g sin 54--$ sin 7fp+ . . . .)# 
I 

in which j denotes the flattening and e the eccentricity of the spheroid. 
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DEVELOPMENT OF THE FORMULAS FOR THE TRANSVERSE MERCATOR 
PROJECTION 

The expressions for the coordinates of the transverse Mercator projection can be 
determined by a transformation performed upon the sphere. i f ,p  is the great-cbcle 
radial distance, and w is the azimuth reckoned from a given initial, the transverse 
Mercator projection in terms of these elements is expressed in the form 

x=a w, 

P 
2 y=a log, cot -* 

But, from the transformation triangle (Fig. 69 on page 151), we have 
COS p=sin a sin ++COS a COS + COS X, 

COS a sin +-sin a cos + cos X, 
sin h cos + tan w =  

in which CY is the latitude of the point that becomes the pole in the transverse projection. 
. By substituting these values in the equations above, we get 

cos a sin +-sin CY cos + cos h 
sin X cos + -> z=a tan-l 

and 

l+sin a sin ++cos a cos + cos h . 
lr 

) 2 loge(l--sin a sin +-cos a cos + cos h 
a -_ - 

If we wish the formdas to yield the usual values when a converges to 2~ we 

must replace X by A-2 or, in other words, we must change the meridian from which 

X is reckoned by With this change the expressions'for the coordinates become 

7r 

?r 

) ( cos + cos x 

>, Y=mIog ( 1-sin a sin +-cos a cos + sin x 

sin a cos 4 sin h-cos a sin + 
l+sin a sin ++cos a cos 

x = a  tan-' 

sin X . ( 1-sin a sin +-cos CY cos + sin X ) a y=2 log, 

With common logarithms the y coordinate becomes 

a l+sin a sin ++cos a cos + sin x 

in which M is the modulus of common logarithms. 
A study of the transverse Mercator projections waa made by A. Lindenkohl, 

U. S. Const and Geodetic Survey, some years ago, but no charts in tho modified form 
have ever been issued by this office. 
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In a transverse position the projection loses the property of straight meridians 
and parallels, and the loxodrome or rhumb l i e  is no longer a straight l i e .  S i c e  
the projection is conformal, the representation of the rhumb line must intersect tho 
meridians on the map a t  a constant angle, but as the meridians become curved 
lines the rhumb line must also become a curved line. The transverse projection, 
therefore, loses this valuable property of the ordinary Mercator projection. 

The distortion, or change of scale, increases with the distance from the great 
circle which plays the part of the Equator in the ordinary Mercator projection, but, 
considering the shapes and geographic location of certain areas to be charted, a 
transverse position would in some instances give advantageous results in the prop- 
erty of conformal mapping. 

CONSTRUCTION OF A MERCATOR PROJECTION 

On the Mercator projection, meridisns are reprnsented by parallel and equidistant 
straight lines, and the parallels of latitude are ropresented by a system of straight 
lines a t  right angles to the former, the spacings between them conforming to the 
condition that at every point the angle between any two curvilinear elements upon 
the sphere is represented upon the chart by an equal angle between the representa- 
tives of these elements. 

In order to retain tho correct shape and comparative size of objects as far  as 
possible, i t  becomes necessary, therefore, in constructing a Mercator chart, to increase 
every degree of latitude toward the pole in precisely the same proportion as the 
degrees of longitude have been lengthened by projection. 

TABLES 

The table beginning on page 125 is that appearing in Trait6 d’Hydrographie by 
A. Germain, 1882, Table XIII. Attention is called to the paragraph on page 124 
in regard to a more recent table published by the Intwmtional Hydrographic Bureau. 

The outer columns of minutes givo the notation of minutes of latitude from the 
Equator to 80’. 

The column of meridional distances gives the total distance of any parallel of 
latitude from the Equator in terms of a minute or unit of longitudo on the Equator. 

The column of dijerences gives the value of 1 minute of latitude in torms of a 
minute or unit of longitude on the Equator; thus, the length of any minute of latitude 
on the map is obtained by multiplying the length of a minute of longitude by the value 
given in the column of differences between adjacent minutes. 

The first important step in the use of Mercator tables is to note the fact that a 
minute of longitude on the Equator is tho unit of measurement and is uscd ns an ex- 
pregsion for the ratio of any, one minute of latitude to any other. The mothod of 
construction is simple, but, on account of different types of scalos employed by different 
chnrt-producing establishments, it is desirable to present two methods: (1) The 
diagonal metric scale method; (2) the method similar to that given in Bowditch’s 
American Practical Navigator. 
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DIAGONAL METRIC SCALE METHOD AS USED IN THE U. S. COAST AND GEODETIC SURVEY 

Draw a straight line for a central meridian and a construction line perpendicular 
thereto, each to be as central to the sheet as the selected interval of latitude and 
longitude will permit. To insure greater accuracy on large sheets, the longer line of 
the two should be drawn b t ,  and the shorter line erected perpendicular to it. 

Eraample: Required a Mercator projection, Portsmouth, N. H., to Biddeford, Maine, 
extending from latitude 43' 00' to 43' 30'; longitude 70' 00' to 71' 00', scale on 
middle parallel 1:400,000, projection interval 5 minutes. 

The middle latitude being 43' 15', we take as the unit of measurement the true 
value of a minute of longitude. This is given in U. S. Coast and Geodetic Survey 
Specid Publication No. 5 entitled Tables for a Polyconic Projection of Maps and 
Lengths of Terrestrial Arcs of Meridian and Parallels (general spherical coordinates 
not being given in the Germain tables). Entering the proper column on page 96, 
we find the length of a minute of longitude to be 1353.5 meters. 

As metric diagonal scales of 1:400,000 are neither available nor convenient, we 
ordinarily use a scale 1:10,000; this latter scale, being 40 times the former, the length 
of a unit of measurement on it will be one-fortieth of 1353.5, or 33.84. 

Lines representing 5lminute intervals of longitude can now be drawn in on either 
side of the central meridian and parallel thereto at intervals of 5X33.84 or 169.2 apart 
on the 1:10,000 scale. (In practice it is advisable to determine the outer meridians 
h t ,  30 minutes of longitude being represented by 6 X  169.2, or 1015.2; and the 5-minute 
intervals by i69.2, successively.) 

THE PARALLELS OF LATITUDE 
The distance between the bottom parallel of the chart 43' 00' and the next 5-minute 

pardel-that is, 43' 0 5 I - d  be ascertained from the Mercator tables by taking the 
difference between the values opposite these parallels and multiplyhg this Werence 
by the unit of moasurement. Thus: 

6.8 16 multiplied 
to 43'05'. 

follows : 
The spacings of 

I I I 

by 33.84=230.6, which is the spacing from the bottom parallel 

the other 5-minute intervals obtained in the same way are as 



6952 

, 

692.9 

FIQ. 63.-Mercator projection-construction plate. 
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From the central pardel,  or 43'15') the other parallels can now be stepped 
off and drawn in as straight lines and the projection completed. Draw then the 
outer neat lines of the chart at a convenient distance outside of the inner neat lines 
and extend to them the meridians and parallels already constructed. Between the 
inner and outer neat lines of the chart subdivide the degrees of latitude and longitude 
as minutcly as the scale of the chart will permit, the subdivisions of the degrees of 
longitude being found by dividing the degrees into equal parts; and the subdivisions 
of the degrees of latitude being accurately found in the same manner as the 5-minute 
intervals of latitude already described, though it will generally be sufficiently exact 
on large-scale charts to make even subdivisions of these intervals of latitude, as in 
the case of the longitude. 

In  northern latitudes, where the meridional increments are quite noticeable, 
care should be taken so as to have the latitude intervals or subdivisions computed 
with sufficient closeness, so that their distances apart will increase progressively. 

The subdivisions along the eastern, as well as those along the western neat l i e ,  
will serve for measuring or estimating terrestrial distances. Distances between 
points bearing north and south of each other may be ascertained by referring them 
t.0 the subdivisions between their latitudes. Distances represented by lines (rhumb 
or loxodromic) at an angle to the meridians may be measured by taking between 
the dividers a small number of the subdivisions near the middle latitude of the line 
to be measured, and stepping them off on that line. If, for instance, the terrestrial 
length of a line running at an angle to the meridians, between the parallels of latitude 
24'00' and-29'00' be required, the distance shown on the neat space between 26'15' 
and 26'45' (=30 nautical milos)33 may be taken between the dividers and stepped 
off on that line. A n  oblique line of considerable length may well be divided into 
parts and each part referred to its middle latitude for a unit of measurement. 

To CONSTRUCT A MERCATOR PROJECTION BY A METHOD SIMILAR TO TEAT GIVEN IN 
BOWDITC~S AMERICAN PRACTICAL NAVIGATOR 

If the chart includes the Equator, the values found in the tables will serve directly 
as factors for any properly divided diagonal scale of yards, feet, meters, or miles; 
these factors to be reddced proportionally to the scale adopted for the chart. 

If the chart does not include the Equator then the parallels of latitude should 
be referred to a principal parallel, preferably the central or the lowest parallel to be 
drawn upon the chart. The distance of any other parallel of latitude from the principal 
parallel is the difference of the values of the two taken from the tables and reduced 
to the scale of the chart. 

If, for example, it be required to construct a chart on a scale of one-fourth of an 
inch to 5 minutes of arc on the Equator, the minute or unit of measurement will be 
% of % inch, or go of an inch, and 10 minutes of longitude on the Equator (or 10 meri- 
dional parts) will be rcpresented by *5ho or 0.5 inch; likewise 10 minutes of latitude 
north or south of the Equator will be represented by X 9.932 or 0.4966 inch. The 
value 9.932 is the difference between the meridional distances as given opposite latitudes 
Oo 00' and 0' 10'. 

JI Strictly spcaklng, a minuto of latltudo Is equal to a nautical mile in latitude 48" 16' only. Tho lcngth of a mlnute of latitude 
varles from 1842.8 meters at the Equator to 1881.7 meters at tho pole. 
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If the chart docs not include the Equator, and if the middle parallel is latitude 
40°, and the scale of this parallel is to be one-fourth of an inch to 5 minutes, then 
the measurement for 10 minutes on this parallel will bo the same as before, but the 
measurement of the interval between 40' 00' and 40' 10' will bo %o X 13.018, or 
0.6509 inch. The value 13.018 is the difference of the mericlionul distances as givon 
opposite these latitudes, i. e., the difference between 2620.701 and 2607.683. 

(It may often be expedient to construct a diagonal scale of inches on the drawing 
to facilitate the construction of a projection on the required scale.) 

Sometimes it is desirable to adapt the scale of a chart to a certain allotment 
of paper. 

Example: Let a projection be required for a chart of 14' extent in longitude 
' between the parallels of latitude 20' 30' and 30' 25', and let the space allowable on 

the papor between these parallels be 1 - w .  
Draw in the center of the sheet a straight line for the central meridian of the 

chart. Construct carefully two lines perpendicular to tho central meridian and 
10 inches apart, one near the lower border of the sheet for parallel of latitude 20° 30' 
and an upper one for parallel of latitude 30' 2 5 ' ~ '  

Entering the tables in the column meridional distance we find for latitude 20' 
30' the value 1248.945, and for latitude 30' 25' the value 1905.488. The differ- 
ence, or 1905.488-1248.945=656.543, is the value of the meridional arc between 
these latitudes, for Ghich 1 minute of arc of the Equcbtor is taken as a unit. On. 

10 in. the projection, therefore, 1 minute of arc of longitude will measure 656.543- -0.0152' 

inch, which will be the unit of measurement. By this quantity all the values derived 
from the table must be multiplied before they can be used on a diagonal scale of inches 
for this chart. 

As the chart covers 14' of longitude, the 7' on either side of the central meridian 
will be represented by 0.0152X60X7, or 6.38 inches. These distances can be laid 
off from the central meridian east and west on the upper and lowor parallel. Through 
the points thus obtained draw lines parallel to the central meridiai, and these wi l l  
be the eastern and western neat lines of the chart. 

In  order to obtain the spacing, or interval, between the parallel of.latitude 
21' 00' and the bottom parallel of 20° 30', we find the difference between their 
meridional distances and multiply this difference by the unit of measurement, which 
is 0.0152. v 

Thus: (1280.835 -1248.945) X0.01,52 
or31.890X0.015$=0.485 inch. 

On the threo meridians already constructed lay off this distance from the bottom 
parallel, and through the points thus obtained draw a straight line which will be tho 
parallel 21' 00'. 

Proceed in the same manner to lay down all the parallels answering to full degrees 
of latitude; the distances for 22', 23', and 24' from the bottom parallel will be, re- 
spectively: 

0.01 52 X (1344.945- 1248.945) = 1.459 inches 
0.0162X (1409.513-1248.945) =2.441 inches 
0.0152X (1474.566-1248.945) =3.429 inches, etc. 
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Finally, lay down in the same way the parallel 30’ 25/, which will be the northern 
inner neat line of the chart. 

A degree of longitude will measure on this chart 0.0152X60=0.912 inch. Lay 
off, therefore, on the lowest parallel of latitude, on the middle one, and on the highest 
parallel, measuring from the central meridian toward either side, the distances 0.912 
inch, 1.824 inches, 2.736 inches, 3.648 inches, etc., in order to determine the points 
where meridians answering to full degrees cross the parallels drawn,on the chart. 
Through the points thus found draw the strdght lines representing the meridians. 

If it occurs that a Mercator projection is to be constructed on a piece of paper 
where the size is controlled by the limits of longitude, the cme may be similarly treated. 

CONSTRUCTION OF A TRANSVERSE MERCATOR PROJECTION FOR THE 
SPHERE 

The Anti-Gudermannian table given on pages 309 to 318 in “Smithsonian Mathe- 
matical Tables-Hyperbolic Functions” is really a‘ table of meridional distances for 
the sphere. By use of this table an ordinary Mercator projection can be constructed 
for the sphere. Upon this graticule tho transverse Mercator can be plotted by use 
of the table, “Transformation from geographical to azimuthal coordinates-Center 
on the Equator” given in U. S. Coast and Geodetic,Survey Special Publication No. 67, 
“Latitude Developments Connected with Geodesy and Cartography, with Tables, 
Including a Table for Lambert Equal-Area Meridional Projection.’’ 

Figure 64 shows such a transverse Mercator projection for a hemisphere; the pole 
is the origin and the horizontal meridian is the central meridian. Tho dotted lines 
are the lines of the original Mercator projection. Since the projection is turned 90’ in 
azimuth, the original meridians are horizontal lines and the parallels are vertical 
lines, the vertical meridian of the transverse projection being the Equator of the 
original projection. The numbers of the meridiw in the transverse projection are 
the complements of the oumbers of the parallels in the original projection. The same 
thmg is true in regard to the parallels in the transverse projection and the meridians 
in ’the original ptojection. That is, where the number 20 is given for the transverse 
projection, we must read 70 in the original.projection. 

The table in Special Publication No. 67 consists of two parts, the b t  part giving 
the values of the azimuths reckoned from the north and the second part giving the 
great-circle central distances. From this table we get for the intersection of labitude 
10” with longitude lo”, 

O f #  

azimuth . =44 33 41.2 
radial distance= 14 00 21.6 

To the nearest minute theseabecome 
a=44’ 34’ 
(=14 06 , 

The azimuth becomes longitude in the original projection and is laid off upward 
from the origin, or the point marked “pole” in the figure. The radial distance is 
the complement of the latitude on the original projection; hence the chosen inter- 
section lies in longitude 44” 3.4’ and latitude 75” 64‘ on the original projection. It 
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can be seen from the figure that there are three other points symmetrically situated 
with respect to this point, one in each of the other three quadrants. If the inter- 
sections in one quadrant are actually plotted, the other quadrants may be'copied 
from this construction. Another hemisphere added either above or below will com- 
plete the sphere, with the exception, of course, of the part that passes off to infinity., 

In practice the original projection need not be drawn, or, if it is drawn, the lines 
should be light pencil lines used for guidance only. If longitude 44' 34' is laid off 
upward along a vertical line from an origin, and the meridional distance for 75' 54' 
is laid off to the right, the intersection of the meridian of 10' with the parallel of 10' 
is located upon the map. In a similar manner, by the use of the table in Special 

FIG. 64,--Trrmsvorae Mercator projection, oonstruction plate. 

Publication No. 67, tho other intersections of the parallel of 10' can be located; then 
a smooth curve drawn through these points so determined will be the parallel of loo." 
Also the other intersections of tho meridian of 10' can be located, and a smooth curve 
drawn through these points wi l l  represent the meridian of 10'. 

The table in Special Publication No. 67 gives the intersections for 5' intervals in 
both latitude and longitude for one-fourth of a hemsiphere. This is sufiicient for the 
wnstruction of one quadrant of the hemisphere on the map. As stated above, the 
remaining quadrants can either be copied from this construction, or the values may be 
plotted from the consideration of symmetry. In  any case figure 64 will serve as a 
guide inithe process of construction. 
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In  the various problems of conformal and epuul-area mapping, any solution that will 
satisfy the shapes or extents of the areas involved in the former system has generally a 
counterpart or natural complement in the latter system. Thus, where we map a given 
locality on the Lambert conformal conic projection for purposes of conformality, we 
may on the other hand employ the Albers projection for equal-area representation of 
the same region; likewise, in mapping a .hemisphere, the stereographic meridional pro- 
jection may be contrasted with the Lambert meridional projection, the stereographic 
horizon projection with the Lambert zenithal; and so, with a fair degree of accuracy, 
the process above described will give us conformal representation of the sphere suited 
to a zone predominating meridional dimensions as a counterpart of the Bonne system 
of equal-area mapping of the same zone. 

MERCATOR PROJECTION TABLE 
[Reprinted !Am TraM d’Ilydrographio, A. Germah, Ingbniour Hydrographe de la Marine, Parls, MDCCCLXXXII, to latitudo 

80” on1y.J 

NOTE 

It is observed in this table that the meridional differences me irregular and that 
second differences frequently vary from plus to minus. The tables might well have 
been computed to one more place in decimals to insure the smooth construction of a 
projection. 

In  the use of any meridional distance below latitude 50’00’ the following process 
will eliminate irregdariti& in thc construction of large scale maps and is within scaling 
accuracy: 

mean, thus: 
To any meridional distance add the one above and the one below and take the 

Meridional 1 1 dlstanws. 1 
!B 30 ’ 1780.R77 
28 37 1782.011 

5342.633 
-__ 

Tho mean to be uscd for latitude %io 30’ is 1780.8777 

In  the oeginal publication of these tables the author stated that they were com- 

puted for an ellipsoid of a compression 294- As a matter of fact they were computed 
with the value of e2=0.006785. 

1 

1 This makes the compression slightly less than -- 294 
Although the tables of meridional distances, here given to three places of decimals, will serve for 

the construction of Mercator projections with sufficient accuracy for all practical purposes, it is rec- 
ommended that the following publication be used to avoid the necessity of occasional interpolation: 
International Hydrographic Bureau, Special Publication No. 21, Monaco, 1928. These tables give 
the Meridional Purl8 to five places of decimal8 for every sexagesimal minute calculated for compres- 

sion=- (Ellipsoide International, Madrid, 1924) ; also tables of corrections for conversion t9  Bessel’s 

Ellipsoid, rw well as to Clarke’s Ellipsoid, 1880. In  practice, how ever,^ it is found that the fifth place 
of decimals is unnecessary. 

1 
297 
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* 480.272 
461.274 
462.277 
463.279 
464.282 
465.284 
466.287 
467.289 

... 

996 
996 :;: 
997 

:i; 
996 
997 
996 

"9; 
997 , 

0.996 

gg6 

323.284 
324.281 
325.279. 
326.277 
327.275 

329.270 
330.268 
331.266 
332.264 
333.262 
334.260 
336.258 
336.258 
337.254 

328.273 

998 

i;: 
iii 

o. 998 
ii: ::: 

393.198 
394.198 
395.198 
396.198 
397.198 
398.198 
399.198 
400.198 
401.198 
402.198 

:;; ' 
gg6 

ft:; 

338.253 
339.251 

342.245 
E: E 

, 
1.001 
001 
001 
OOO 
001 
001 
001 
001 
001 
002 

1.001 
001 
001 
001 
002 
001 
001 
002 
001 
002 

1.001 
002 
002 
001 
002 
002 
002 
001 
002 
002 

1.002 
002 
002 
002 
002 
002 
002 
002 
002 
003 

1.002 
003 
002 
003 
002 
003 
002 
003 
002 
003 

1.003 
002 
003 
003 
003 
003 
003 
002 
003 

1.004 

.. 

;;; 
;;; 
gg7 

0.998 

iii 
;E 

0 
1 
2 
3 
4 
6 
6 
7 
8 
8 

10 
11 
12 
13 
14 
ls 
16 
17 
18 
19 
20 
21 
22 
23 
24 
26 
26 
27 
28 
28 
30 
31 
32 
53 
34 
35 
38 
37 
38 
39 
40 
41 
42 
43 
44 
46 
46 
47 
48 
48 
80 
61 
63 
68 
64 
66 
68 
81 
68 
6B 
60 - 

343.244 
344.242 
345.240 
346.239 
347.237 

;;:E 
350.233 
351.231 
362.230 

_ - _  

;;: 
999 :;: 

0.998 

iii 
;;; 

403.198 
404.199 
405.199 
406.199 
407.200 

;;:;E 
410.201 
411.202 
412.202 

ggg 
w9 

;;: 
o.w9 

413.203 
414.203 
416.204' 
416.205 
417.206 
418.206 
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1 
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!a 
2B 
80 
81 
82 
83 
34 
85 
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88 
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43 
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68 
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MERCATOR PROJECTION TABLE-Continued. 
[Meridional diatancesfor the spheroid. Ccaapreoslon & 

8 O  

Merldtaaal 
dlstanC8. 

478.321 
479.324 
480.327 
481.330 
482.333 
483.337 
484.340 
486.343 
486.347 
487.360 
488.364 
489.367 
490.361 
491.366 
492.369 
493.372 
494.376 
496.380 
496.384 
497.388 
498.392 
499.396 
600.400 
601.404 
602.408 
603.412 
604.416 
605.420 
606.424 
607.429 
608.433 
609.437 
610.442 
611.446 
612.461 
613.466 
614.460 
616.466 
616.469 
617.474 
618.479 
619.484 
620.489 
621.494 
622.499 
623.604 
624.509 
626.614 
626.619 
627.626 
628.630 
629.636 
630.640 
631.646, 
632.661 
693.667 
634.665 
636.668 
636.674 
637.680 
638.686 

, 
Xfkuence 

I 

1.003 
003 
003 
003 
004 
003 
003 
004 
003 
004 

1.003 
004 
004 
004 
003 
004 
004 
004 
004 
004 

1.004 
004 
004 
004 

5 004 
004 
004 
004 
006 
004 

1.004 
006 
004 
006 
004 
005 
006 
004 
006 
006 

1.006 
006 
006 
006 
006 
006 
006 
006 
006 
006 

1.006 
006 
.006 
006 
006 
008 
006 
006 
006 

1.006 - 

go 

MWidianal 
dlstmca 

638.686 
639.691 
640.697 
641.603 
642.609 
643.616 
644.621 
646.627 
646.693 
647.639 
648.646 
649.662 
660.668 
661.664 
662.671 
663.677 
664.684 
666.690 
666.697 
667.703 
668.710 
659.717 
660.724 
661.731 
662.737 
663.744 
664.761 
665.768 
666.766 
667.773 
668.780 
669.787 
670.796 
671.802 
672.809 
673.817 
674.824 
676.832 
676.830 
677.847 
678.866 
679.862 
680.870 
681.878 
682.886 
683.894 
684.902 
686.910 
686.918 
687.926 
688.934 
689: 942 

691.969 
692.968 
693.976 
594.986 
696.895 
697.002 
698.010 
599.019 

69o.061 

)iflerenca 

, 
1.006 
006 
006 
006 
006 
006 
006 
006 
006 
007 

1.006 
006 
006 
007 
006 
007 
006 
007 
006 
007 

1.007 
007 
007 
006 
007 
007 
007 
008 
007 
007 

1.007 
008 
007 
007 
008 
007 
008 
007 
008 
008 

1.007 
008 
008 
008 
008 
008 
008 
008 
008 
008 

1.008 
009 
008 
009 
008 
009 
008 
009 
008 

1.009 

loo 

I 

699.019 
600.028 
601.037 
602.046 
603.064 
604.063 
606.072 
606.081 
607.091 
608.100 
609.109 
610.118 
611.128 
612.137 
6113.146 
614.166 
616.166 
616.176 
617.186 
618.196 
619.204 
620.214 
621.224 
622.234 
623.244 
624.264 
626.264 
626.276 
627.286 
628.296 

629* 690.3 3P6 6 
631.326 
632.337 
633.347 
634.368 
636.369 
636.379 
637.390 
638.401 
639.412 
640.423 
641.434 
042.446 
04?. 466 
044. ,467 

646.489 
647.600 
648.612 
649.623 
660.636 
661.646 
662.668 
663.670 
664.681 
666.6Q3 

~ 666.606 
667.617 
668.629 
669.641 

646. 478 

, 
1.009 
009 
009 
008 
009 
009 
009 
010 
009 
909 

1.009 
010 
009 
009 

010 
009 
010 
010 
009 

1.010 
010 
010 
010 
010 
010 
011 
010 
010 
010 

1.011 
010 
011 
010 
011 
011 
010 
011 
011 
011 

1.011 
011 
011 
011 
011 
011 
011 
011 
012 
011 

1.012 
011 
012 
012 
011 
012 
012 
012 
012 

1.012 

,010 

- 

MWidlOn8l 
diatanae. 

669.641 
660.663 
661.666 
662.678 
663.690 
664.702 
666.716 
666.727 
667.740 
668.762 
669.766 
670.778 
671.790 
672.803 
673.816 
674.829 
676.842 
676.866 
677.868 
6781 881 
679.894' 
680.907 
681.920 
682.934 
683.947 
684.961 
686.974 

1 

E: p 
689. 16 
690. d29 
691.043 
692.057 
693.071 
694.086 
696.099 
696.113 
697.128 
698.142 
699.166 
700.171 
701.186 
702.200 
703.216 
704.229 
706.244 
706.269 
707.274 
708.289 
709.304 
710.319 
711.334 
712.349 
713.304 
714.379 
716.396 
716.410 
117.426 
718.441 
719.467 
720.472 

Whrence. 

, 
1.012 
012 
013 
012 
012 
013 
012 
013 
012 
013 

1.013 
012 
013 
013 
013 
013 
013 

. 013 
013 
013 

1.013 
013 
014 
013 
014 
015 
014 
014 
013 
014 

1.014 
014 - 014 
014 
014 
014 
016 
014 
014 
016 

1014 
016 
016 
014 
016 

8:: 
016 
016 
016 

016 
016 
016 
016 
016 
016 
018 
016 

1.016 

i. 016 

- 
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D 
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41 
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48 
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61 
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MERCATOR PROJECTION TABLE-Continued. 
[Meridional distances for the spherold. Comprosion &.] 

12O 
Meridional 
dFstanca 

, 
720.472 
721.488 
722.504 
723.520 
724.535 
725.551 
726.567 
727.584 
728.600 
729.616 
730.632 
731. 649 
732.665 
733.682 
734.698 
735.715 
736.732 
737.749 
738.765 
739.782- 
740.799 
741.816 
742.833 
743.850 

'744.868 
745.885 
746.902 
747.919 
748.937 
749.954 
750.972 
751.990 
753.007 
754.025 
755.043 
756.061 
757.079 
758.097 
759.115 
760.134 
761.152 
762.170 
763.189 
764.207 
765.226 
766.244 * 767.263 
788.282 
769.301 
770.320 
771.339 
772.358 
773.377 
774.396 
776.416 
776.434 
777.454 
778.473 
779.493 
780.513 
781.532 

Iifterence. 

, 
i. 016 

016 
016 
015 
016 
016 
017 
016 
016 
016 

1.017 
016 
017 
016 
017 
017 
017 
016 
017 

. 017 
1.017 

017 
017 
018 
017 
017 
017 
018 
017 
018 

1.018 
017 
018 
018 
018 
018 
018 
018 
019 
018 

1.018 
019 
018 
019 
018 
019 
019 
019 
019 
019 

1.019 
019 
019 
019 
019 
020 
019 
020 
020 

1.019 

13' 
Meridional 
distance. 

I 

781.532 
782.552 
783.572 
784.592 
785.612 
786.632 
787.652 
788.672 
789. 692 
790.712 
791.733 
792. 753 
793.773 
794.794 
795.814 
796.835 
797.856 
798.877 
799.898 
800.919 
801.940 
802.961 
803.982 
805.003 
806.025 
807.046 
808.068 
809.089 
810.111 
811.133 
812.155 
813.177 
814.199 
815.221 
816.243 
817.266 
818.287 
819.309 
820.332 
821.354 
822.377 
823.399 
824.422 
825.444 
826.467 
827.490 
828.513 
829.536 
830.559 
831.582 
832.605 
833.629 
834.652 
835.676 
836.699 
837.723 
838.747 
839.771 
840.794 
841.818 
842.842 

, 
1.020 

020 
020 
020 
020 
020 
020 
020 
020 
021 

1.020 
020 
021 
020 
021 
021 
021 
021 
021 
021 

1.021 
021 
021 
022 
021 
022 
021 
022 
022 
022 

1.022 
022 
022 
022 
022 
022 
022 
023 
022 
023 

1.022 
023 
022 
023 

, 023 
023 
023 
023 
023 
023 

1.024 
023 
024 
023 
024 
024 
024 
023 
024 

1.024 

14' 
Meridional 
distanca 

I 

842.842 
843.866 
844.890 
845.915 
846.939 
847.963 
848.988 
850.012 
851.037 
852.061 
853.086 
854.111 
855.136 
856.161 
857.186 
858.211 
859.236 
860.262 
861.287 
862.312 
863.337 
864.363 
865.389 
866.415 
867.440 
868.466 
869.492 
870.518 
871.544 
872.671 
873.597 
874.623 
875.049 
876.676 
877.702 
878.729 
879.756 
880.782 
881.809 
882.836 
883.863 
884.891 
885.918 
886.946 
887.973 
889.001 
890.028 
891.056 
892.084 
893.112 
894.140 
895.168 
896.196 
897.224 
898.262 
899.280 
900.308 
901.337 
902.366 
903.394 
904.422 

xfferenca 

I 

1.024 
024 
025 
024 
024 
025 
024 
025 
024 
025 

1.025 
025 
025 
025 
025 
025 
026 
025 
025 
025 

1.026 
026 
026 
025 
026 
026 
026 
026 . 
027 
026 

1.026 
026 
027 
026 
027 
027 
026 
027 
027 
027 

1.028 
027 
028 
027 
028 
027 
028 
028 
028 
028 

1.028 
028 
028 
028 
028 
028 
029 
028 
029 

1.028 

16' 
Meridional 
dietanca 

I 

904.422 
903.451 
906.480 
907.509 
908.538 
909.567 
910.696 
911.626 
912.655 
913. 684 
914.714 
915.743 
916.773 
917.803 
918.832 
919.862 
020.892 
921.922 
922.953 
923.983 
925.013 
926.044 
927.074 
928.105 
929.135 
930.166 
931.197 
932.228 
933.259 
934.290 
935.321 
936.352 
937.384 
938.415 
939.447. 
940.478 
941.510 
942.542 
943.573 
944.605 
945.637 
946.669 
947.702 
948.734 
949.766 
950.799 
951.832 
952.864 
953.896 
954.929 
955.962 
956.996 
968.028 
959.061 
960.096 
961.128 
962.161 
963.196 
964.228 
966.262 
966.296 

Iitlerence 

I 

1.029 
029 
029 
029 
029 
029 
030 
029 
029 
030. 

1.029 
030 
030 
029 
030 
030 
030 
031 
030 
030 

1.031 
030 
031 
030 
031 
031 
031 
031 
031 
031 

1.031 
032 
031 
032 
031 
032 
032 
031 
032 
032 

LO32 
033 
032 
032 
033 
033 
032 
032 
033 
033 

1.033 
033 
033 
034 
033 
033 
034 
033 
034 

1.034 

- - 
Mill- 
utes. 

0 
1 
2 
3 
4 
6 
0 
7 
8 
9 
10 
11 
12 
13 
14 
16 
16 
17 
18 
19 
20 
21 

23 
24 
26 
10 
27 
28 
29 
30 
31 

33 
34 
38 
36 
57 
38 
39 
40 
41 
42 
43 
44 
46 
46 
47 
4a 
45 
60 
61 

65 
61 
66 
66 
67 
68 
69 
60 

2a 

3a 

aa 

- 



THE MERCATOR PROJECTION 
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69 
'80 

129 

27.444 
1028.483 
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m- 
Utes .  
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3 
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6 
7 
8 
9 
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19 
20 
21 
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a3 
!a 
I 
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27 
28 
28 
30 
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83 
84 
a6 
88 

' 87 
88 as 
40 
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llfL 
43 
44 
46 
4% 
47 
48 
49 
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Dlflerance. 
, 
1.039 

:!: ::: 
::: 
040 z: 

MERCATOR PROJECTION TABL&Contihued. 
[Meridlonal dlstancea for thesphemld. Omprassian I&] 

16' II 17O I1 18O loo 

, 
1091.007 
92.052 
93.098 
94! 143 
95.188 
96.234 
97.279 
98.325 

1099.370 
1100.416 

Merldlrmal 
diptance. 

I 

1.034 :;: :;: 
:;: 
034 

:;E 
::: 
:!! 

1.035 

:;; 
036 
035 
035 

":$ 
035 

:$ 
036 
037 ::: 
036 

, 
966.296 
967.330 
968.364 
969.398 
970.432 
971.466 
072.500 
973.534 
974.568 
975.603 
976.638 
977.673 
978.707 
979.742 
980.777 
981.812 
982.847 
983.882 
984.918 
985.953 
986.988 
988.024 
989.060 
990.095 
901.131 
992.167 
993.203 
994.239 
995.276 
906.312 
907.348 
998.385 
999.421 
looo. 458 
01.495 
02.532 
03.569 
04.606 
05.643 
06.680 

1007.718 
08.755 
09.793 
10.830 
11.878 
12.906 
13.943 
14.981 
16.019 
17.058 

1018.096 
19.134. 
20.172 
21.210 
22.249 
23.288 

I 

1028.483 
29.522 
30.561 
31.600 
32.640 
33.680 
34.719 
35.759 ' 
36.799 
37.839 

1086: 879 
39.920 
40.960 
42. OOO 
43.041 
44.082 
45.122 

47.204 
48.245 

1049.286 
50.327 
51.368 
52.409 
53.451 

55.534 
56.576 
67.618 
58.660 

46.163 

64.493 

24.327 
W. 366 
26.405. 

I 

$: 
046 

I 

1153.891 
64.943 
55.994 
57.046 

69.149 
58.097 

045 

E: 

046 

2; 
g; 

047 

61.253 
62.305 
63.357 

11644D9 
65.461 
66.514 
67.566 
68.619 

70.724 
71.777 
72.830 
73.884 

69.672 

041 

, 041 
M1 

1101.462 
02.508 
03.554 
04.601 
05.647 

040 

1.g; 
. 041 

041 

'*E 
043 
M3 

2: 
E 

1.043 

044 

044 
044 

gi 
1 . g  

E 
045 
044 

ti 
045 

06.693 
07.740 
08.787 
09.833 
10.880 

1111.927 
12.974 
14.021 
16.069 
16.116 

18.211 
19.259 
20.307 
21.354 

1122.402 
23.451 
24.499 
25.547 
26.595 
27.644 
28.693 
29.741 
30.790 
31.839 

1132.888 
33.937 
34.987 
36.036 
37.086 

- 39.185 
41.285 
42.335 

1143.385 
44.435 
45.485 
46.536 
47.586 
48.637 
49.688 
60.738 
81.789 
62.840 

1153.891 

17.163 

38.135 

40.235 

048 

E; 78.097 
79.151 

048 

0.47 
()* 

''E; 
2; 
049 
049 

* 

?'E: z: 
. 049 

050 

::: 
050 

050 

1.05d 
060 
:ih 
051 

I 

1:052 
051 
052 
051 
052 
052 
062 
052 
052 
052 

1.052 
053 
052 
053 
053 
052 
053 
053 
054 
053 

1.053 
054 
053 
054 
054 
054 
054 
054 
054 
055 

1.051 
065 
055 
055 
055 
056 
055 
055 
056 
056 

J. 066 
055 
056 
066 
058 
056 
06 6 
057 
066 
057 

1.056 
057 
057 
057 
057 
058 
057 
058 
067 

1.058 

80.205 
81.259 
82.313 
83.367 
84.421 

1185.476 
86.530 
87.586 
88.640 
80.695 
90.750 
91.806 
92.860 
93.915 

. 94.971 
1196.026 
97.082 
98.137 

1199.193 
1200.249 
01.305 
02.361 
03.417 
04.474 
05.530 

1206.687 
07.643 
08.700 
09.767 
10.814 
11.871 
12.029 

0 
1 
2 
3 
4 
6 
6 
7 
8 
0 
10 
11 
12 
13 
14 
16 
16 
17 
18 
19 
20 
21 
2a 
23 
24 
26 
28 
27 
28 
28 
so 
31 
32 
33 
34 
SK 
38 
37 
58 
39 1 

40 
u 
42 
45 
44 
46 
46 
47 
48 
49 
60 
61 
62 
63 
64 
66 
66 
67 
68 
59 
60 - 

1.037 
038 ::; 
037 

1059.702 

::El 
62.828 
63.870 

037 ::; 
037 
038 
037 ::; 

64. m 3  . 65.956 
66.998 
68.041 
69:084 

1070.127 
71.170 
72.213 
73.257 

037 ::: 
$$ 

:;: 
'039 
03g 
039 ::: 
039 

1.038 

'' 

75.343 
76.387 
77.431 
78.475 
79.518 

81.607 
62.651 
83.695 
84.739 

' 85.784 
86.828 
87.873 
88.918 
89.063 

1091.007 

1080.562 



. 
p. 8. COAST AND GEODETIC SURVEY 

Dlflerence. 

130 

- - 
Min. 
uta .  

1 

1.080 
080 
081 
080 
081 
081 
081 
081 
081 
082 

1.081 
082 
082 
081 
082 
083 
082 
082 
083 . 
083 

1.083 
083 
083 
083 
083 
084 
054 
084 
084 
084 

085 
084 
085 
085 
085 
086 
085 
086 
085 

1.086 
086 

1.084 , 

0 
1 
2 
3 
4 
6 
8 
7 
8 
9 

10 
11 
12 
13 
14 
16 
16 
17 
18 
19 
20 
21 
22 
23 
24 
26 
28 
27 
28 
29 
30 
31 
32 
33 
34 
36 
36 
37 
38 
39 
40 
41 
42 
43 
44 
46 
Is 
47 
48 
4il 
60 
61 
62 
63 
64 
66 
66 
67 
68 
68 
60 - 

' 
XERCATOR PROJECTION TABLEContinued. 

distanca 

1344.4 945 
46. 017 
47.089 
48.162 
49.235 
50.307 
51.380 
52.4531 
53.526 
54.600 

1355.673 
56.747 
57.820 
58.894 
59.968 
61.042 
62.116 
63.191 
64.265 
65.340 

1366.415 
67.489 
08.564 

2Qo 

086 
086 
086 
087 
086 
087 
087 
087 

1.088 
088 
087 

088 
088 
Os' 
OS8 

1.088 -- 

[Meridional diEl&ncos for tbo spberoid. Comprssslon 5 

46 '' 
4g '* '' 
I1 

64 
66 

68 
68 
60 

Meridlona 
dlstance. 

, 
1217.159 
18.217 
19.275 
20.333 
21.392 
22.450 
23.509 
24.567 

. 25.626 
26.685 

1227.744 
28.803 
29.862 
30.921 
31.980 
33.040 
34.099 
35.159 
36.218 
37.278 

1238.340 
39.399 
40.459 
41.519 
42.580 
43.640 
44. 701 
46.762 
46.823 
47.884 

1248.945 
60.006 
51.068 
52.129 
53.191 
54.252 
55.314 
56.376 
57.438 
58.501 

1259.563 
60.626 
61.688 
62.751 
63.814 
64.877 
65.940 
67.003 
68.067 
69.130 

.270. 194 
71.257 
72.321 
73.385 
74.449 
75.513 
76.577 
77.642 
78.706 
79.771 
280.835 

DllIWfXlW 

I 

1.058 
058 
058 
059 
058 
059 
058 
069 
059 
059 

1.059 
059 
059 
059 
060 
059 
060 
059 
060 
060 

1.061 
060 
060 
061 
060 
061 
061 
061 
061 
061 

1.061 
062 
061 
062 
061 
062 
062 
062 
063 
062. 

1.063 
062 
063 
063 
063 
063 

- 064 

064 
065 

065 
1.064 

21O 
Meridional 
distance. 

, 
1280.835 
81.900 
82.965 
84.030 
85.095 
86.161 
87.226 
88.292 
89.357 
90.423 

1291.489 
92.555 
93.621 
94.688 
95.754 
96.821 
97.887 

1298.954 
1300.021 
01.088 

1302.155 
03.223 
04.290 
05.358 
06.425 
07.493 
OS. 561 
09.629 
10.697 
11.765 

1312.834 
13.902 
14.971 
16.040 
17.109 
18.178 
19.247 
20.316 
21.386 
22.455 

1323. 525 
24.595 
25.665 
26. 735 
27.805 
28.875 
29.945 
31.016 
32.086 
33.157 

,334. 228 
35.299 
36.370 
37.442 
38.513 
39.585 
40. 657 
41. 728 
42.800 
43.872 
344.945 

Dlfleronc 

1.065 
065 
065 
065 
066 
065 
066 
065 
066 
066 

1.066 
066 
067 
066 
067 
066 
057 
067 
067 
067 

1.068 
067 
068 
067 
068 
068 
068 
068 
068 
069 

1.068 
069 
069 
069 
069 
069 
069 
070 
069 
070 

1.070 
070 
070 
070 
070 
070. 
071 
070 
071 
071 

1.071 
071 
072 
071 
072 
072 
071 
072 
,072 
1.073 

I1 2 2 O  

DMeren 

I 

1.072 
072 
073 
073 
072 
073 
073 
073 
074 
073 

1.074 
073 
074 
074 
074 
074 
075 
074 
075 
075 

1.074 
075 
076 
075 
075 
076 

' 076 
075 
076 
076 

1.076 
077 
076 
077 
076 

' 077 
077 
077 
,078 
077 

1.077 
078 
078 
078 
078 
078 
078 
079 
078 
079 

1.079 
079 
079 
079 
080 

080 
080 
080 

1.080 

079 

- 

, 
1409.513 
10.593 
11. 673 
12.754 
13.834 
14.915 
15.996 
17.077 
18.158 
19.239 

1420.321 
21.402 
22.484 
23.566 
24.647 
25.729 
26.812 
27.894 
28.976 
30.059 

1431.142 
32.225 
33.308 
34.391 
35.474 
36.557 
37.641 
38.725 
39.809 
40.893 

1441.977 
43.061 
44.146 
45.230 
46:315 
47.400 
48.485 
49.570 
60.655 
51.741 

1452.826 
53.912 
54.998 
56.084 
57.170 
58.256 
59.343 
60.429 
61.516 
62.003 

1463. 690 
64.776 
65.864 
66.951 
68.038 
69.128 
70.214 
71.302 
72.390 
73.478 

,474. 566 

= 

Min- 
utes. 
- 

0 
1 
2 
3 
4 
1 
6 
7 
8 
9 

10 
11 
12 
13 
14 

16 
16 
17 
18 
15 

20 
21 
22 
23 
24 
2& 
28 
27 
28 
29 
30 
31  
32 
33 
34 
36 
36 
a7 
35 
39 
48 
4 1  
42 
43 
44 



= 
M h -  
Utes.  

0 
1 
2 
3 
4 
6 
6 
7 
8 
9 
10 
11 
12 
13 
14 
16 
16 
17 
18 
19 
20 
21 
22 
23 
24 

- 2 6  
26 
27 
28 
29 
30 
31 

33 
34 
36 
36 
37 
38 
39 
40 
41 
4z 
43 
44 
46 
40 
47 
48 
49 
60 
61 
62 
63 
64 

68 
66 
67 
88 
60 
60 

3a 

- 

THE MERCATOR PROJECTION 

WRCATOR PROJECTION TABLE-Continued. 
[Meridional diatancea for the spheroid. Cornpreasion& 

24" 
Meridional 
distnnce. 

I 

1474.566 
75.655 
76.743 
77.832 
78.921 
80.010 
81.099 
82.189 
83.278 
84.368 

1485.458 
86.548 
87.638 
.88.728 
89.819 
90.909 
92.000 
93.091 
94.182 
95.273 

1496.364 
97.465 
98.647 

1499.639 
1500.730 
01.822 
02.914 
04.007 
05.099 
06.192 

1607.284 
08.377 
OB. 470 
10.563 
11.656 
12.750 
13.843 
14.937 
16.031 
17.125 

1518.219 
19.313 
20.408 
21.502 
22.587 
23.692 
'24.787 
25.882 
26.978 
28.073 

1529.169 
30.265 
31.361 
32.457 
33.553 
34.650 
35.746 
36.843 
37.940 
39.037 

1640.134 

'ifferenC0 

, 
1.089 
088 
089 
089 

, 089 
089 
090 
089 
090 
090 

1.090 
090 
090 
091 
090 
091 
091 
091 
091 
091 

1.091 
092 
092 
091 
092 
092 
093 
092 

1.093 
093 
093 
093 
094 
093 
094 
094 
094 
094 

1.094 
095 
094 
095 
095 
095 
095 
OM 
095 
096 

1.096 
096 
096 
096 
097 
096 
097 
097 
097 

1.097 

26' 

Meridional 
dlstanca 

I 

1540.134 
41.231 
42.328 
43.426 
44.524 
45.622 
46.720 
47.818 
48.916 
50.015 

1551.113 
62.212 
63.311 
54.410 
55.509 
56.609 
67.708 
58.808 
69.908 
61.008 

1562.108 
.63.209 
64.309 
65.410 
66.611 
67.612 
68.713 
69.814 
70.915 
72.017 

1673.119 
74.221 
76.323 
76.425 
77.527 
78.629 
79.732 
80.835 
81.938 
83.041 

1584.144 
85.248 
86.361 
87.466 
88.659 
89.663 
90.767 
91.871 
92.976 
94.081 

1595.186 
96.291 
97.396 
98.501 

1599.607 
1600.712 
01.818 
02.924 
04.030 
05.136 

1600.243 

I 

1.097 
097 
098 
098 
098 
098 
098 
098 
099 
098 

1.099 
099 
099 
099 
100 

100 
100 
100 
100 

1.101 
100 

, 101 
101 
101 
101 
101 
101 
102 
102 

1.102 
102 
102 
102 
102 
103 
103 
103 
103 
103 

1.104 
105 
104 
104 
104 
104 
104 
105 
105 
105 

1.105 
105 
105 
106 
105 
106 
106 
106 
106 

1.107 

099 

26' 
Meridional 
distance. 

I 

1606. 243 
07.349 
08.456 
09.563 
10.670 
11.777 
12.884 
13.992 
16.099 
16.207 

1617.315 
18.423 
19.532 
20.640 
21.749 
22.858 
23.967 
25.076 
26.185 
27.295 

1628.404 
29.514 
30.624 
31.734 
32.844 
33.955 
35.065 
36.176 
37.287 
38.398 

1639.809 
40.621 
41.733 
42.844 
43.956 
45.068 
46.181 
47.293 
48.406 
49.618 

1650.631 
61.744 
62.867 
63.971 
55.084 
56.198 
67.312 
58.426 
59.540 
60.664 

1681.769 
62.884 
63.998 
65.113 
66.229 
67.344 
68.459 
69.575 
70.691 
71.807 

1672.923 

ifference 

I 

1.106 
107 
107 
107 
107 
107 
108 
107 
108 
108 

1.108 
100 
108 
109 
109 
109 
109 
109 
110 
109 

1.110 
110 
110 
110 
111 
110 
111 
111 
111 
111 

1.112 
112 
111 
112 
112 
113 
112 
113 
112 
113 

1.113 
113 
114 
113 
114 
114 

~ 114 
114 
114 
115 

1.115 
114 
115 
116 
115 
115 
116 
116 
116 

1.110 

27' 
Meridional 
diatanca 

1672.923 
74.040 
75.156 
76.273 
77.390 
78.507 
79.624 
80.741 
81.859 
82.976 

1684.094 
85.212 
86.331 
87.449 
88.567 
89.686 

91.924 
93.043 
94.163 

1695.282 
96.402 
97.522 
98.642 

1699.762 
1700.883 
02.00s 
03.124 
04.245 
06.366 

1706.487 
07.609 
08.730 
09.852 
10.974 
12.096 
13.219 
14.341 
15.464 
16.586 

1717.709 
18.833 
19.966 
21.080 
22.203 
23.327 
24.461 
25.675 
26.700 
27.824 

1728.949 
30.074 
31.199 
32.324 
33.450 
34.575 
35.701 
36.827 
37.953 
39.080 

1740.206 

1 

m. 805 

) m e r a c e  

1 

1.117 
116 
117 
117 
117 
117 
117 
118 
117 
118 

1.118 
119 
138 
118 
119 
119 
119 
119 
120 
119 

1.120 
120 
120 
120 
121 
120 
121 
121 
121 
121 

1.122 
121 
122 
122 
122 
123 
122 
123 
122 
123 

1.124 
123 
124 
123 
124 
124 
124 
125 
124 
125 

1.125 
125 
125 
126 
125 
126 
126 
126 
127 

1. I20 

13 1 

- - 
Min- 
u t a  

- 
0 
1 
2 
3 
4 
6 
6 
7 
8 
9 
10 
11 
12 
18 
14 
16 
16 
17 
15 
19 
20 
21 
22 
25 
24 
25 
26 
27 
28 
29 
30 
31 

35 
34 
36 
36 
37 
58 
59 
40 
41 
12 
43 
44 
46 
1 
47 
Is 
49 
60 
61 
62 
68 
64 
86 
66 
67 
68 
69 
60 

sa 

- 



0 
1 
2 
8 
4 
6 
6 
7 
8 
9 
10 
11 
12 
13 
14 
16 
16 
17 
18 
19 
20 
21 
22 
23 
24 
26 
26 
27 
28 
29 
80 
81 
82 
33 
a4 
35 
38 
37 
a8 
a9 
40 
41 
42 
43 
M 
4s 
46 
47 
40 
49 
50 
61 
52 
63 
64 
65 
66 
57 
68 
69 
60 - 

U. S. COAST AND QEODETIC SURVEY 

mRCATOR PROJECTION TABLMontinued. 
[WdIonal dlatanceafor the spheroid. ComprclPlion &-] 

Meridional 
diStanCa 

1740.206 
41.333 
42.460 
43.587 
44.714 
45.841 
46.969 
48.096 
49.224 
50.352 

1751.481 
52.609 
53.738 
54.866 
55.995 
57. I24 
58.254 
59.383 
00.513 
61.643 

1762.773 
63.903 
65.033 
66.164 
67.296 
68.426 
69.557 
70.688 
71.820 
72.951 

1774.083 
75.216 
76.347 
77.479 
78.612 
79.746 
80.877 
82.011 
83.144 
84.277 

1785.411 
86.545 
87.679 
88.813 
89.948 
91.082 
92.217 
93.352 
94.487 
95.622 

1796.768 
97.893 

1799.029 
1800.165 
01.301 
02.438 
03.674 
04.711 
05.848 
06.986 

1808.122 

, 
)Iflerenca 

I 

1.127 
127 
127 
127 
l27 
128 
127 
I28 
I28 
120 

1.128 
I29 
I28 
I29 
I29 
130 
I29 
130 
130 
130 

1.130 
130 
131 
131 
131 
131 
131 
132 
131 
132 

1.132 
132 
132 
133 
133 
132 
134 
199 
133 
134 

1.134 
134 
134 
136 
134 
136 
135 
135 
155 
136 

1.135 
136 
136 
136 
137 
136 
137 
137 
137 

1.137 

2 9 O  

akerldional 
diStanCe. 

, 
1808.122 
09.280 
10.398 
11.535 
12.673 
13.812 
14.950 
16.089 
17.228 
18.367 

1819.506 
20.645 
21.785 
22.924 
24.064 
25.204 
26.345 
27.485 
28.620 
29.767 

1830.908 
32.049 

34.332 
35.474 
36.616 
37.758 
38.900 
40.043 
41.180 

1842.329 
43.478 
44.615 
45.759 
46.902 
48.040 

60.336 
51.479 
52.624 

1863.769 
54.914 
56.059 
67.204 
68.350 
59.496 
60.642 
61.788 

. 62.934 
64.081 

1865.228 
66.375 
07.622 
68.669 
69.817 
70.964 
72.112 
73.260 
74.409 
75.657 

1876.700 

3a. 190 

49. i m  

~Ifleronce 

I 

1.138 
138 
' 137 
138 
139 . 
138 
139 
139 
139 
139 

1.139 
140 
139 
140 
140 
141 
140 
141 
141 
141 

1.141 
141 
142 
142 
142 
142 
142 
143 
143 
143 

1.143 
143 
144 
143 
144 
144 
146 
144 
146 
146 

1.146 
145 
146 
146 
146 
146 
146 
146 
147 
147 

1.147 

147 
148 
147 
148 
148 
149 
148 

1.149 

a 147 

30° 
Meridional 
dlstanca 

, 
1876.706 
77.855 
79.004 
80.153 
81.303 
82.453 
83.603 

85.903 
87.053 

1888.204 
89,355 

91.657 
92.809 
93.960 
95.112 
96.264 
97.416 
98.569 

1899.721 
1900.874 
02.027 
03.181 
04.334 
05.488 
OB. 642 
07.796 
08.950 
10.105 

1911.259 
12.414 
13.569 
14.724 
15.880 
17.036 
18.191 
19.347 
20.603 
21.660 

1922.816 
23.973 
25.130 
26.287 
27.446 
28,603 
29.760 
30.918 
32.077 
33.235 

1934.394 
35.553 
36.712 
37.871 
39.031 
40.191 
41.351 
42.511 
43.671 
44.832 

1945.992 

84,753 

90. 606 

, 
1.149 
149 
149 
150 
150 
150 
150 
150 
160 
151 

1.151 
151 
161 
152 
151 
162 
152 
162 
153 
152 

153 
164 
153 
164 
154 
154 
164 
166 
164 

1.155 
166 
156 
166 
155 
150 
166 
166 
157 
166 

1.157 
157 
167 
168 
158 
167 
168 
159 
158 
159 

1.169 
169 
169 
1 0  
160 
160 
100 
160 
161 

1.160 

1.158 

31° 
Merfdirmal 
distance. 

, 
1945.992 
47.153 
48.314 
49.476 
60.637 
61.799 
52.961 
54.123 
55.285 
56.448 

1957.611 
68.774 
59.937 
61.100 

, 62.263 
63.427 
64.591 
65.756 
66.920 
68.085 

1960.249 
70.414 
71.580 
72.745 
73.911 
75.077 
76.243 
77.409 
78.576 
79.742 

1980.909 
82.070 
83.244 
84.411 
85.579 
86.747 
87.916 
88.084 
90.262 
91.421 

1992.690 
93.759 
94.929 
96.098 
97.268 
98.438 

1999.609 
2000.779 
01.950 
03.121 

2004.292 
05.463 
06.635 
07.807 
08.979 
10.151 
11.323 
12.496 
13.669 
14.842 

2016.015 

DmPealm 

1 

1.161 
161 
162 
161 
162 
162 
162 
162 
163 
163 

1.163 
163 
163 
163 
164 
164 
166 
164 
165 
164 

1.165 
106 
165 
166 
166 
166 
166 
166 
167 . 167 

1.167 
168 
167 
168 
168 
168 
169 
168 
169 
169 

1.169 
170 
169 

170 
171 
170 
171 
171 
171 

1.171 
172 
172 
172 
172 
172 
173 
173 
173 

1.173 

6 170 

8 
1 
2 
3 
4 
6 
6 
7 
8 
9 
10 
11 
12 
18 
14 
16 
16 
17 
18 
10 
20 
21 
22 
28 
24 
28 '  
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29 
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31 
82 sa 
34 
86 
36 
a7 
88 
a9 
40 
41 
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4a 
44 
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47 
48 
49 
50 
61 

68 
M 
M 
66 
87 
88 
69 
80 

85 
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29 
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31 
52 
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34 
36 
30 
81 
38 
39 
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6a 
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67 
68 
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THE MERCATOR PROJECTION 

MERCATOR PROJECTION TABLE-Contix 

32O 
Meridional 
distance. 

2016.016 
17.189 
18.363 
19.637 
20.711 
21.886 
23.060 
24.235 
26.410 
26.685 

2027.761 
28.936 
30.112 
31.288 
32.464. 
33.641 
34.818 
36.995 
37.172 
38.349 

2039.527 
40.705 
41.883 
43.061 
44.239 
46.418 
46.597 
47.776 
48.965 
50.134 

2061.314 
62.495 
63.676 
64.866 
66.036 
67.217 
68.399 
69.680 
00.762 
61.944 

1063.126 
64.308 
66.491 
66.674 
67.857 

' 69.040 
70.223 
71.407 
72.691 
73.776 

!074.969 
70.144 
77.328 
78.613 
79.698 
80.884 
82.069 
83.255 
84.441 
86.628 

I080. 814 

, 
Dlflerenc 

1.174 
174 
174 
174 
174 
176 
176 
175 
176 
176 

1.175 
176 
17 6 
176 
177 
177 
177 
177 
177 
178 

1.178 
178 
178 
178 
179 
179 
179 
179 
179 
180 

1.181 
180 
181 
180 
181 
182 
181 
182 
182 
182 

1.182 
183 
183 
183 
183 
183 
184 
184 
184 
184 

1.185 
184 
186 
185 
180 
186 
186 
186 
187 

1.186 

dbtanm for 

8 3 O  

. 
8 4 9  

2086.814 
88.001 
89.188 
90.376 
91.663 
92.751 
93.939 
96.127 
96.315 
97.604 

2098.693 
2099.882 
2101.071 
02.260 
03.450 
04.640 
06.830 
07.021 
08.211 
OD. 402 

2110.693 
11.785 
12.976 
14.168 
16.360 
16.662 
17.745 
18.937 
20.130 
21.323 

2122.617 
23.711 
24.904 
26. 098 
27.293 
28.487 
29.682 
30.877 
32.072 
33.268 

2134.464 
36.660 
36.866 
38.052 
39.249 
40.446 
41.643 
42.841 

. 44.038 
46.230 

2146.434 
47.633 
48.831 
60.030 
61.229 
62.428 
63.627 
64.827 
60.027 
67.227 

2168.428 

DllTW8Dcl 

1.187 
187 
188 
187 
188 
188 
188 
188 
189 
189 

1.189 
189 
189 

190 
190 
191 
190 
191 
191 

1.192 
191 
192 
192 
192 
193 
192 
193 
193 
194 

1.194 
193 
194 
195 
194 
195 
196 
196 
196 
196 

1.196 
196 
196 
197 
197 
197 
198 

' 197 
198 
198 

1.199 
198 
199 
199 
199 

1.399 
1.200 
200. 
200 

1.201 

im 

Meridional 
distance. 

, 
2158.428 
69.629 
60.830 
62.031 
63.232 
64.434 
66.636 
66.838 
68.041 
69.243 

2170.446 
71.649 
72.863 
74.056 
75.260 
76.464 
77.668 
78.873 
80.077 
81.282 

2182.488 
83.693 
84.899 
86.105 
87.311 
88.618 
89.724 

92.138 
93.346 

2194.664 
95.762 
9F. 970 
98.178 

2199.386 
2200.6d5 
01.804 
03.014 
04.223 
06.433 

2206.643 
07.864 
09. 065 
10.276 
11.487 
12.698 
13.910 
16.122 
16.334 
17.646 

2218.759 
19.972 
21.185 
22.398 
23.611 
24.826 
26.039 
27.253 
28.468 
29.683 

1230.898 

m. 931 

Dlflerenci 

, 
1.201 
201 
201 
201 
202 

. 202 
202 
203 
202 
203 

1.203 
204 
203 
204 
204 
204 
205 
204 
205 
206 

1.205 
206 
206 
206 
207 
206 
207 
207 
208 
208 

1.208 
208 
208 
208 
209 
209 
210 
209 
210 
210 

1.211 
211 
211 
211 
211 
212 
212 
212 
212 
213 

1.213 
213 
213 
213 
214 
214 
214 
216 
216 

1.215 

d. 
1 

~ , 
2230.898 
32.113 
33.329 
34.645 
36.761 
36.977 
38.194 
39.411 
40.628 
41.845 

2243.063 
44.281 
46.499 
46.717 
47.936 
49.166 
60.374 
61.593 
62.813 
64.033 

2265.263 
56.473 
67.693 
68.914 
60.135 
61.367 
62.578 
63.800 
65.022 
66.246 

22G7.467 
68.690 
69.913 
71.137 
72.361 
73.685 
74.809 
76.033 
77.268 
78.483 

2279.708 
80.934 
82.169 
83.386 
84. 612 
85.838 
87.065 
88.292 
89.519 
90. 747 

2291.976 
93. 203 
94.431 
96.800 
96.889 
98.118 

2299.347 
2300.677 
01.807 
03.037 

2304.267 

DlfleranW 

, 
1.216 
* 216 
216 
216 
216 
217 
217 
217 
217 
218 

1.218 
218 
218 
219 
219 
219 
219 
220 
220 
220 

1.220 
220 
221 
221 
222 
221 
222 
222 
223 
222 

1.223 
223 
224 
224 
224 
224 
224 
226 
226 
225 

1.226 
226 
226 
227 
226 
227 
227 

' 227 
228 
228 

1.228 
228 
229 
229 
229 
229 
250 
230 
250 

1.230 
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U. S. COAST AND GEODETIC SURVEY 

MERCATOR PROJECTION TABLE-Continued. 
[Merldfonal distancpn for the spheroid. Compression 1h.1 

b 

I 

1.231 
231 
231 
232 
231 

. 232 1 
232 
233 
233 
233 

1.233 
234 
234 
234 
234 
235 
235 
235 
235 
23G 

1.236 
237 
236 
237 
237 
237 
238 
238 

' 238 
238 

1.239 
239 
239 
240 
240 
240 
240 
241 
241 
241 

1.241 
241 
242 
242 
243 
242 
243 
244 
243 
244 

1.244 
244 
245 
245 
245 
246 
245 
246 
24 7 

1.240 

EL 
247 
248 
248 

22441 

Yeridlonal 
dls tanCtX  

304.267 
05.498 
06.729 
07.960 
09.192 
10.423 
11.655 
12.887 
14.120 
15.353 

!316.586 
17.819 
19.053 
20.287 
21.521 
22.755 
23.990 
25.225 
26.460 
27.695 

2328.931 
30.167 
31.404 
32.640 
33.877 
35.114 
36.351 
37.589 
38.827 
40.005 

2341.303 
42.542 
43.781 
45.020 
46.260 
47.500 
48.740 
49.980 
61.221 
52.462 

2353.703 
64.944 
56.185 
57.427 
58.609 
59.912 
61.154 
62.397 
63.641 
64.884 

2366.128 
67.372 
6 8 . W  
69.861 
71.106 
72.361. 
73.597 
74. a42 
76.088 
77.336 

2378.681 

, 

-- 

55.152 
56.416 
57. 680 
68.945 
60.210 
61.475 
62.741 
64.007 

iflerence. --I 

3:; 
.251 

;;; 
261 

2265; 
253 

;ig 

255 
1*255 

256 
, 250 

267 
257 
257 

:i: 
"$E 
ii: 
259 
259 

i!! 
261 
260 
261 
261 

i!; 
262 

E; 

' 

i:i 
1'264 

69.073 
70.340 
71.608 
72.876 
74.144 
75.413 
76.681 
77.950 

2479.220 
80.489 
81.759 
83.030 
84.300 
85.571 
86.842 
88.114 
89.385 
90.657 

2491.930 
93.202 
94.475 
95.748 
97.022 
98.296 

2499.570 
2500.844 

02.119 
03.394 

2504.669 
05.945 
07.221 
08.497 
09.773 
11.050 
12.327 
13.604 
14.882 
16.160 

2517.438 
18.717 
19.096 
21.275 
22.654 
23.834 

26.395 
27.675 
28.950 

I 2530.238 

26.114 

37O II so 1 
Meridlonal 
distnnce. 

1378.581 
79.828 
81.075 
82.323 
83.570 
84.818 
86.066 
87.315 
88.564 
89.813 

2391.062 
92.312 
93.562 
94.812 
96.062 
97.313 
98.564 

2399.816 
2401.067 

02.319 
2403.571 

04.824 
06.076 
07.329 
08.582 
09.836 
11. ow 
12.344 
13.698 
14.853 

2416.108 
17.363 
18.618 
19.874 
21.130 
22.386 
23.643 
24.900 
26.157 
27.415 

2428.672 
29.930 
31.189 
32.448 
33.707 
34.966 
36.225 
37.485 
38.745 
40.006 

2441.206 
42.527 
43.788 
45.050 
46.311 
47.673 
48.830 
60.098 
61.361 
62.624 

2453.888 

1.264 
264 
264 
265 
265 
265 
266 
266 
266 
266 

1.267 
267 
267 
268 
268 
268 
269 
268 
269 
270 

1.269 
270 
271 
270 
271 
271 
272 
271 
272 
273 

1.272 
273 
273 
274 
274 
274 
274 
275 
276 
275 

1.276 
276 
276 
276 
277 
277 
277 
278 
278 
278 

1.279 
279 
279 
279 
280 
280 
261 
280 
281 

1.282 

Meridlonal 
distance. 

i 

!530.238 
31.519 
32.801 
34.083 
35.366 
36.649 
37.932 
39.215 
40.499 
41.783 

1643.068 
44.352 
45.637 
46.922 
48.208 
49.494 
50.781 
52.067 
53.354 
54.641 

2555.029 
57.216 
58.504 
59.793 
61.081 
62.370 
63.660 
64.949 
66. 239 
G7.529 ' 

2568.820 
70.111 
71.402 
72.694 
73.986 
75.278 
76. 570 
77.863 
79.156 
80.449 

2581.743 
83.037 
84.331 
85.626 
86.921 
88.216 ' 
89.511 
90.807 
92.103 
93.400 

2594.697 
95.994 
97.292 
98.590 

2599.888 
2601.186 

02.486 
03.784 
05.084 
06.383 

2607.683 

'Merellce. 

i 

1.281 
282 
282 
283 
283 
283 
283 
284 
284 
286 

1.284 
285 
285 
286 
286 
287 
286 
287 
287 
288 

1.287 
288 
289 
288 
289 

289 
290 

291 
1.291 

291 
292 
292 
292 
292 
293 
293 
293 
294 

1.294 
294 
295 
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295 
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296 
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1.297 
298 
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1.299 
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1.300 
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"HE MERCATOR PROJECTION 

MERCATOR PROJECTION TABLE-Continued. 

Poo 
Meridional 
distance. 

2607.683 
08.984 
10.284 
11.585 
12.886 
14.188 
15.490 
16. 792 
18.095 
19.398 

2620.701 
22. 004 
23.308 
24.612 
25.917 
27.222 
28.527 
29. 833. 
31.139 
32.445 

263.3. 751 
35.058 
36.365 
37.672 
38.980 
40.288 
41.597 
42.906 
44.215 
45.524 

2646.834 
48.144 
49.454 
60.765 
62.076 
63.388 
64.700 
66.012 
67.324 
58.637 

2659.960 
61.263 
62.677 
83.891 
65.205 
66.620 
67.836 
69.150 
70.466 
71.782 

1673.099 
74.415 
76.732 
77.049 
78.367 
79. 686 
81.003 
82.322 
83.641 
84.960 

688.280 

DUlerenc 

1.301 
300 
301 
301 
302 
302 
302 
303 
303 
303 

1.303 
304 
304 
305 
305 
305 
306 
306 
306 
306 

1.307 
307 
307 
308 
308 
309 
309 
309 
309 
310 

1.310 
310 
311 
311 
312 
312 
312 
312 
'313 
313 

1.313 
314 
314 
314 
316 
316 
316 
316 
316 
317 

1.316 
317 
317 
318 
318 
318 
319 
31D 
319 

1.320 

eridlonal distances for the spheroid. Comprwion 2 

41' 
Meridiona 
dis tmca  

2686.280 
87.600 
88.920 
90.241 
91.562 
92.884 
94.206 
95.528 
96.850 
98.173 

2699.496 
2700.820 

02.143 
03.467 
04.792 
06.117 
07.442 
08.767 
10.093 
11.419 

2712.746 
14.073 
15.406. 
16. 727 
18.055 
19.383 
20. 712 
22.041 
23. 370, 
24.700 

2726.030 
27.360 
28.690 
30.021 
31.352 
32. 684 
34.016 
35.348 
36. 681 
38.014 

2739.347 
40.681 
42.016 
43.350 
44.684 
46. 019 
47.355 
48.691 
60.027 
51.363 

2752.700 
64.038 
55.375 
66. 713 
58.052 
69.390 
60.729 
62.060 
83.409 
64.749 

2766.089 

Diff erenci 

, 
1.320 

320 
321 
321 
322 
322 
322 
322 

' 323 
323 

1.324 
323 
324 
325 
325 
325 
325 
326 
326 
327 

1.327 
327 
327 
328 
328 
329 
329 
329 
330 
330 

1.330 
330 
331 
331 
332 
332 
332 
333 
333 
333 

1.334 
334 
335 
334 
335 
336 
336 
336 
336 
337 

1.338 
337 
338 
339 
338 
339 
340 
340 
340 

1.340 

4zo 
Meridional 
dlstanca 

, 
2766.089 

67.430 
68.771 
70.112 
71.454 
72.796 
74.138 
75.481 
76.824 
78.168 

2779.512 
80.856 
82.201 
83.546 
84.891 
86.237 
87.583 
88.930 
90.277 
91. 624 

2792.971 
94.319 
95.667 
97.016 
98.365 

2799.714 
2801.064 

02.414 
03.764 
05.115 

2806.466 
07.818 
09.170 
10.622 
11.876 
13.228 
14.581 
15.935 
17.289 
18.643 

2819.998 
21.353 
22.709 
24.066 
25.421 
26.777, 
28.134 
29.492 
30.850 
32.208 

2833.666 
34.925 
30.284 
37.643 
39.003 
40.364 
41.724 
43.085 
44.447 
46.809 

2847. 171 

DUlerena 

, 
1.341 

341 
341 
342 
342 
342 
343 
343 
344 
344 

1.344 
345 
345 
345 
346 
346 
347 
347 
347 
347 

1.348 
348 
349 
349 
349 
350 
350 
350 
351 
351 

1.352 
352 
352 
353 
353 
953 
354 
354 
354 
355 

1.356 
356 
356 
356 
356 
357 
358 
358 
358 
358 

1.359 
359 
359 
360 
361 

360 
361 
362 
362 

1.362 

1 
430 

M ber 1 di o na I 
dlstanca 

2847.171 
48.533 
49.896 
61.260 
52. 623 
53.987 
65.352 
56.716 
58.081 
69.447 

2860.813 
62.179 
63.546 
64.913 
66.280 
67.648 
69.016 
70.384 
71.763 
73.123 

2874.492 
76.862 
77.233 
78. 604 
79.976 
81.347 
82. 719 
84.091 
85.464 
86..837 

2888.211 
89.585 
90.959 
92.333 
93.708 
95.084 
90.460 
97.836 

2899.212 
2900.581 
2901.966 

03.344 
04.722 
06.100 
07.47!1 
08.858 
10.238 
11.618 
12.998 
14.379 

2916.760 
17.142 
18.524 
19.906 
21.289 
22.672 
24.056 
25.440 
26. 824 
28.209 

2929.594 

1 

DUlereno 

, 
1.362 

363 
364 
363 
364 
365 
364 
365 
366 
366 

1.366 
367 
367 
367 
368 
368 
368 
369 
370 
369 

1.370 
371 
371 
371 
372 
372 
372 
373 
373 
374 

1.374 
374 
374 
375 
376 
376 
376 
376 
377 
377 

1.378 
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379 
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380 
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381 
381 
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U. S. COAST A N D  GEODETIC SURVEY 

MERCATOR PROJECTION TABLE-Gontinued. 
[Meridional distances for the spherold. Comprwion &] 

44O 

, 
2929.594 
30.979 
32.366 
33.751 
35.138 
36.525 
37.913 
39.300 
40.688 
42.077 

2943.466 
44.855 
46.245 
47.635 
49.026 
50.417 
51.808 
63.200 
64.592 
55.985 

2957.378 
58.771 
60.165 
-61.559 
62.963 
64.348 
65.744 
67.140 
68.536 
69.932 

2971.329 
72.727 
74.124 
75.522 
76.921 
78.320 
79.719 
81.119 
82.519 
83.920 

2986.321 
86.722 
88.124 
89.527 
90.929 
92.332 
93.736 
95.140 
96.544 
97.949 

1999.354 
l000..769 
02.1ss 
03.572 
04" 978 
06.386 
07.793 
09.201 
10.609 
12.018 

)013.427 

merenC4 
, 
1.385 
386 
386 
387 
387 
388 
387 
388 
389 
389 

1.389 
390 
390 
391 
391 
391 
392 
392 
393 
393 

1.393 
394 
394 
394 
395 
396 
396 
396 
396 

. 397 
1.398 
397 
398 
399 
399 
399 
400 
400 
401 
401 

1.401 
402 
403 
402 
403 
404 
404 
404 
405 
405 

1.406 
408 
407 
406 
407 
408 
408 
408 
409 

1.409 

4 6 O  

Meridiobal 
dtatanC.3. 

3013.427 
14.837 
16.247 
17.567 
19.068 
20.479 
21.891 
23.303 
24.716 
86.129 

3027.642 
28.956 
30.370 
31.784 
33.199 
34.616 
36.031 
37.447 
38.863 
40.280 

3041.698 
43.116 
44.534 
46.963 
47.373 

50.212 
51.633 
63.054 
54.475 

3055.897 
67.319 
58.741 
60.164 
61.588 
63.012 
64.436 
65.860 
67.286 
68.711 

3070.137 
71.564 
72.991 
74.418 
75.846 
77.274 
78.702 
80.131 
81.561 
82.991 

3084.421 
85.852 
87.283 
88.714 
90.146 
91.678 
93.011 
94.444 
95.878 
97.312 

1098.747 

48.792 

Dflerenc 

, 
1.410 
410 
410 
411 
411 
412 
412 
413 
413 
413 

1.414 
414 
414 
415 
416 
418 
416 
416 
417 
418 

1.418 
418 
419 
420 
419 
420 
421 
421 
421 
422 

1.422 
422 
423 
424 
424 

' 424 
424 
426 
425 
426 

1.427 
427 
427 
428 
428 
428 
429 
430 
430 
430 

1.431 
431 
431 
432 
432 
433 

' '433 
434 
434 

1.436 

46' 

Meridional 
distance. 

, 
3098.747 
3100.182 
01.617 
03.053 
04.490 
05.927 
07.364 
08.802 
10.240 
11.678 

3113.117 
14.557 
15.997 
17.437 
18.878 
20.319 
21.761 
23.203 
24.645 
26.088 

3127.531 
28.975 
30.419 
31.864 
33.309 
34.765 
36.201 
37.647 
39.094 
40.541 

3141.989 
43.438 
44.886 
46.335 
47.785 
49.235 
50.686 
52.137 
53.588 
55.040 

3156.492 
57.945 
59.398 
60.862 
82.306 
63.761 
65.216 
US. 671 
68.127 
69.584 

3171.041 
72.498 
73.956 
75.414 
76.873 
78.332 
79.791 
81.251 
82.712 
84.173 

3185.634 

, 
1.435 
435 
436 
437 
437 
437 
438 
438 
438 
439 

1.440 
440 
440 
441 
441 
442 
442 
442 
443 
443 

1.444 
444 
445 
445 
446 
446 
440 
447 
447 
448 

1.449 
448 
449 
450 
460 
451 
451 
451 
452 
452 

1.453 
453 
454 
454 
455 
455 
465 
456 
457 
457 

1.467 
468 
458 
469 

' 459 
459 
460 
461 
461 

1.461 

47 O 

Maridiom1 
dhtance. 

, 
3185.634 
87.096 
88.558 
90.021 
91.484 
92.948 
94.412 
95.876 
97.341 

3198.807 
3200.273 
01.739 
03.206 
04.674 
06.142 
07.610 
09.079 
10.548 
12.018 
13.488 

3214.969 
16.430 
17.902 
19.374 
20.846 
22.319 
23.793 
25.267 
26.741 
28.216 

3229.691 
31.167 
32.643 
34.120 
35.597 
37.075 
38.553 
40.032 
41.511 
42.991 

3244.471 
45.951 
47.432 
48.914 
50.396 
51.878 
63.361 
64.844 
66.328 
57.813 

3259.298 
60.783 
62.269 
63.756 
65.242 
66.729 
88.217 
69.706 
71.194 
72.683 

3274.173 

xfrerenn 

, 
1: 462 
462 
463 
463 
464 
464 
464 
465 
466 
46G 

1.466 
467 
468 
468 
468 
469 
469 
470 
470 
471 

1.471 
472 
472 
472 
473 
474 
474 
474 
475 
476 

1.476 
476 
477 
477 
478 
478 
479 
479 
480 
480 

1.480 
481 
482 
482 
482 
483 
4 3  
4a4 
485 
486 

1.486 
486 
486 
487 
487 
488 
488 
489 
489 

1.490 
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TIIE MIORCATOR PROJECTION 

MERCATOR PROJECTION TBBLE--Continued. 
rhlerldlonnl distanoee for the sphmid. Camprenslon & 

48' 

, 
3274.173 

75.663 
77.164 
78.645 
80.136 
81.629 
83.121 
84.614 
86.108 
87.602 

3289.096 
90.691 
92.087 
93.683 
95.079 
96.676 
98.074 

3299.672 
3301.070 

02.569 
3304.069 

05.569 
07.069 
08.670 
10.071 
11.573 
13.076 
14.578 
16.082 
17.686 

3319.090 
20.595 
22.100 
23.606 
25.113 
26.620 
28.127 
29.635 
31.143 
32.652 

3334.162 
35.672 
37.182 
38.693 
40.204 
41.716 
43: 228 
44.741 
46.256 
47.769 

3349.283 
60.798 
62.314 
53.830 
65.348 
66.863 
68.381 
69.899 
61.417 
62.936 

3364.466 

Difference 

, 
1.490 

491 
491 
491 
493 
492 
493 
494 
494 
494 

1.495 
496 
496 

. 496 
497 
498 
498 
498 
499 
600 

1.600 
600 
601 
501 
602 
602 
603 
604 
604 
604 

1.606 
605 
606 
607 
607 
607 
608 
608 
609 

' 610 
1.510 

610 
611 
611 
612 
612 
613 
614 
614 
514 

616 
618 
616 
617 
618 
618 
618 
619 

1.620 

1.616 

49' 
Meridlonal 
distance. 

, 
3364.456 

65.976 
67.497 
69.018 
70.539 
72.061 
73.584 
75.107 
76.631 
78.155 

3379.680 
81.205 
82.731 
84.257 
85.783 
87.310 

'88.838 
90.367 
91.896 
93.425 

3394.955 
96.485 
98.016 

3399.647, 
5401.079 

02.612 
04.145 
05.678 
07.212 
08.747 

3410.282 
11.817 
13.363 
14.890 
16.427 
17.966 
19.603 
21.042 
22.581 
24.121 

3426.661 
27.202 
28.744 
30.286 
31.828 
33.371 
34.916 
36.469 
38.004 
39.649 

3441.096 
a. 641 
44.188 
46.736 
47.283 
48.851 
60.380 
61.929 
63.479 
65.030 

3466.681 

Dif?W€UlO8. 

# 

1.620 
621 
521 
521 
522 
523 
523 
624 
524 
625 

1.526 
526 
526 
626 
627 
628 
629 
629 
629 
630 

1.630 
631 
531 
532 
633 
633 
633 
634 
635 
636 

1.636 
636 
637 
637 
638 
638 
639 
539 
640 

1.641 
642 
642 
642 
M 3  
644 
644 
646 
646 
648 

1.640 
647 
647 
648 
648 
549 
649 
660 
661 

1.661 

* 640 

60' 

Meridional 
distance. 

, 
3466.581 

58.132 
69.684 
61.237 
62.790 
64.344 
65.899 
67.454 
69.009 
70.565 

3472.122 
73.679 
75.236 
76.794 
78.363 
79.912 
81.472 
83: 033 
84.694 
86.155 

3487.717 
89.280 
90.843 
92.406 
93.970 
95.556 
97.100 

3498.666 
5600.233 

01.800 
3503.367 

04.935 
06.504 
08.073 
09.643 
11.213 
12.784 
14.366 
15.927 
17.600 

3519.073 
20.647 
22.221 
23.796 
26.371 
26.947 
28.624 
.so. 101 
31.678 
33.256 

3634.836 
36.415 
37.996 
39.675 
41.166 
42.737 
44.319 
46.802 
47.486 
49.069 

3660.664 

>IfflerenCe 

, 
1.651 

652 
653 
553 
654 
655 
656 
555 
566 
657 

1.667 
667 
668 
669 
669 
660 
561 
661 
661 
662 

1.563 
663 
563 
664 

. 665 
665 
666 
567 
667 
667 

1.668 
669 
669 
670 
670 
671 
671 
572 
673 
673 

1.674 
674 
676 
676 
676 

677 
677 
678 
679 

1.680 
680 
680 
681 
681 
582 
683 
683 
684 

1.686 

877 

61' 
Meridional 
distanc8. 

3550.654 
52.239 
63.824 
65.410 
56.997 
68.684 
60.172 
61.761 
63.350 

3 64.939 
3566.629 

68.120 
69.712 
71.304 
72.896 
74.489 
76.083 
77.677 
79.272 
80.868 

3582.464 
84. om 
85.657 
87.266 
88.863 
90.462 
92.052 
93.662 
95.252 
96.863 

3598.465 
3600.058 

01.661 
03.266 
04.869 
06.474 
08.079 
09.685 
11.292 
12.899 

3614.506 
16.116 
17.724 
19.334 
20.944 
22.666 
24.166 
25.778 
27.390 
29.003 

3630.617 
32.231 
33.846 
35.462 
37.078 
38,696 
40.312 
41.930 
43.648 
46.167 

3646.787 

, 
) i f fmce 

# 

1.685 
685 
686 
587 
687 
688 
689 
689 
689 
590 

1.591 
692 

' 692 
692 
693 
694 
694 
696 
696 
696 

1.596 
697 
698 
598 
699 
600 
800 
600 
601 
602 

1.603 
603 
604 
604 
605 
606 
606 
807 
607 
607 

1.609 
609 
610 
610 
611 
611 
612 
612 
613 
814 

1.814 
616 
818 
616 
617 
017 
618 
618 
619 

1.680 

137, 
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P 

6 4 O  66' 

U. 6. COAST A N D  GEODETIC SURYEY 

MERCATOR PROJECTION TABLE-Continued. 
[Meridional distances for the spheroid. Comprension 5 

62' 

MWidiOna: 
distanca 

3646.787 
48.408 
60.029 
51.650 
63.272 
54.895 
56.519 
68.143 
59.767 
61.393 

3663.019 
64.645 
66.272 
67.900 
69.528 
71.157 
72.787 
74.417 
76.048 
77.679 

3679.311 
80. 944 
82.577 a. 211 
85.846 
87.480 
89.116 
90.752 
92.389 
94.027 

3695.665 
97.304 

3698.943 
3700.583 

02.224 
03.866 
05.508 
07.150 
08.793 
10.437 

3712.082 
13.727 
15.373 
17.019 
18.666 
20.314 
21.962 
23.611 
25.261 
26.911 

1728.662 
30.213 
31.866 
33.518 
35.171 
36.826 

40.135 
41.791 
43.447 

1745.105 

, 

38.480 

Dieerenc 

, 
1.621 

621 
621 
622 
623 
624 
624 
624 
626 
626 

1.626 
627 
628 
628 
629 
630 
630 
631 
631 
632 

1.633 
633 
634 
634 
635 
636 
636 
637 
638 
638 

1.639 
630 
640 
641 
642 
642 
642 
643 
644 
645 

1.645 
646 
646 
647 
648 
648 
649 
650 
650 
651 

1.651 
652 
653 
653 
654 
656 
655 
656 
656 

1.668 

Meridional 
distanca 

, 
3745.105 

46.763 
48.421 
50.080 
61.740 
53.401 
55.062 
56.724 
58.386 
60.049 

3761.713 
63.377 
65.042 
66.708 
68.374 
70.041 
71.709 
73.377 
75.046 
76.715 

3778.385 
80.056 
81.728 
83.400 
85.073 
86.746 
88.420 
90.095 
91.771 
93.447 

3795.124 
96.801 

3798.479 
3800.158 

01.837 
03.517 
05.198 
06.879 
08.561 
10.244 

3811.928 
13.612 
15.297 
16.982 
18.6G8 
20.355 
22.043 
23.731 
25.420 
27.109 

3828.799 
30.490 
32.182 
33.874 
35.567 
37.261 
38.955 
40.650 
42.345 
44.041 

3846.738 

I 

1.658 
658 
659 
660 
661 
661 
662 
662 
663 
664 

1.664 
665 
666 
666 
667 
668 
668 
669 
669 
670 

1.671 
672 
672 
673 
673 
674 
675 
676 
676 
677 

1.677 
678 
679 
679 
680 
681 
681 
682 
683 
684 

1.684 
685 
685 
680 
687 
688 
688 
689 
689 
690 

1.691 
692 
692 
693 
694 
694 
696 
695 
696 

1.697 

Merldional 
d l S t a n C 0 .  

, 
3846.738 

47.436 
49.134 
50.833 
52.533 
54.234 
55.935 
57.637 
59.339 
61.042 

3862.746 
64.460 
66.155 
67.861 
69.568 
71.275 
72.' 983 
74.691 
76.400 
78.110 

3879.821 
81.533 
83.245 
84.958 
86.672 
88.386 
90.101 
91.816 
93.533 
95.250 

3896.967 
3898.686 
3900.405 

02.125 
03.846 
05.566 
07.288 
09.011 
10.734 
12.458 

3914.183 
15.909 
17.635 
19.362 
21.090 
22.818 
24.547 
26.277 
28.008 
29.739 

3931.471 
33.203 
34.937 
36.671 
38.406 
40.142 
41.878 
43.6l6 
45.353 
47.091 

3948.830 

Dherenc 

, 
1.698 

698 
699 
700 
701 
701 
702 
702 
703 
704 

1.704 
705 
706 
707 
707 
708 
708 
709 
710 
711 

1.712 
712 
713 
714 
714 
715 
716 
717 
717 
717 

1.719 
719 
720 
720 
721. 
722 
723 
723 
724 
725 

1.726 
726 
727 
728 
728 
729 
730 
731 
731 
732 

1.732 
734 
734 
736 
736 
736 
737 
738 
738 

1.739 

Meridional 
distance. 

3948.830 
50.570 
62.311 
64.052 
55.794 
67.637 
59.281 
61.025 
62.770 
64.516 

3966.262 
68.009 
69.757 
71.606 
73.255 
75.005 
76.756 
78.508 
80.260 
82.013 

3983.767 
85.522 
87.277 
89.033 
90.790 
92.548 
94.306 
96.065 
97.825 

3999.586 
4001.347 

03.109 
04.872 
06.635 
08.399 
10.164 
11.930 
13.697 
15.464 
17.232 

4019.001 
20.770 
22.541 
24.312 
26.084 
27.856 
29.630 
31.404 
33.179 
34.955 

1036.731 
38.608 
40.286 
42.065 
43.844 
46.024 
47.405 
49.187 
60.970 
62.753 

1054.637 

Dieertmc 

1 

1.740 
741 
741 
742 
743 
744 
744 
745 
746 
746 

1.747 
748 
749 
749 
750 
751 
762 
752 
753 
754 

1.765 
755 
756 
757 
768 
758 
769 
760 
761 
761 

1.762 
763 
763 
764 
765 
766 
767 
767 
768 
769 

1.769 
771 
771 
772 
772 
774 
774 
776 
776 
770 

1.777 
778 
779 
779 
780 
781 
782 
783 
783 

1.784 
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47 
48 
49 
60 
I1 
62 
63 
64 
MI 
60 
61 
58 
6s 
80 - 

MERCATOR PROJECTION TABLE-Continued. 
[Meridional distances for the spheroid. Comprenslon &a] 

6 6 O  II 67' I1 b8O II 650 
Meridional 
distance. 

4054.537 
56.321 ~. ~~~ 

58.106 
59.892 
61.679 
63.467 
65.255 
67.044 
68.834 
70.625 

4072.417 
74.210 
76.004 
77.799 
79.594 
81.390 
83.187 
84.984 
86. 783 
88.582 

4090.382 
92.182 ._ _ _ ~  
93.983 
95.785 
97.588 

4099.392 
4101. 197 
05.002 
04.808 
06.615 

4108.423 
10.231 
12. 040 
13.850 
15. 661 
17.473 
19.286 
21.098 
22.912 
24.727 

4126.543 
28.360 
30.177 
31.995 
33.814 
35.634 
37.454 
39.275 
41.097 
42.920 

4144.744 
46.569 
48.394 
bo. 220 
52.047 
63.875 
55.704 
67.534 
69.364 
61.195 

4163.027 

il 
1.784 
785 
786 
787 
788 
788 
789 
790 
791 
792 

1.793 
794 
795 
795 
796 
797 
797 
799 
799 
800 

1. 800 
801 
802 
803 
804 
805 
805 
806 
807 
808 

1.808 
809 
810 
811 
812 
812 
813 
814 
815 
816 

1.817 
817 
818 
819 
820 
820 
821 
822 
823 
824 

1.825 
825 
826 
827 
828 
829 
830 
830 
831 

1.832 

4163.027 
64.860 
66.693 
68.527 
70.363 
72.199 
74.030 
75.873 
77.712 
79.551 

4181.391 / /  83. 232 
85.074 
86.917 
88.761 
90. GO5 
92.451 

11 4199.840 
4201.690 ll E: E 11 07. 243 
09.095 II :;:E 
14.659 
16.515 

4218.372 
20.230 
22: 089 
23.949 11 25. 809 

11 27. 671 
29.533 
31.396 
33.260 
35.125 

4236.991 
38.857 
40. 724 
42.592 
44.461 

50.074 11 61.946 
63.819 

11 4255. 694 
57.569 
69.445 

70.720 (j 72. 602 
4274.485 

1.833 
833 
834 
836 
836 
837 
837 
839 
839 
840 

1: 841 
842 
843 
844 
844 
846 
840 
847 
848 
848 

1.850 
850 
851 
852 
852 
854 
854 
855 
856 
857 

1.858 
859 
800 
860 
862 
862 
863 
864 
865 
866 

1.866 
867 
868 
869 
870 
871 
872 
872 
873 
876 

1.875 
876 
877 
878 
879 
879 
881 
881 
882 

1.883 

, II I 

85.239 11 87. 176 
4389.113 

4274.485 
76.369 
78.'264 
80.139 
82.026 

11 83. 913 SS. sol 
87. 691 
89.581 
91.472 

4293.364 11 95.256 

4300.940 /i 02.836 
04.734 

11 4312.332 

II 19.944 
21.849 
23.756 
25.663 
27.571 
29.480 

4331.389 II 

II 33.300 

11 40.953 
42.868 
44.784 
46.701 
48. 619 

4360.538 
52.458 
54.379 
66.301 
58.224 
GO. 148 I! 02. 072 

11 63. 997 
65.924 11 67. 851 

11 4369.779 
71.709 
73.639 
75.570 
77.502 

1.884 
885 
885 
887 
887 
888 
890 
890 
891 
892 

1.892 
894 
895 
895 
896 
898 
898 
899 
900 
901 

1.901 
903 
904 
904 
905 
906 
908 
908 
909 
909 

1.911 
912 
913 
913 
915 
916 
916 
917 
918 
919 

1.920 
921 
922 
923 
924 
924 
925 
927 
927 
928 

1.930 
930 
931 
932 
932 
934 
935 
936 
936 

1.938 

' 11 4389.'113 
91.052 
92.991 
94.932 
96.873 

4398.815 
4400.759 
02.703 
04. 648 
06.594 

14.388 
16.339 
18.291 
20.244 

4428.064 
30.022 
31.981 
33.940 
35.901 

43.753 
45.718 

4447.684 
49.652 
61. 620 
53.589 
65.560 
57.531 
59.503 
61.476 
63.451 
65.426 

4467.402 
69.379 
71.357 
73.336 
75.317 

83.247 11 85.232 
11 4487.218 

89.205 
91.193 
93.182 
96.172 
97.103 

4499.155 
4601.148 
03.142 /I 05. 137 

4607.133 

Dltlerencf 

, 
1.939 
939 
941 
941 
942 
944 
944 
945 
946 
947 

1.948 
949 
950 
951 
952 
953 
953 
955 
956 
956 

1.958 
959 
959 
961 
961 
963 
963 
965 
965 
966 

1.968 
968 
969 
971 
971 
972 
973 
975 
975 
976 

1.977 
978 
979 
981 
981 
982 
983 
984 
985 
986 

1.987 
988 
989 
990 
991 
992 
993 
994 
995 

1.996 

- - 
Mh- 
Utes. 

0 
1 

3 
4 
6 
0 
7 
8 
9 

10 
11 
12 
13 
14 
16 
10 
17 
18 
19 
20 
21 
2a 
23 
24 
26 
26 
27 
28 
29 
30 
31 
32 
33 
34 
36 
30 
37 
38 
30 
40 
41 
42 
43 
44 
46 
40 
47 
48 
49 
60 
61 
62 
63 
64 
56 
60 
67 
68 
69 
80 

a 

- 
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M h -  
Ut.89. 

- 
0 
1 
2 
3 
4 
6 
6 
7 
8 
9 

10 
11 
12 
13 
14 
16 
18 
17 
18 
19 
20 
21 
22 
23 
24 
26 
26 
27 
28 
29 
30 
31 
32 
33 
34 
36 
38 
37 
38 
39 
40 
41 
42 
43 
44 
4s 
46 
47 
48 
49 
60 
61 
62 
63 
54 
Mi 
60 
67 
68 
6s 
80 - 

U. 8. COAST AND GEODETIC SURVEY 

MERCATOR PROTECTION TABLE-Gontinued. 
[Merldlonal distancas for tho spheroid. Compression & 

. 60' 
Merldlonal 
distance. 

, 
4507.133 
09.130 
11.128 
13.127 
15.128 
17.129 
19.131 
21.134 
23.139 
25.144 

4527.150 
29.157 
31.166 
33.175 
35.185 
37.197 
39.209 
41.222 
43.237 
45.252 

4547.269 
49.286 
51.305 
53.324 
55.345 
57.367 
59.389 
61.143 
63.438 ' 
65.464 

4567.491 
69.519 
71.547 
73.577 
75.609 
77.641 
79.674 
81.708 
83.743 
85.780 

4587.817 
89.856 
91.895 
93.936 
95.978 

4598.020 
4600.064 
02.109 
04.155 
06. 202 

4608.250 
10.299 
12.349 
14.400 
16.452 
18.606 
20.500 
22.616 
24.672 
26.730 

4628.789 

, 
1.997 
998 

1.999 
2.001 
001 
,002 
003 
005 
005 
006 

2.007 
009 
009 
010 
012 
012 
013 
015 
015 
017 

2.017 
019 
019 
021 
022 
022 
024 
025 
026 
027 

2.028 
028 
030 
032 
032 
033 
034 
035 
037 
037 

2.039 
039 
041 
042 
042 
044 
045 
046 
047 
048 

2.049 
050 
051 
052 
054 
OL!5 
056 
056 
058 

2.059 

61' 

Merldlonal 
distance. 

4628.789 
30.849 
32.910 
34.972 
37.035 
39.099 
41.165 
43.231 
45.299 
47.368 

4649.437 
51.508 
53.580 
55.653 
57.727 
59.802 
61.879 
63.956 
66.035 
68.114 

4670.195 
72.277 
74.360 
76.444 
78.529 
80.615 
82.703 
84.791 
86.881 
88.972 

4691.064 
93.157 
95.251 
97.346 

4699.443 
4701.540 
03.639 
05.739 
07.840 
09.942 

4712.045 
14.149 
16.255 
18.361 
20.469 
22.578 
24.688 
26.799 
28.912 
31.025 

4733.140 
35.256 
37.373 
39.491 
41.610 
43.731 
45.852 
47.976 
50.089 
62.224 

4754.350 

IEerenCO 

, 
2.060 
061 
062 
963 
064 
066 
066 
068 
069 
069 

2.071 
072 
073 
074 
075 
077 
077 
079 
079 
081 

2.082 
083 
084 
085 
086 
088 
088 
090 
091 
092 

2.093 
094 
095 
097 
097 
099 
100 
101 
102 
103 

2.104 
106 
106 
108 
109 
110 
111 
113 
113 
115 

2.116 
117 
118 
119 
121 
121 
123 
124 
125 

2.126 

Meridionel 
distance. 

, 
1754.350 
56.478 
58.607 
60.736 
62.867 
65. OOO 
67.133 
69.268 
71.403 
73.540 

4775.678 
77.817 
79.958 
82.099 
84.242 
86.386 
88.531 
90.677 
92.825 
94.973 

4797.123 
4799.274 
4801.427 
03.580 
05.735 
07.891 
10.048 
12.206 
14.366 
16.526 

4818.688 
20.851 
23.016 
25.181 
27.348 
29.516 
31.685 
33.856 
36.027 
38.200 

4840.374 
42.550 
44.726 
46.904 
49.083 
51.263 
63.445 
55.628 
57.812 
69.997 

4862.183 
64.371 
66.680 
68.750 
70.942 
73.134 
75.328 
77.524 
79.720 
81'. 918 

4884.117 

~rnerenco. 

, 
2.128 
129 
129 
131 
133 
133 
135 
135 
137 
138 

2.139 
141 
141 
143 
144 
145 
146 
148 
148 
150 

2.151 
153 
153 
155 
156 
157 
158 
160 
160 
162 

2.163 
165 
165 
167 
168 
169 
171 
171 
173 
174 

2.176 
176 
178 
179 
180 
182 
183 
184 
185' 
186 

2.188 
189 
190 
192 
192 
194 
196 
196 
198 

2.199 

63' 
Meridlonel 
distance. 

1884.117 
86. 317 
88.518 
90.721 
92.925 
95.130 
97.336 

4899.544 
4901.753 
03.964 

4906.175 
08.388 
10.603 
12.818 
15.035 
17.253 
19.472 
21.693 

' 23.915 
26.138 

4928.362 
30.588 
32.815 
35.043 
37.273 
39.504 
41.736 
43.970 
46.204 
48.441 

4950.678 
52.917 
55.157 
57.398 
59.641 
61.885 
64.130 
66.377 
68.625 
70.874 

4973.125 
75.377 
77.630 
79.885 
82.141 
84.398 
86.657 
88.917 
91.178 
93.441 

4995.704 
4997.970 
6000.236 
02.504 
04.774 
07.045 
09.317 
11.590 
13.865 
16.141 

6018.419 

)Eerence 

, 
2.200 
201 
203 
204 
205 
206 
208 
209 
211 
211 

2.213 
215 
216 
217 
218 
219 
221 
222 
223 
224 

2.226 
227 
228 
230 
231 
232 
234 
234 
237 
237 

2.239 
240 
241 
243 
244 
246 
247 
248 
249 
251 

2.252 
263 

' 255 
' 256 

257 
259 
260 
261 
263 
263 

2.266 
266 
268 
270 
271 
272 
279 
275 
276 

2.278 

- 
H n -  
Utes. - 

0 
1 
2 
3 
4 
6 
8 
7 
8 
9 

10 
11 
12 
13 
14 
16 
18 
17 
18 
19 
w 
21 
22 
23 
24 
26 
26 
27 
28 
29 
30 
31 

33 
34 
36 
36 
37 
38 
89 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
so 
61 

63 
64 
56 
66 
67 
68 
69 
GO 

a2 

sa 

- 



THE MERCATOB PROJECTION 

D ~ - ~ ~ .  

, 

'*::: 
:: 459 

. 468 

141 

Meridional 
dlstenca 

5452.493 
, 55.051 
60.171 
62.734 
65.298 
67.865 
70.433 
73.003 

57.610 

0 
1 
2 
3 
4 
6 
8 
7 
0 
9 

10 
11 
12 
13 
14 
16 
16 
17 
18 
19 

, 20 
21 
22 
23 
24 
26 
28 
27 
28 
29 
30 
31 
32 
33 
34 
36 
30 
37 
38 
39 
40 
41 u 
43 
44 
M 
46 
47 
Is 
49 
60 
61 
62 
63 
64 
MI 
68 
61 
68 
68 
60 - 

2.364 

i:; 
;;; 

MERCATOR PROJECTION TABLE-Continued. 
[Meridional dlsEances,for the spheroid. Compranslon k.1 

6 4 O  II 6 6 O  II M0 II 67 O 

5302.164 
.04.621 
07.079 
09.538 
11.999 

Merldlonal 
distance. 

281 
283 
285 * 

, 
5018.419 
20.698 
22.978 
25.259 
27.642 
29.827 
32.113 
34.400 
36.688 
38.978 

5041.269 
43.662 
45.856 
48.151 
50.447 
52.745 
55.045 
57.346 
59.648 
61.952 

5064.257 
66.563 
68.871 
71.180 
73.491 
75.803 
78.117 
80.432 
82.748 
85.066 

5087.386 
89.706 
92.028 
94.351 
96.676 

5099.002 
5101.330 
03.659 
05.989 
08.321 

5110.655 
12.990 
15.326 
17.684 
20.003 
22.344 

' 24.686 
27.029 
29.374 
31.721 

6134.069 
36.419 
38.770. 
41.122 
43.476 
45.831 
48.188 
SO. 646 
52.905 
65.266 

6167.629 

64.726 
67.094 

286 

i:; 
i:y 

"'i:: 
fii 
298 

69.464 
71.835 
74.208 
76.583 
78.959 

5181.337 
83.716 
86.096 
88.478 
90.861 

I 376 
378 

t:i 
. 383 

2.379 

385 
386 

:E 
391 
393 

2' !ii 
i!i 
400 

21.862 
24.331 

29.275 
31.750 
34.226 

5326.802 

36.704 
39.183 
41.664 
44.147 
46.631 
49.117 

5351.605 
64.094 
56.585 
59.078 
61.572 

475 

$: 
479 

i:: :: 
488 

83.301 
85.880 
88.461 
91.043 
93.627 
96.213 

6498.801 
5501.390 

300 ::; 

309 

314 

:;: 
2.320 ::: 
325 
326 

::: 
532 
334 

2. 335 

338 

::! 
343 
345 

iii 
iii 
354 
866 

!ii 
$! 

328 

336 

2.350 

2.363 

93.246 
95.632 

5198.020 
5200.410 
02.801 

5205.104 
07.588 
09.983 
12.380 
14.779 
17.179 
19.681 
21.984 
24.389 
26.795 

6229.203 
31.612 
34.023 
36.435 
38.849 

43.682 
46.101 
48.521 
50.942 

5253.366 

58.217 
60.645 
63.074 
65.506 
67.938 
70.373 
72.809 
75.246 

80.126 
82.568 
85.012 
87.457 
89.905 
92.354 
94.803 
97.256 

6302.164 

41.265 

65.791 

5277.686 

6299.709 

493 

:ftt 

5503.981 
06. 573 
09.166 
11.761 
14.358 

DMerence 

402 
403 
405 

2.558 
559 
561 
563 
564 
567 
568 
570 
571 
574 

2.576 
577 
579 
581 
582 
684 
586 
588 
589 
691 

2.592 
593 
595 
597 
590 
602 
603 
605 
608 
610 

2.612 
615 
617 
818 
620 
621 
624 
625 
627 
628 

2.630 
632 
634 
635 
637 
640 
641 
643 
845 
647 

2.649 
650 
053 
654 
667 
858 
660 
662 
664 

2.866 

64.068 
66.565 
89.064 
71.565 
74.068 

0 
1 
2 
3 
4 
6 
6 
7 
8 
9 

10 
11 
12 
18 
14 
16 
16 
17 
18 
15 
20 
21 
22 
23 
24 
!a 
28 
27 
28 
25 
30 
31 
314 
53 
84 
86 
38 
37 
38 
39 
UE 
41 
42 
Is 
44 
45 
46 
47 
48 
49 
60 
61 
62 
63 
M 
B& 
68 
67 
68 
69 
60 - 

497 

t:y 
2.506 
508 

512 
515 

519 

2. 522 
525 
526 

522 

531 

16.957 
19.559 
22.162 
24.767 
27.375 

5529.985 
32.597 
35.212 
37.829 
40.447 
43.067 
45.688 
48.312 
50.937 

5556. 192 
58.822 
61.454 
64.088 
66.723 
69.360 
72. OOO 

53.564 

'*:;! 
. 412 

iii 
417 

421 

2. 425 
4 4  

429 
431 
433 
435 
436 

2. e40 

449 
449 
462 
454 

2*455 

5376.572 
79.078 
81.586 
84,095 
86.607 
89.119 
91.634 
94.150 
96.668 

5401.709 
04.231 
06.758 

11.810 
14.340 
16.871 
19.404 
21.939 
24.476 

5427.014 
29.564 
32.096 
34.640, 
37.185 
39.732 
42.281 
44.832 
47.384 
49.938 

5452.493 

6399.187 

09.282 

2';z: 
i:: 
547 

!if 

5582.576 
85.226 
87.876 
90.528 

95.839 
6598.497 
6601.157 
03.819 
06.483 

93.182 

2*556 I 5009.149 
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- 
Min- 
Utes. 

0 
1 
2 
3 
4 
6 
6 
7 
8 
9 
10 
11 
12 
13 
14 
16 
16 
17 
18 
19 
20 
21 
22 
23 
24 
26 
26 
XI 
28 
29 
30 
31 
32 
23 
34 
36 
36 
31 
38 
s9 
40 
41 
42 
43 
44 
46 
46 
47 
48 
49 
60 
61 
62 
63 
64 
68 
66 
61 
68 
69 
60 - 

71' 

U. S. COAST AND GEODETIC SURVEY 

B¶ERCATOR PROJECTION TABLE-Continued. 
(Meridional dlstancas for the spheroid. Compression 

68' 
Meridlonal 
dlstsnca 

i609.149 
11.817 
14.487 
17.159 
19.832 
22.608 
25.186 
27.866 
30.547 
33.230 

5635.915 
38.602 
41.292 
43.983 
46.676 
49.371 
52.068 
54.767 
57.468 
60.171 

5662.876 
65.583 - 68.292 
71.003 
73.716 
76.431 
79.148 
81.867 
84.588 
87.311 

5690.036 
92.763 
95.492 

5698.223 
5700.956 

03.691 
06.429 
09.168 
11.909 
14.662 

5717.398 
20.146 
22.894 
25.646 
28.399 
31.166 
33.913 
36.672 
39.434 
42.198 

6744.964 
47.732 
60.602 
63.274 
60.049 
68.826 
61.604 
64.384 
67.167 
69.952 

6772.739 

, , 
2.668 

678 
672 
673 
676 
678 
679 
682 
' 683 

685 
2.687 

690 
691 
693 
695 
697 
699 
701 
703 
705 

2.707 
709 
711 
713 
715 
717 
719 
721 

, 723 
725 

2.727 
729 
731 
733 
735 
738 
739 
741 
743 
746 

2.747 
74 9 
762 
753 
756 
758 
769 
762 
764 
766 

2.768 
770 
772 
775 
776 
779 
780 
783 
785 

2.787 

69' 

, 
1772.739 

75.528 
78.319 
81. 112 
83.907 
86.705 
89.505 
92.306 
95.110 

i797. 917 
i800.725 

03.635 
06.348 
09.162 
11.979 
14.798 
17.620 
20.443 
23.269 
26. 096 

5828.926 
31.768 
34.693 
37.429 
40.267 
43.108 
45.951 
48.797 
61.644 
64.494 

5857.346 
60.200 
63.057 
66.916 
68.776 
71.639 
74.595 
77.372 
80.242 
83.114 

6885.989 
88.866 
91.744 
94.626 

6897.608 
5900.394 

03.282 
06.172 
09.065 
11.960 

5914.857 
17.756 
20.658 
23.562 
20.468 
29. 377 
32.288 
36.201 
38.117 
41.035 

6043.956 

2.789 
791 
793 
795 
798 
800 
801 
804 
807 
808 

2.810 
813 
814 
817 
819 
822 
823 
826 
827 
830 

2.832 
835 
836 
838 
841 
843 
846 
847 
850 
852 

2.864 
857 
858 
861 
863 
866 
867 
870 
872 
87 6 

2.876 
879 
881 
883 
886 
888 
890 
893 
895 
897 

2.899 
902 
904 
906 
909 
911 
913 
916 
918 

2.320 

70' 

MerIdlonol 
distnnce. 

5943.965 
46.878 
49.803 
62.730 
55.659 
58.591 
61.626 
64.463 
67.402 
70.343 

5973.287 
76. 234 
79.182 
82.133 
86.087 
88.043 
91.001 
93.961 
96.925 

6999.890 
6002.858 

05.828 
08.801 
11.776 
14.753 
17.733 
20.716 
23.701 
26.688 
29.678 

6032.670 
35.665 
38.662 
41.661 
44.664 
47.668 
60.676 
63.685 
56.697 
69.712 

6062.729 
65.748 

71.794 
74.821 
77.851 
80.883 
83.918 
86.955 
89.995 

6093.038 
96.083 

6099.130 
6102.180 

06.232 
08.287 
11.346 
14.406 
17.460 
20.534 

6123.602 

68.770 

2.923 
925 
927 
929 . 
932 
936 
937 
939 
94L 
944 

2.947 
948 
951 
954 
956 
958 
960 
964 
965 
968 

2.970 
973 
975 
977 
980 
983 
985 

. 987 
990 
992 

2.995 
997 

2.999 
3.003 

004 
007 
010 
012 
015 
017 

3: 019 
022 
024 
027 
030 
032 
03 5 
037 
040 
043 

3.045 
047 
050 
052 
055 
058 
061 
063 
066 

3.068 

Merldloml 
distance. 

i123. 602 
26.673 
29.746 
32.822 
35. 900 
38.981 
42.065 
45.151 
48.240 
51.332 

6154.426 
57.523 
60.622 
63.724 
66.829 

. 69.937 
73.047 
76.160 
79.275 
82.394 

6185.514 
88.638 
91.764 
94.893 

6198.025 
6201.159 

04.296 
07.436 
10.679 
13.724 

6216.872 
20.023 
23.176 
26.332 
29.491 
32.653 
35.818 
38.985 
42.155 
45.328 

6248.603 
61.682 
64.863 
58.047 
61.234 
64.424 

' 67.616 
70.811 
74.010 
77.211 

6280.414 
83.621 
86.831 
90.043 
93.268 
96.476 

6299.897 
0302.921 

06.148 
09.378 

6312.610 

Ifference. 

, 
3.071 

073 
076 
078 
081 
084 
086 
089 
092 
094 

3.097 
099 
102 
105 
108 
110 
113 
115 
119 
120 

3.124 
126 
129 
132 
134 
137 
140 
143 
145 
148 

3.161 
153 
156 
159 
162 
165 
167 
170 
173 
175 

3.179 
181 
184 
187 
190 
1.92 
195 

201 
203 

3.207 
210 
212 
215 
218 
221 
224 
227 
230 

3.232 

198 

-- 
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16 
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49 
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69 
00 - 
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THE MERCATOR PROJECTION 

MERCATOR PROJECTION TABLE-Continued. 
[Meridional dlstanca for the spheroid. Compression & 

7 2 O  

Meridional 
distance. 

, 
6312.610 

15.845 
19.083 
22.325 
25.569 
28.816 
32.066 
35.319 
38.575 
41.834 

6345.096 
48.360 
51.627 
64.898 
58.171 
61.448 
64.727 
68.010 
71.296 
74.584 

6377.876 
81.171 
84.468 
87.768 
91.072 
94.379 

6397.689 
6401.002 

04.317 
07.636 

6410.’958 
14.283 
17.611 
20.942 
24.276 
27.613 
30.954 
34.298 
37.645 
40.995 

6444.348 
47.704 
51.063 
64,425 
67.790 
61.159 
64.531 
67.906 
71.284 
74.665 

6478.050 
81.437 
84.828 
88.222 
91.619 
95.020 

6498.424 
6601.831 

05.241 
OB. 654 

6612.071 

Ufkence .  

, 
3.235 

238 
242 
244 
247 
250 
253 
256 
259 
262 

3.264 
267 
271 
273 
277 
279 
283 
286 
288 
292 

3.295 
297 
300 
304 
307 
310 
313 
315 
319 
322 

3.325 
328 
331 
334 
337 
341 
344 
347 
350 
353 

3.356 
359 
362 
365 
369 
372 
376 
378 
381 
385 

3.387 
391 
394 
397 
401 
404 
407 
410 
413 

3.417 

7 3 O  

Morldlonnl 
dlstanco. 

6512.071 
15.491 
18.914 
22.340 
25.770 
29.203 
32.640 
36.079 
.39.522 
42.968 

6546.418 
49.871 
53.327 
56.786 
60.249 
63.715 
67.185 
70.658 
74.134 
77.614 

6581.097 
84.583 
88.073 
91.566 
95.063 

6598.563 
6602.067 

05.574 
09.084 
12.598 

6616.116 
19.636 
23.160 
26.688 
30.219 
33.754 
37.292 
40.833 
44.378 
47.927 

6651.479 
65.035 
58.594 
62.157 
65.723 
69.293 
72.866 
76.443 
80.024 
83.609 

6687.197 
90.788 
94.383 

6697,982 
6701.684 

05.190 
08.800 
12.413 
16.030 
19.651 

6723.276 

‘Berace 

, 
3.420 

423 
426 
430 
433 
437 
439 
443 
446 
450 

3.453 
456 
459 
463 
466, 
470 
473 
476 
480 
483 

3.486 
490 
493 
497 
500 
504 
507 
510 
514 
618 

3.520 
624 
528 
531 
535 
538 
641 
645 
549 
652 

3.656 
559 
563 
666 
670 
573 
577 
681 
685 
588 

3.591 
595 
699 
602 
606 
010 
613 
617 
621 

3.625 

74O 

Merldlonnl 
dfstanco. 

j723.275 
26.903 
30.534 
34.169 
37.808 
41.451 
45.097 
48.747 
52.401 
56.059 

6759.721 
63.386 
67.055 
70.728 
74.404 
78.084 
81.768 
85.456 
89.148 
92.844 

6796.543 
6800.246 

03.953 
07.663 
11.378 
15.090 
18..818 
22.645 
26.276 
30.009 

6833.747 
37.489 
41.236 
44.986 
48.740 
62.498 
56.260 
60.027 
63.797 
67.571 

6871.349 
75.131 
78.916 
82.706 
86.500 
90.298 
94.100 

6897.906 
6901.716 

06.531 
6909.350 

13.172 
16.998 
20.829 
24.664 
28.503 
32.346 
36.193 
40.045 
43.901 

6947.761 

, 
)ifference. 

3.628 
631 
635 
639 
643 
646 
650 
654 
658 
662 

3.665 
669 
673 
676 
680 
684 
688 
692 
696 
699 

3.703 
707 
711 
715 
718 

722 
727 
730 
734 
738 

3.742 
747 
750 
754 
758 
762 
766 
770 
774 
778 

3.782 
785 
790 
794 
798 
802 
806 
810 
815 
819 

3.822 
826 
831 
836 
839 
843 
847 
852 
856 

3.860 

7 6 O  

Meridlonnl 
distance. 

6947.761 
51.625 
55.493 
59.365 
63.242 
67.123 
71.008 
74.898 
78.792 
82.690 

6986.592 
90.498 
94.409 

6998.324 
7002.243 

06.167 
10.095 
14.028 
17.965 
21.906 

7025.852 
29.801 
33.755 
37.714 
41.677 
45.645 
49.617 
53.594 
67.575 
61.561 

7065.551 
69.545 
73.544 
77.547 
81.555 
85.568 
89.585 
93.607 

7097.633 
7101.664 
7105.699 

09.739 
13.784 
17.833 
21.887 
25.946 
30.009 
34.077 
38.149 
42.226 

7146.308 
50.394 
54.485 
58.581 
62.682 
66.787 
70.897 
75.012 
79.132 
83.257 

7187.387 

lifference 

3.864 
868 
872 
877 
881 
885 
890 
894 
898 
902 

3.906 
911 
915 
919 
924 
928 
933 
937 
941 
946 

3.949 
954 
959 
963 
968 
972 
977 
981 
986 
990 

3.994 
3.999 
4.003 

008 
013 
017 
022 
026 
031 
035 

4.040 
045 
049 
054 
059 
063 
068 
072 
077 
082 

4.086 
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110 
116 
120 
125 

4.130 - 
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U. S. COAST A N D  GEODETIC SURVEY 

MERCATOR PROJECTION TABLE-Continued. 
[YeridlonaI distances for the spheriod. Comprassion &.] , 

7gP 

, 
7187.387 

91.521 
95.660 

7199.804 
7203.953 

os. 107 
12.266 
16.429 
20.698 
24.772 

7228.950 
33.133 
37.321 
41.514 
45.712 
49.915 
54.123 
68.336 
62.555 
66.778 

7271.007 
75.240 
79.478 
83.721 
87.970 
92.224 

7296.482 
7300.747 

05.016 
09.290 

7313.570. 
17.854 
22.144 
26.439 
30.739 
35.045 
39.356 
43.672 
47.994 
62.321 . 

7356.653 
60.990 
65.332 
69.680 
74.033 
78.392 
82.756 
87.126 
91.501 

7395.882 
7400.268 

M'659 
09.055 
13.457 
17.865 
22.278 
26.097 
31.121 
35.651 
39.987 

7444.428 

4.134 
139 
144 
149 
154 
159 
163 
169 
174 
178 

4.183 
188 
193 
198 
203 
208 
213 
219 
223 
229 

4.233 
238 
243 
249 
254 
258 
265 
269 

' 274 
280 

4.284 
290 
295 
300 
306 
311 
316 
322 
327 
332 

342 
348 
353 
359 
364 
370 
375 
381 
386 

4.391 
396 
402 
408 
413 
419 
424 
430 
436 

4.441 

4.33; 

-- 
77 O 

Meridional 
distance. 

7444.428 
48.875 
53.327 
57.785 
62.248 
66.717 
71.192 
75.673 
80.160 
84.652 

7489.150 
33.654 

7498.163 
7502.678 

07.199 
11.726 
16.258 
20.797 
25.341 
29.891 

7534.447 
39.008 
43.575 
48.149 
52.728 
57.313 
61.905 
66.502 
71.106 
75.716 

7580.332 
84.953 
89.581 
94.216 

7598.855 
7603.502 

08.164 
12.813 
17.478 
22.149 

7626.827 
31.510 
36.199 
40.895 
45.597 
50.305 
55.020 
59.741 
64.469 
89.203 

7673.943 
78.689 
83.442 
88.201 
92.967 

7697.740 
7702.519 

07.304 
12. 096 
16.895 

7721.700 
.~ 

~ I f f l e r ~ C e  

4.447 
452 
458 
463 
469 
475 
481 
487 
492 
498 

4.604 
509 
515 
521 
527 
632 
539 
544 
550 
556 

4.561 
567 
574 
579 
585 
592 
597 
604 
610 
616 

4.621 
628 
634 
640 
647 
652 
659 
665 
671 
678 

4.683 
689 
696 
702 
708 
715 
721 
728 
734 
740 

4.746 
753 
759 
766 
773 
779 
786 
792 
799 

4.805 

780 

, 
77 1.700 

36.511 
31.329 
36.154 
40.985 
45.823 
50.668 
55.520 
60.378 
65.243 

7770.115 
74.993 
79.878 
84.770 
89.669 
94.575 

7799.487 
7804.407 

09. 334 
14.267 

7819.208 
24.155 
29.109 
34.070 
39.038 
44.013 
48.996 
63.986 
58.983 
63.987 

7868.998 
74.016 
79.041 
84.073 
89.113 
94.160 

7899.214 
7904.276 

09.345 
14.421 

7919.505 
24.596 
29.694 
34.799 
39.912 
45.033 
50.161 
66.297 
60.441 
65.592 

7970.751 
75.917 
81.090 
86.271 
91.460 

7996.656 
8001.861 

07.074 
12.294 
17.522 

8022.758 ~- 

DhKerenca 

4.811 
818 
825 
831 
838 
845 
852 
858 
865 
872 

4.878 
885 
892 
899 
906 
912 
920 
927 
933 
941 

4.947 
954 
961 
968 
975 
983 
990 

4.997 
5.004 

011 
5.018 

025 
032 
040 
047 
054 
062 
069 
076 
084 

5.091 
098 
105 
113 
121 
128 
136 
144 
161 
159 

5.106 
173 
181 

. 189 
196 
205 
213 
220 
228 

5.236 

750 
MerIdIonal 
distance. 

8022.758 
28.001 
33.252 
38.511 
43.778 
49.053 
54.336 
69.628 
64.927 
70.234 

8075.550 
80.873 
86.203 
91.542 

8096.890 
8102.246 

07.610 
12.983 
18.364 
23.753 

8129.150 
34.555 
39.969 
45.391 
50.821 
66.260 
61.708 
67.165 
72.630 
78.104 

8183.586 
89.076 

8194.575 
8200.082 

05.598 
11.123 
16.657 
22.200 
27.752 
33.313 

8238.883 
44.461 
50.047 
65. 642 
61.247 
66.861 
72.484 
78.117 
83.759 
89.409 

8296.069 
8300.737 

06.414 
12.101 
17.798 
23. 604 
29.219 
34.944 
40.678 
46.422 

8352.176 

5.243 
251 
259 
267 
275 
283 
292 
299 
307 
316 

5.323 
330 
339 
348 
356 
364 
373 
381 
389 
397 

5.405 
414 
422 
430 
430 
448 
457 
465 
474 
482 

5.490 
499 
507 
616 
525 
534 
543 
652 
561 
670 

6.678 
686 
695 
605 
614 
623 
633 
642 
660 
660 
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715 
726 
734 
744 

6. 764 
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FIXING POSITION BY WIRELESS DIRECTIONAL BEARINGS 

A very close approximation for plotting on a Mercator chart the position of a 
ship receiving wireless bearings is given in Admiralty Notice to Mariners, No. 952, 

‘ June 19, 1920, as follows: 
I.-GENERAL 

Fixing position by directional wireless is very similar t o  fixing by cross bearings from visible 
objects, the principal difference being that, when using a chart on the Mercator projection allowance 
haa to be made for the curvature of the earth, the wireless stations being generally at very much 
greater distances than the objects used in an ordinary cross bearing fix. 

Although fixing position by wireless directional bearings is dependent for its accuracy upon the 
degree of precision with which it is at present possible to determine the direction of wireless waves, 
confirmation of the course and distance made good by the receipt of additional bearings, would 
afford confidence to  those responsible in the vessel as the land is approached under weather conditions 
that preclude the employment of other methods. 

At the present time, from shore stations with practiced operators and instruments in good ad- 
justment, the maximum error in direction should not exceed 2’ for day working, but i t  is t o  be noted 
that errors at night may be larger, altlough sufficient data on this point are not at present available. 

11.-TRACK OF WIRELESS WAVE 

The track of a wireless wave being a great circle is represented on a chart on the Mercator pro- 
jection by a flat curve, concave toward the Equator; this flat curve is most curved when it runs in 
an east and west direction and flattens out as the bearing changes toward north and south. When 
exactly north and south it is quite flat and is then a straight line, the meridian. The true bearing 
of a ship from a wireless telegraph (W/T) station, or vice versa, is the angle contained by the great 
circle passing through either position and its respective meridian. 

‘III.--CONVERGENCY 

Meridians on the earth’s surface not being parallel but converging at the  poles, it follows tha t  
a great circle will intersect meridians as it crosses them a t  a varying angle unless the great circle itself 
passes through the poles and becomes a meridian. The difference in the angles formed by the inter- 
section of a great circle with two meridians (that is, oonvergency) depends on the angle the great 
circle makes with the meridian, the middle latitude between the meridians, and the difference of 
longitude between the meridians. 

This difference is known as the convergency and can be approximately calculated from the 
formula- 

Convergency in minutea=di%. long. in minutesxsin mid. lat. 

Convergency may be readily found from the convergency scale (see fig. 86), or it may be found by 
traverse table entering the diff. long. as distance and mid. lat. as courso; the resulting departure being 
the  convergency in minutes. 

1’ A valuable contribution to this subjoot by a. W. Littlohales, appoared in tho Journal of tho Amorloan Society of Naval En- 
ginears, February, 1820 under tho tltlo: “The Prospective UtllIzation of Vessel-to-Shore Radlommpass Boarlngs in Aerial and Trans- 
oatanlo Nwigation.” 

Our attention has bean d e d  to a diagram on Pilot Chart ’No. 1400, February, 1921, entitled “Position Plottlng by Radio 
Benrings” by Elmer B. Colllns, nautical oxpert, U. 8. Hydrographic Oftlee. On this diagram there IS glvon a mothod of ilxing tho 
position of a vessel on a Mercator ohart both by plotting and by computation. 

The Admiralty 1190s doad-reckoning position for preliminary flx whereas by the Hydrographio Oftlca method the preliminary 
fix la obtalned by laying tho radlocrompass bearings on the Merosetor ohart. The Hydrographfo Offlca rrlso gives n method of cam. 
putation whoroin the radiocompass boarings rue used in a manner very similar to Bumnor lines. 

See ah0 tho paregraph wfrelcu dfredfond bearing8 under the chapter Gnomonfc Projecffon, p. 149. 
609106’4+10 
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IV.-TRUE AND MERCATORIAL BEARINGS 

Meridians on a Mercator chart being represented by parallel lines, it  follows that the true bearing 
of the ship from the station, or vice versa, can not be represented by a straight line joining the two 
positions, the  straight line joining them being the mean mercatorial bearing, which differs from the  
t rue  bearing by i )$ the convergency. As it is this mean mercatoria1 bearing which we require, all ' 
t ha t  is neecssary when the true bearing is obtained from a W/T station is t o  add to  or subtract from 
it 34 the convergency and lay off this bearing from the station. 

NoTE.-churts on the gnomonic projection which facilitate the plotting of true bearings are now in 
course of preparation by the Admiralty and the U. S. Hydrographic Office. 

V.-SIGN OF THE % COKVERGENCY 

Provided the bearings arc always measured in degrees north Oo to 300" (clockwisc) the sign of this 

N. lat- - - - _ _ _ _ _ _ _ _ _ _  - _ _ _  ---?$, convergency is + to the bearing given by the W/T station 
when ship is E. of station. 

N. 1st- - _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _  % convergency is - to  the bearing given by the W/T station 
when ship is w. of station. 

S. lat-.. - _ _ _ _  _ _  - -'- - - - - - - - - - -The opposite. 
When the W/T station and the ship are on opposite sides of the Equator, the factor sin mid. lat. is 

necessarily very small and the convergency is then negligible. All great circles in the neighborhood 
of the Equator appear on the chart, as straight lines and thc convergency correction aa described above 
is immaterial and unnecessary. 

5 convergency can be simply dctermined as follows: 

VI.-EXAMPLE 

A ship i s  by D. R?a in lat. 48" 45' N., long. 25' 30' W., and obtains wireless bearings from Sea 
View 244%' and from Ushant 277%". What is her position? 

Sea View _ _ _ _ _ _ _ _ _ _ _  Lat. 55" 22' N. Long. 7" 19%' W. 
D'. R .______________ Lat. 48" 45' N. Long. 25" 30' W. 

Mid. lat- - _ _ _ _ _ _ _ _ _  52" 03' N. Diff. long. 1090.'5 
Convergency= 1090.5Xsin 52"=859', , 

The true bearing signaled by Sea View was 2443/40: as ship is west of thc station (n0rt.h lat., see 

Therefore the mercatorial bearing will be 237%' nearly. 
Similarly with Ushant. 

or yZ convergency=7" 09' 

Par. V) the !4 convcrgency will be "minus" to  the true bearing signaled. 

Lat. D. R _ _ _ _ _ _ _ _ _ _  48" 45' N. 
Lat. Ushant _ _ _ _ _ _ _ _  48" 265, N. Long. 5'05%' W. 

Mid. lat _ _ _ _ _ _ _ _ _ _ _  48" 36' N. 

Long. 25" 30' W. 

Diff, long. 1224.'5 W. 
Convergency= 1224.5Xsin 48' 36'=919', 

or yZ convergcncy=7" 40' 

The true bearing signaled by Ushant was 2 7 7 ~ O ;  as ship is west of the station (north Iat., see Par. 
V) the 3 convergency will be "minus" t o  the true bearing signaled. Therefore themercntorialbearing 
will bc 270" nearly. 

Laying off 237%" and 270' on the chart, from Sea View and Ushant, respectively, the intersection 
will be in: 

Lat. 48" 27%' N., long. 250 05' W., which is the ship's position. 
NoTE.-h plotting the positions the largest scale chart available that embraces the area should 

be used. A station pointer will be found convenient for laying off the bearings where the distances 
are great. 

Dead reckoning. 
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The accompanying chartlet (see Fig. 65), drawn on the Mercator projection, shows the above 

positions and the error involved by laying off the true bearings as signaled from Sea View W/T station 
and  Ushant W/T station. 

The black curved lines are the great circlcs passing through Sea View and ship’s position, and 
Ushant and ship’s position. 

The red broken lines are the true bearings laid off as signaled, their intersection “B” being in 
latitude 50” 14’ N., longitude 25’ 46’ W., or approximately 110‘ from the correct position. 

The red firm lines are the mean mercatorial bearings laid off from Sea View and Ushant and their 
intersection“C” gives the ship’s position very nearly; that  is, latitude 48’ 27j/a’ N., longitude 25” 05’W. 

Position “A” is the ship’s D. R. position, latitude 48’ 45‘ N., longitude 25’ 30’ W., which was used 
for calculating the 5 convergency. 

NOTE.-AS the true position of the ship should have been used to obtain the jc, convergency, the 
quantity found is not correct, but i t  could be recalculated using lat. and long. “C” and a more correct 
value found. This, however, is only necessary if the error in the ship’s assumed position is very great. 

VU.-ACCURACY OF TIIIS METHOD OF PLOTTING 

Although this method is not rigidly accurate, it can be used for all practical purposes up to 1,000 
miles range, B;”d a very close approximation found to the l i e s  of position on which the ship isJ at the 
moment the statiom receive her signals. 

VII1.-USE OF W/T BEARINGS WITH OBSERVATIONS OF HEAVENLY BODIES 

It follows that W/T bearings may be used in conjunction with position lines obtainedfrom obscrva- 
tions of heavenly bodies, the position lines from the latter being laid off as straight lines (although in 
this case also they are not strictly so), due consideration being given to the possible error of the WIT 
bearings. Morcover, W/T bearings can be made use of at short distances as“position lines,” in a similar 
manner to the so-called “ Sumner line” when approaching port, making the land, avoiding dangers, etc. 

1X.-CONVERSE METHOD 

When ships are fitted with apparatus by which they record the wireless bearings of shore stations 
whose positions are known, the same procedure for laying off bearings from the shore stations canbe 
adopted, but i t  is to be remembered that in applying the 3 convergency to these bearings it must 
be applied in the converse way, in both hemispheres to that laid down in paragraph V. 

A new presentation of the problem of conversion of radio bearings to mercatorial 
bearings with simplified tables is given in Association of Field Engineers, U. S. Coast 
and Geodetic Survey Bulletin, June, 1932, pages 101-108, by A. L. Shalowitz, carto- 
graphic engineer. 

THE GNOMONIC PROJECTION 
DESCRIPTION 

[See Plate I V  and table on p. 214.1 

Of the many projections in common use today, it is plausible that the origin of 
the gnomonic projection dates farthest back into antiquity. It has been ascribed to 
the period of Thales, ca. B. C. 550, and has been much employed to outline the trace 
of celestial phenomena on the surface of the earth. 

The gnomonic projection of the sphere is a perspective projection upon a tangent 
plane, with the point from which the projecting lines are drawn situated a t  the center 
of the sphcre. 

The eye of the spectator is supposed to be situated at the center of the terrestrial 
sphere, from whence, being a t  once in tho plnno of every p e n t  circle, i t  will see tliese 
circles projected as straight lines where the visual rays passing through them intersect 

This may also be stated as follows: 
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the plane of projection. A straight l i e  drawn between any two points or places on 
this chart represents an. arc of the great circle passing through them, and is, therefore, 
the shortest possible track line between them and shows at once all the geographical 
localities through which the most direct route passes. 

P 

FIQ. f36.-Diagram illustrating the theory of the gnomonic projection. 

The fouraided flgura QRST is the imaglnarg pepor formlng a “tangent Plane,” which touchas tho surface of the globe on t h e  
central merldian of the chart. The N . 4  axis of the globe is conceived BS produced to a polnt P on whlch all maridIan8 converge. 
Where h a g n a r y  lines drawn from the center of tho earth through poInt8 on it8 surface fall on the tsngont plane, theso points can bo 
plotted. Tho tangent paper being vlewed In the flgure from underneath, the outline of the island is reversed as In a looklug glass; If 
the papor were transparent, the outllne, when w n  from the further ddo (tho chart sldo) would be in its natural re1atlon.-From 
Charta: Their Use and Meanlng, by 0 .  Herbert Fowler, Ph. D., Unlvorslty College, London. 

Obviously a complete hemisphere can not be constructed on this plan, since, for 
points 90° distant from the center of the map, the projecting lines are parallel to the 
plane of projection. As the distance of the projected point from the center of the map 
approaches 90O‘the projecting line approaches a position of parallelism to the plane of 
projection and the intersection of line and plane recedes indefinitely from the center of  
the map. 

The chief fault of the projection and the one which is incident to its nature is that, 
while those positions of the sphere opposite to the eye are projected in approximately 
their true relations, those near the boundaries of the map are very much distorted and 
the projection is useless for distances, areas, and shapes. 

The one special property, however, that any great circle on the sphere is represented 
by a straight line upon the map, has brought the gnomonic projcction into considerable 
prominence. For the .purpose of facilitating great-circle sailing the Hydrographic 
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Office, U. S. Navy, and the British Admiralty have issued gnomonic charts covering 
in single sheets the North Atlantic, South Atlantic, Pacific, North Pacific, South Pacific, 
and Indian Oceans. 

This system of mapping is now frequently employed by the Admiralty on plans 
of harbors, polar charts, etc. Generally, however, the area is so small that the difference 
in projections is hardly apparent and the charts might as well be treated as if they were 
on the Mermtor projection. 

The use and application of gnomonic charts as supplementary in laying out ocean 
sailing routes on the Mercator charts have already been noted in tho chapter on the 
Mercator projection. In  the absence of charts on the gnomonic projection, great- 
circle courses may be placed upon Mercator charts either by computation or by the 
use of tables, such as Lecky's General Utility Tables. It is far easier and quicker, 
however, to derive these from the gnomonic chart, because the route marked out on it 
will show at a glance if any obstruction, as an island or danger, necessitates a modified 
or composite course. 

WIRELESS DIRECTlONAL BEARINGS 

The gnomonic projection is by its special properties especially adapted to tho 
plotting of positions from wireless directional bearings. 

Observed directions may be plotted by means of a protractor, or compass rose, 
constructed at each rndiocompass station. The center of the rose is a t  the radio station, 
and the true azimuths indicated by it are the traces on the plane of the projection of 
the planes of corresponding true directions at the radio station. 

MATHEMATICAL THEORY OF THE GNOMONIC PROJECTION 

A simple development of the mathematical theory of the projection will be given 
with sufficient completeness to enable one to compute the necessary elements. 

In figure 67, lot PQP'Q' represent the meridian on which the point of tangency lies; 
let A C B  be the trace of the tangent, plane with the point of tangency at C; and let the 
radius of the sphere be represented by R :  let the angle COD be denoted by p ;  then, CD= 
OC tan COD=R tan p 

All points of the sphere a t  arc distance p from C will be represented on the projec- 
tion by a circle with radius equal to CD, or 

p=R tan p .  

To reduce this expression to rectangular coordinates, let us suppose the circle 
drawn on the plane of the projection. In  figure 68, let YY' represent the projection 
of the central meridian and XX' that of the great circle through C (see fig. .67) perpen- 
dicular to the central meridian. 

If the anglo XOF is denoted by w ,  we have 
X = P  COS o=R tan p COS w 

y=p  sin w = R  tan p sin w :  
' 

or, 
R s inp  cos w 

cos p 

R sin p sin w 

X= 

-. 
y= c o s p  
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FIQ. 67.-Gnomonic projection-determination of the radial distance. 

Y 

Y.  
FIG. G8.--Gnomonic projection-determination of the .coordinates on the mappjng plane. 

Now, suppose the plane is tangent to the sphere nt lntitude a. The expression 
and 

In figure 69, let T be the pole, Q the center of the projection, and let P be the 

just given for x.and y must be expressed in terms of lntitude and longitude, or 
A, X representing, as usual, the longitude reckoned from the central meridian. 

point whose coordinates are to be determined. 
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The angles between great circles at the point of tangency are preserved in the 
projcction so that o is the angle between QP and the great circle perpendicular to 

or, 

TQ a t  Q; 

LTQP=? 2-w' 

T Q = : - ~ .  
Also, 

2 

and, 

and 

LQTP= X 

From the trigonometry of the spherical triangle we have 

cos p=sin a sin ++cos a cos x cos 4, 

sin p-sin ', or sin p cos w = s k  x cos 4, cos + cos w 

sin p sin W=COS a sin +-sin a cos X cos +. 
r 

FIQ. 6Q.-Gnomonic projection-transfornintion triangle on the sphere. 

On the substitution of thcsc values in tho exprossions for x and y, we obtain as 
definitions of tho coordinates of thc projection- 

R sin h cos + 
sin ct sin ++cos 'a cos x cos +' 
R(cos a sin +-sin a cos h cos 4) 

X=- 

-. 
Y= sin a sin $+cos a cos A cos + 
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The P axis is the projection of the central meridian and the X axis is the pro- 
jection of the gTeat circle through the point of tangency and perpendicular to the 
central meridian. 

These expressions are very unsatisfactory for logarithmic computation purposes. 
T o  put them in more copvenient form, we may transform them in the following man- 
ner: 

R sin X cos + 
sin a (sin &+COS + cot a COS A) 

R cos a (sin +-cos + tan a cos A) 
Y= sin a (sin .++cos + cot a cos A) ’ 

5= 

Let  

then 

But 

and 

Hence 

cot j3=cot a cos X, 

tan y=tan a cos X, 

R sin X cos + x=’ 
- (sin (b sin. /3+cos + cos j3) sin a 
sin p 

R COS a 
cos y (sin 4 cos y-cos 4 sin y) 

y” . sin a (sin (b sin 8+cos (b cos 8) a 
cos (+-j3)=sin + sin @+cos (b cos 8, 

sin (4-y)=sin + cos y-cos + sin y. 

R sin p sin A Cos + 
sin a cos (+-@ X= 

R cot (Y sin p sin (6-7). 
cos y cos (4-B) 

These exprcssious are in very convenient form for logarithmic computation. For 
any given meridian /3 and 7 are constants; hence the coordinates of intersection along 
a meridian are very easily computed. It is known, a priori, that the meridians are 
represented by straight lines; hence to draw n meridian we need to know the coordin- 
ates of only two points. These should be computed as far apart as possible, one near 
the top and the other near%he bottom of the map. After the meridian is drawn on 
the projection i t  is sufficient to compute only the y coordinate of tho other inter- 
sections. If the map extends far enough to include the pole, the determination of this 
point will give one point on all of the meridians. 

?r 
Since for this point X=O and $=y we get 

8= a, 
?,=a, 
x=o, 
y=R cot a. 
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If this point ,is plotted upon the projection and another point on each meridian is 
determined near the bottom of the map, the meridians can be drawn on the projection. 

If the map is extensive onough to include the Equator, the intersections of the 
straight line which represents it, with the nieridians can be easily computed. When 
4=0, the expressions for the coordinates become 

x=R tan X sec CY 

y = - R  tan CY 

A line parallel to the X axis at the distance y= -R tan a represents the Equator. 
The intersection of the meridian X with this line is given by 

x=R tan X seo CY 

When the Equator and the pole are both on the map, the meridians may thus be 
determined in a very simple manner. The parallels may then be determined by 
computing the y coordinnte of the various intersections With these straight-line 
meridians. 

If the point of tangency is at the pole, a=z and the expressions for the coordi- A 

nates become 
s=R cot 4 Sin X 

y=-R cot COS X 

In  these expressions X is reckoned from the central meridian from south to east. 
As usually given, X is reckoned from the east point to northward. 'Letting X=z+X'  

and dropping the prime, we obtain the usual forms: 

x=R cot 4 COS X 

?r . 

y=R cot 4 sin X 

The paidlels are represented by concentric circles each with the radius 

p=R cot 4 

The meridians nre represented by the equally spaced radii of this systom of 

If the point of tangency is on the Equator, a=O, and the expressions become 
circles. 

x=R tan X 

y=R tan 4 sec X 

The meridians in  this c ~ s e  are reprd&ented by straight lines perpendicular to 
the X axis and parallel to tho Y axis. The distance of the meridian X from the 
origin is given by x=R tan X. 

Any gnomonic projection is symmetrical with respect to the central meridian 
or to tho Y axis, so that the computation of the projection on one side of this axis is 
sufficient for the complete construction. When the point of tangency is at the polo, 
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or on the Equator, the projection is symmetrical both with respect to the Y axis 
and to the X axis. It is sufficient in either of these cases to compute the inter- 
sections for a single quadrant. 

Another method for the const,ruction of a gnomonic chart is given in the 
Admiralty Manual of Navigation, 1915, pages 31 to 38. c 

WORLD MAPS 

HISTORICAL NOTE 

When we contemplate the splendors and glories of ancient Greece, we should not 
forget its contributions to cartographic science and utilitarian needs. We should a t  
least mention Hipparchus (ca. B. C. 160-125) as one of the first great contributors to 
the world, in its mathematical and geographical control. He applied astronomic 
methods to mark the positions of places on the earth’s surface, and is recorded as 
having invented trigonometry and as having devised the stereographic and ortho- 
graphic projections for maps. 

In  mathematical cartography he has, therefore, a direct appeal as one of the land- 
marks of the science, and the one person who gave us the first solution for the develop- 
ment of the earth’s surface upon a plane in a true picture which we all can read. 

His stereographic projection like the Parthcnon stands out as a monument to all 
ages and is used at the present day in atlases and gcographics as the only conjormal 
representation of the hemispheres. 

With no intent to present a general review of the history of cartography and the 
decline of this science during the middle ages, we may state that no developments of 
monymental importance were achieved until the reform of cartography by Gorhard 
Mercator, dating from his equal-area map of the world in 1538. Then followcd his 
map of Europe in 1554, and his nautical chart of 1569 in which he added a new meaning 
to the map projection. 

Even if the underlying principle of the new system of navigation was not entirely 
his own, he is the one person who effectively pronounced it to the world “like some 
watcher of the skies when a new planet swims into his ken.” 

In  the representation of moderate areas no great difficulties are encountered, 
but any attempt to map the world in one continuous sheet presents difficulties that 
are almost insurmountable. 

For conformal mapping of the world the Mercator projection, for many pur- 
poses, is as good as any, in that it gives a definite measure of its faults in the border 
scale; for equal-area mapping, Professor Goode’s interrupted homalographic projection 
accomplishes a great deal toward the solution of a most difficult problem. 

As stated concisely by Prof. Hinks, “the problem of showing the sphere on a 
single sheet is intractable,” and it is not the purpose of the authors, to enter this field to 
any greater extent than to present a few of the systems of projection that have at 
least some measure of merit. The ones presented arc either conformal or equal-area 
projections. 
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MERCATOR PROJECTION 

This projection, already described in detail on pages 103-124 was primarily 
designed for thc construction of nautical charts, and in this field has attained an impor- 
tance beyond all others. 

While other projections may contribute t,heir portion in special properties from 
an educational standpoint, they cannot entirely displace the Mercator projection which 
has stood the test for over three and a half centuries. It is the opinion of the authors 
that the Mercator projection not only is a fixture for nautical charts, but that i t  plays 
a definite part in giving us a continuous conformal mapping of the world. Its use, 
however, for world maps has brought forth continual criticism in that the projection 
is responsible for many false impressions of the relative size of countries differing in 
1 a ti tude. 

FIQ. 70.-Mercator projection, from latitude 60' south, to latitude 78' north. 

However, let us not overlook the inadequacies and frequent impossibilitics in other 
systems of projection when extendcd to world proportions. The rcstrictions of relative 
size in the Mercator projection may bemore or less disturbing, but likewise so are the 
violent interruptions of continental alignments with curves running unnaturally as 
they do in many other projections. In the many pros and cons for simplicity and con- 
tinuity in mapping the world in one sheet, the Mercator projection still prevails as 
one that can seriously be worked upon Md not as one merely to be looked at. 

As prbof of the impossibilities of a Mercator projection in world maps, the critics 
invariably cite the exaggcration of Greenland and the polar rcgions. In  the considera- 
tion of the various evils of world maps, the polar rcgions are, after all, the best places 
to put the maximum distortion. Generally, our interests &re centered between 65' 
north and 55' south latitude, and it is in this belt that other projections present d f i -  
culties in spherical relations which in mnny instances are not readily expressed in 
analytic terms. 

Beyond them limits a circumpolar chart like the one issued by the Hydrographic Offioe, U. S. 
Navy, No. 2560, may be employed. Polar charts can be drawn on tho gnomonic projection, the point 
of contact between plane and sphere being at the pole. In practice, however, they are generally drawn, 
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not as true gnomonic projections, but as polar equidistant projections, the meridians radiating as 
straight lines from the pole, the parallels struck as concentric circles from the pole, with all degrees 
of latitude of equal length at all parts of the chart. 

However, for the general purposes of a circumpolar chart from latitude 60' to the pole, the polar 
stereographic projection or the Lambert conformal with two standard parallels would be preferable. 
In the latter projection the 360 degrees of longitude would not be mapped within B circle, but on a . 
sector greater than a semicircle. 

Innor clrclcs rcpresout tho oquldistant projcctlon; intermediate ck los ,  tho rtteroographic projection; outer circles, tho 
gnomonic projectioq. 

In the figure giving a comparison of three polar projections, the Lambert zenithal 
(or azimuthal) projection has not been included, but it may be stated that the radii of ' 
its parallels are shorter than those of the others which are represented. 
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FIG. 72.-Lambert conformal conic projection. 
Northern Hemisphere 

With standard parallels at 30” and 75’. 

NoTE.-The Mercator projection has been employed in the construction of a hydrographic map of 
the world in 24 sheets, published under the direction of the Prince of Monaco under the title “Carte 
Bathymetrique des Oceans.” Under the provisions of the Scventh International Geographic Congrw 
held at Berlin in 1899, and by recomrncndation of the committee iu charge of the charting of suboceanic 
relief, assembled at Wiesbaden in 1903, the project of Prof. Thoulet was adopted. Thanks to the gen- 
erous initiative of Prince Albert, the charts have obtained considerable success, and some of the sheets 
of a second edition have been issued with tho addition of continental rolief. The sheets measure 1 
meter in length and 60 centimeters in height. The series is construcfed on 1:10,000,000 equatorial 
scale, embracing 16 sheets up to latitude 72”. Beyond this latitude the gnomonic projection ia em- 
ployed for mapping the polar regions in four quadrants each. 

THE STEREOGRAPHIC PROJECTION 
The most widely known of all map projections aro tbe Mcrcator projection already 

Tho stereographic projection is one in which the eye is supposed to bo placed a t  
dcscribcd, and tho stereographic projection which dates back to ancient Grceco. 
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the surface of the sphere and in the hemisphere opposite to that which i t  is desired to 
project. The exact position of the eye is a t  the extremity of the diameter passing 
through the point assumed as the center of the map. 

I t  is the only azimuthal projection which has no angular distortion and in which 
every circle is projected as a circle. It is a conformal projection and the most familiar 
form in which we see it is in the stereographic meridional as employad t o  represent the 
Eastern and Western Hemisphores. In the stereographic meridional projection the 

FIG. 73.-Stereographic meridional projection. 

center is located on the Equator ; in the&ereographic - horizon ___ . projection _ _  the center is 

Another method of projection more frequen t1y employed by geographers for 
representing hemispheres is tho globular projection, in which the Equator and central 
meridian are straight lines divided into equal parts, and the other meridians are circular 
arcs uniting the equal divisions of the Equator with the poles; the parallels, except 
the Equator, are likewise circular arcs, dividing the extreme and central meridians. 
into equal parts. 

~ c ~ ~ v ~ &  ted parallel. 
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In the globular representation, nothing is correct except the graduation of the 
outer circle, and the direction and graduation of the two diameters; distances and 
directions can neither be measured nor plotted. It is not a projection defined for 
the preservation of special properties, for it does not correspond with the surface of 
the sphere according to any law of cartographic interest, but is simply an arbitrary 
distribution of curves conveniently constructed. 

The two projections, stereographic and globular, are noticettbly different when 

Fro. 74.-Stcreographic horizon projection on the horizon of Parie. 

soen side by side. In the stereographic projection the meridians intersect the. parallels 
at right angles, as on the globe, and the projection is better adapted to the plotting 
and measurement of all kinds of relations pertaining to the sphere than any other 
projection. I ts  use in the conformal representation of a hemisphereis not fuUy appre- 
ciated. I 

84 An Interitlng paper on thle proJectlon appeared In the Amerlm Journal of Eolence, Vol. XI, February, 1W1, Tho Storw- 

Tho appllcotlbn of thls proloctlon to the solutlon of spherlarl problems is glven In N o h  on Stereographlo Projootlon, by Prof. 

A practical u98 of the stereographic proJoction is illustrated In the 8tfu Finder devlsed by 0. T. Rude, hydrographic and geodetio 

graphic Profoctlon and its Possibilitiea from a Graphloel Standpoint, by 9. L. Penflcdd. 
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In the stereographic projection of a hemisphere we have the principle of Tchebi- 
cheff, namely, that a map constructed on a conformal projection is the best possible 
when the scale is constant along the whole boundary. This, or an approximation 
thereto, seems to be the most satisfactory solution that has been suggested in the 
problem of conformal mapping of a hemisphere. 

The solution of various problems, including the measurement of angles, direc- 
tions, and distance8 on this projection, is given in U. S. Coast and Geodetic Survey 
Special Publication No. 57. The mathematical theory of the projection, the con- 
struction of the stereographic meridional and stereographic horizon projection, and 
tables for the construction of a meridional projection are also given in the same publi- 
cation. 

THE AITOFF EQUAL-AREA PROJECTION OF THE SPHERE 
(See Plate V and fig. 75.) 

The projection consists of a Lambert azimuthal hemisphere converted into a 
full sphere by a manipulation suggested by Aitoff. a7 

It is similar to Mollweidc’s equal-area projection in that the’ sphere is repre- 
sented within an ellipse with the major axis twice the minor axis; but, since the parallels 
are curved lines the distortion in the polar regions is less in evidence. The representa- 
tion of the shapes of countries far east and west of the central meridian is not so dis- 
torted, because meridians and parallels are not so oblique to one another. The network 
of meridians and parallels is obtained by the orthogonal or perpendi‘cular projection of a 
Lambert meridiomd equal-area hemisphere upon a plane making an angle of 60’ to the 
plane of the original. 

The fact that it is an equivalent, or equal-area, projection, combined with the 
fact that it shows the world in one connected whole, makes it useful in atlases on physical 
geography or for statistical and distribution purposes. It is also employed for the 
plotting of the stars in astronomicd work where the celestial sphere may be represented 
in one continuous map which will show at a glance the relative distribution of the stars 
in the different regions of the expanse of tbe heavens. 

OBSERVATIONS ON ELLIPSOIDAL PRoJEcTIoNs.-Some criticism is made of ellip- 
soidal’ projections, as indeed, of all maps showing the entire world in one connectcd 
whole. It is said that erroneous impressions are created in the popular mind either 
in obtaining accuracy of area at tho loss of form, or the loss of form for the purpose of 
preserving some other property; that while these are not errors in intent, they are 
errors in effect. 

It is true that shapes become badly distorted in the far-off quadrants of an Aitoff 
projection, but the continental masses of special interest can frequently be mapped in 
tho center where the projcction is a t  its best. It is true that the artistic and mathe- 
matically trained eye will not tolerate “the world pictured from a comic mirror,” as 
stated in an interesting criticism; but, under certain conditions where certain properties 
are desired, these projections, after all, play an important part. 

The mathematical and theoretically elegant property of conformality is not of 
stdicient advantage to outweigh the useful property of equal area if the latter prop- 
erty is sought, and, if we remove the restriction for shape of elementary figures as applying 
to conformal projections, the general shape is often better preserved in projections that 
are not conformal. 

Also wrltton, D. Altow. A detailed account of this profoctlon is glven In Polormanns Mltteflungon, 1802, vol. 38, pp. 66-87. 
The projection may Justly be termed the Eammer-Aitof! piojectlon, @Inca the result Is actually duo tp Dr. Hammor of Stuttgart. 



FIG. 75.--The Aitoff equal-ares projection of the sphere with the Americas in center. 
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The need of critical consideration of the system of projection to be employed in 
any given mapping problem applies particularly to the equd-area mapping of the 
entire sphere, which subject is again considered in the following chapters. 

A base map without shoreline, size 11 by 22% inches, on the Aitoff oqud-area 
projection of the sphere, is published by the U. S. Coast and Geodetic Survey, the 
radius of the projected sphere being 1 decimeter. Tables for tho construction of this 
projection directly from x and y coordinates follow. These coordinates were obtained 
from the Lambert meridional projection by doubling the x's of half the longitudes, the 
y's of half the longitudes rcmnining unchanged. 

Thus, in the Lambert meridional projection, the coordinates at latitude 20°, 
longitude 20°, are 

x=0.33123 decimeter, or 331.23 decimillirnoters. 
y=O. 35248 decimeter, or 352.48 decimillimeters. 

For the Aitoff projection, the coordinates at latitude 20°, longitude 40°, will be 

x=2 X331.23=662.5 decimillimeters. 
Y= 352.5 decimillimeters. 

The coordinates for a Lambert equal-area meridional projection are given on 
page 77. 

THE MOLLWEIDE HOMALOGRAPHIC PROJECTION 
This projection is also known a& Babinet's equal-surface projection and its 

distinctive character is, as its name implies, a proportionality of areas on the sphere 
with the corresponding areas of the projection. The Equator is developed into a 
straight line and graduated equally from Oo to 180' either way from the central merid- 

Fro. 76.-The Mollweido homalographio projection of thc sphere. 

ian, which is perpendicular to it and of half tho length of tho representative lino of 
the Equator. The parallels of latitude are all straight lines, on each of which tho 
degrees of longitude are equally spaced, but do not bear their true porportion in length 
to those on the sphere. Their distances from the Equator arc determined by tho law 
of equal surfaces, and their values in the ta.blo haw been tabulated betweon the limits 
0 a t  the Equator and 1 for tho polo. 
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The meridian of 90' on either side of the central meridian appears in the pro- 
jection as a circle, and by intersection determines the length of 90' from the central 
meridian on all the pacallels; the other meridians are parts of elliptical arcs. 

Extending the projection to embrace the whole surface of the sphere, the bound- 
ing line of the projection becomes an ellipse; the area of the circle included by the 
meridians of 90' equals that of the hemisphere, and the crescent-shaped areas lying 
outside of this circle bctwecn longitudes rt 90a and rt 180' are together equal to that 
of the circle; also the mea of the projection between parallels rt 30' is equal to the 
same. 

In the ellipse outside of the circle, the meridional lengths become exaggerated 
and infinitely small surfaces on the spherc and the projection are dissimilar in form. 

The distortion in shape or lack of conformality in the equatorial bell and polar 
regions is the chief defect of this projection. The lcngtli which represents 10 dcgrecs 
of latitude from the Equator exceeds by about 25 per cent the length along the Equator. 
In  the polar regions it does not matter so much if distortions become cxcessive in thc 
bounding circle beyond 80 degrees of latitude. 

illustrations relating to area, such as the distribution and dcnsity of population or 
the extent of forests, and the like. It thus serves somewhat the same purpose as 
the Aitoff projection already described. 

The mathematical description and theory of the projection are given in Lehrbuch 
der Landkartenprojectionen by Dr. Norbert Herz, 1885, pages 161 to 165; and Craig 
(Thomas), Treatise on Projections, U. S. Coast and Geodetio Survey, 1882, pages 227 
to 228. 

The chief uso of the Mollweide homalographic projection is for geographial . 

CONSTRUCTION OF THE MOLLWEIDE HOMALOGRUHIC PROJECTION OF A HEMISPHERE 

Having drawn two coiistruction lines perpendicular to each other, lay off north 
and south from the central point on the central meridim the lengths, sin 8, which are 
given in the third column of the trtble~ (p. 165) and which may be considered as y coor- 
dinates, these lengths being in terms of the radius as unity. The points so obtained 
will be the points of intersection of each parallel of latitude with the central meridian. 

With a compass set to the length of the radius and passing through the uppcr 
and lower divisions on the central meridian, construct a circle, and this will represent 
the outer meridian of a hemisphere. Through the points of intersection on the 
central meridian previously obtained, draw lines parallel to the Equator and they 
will represent the other parallels of latitude. 

For the construction of the meridians, it  is only necessary to divide the Equator 
and parallels into the necessary number of equal parts which correspond to the unit 
of subdivision adopted for the chart. 

HOMALOGRAPHIC PROJECTION OF THE SPHERE 

In  tho construction of a projection including the entire sphere (fig. 76) , we proceed 
as before, excepting that the parallels are extended t o  the limiting ellipse, and their 
lengths may be obtained by doubling the lengths of tho parallels of the hemisphere, 
or by the use of the second column of the tables under the values for cos e, in which 
cos e represents the total distance out along a given parallel from the central to the 
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FIQ. 77.-The Mollweide horndographic projection of a hemisphere. 

outer meridian of the hemisphere, or 90 degrees of longitude. In the projection of a 
sphere these distances will be doubled on each side of the central meridian, and the 
Equator becomes the major axis of an ellipse. 

Equal divisions of tho parallels corresponding to the unit of subdivision adopted 
for the chart will determine points of intersection of the ellipses representing the 
meridians. 

Table jor  the construction of the MoUweide horndographic projection 18 
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Table for  the construction of the MoUweide homalographic projection 'LCohtinued 
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73 00 '  
73 30 
74 00 
74 30 

76 00 
76 30 
76 00 
76 30 
77 00 

77 30 
78 00 
78 30 
79 00 
79 30 

B o 0 0  
8 0 3 0  
81 00 
81 30 
82 00 
82 30 
8 3 0 0  
83 30 
8400 
84 30 

8 6 0 0  
86 30 
86 a0 
86 30 
87 00 

Cos 0 

0. M7119I -. - -. . . . . 
0.6408466 
0. A145019 
0.6280888 
0.6218001 

0.6150407 
0.8084076 
0.0010888 
0.5949143 
0.5330519 

0.6811107 
0.6740804 
0 . 6 0 0 ~ 7 0  
0.5598024 
0.5525339 

0.6451794 
0.6377378 
0.5302071 
0.5225861 
0.5148715 

0.5070603 
0.4901611 
0. ieiii23 
0.4830314 
0.4748107 

0.4580613 
0.4495146 
0.440851 1 
0.4320658 

0.4231614 
0.4141156 
0.4048354 
0.3050168 
0.3861634 

0.3785409 
0.3807706 
0 . 3 m 2 2  
0.3407146 
0.3364137 

0.319234 
0.3152296 
0.3043189 
0.292175S 
0.2817703 

0.2701079 
0. w81516 
0.2458837 
0.2332737 
0.2022100 

0.2088305 
0.1928148 
0. 1784407 
0.1633412 
0. 1474833 

0.13ooRoo 
0. 1 121372 
0. oozeoe2 

o.MM0000 - 
0.0710530 
0.0447G15 

0.70ws970 
0.70700950 
0.77282120 
0.77814310 
0.78333460 

0.78849520 

0.711872280 
0.80378800 
0.8MK2300 

0.'81382420 
0.81878250 
0.82372660 
0.82862600 
0.8334040 

0.83831940 
0.84311240 
0.84780820 
0.85wIOgo 
0.85720740 

0.86191MIO 

a. 7~302470 

..~~~... 
0.86051480 
0.87107920 
0.87580300 
0.88008480 

0.88462400 
0. RR892040 
0.89327300 
0.80768020 
0.90184180 

0. QMw)wu) 
0.81022420 
0.91434520 
0.91841PCH3 
0.82243400 

0.82640010 
0.93031150 
0.93416860 
0.93797080 
0.94171410 

0.9463g600 
0.94801500 
0.95257020 
0.9.5GO5840 
0.9694020 

0.96283oOo 
0.96610470 

0.97241000 
0.97643800 

0.97837520 
0.98121620 

0. mwm40 

0.983osor 
0. g8056970 
0.08800470 

0.08142050 
0.903R36M . . . . -. .__ 
0.80666640 
0.99747270 
0.88889770 
1. WowOM) 

.... 
526170 
522190 
519140 
610070 

512960 

'503400 

488830 
493410 
489940 

608x20 
506010 

mi20 

486440 
482800 

479300 
476580 
471840 
488080 
464320 

460.120 
456440 
452380 
448180 
443040 

430040 
43,5280 ~..~.. 
430720 
420160 
421440 

410800 
412100 
407080 
401860 
396660 

391140 
38.5710 
380200 
374350 
308100 

301880 
365430 

342180 
334980 

34mm 

311160 
302800 
283630 

284000 
273550 
261800 
248WJ 
236180 

220870 
203020 
180030 
152500 
100230 

These tables were computod by Jules Bourdln. 
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GOODE'S HOMALOGRAPHIC PROJECTION (INTERRUPTED) FOR THE 
CONTINENTS AND OCEANS 

[See Plate V6and fig. 78.1 

Through the kind permission of Prof. J. Paul Goode, Ph. D., we are able to include 
in this paper a projection of the world devised by him and copyrighted by the Univer- 
sity of Chicago. It is'an adaptation of the homalographic projection and is illustrated 
by Plate V I  and by figure 78, the former study showing the world on the homalogruphic 
projection (interrupted)for the continents, the latter being the same projection interrupted 
for ocean units. 

The homalographic projection (see fig. 76) which provides the base for the new 
modification was invented by Prof. Mollweide, of Halle, in 1805, and is an equal-area 
representation of the entire surface of the earth within an ellipse of which the ratio 
of major axis to minor axis is 2: l .  The first consideration is the construction of an 
equal-area hemisphere (see fig. 77) within the limits of a circle, and in this projection 
the radius of the circle is taken as the square root of 2, the radius of, the sphere being 
unity. The Equator and mid-meridian are straight lines a t  right angles to each other, 
and are diameters of the map, the parallels being projected in right lines parallel to 
the Equator, and the meridians in ellipses, all of which pass through two fked points, 
the poles. 

In view of the above-mentioned properties, the Mollweide projection of the hemis- 
phere offers advantages for studies in comparative latitudes, but shapes become badly 
distorted when the projection is extended to the whole sphere and becomes ellipsoidd. 
(See fig. 763 

In Prof. Goode's adaptation each continent is placed in the middle of a quadrillage 
centered on a mid-meridian in order to secure for it the best form. Thus North Ameri'ca 
is best presented in the meridian 100" west, while Eurasia is well taken care of in the 
choice of 60' east; the other continents are bdanced as follows: South America, 60" 
west; Africa, 20" east; and Australia, 150" east. 

Besides the advantage of equal area, each continent and ocean is thus balanced 
on its o m  axis of strength, and world relations are, in a way, better shown than one 
may see them on a globe, since they are all seen at one glance on a flat surface. 

In the ocean units a middle longitude of each ocean is chosen for tho mid-meridian 
of the lobe. . Thus the North Atlantic is balanced on 30" west, and the South Atlantic 
on 20' west; the North Pacific on 170' west, and the South Pacific on 140" west; the 
Indian Ocean, northern lobe on 60' east, and southern lobe 90" oast. 

We have, then, in one setting the continents in true relative size, while in another 
setting the oceans occupy the center of interest. 

The various uses to which this map may be put for statistical data, distribution 
diagrams, etc., are quite evident. 

Section 3 (the eastern section) of figure 78, if extended slightly in longitude and 
published separately, suggests possibilities for graphical illustration of long-distance 
sd ing  routes, such as New York to Buenos &res With such intermediate points a0 
may be desired. While these could not serve for nautical charts-a province that 
belongs to the Mercator projection-they would be better in form to be looked at  and 
would be interesting from an educational standpoint. 

As a study in world maps on an equal-area representation, this projection is a 
noteworthy contribution to economic geography and modern cartography. 
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LAMBERT'S PROJECTION OF THE NORTHERN AND SOUTHERN 
HEMISPHERES 

[See Plate VII.] 

This projection was suggested by Commander A. B. Clements of the U. S. Shipping 
Board and first constructed by the U. S. Coast and Geodetic Survey. It is a conformal 
conic projection with two standard parallels and provides for a repetition of each 
hemisphere, of which the bounding circle is the Equator. 

Tho condition that the parallel of latitude 10' be held as one of thestandardscom- 
bined with the condition that the hemispheres be repeated, fixes the other standard 
parallel at  48' 40'. 

The point of tangency of the two hemispheres can be placed a t  will, and the ropeti- 
tion of the hemispheres provides ample room for continuous sailing routes between 
any two continents in either hehisphere. 

A map of the world has been prepared for the U. S. Shipping Board on this system, 
scale 1:20,0OO,OOO, the diameter of a hemisphere being 94 inches. By a gearing device 
the hemispheres may be revolved so that n sailing route or line of commercial interest 
will pass through the point of contact and will appear as a continuous line on the 
projection. 

Tables for the construction of this projection are given on page 89. The scale 
factor is given in the last column of the tables and may bo used if greater accuracy 
in distances is desired. In order to correct distances measured by the graphic scale 
of the map, divide them by the scale factor. Corrections to area may be applied 
in accordance with the footnote on page 83. With two of the parallels true to scale, 
and with scale variant in othor parts of the map, care should be exorcised in applying 
corrections. 

In spite of the great extent covered by this system of projection, the property 
of form, w i t h  a comparativoly small change of scale, is retained, and a scale factor 
for the measurement of certain spherical relations is available. 

' 

CONFORMAL PROJECTION OF THE SPHERE WITHIN A TWO-CUSPED 
EPICYCLOID 

[See Plate V u 1  and table on p. 219.1 

The shape of the sphere when developed on a polyconic projection (see fig. 48) 
suggeated the development of a conformal projection within tho area inclosed by a 
two-cusped epicycloid. The distortions in this case appear in the distant quadrants, 
or regions of lesser importance. 

Notwithstanding the appearance of similarity in the bounding meridians of the 
polyconic and the conformal devolopment, the two projections are strikingly different 
and present an interesting study, the polyconic projection, however, serving no purpose 
in the mapping of the entire sphere. 

For the above system of conformal representation we are indebted to Dr. F. 
August and Dr. G.  Bellormann. The mathematical devolopment appears in Zoit- 
schrift der Gcsellschaft fur Erdkundo zu Berlin, 1874, volume 9, part 1, NO. 49, pages 
1 to 22. 
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FIG. 80 -- SINUSOIDAL OR MERCATOR EQUAL-AREA PROJECTION 



RECENT CONTRIBUTIONS TO WORLD MAPPING 171 

GUYOU’S DOUBLY PERIODIC PROJECTION OF THE SPHERE 
[See fig. 79.1 

In Annales Hydrographiques, second series, volumo 9, pages 16-35, Paris, 1887, 
we have a description of an interesting projection of the entire sphero by Lieut. E. 
Guyou. It is a conformal projection which provides for the repetition of the world 
in both dircctions-cast or west, north or south, whonee the name doubly periodic. 
The necessary deformations are, in this projection, placed in tho oceans in a more 
succrssful manner than in some othcr representations. 

The accompanying illustration shows the Enstern and Western Ilemispheres 
without the duplicature noted above. 

CONFORMAL PROJECTIONS BY LAGRANGE 

Two interesting projections for conformal mapping of the world should bo men- 
tioned in this review as having already been discussed in United States Coast and 
Geodetic Survey Spocid Publication No. 57, p a p s  111 to 114. Both of these are by 
Lagrange, one being a double circular projection in which Paris is selected as center 
of least alteration with variation as slow as possible from that point; tho othor shows 
the earth’s surface within circle with the center on the Equator, the variations being 
most conspicuous in the polar regions. [Seo fig. 89 and table on p. 2201. 

RECENT CONTRIBUTIONS TO WORLD MAPPING 
The growing interrclation of countries of the Orient and Occident and tho tremen- 

dous importance of scicntific research have recently given an intellectual stimulus to 
the art and science qf cartography, especially as applied to tho greater problems which 
asise in the mapping of areas of continental os world proportions. 

Bricf mention will hcre be made of a few of tho more important studies or contri- 
butions to the subject which hnve appeared since tho publication of the first edition of 
this book. The first projection to be described with its application to world mapping 
is the so-called sinusoidal. 

SINlJSOIDAL OR MERCATOR EQUAL-AREA PROJECTION 

This projection has already been mentioned on page 71 under the heading “Sanson- 
Flainsteed projection.” It was employed in the Mercator-Hondius atlasos as early as 
1606 for a map of South Amercia. I n  tho following years its use was extonded to the 
mapping of Africa and to groups of continents of hemispherical proportions. 

The projection as employed in the Mercator atlases appeared without a name but 
was subsequently called the Sanson-Flamsteed, and, later on, the sinusoidal projection, 
the latter torm being appropriate only from the viewpoint that the meridians n r o  sine 
curves. Sanson, however, did not use this projection until 1650 and Flamstoed used 
it first in 1729, 

Such, then, is its brief history and ono of its applications is illustrated by the ac- 
companying diagram (sce fig. SO) as taken from the Nordisk Viislds Atlas, Stockholm, 
1927. 
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DESCRIPTION 

1. The sinusoidal is an equal-area projection; that is, the projection is true for 
area scale throughout. A square inch on any part of the map covers the same ground 
area as a square inch on any other part. , 

2. It gives true linear scale for all measurements paralleling the Equator and on 
the vertical (or, as in this case, the central) meridian of each figure. Other linear 
measurements, however, are variable. 

3. It provides an unusually convenient base for plotting data, since the intervals 
between parallels me true and the meridional divisions along each parallel are true 
and equal. 

4. It allows the map to be divided into three tangential groupings-North and 
South America, Europe and Africa, Asia and Australia-thus covering as much of the 
earth's surface as may be desired. 

This same system of projection is employed by the Bureau of Foreign and Domes- 
tic Commerce, Washington, D. C., for purposes of statistical comparisons, such as 
population densities, natural resources, etc. The arrangement employed by the Ameri- 
can bureau is slightly different and perhaps better than that of tho atlas mentioned, 
due to the fact that this system adapts itself to an interrupted alignment as between 
the northern and southern continents. Whereas in the atlas we have three vertical 
groupings, in the bureau's we have the benefit of five different orientations to the north 
and south, North America being centered on meridian 100' west of Greenwich, South 
America on 70' west, Europe and' Africa on 20' east, Asia on 120' east, and Australia 
on 140' e&. 

In the various groupings of continental masses to be charted, to which this 
system of projection is applicable, it  may be suggested that inasmuch aa our interest 
in world mapping is generally confined within the limits of 70°.north latitude and 
70' south latitude, ordinary maps need not be extended beyond those latitudes. 
Polar caps covering the remaining 20' can be placed in the vacant spaces of the map 
on a circular equal-area projection on the same scale as the general map, or the main 
projection itself may be continued to include the poles. 

CONSTRUCTION OF THE PROJECTION 

The construction of this projection is exceedingly simple and is carried out as 
follows: Draw a straight line to represent the Equator and erect a perpendicular fo 
it at the center of the sheet. On this central meridian lay off to the given scale tho 
true distances of latitude north and south for every parallel to be represented on the 
map. These distances are given in Tables for a Polyconic Projection of Maps, 
U. S. Coast and Geodetic Survey Special Publication No. 6 (sixth edition). For 
small-scale maps, intervals of 1' are given on page 7; for large-scale maps the general 
tables which follow may be used. Through the points thus determined draw lines 
parallel to the Equator and these will represent the parallels of latitude of the map. 

The meridians can be located by laying off to the given scale east and west from 
the central meridian their true intervals on each parallel. These intervals are given 
on page 6 of the publication mentioned above. By connecting the corresponding 
points thus established on the successive parallels, all of the meridians can be drawn 
and the projection completed. 
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This useful projection which has appeared under so many names, none of which 
are definitely satisfactory either from the viewpoint of authorship or description, 
might well have been termed “Mercator equal-area projection” in the first place, 
from the fact that the early atlases bearing his name gave us the first substantial maps 
in which i t  was employed. Mercator’s name has, however, been so clearly linked 
with his nautical conformal projection tbat it 6ecomes necessaxy to include with his 
name the words equal-area if we wish to disregard the later claimants of its invention, 
and call i t  the Mercator equal-area projection. At the present day the name sinusoidal, 
though meager in definition, is rather customary and can not be disregarded. 

On any projection that has variation of scale in different directions, it is possible 
to compute an ellipse at any point that indicates the scale and its direction a t  that 
point. This is called Tissot’s indicatrix, the principfesof which are explained in Special 
Publication No. 57-General Theory of Polyconic Projections. A new publication 
in preparation by the Coast and Geodetic Survey shows the application of this indicatrix 
to several of the equal-area projections. The Coast aud Geodetic Survey has con- 
structed for the U. s. b y  Air Forces a sinusoidal projection with many of these 
ellipses shown directly on the projection. 

See Fig. 81, the original of which appears as frontispiece in The I h o r y  of Map 
Projections, 1910, by J. I. Craig, Cairo. 

MODIFIED SINUSOIDAL AND MOLLWEIDE PROJECTIONS 

An interesting projection for world maps somewhat similar to the one just de- 
scribed has been dcvised by s. w. Boggs, of the Department of State, Washington, 
D. C. This projection is in a sense a mathematical mean between the sinusoidal 
and Mollweide projections. Its appearance at the poles is more pleasing than the 
sinusoidal in that the polar points are not so conspicuous as in the former. While 
this feature is an improvement to the general appearance of the map, the scale and 
shape of land masses in the equatorial regions are not aa good as in the sinusoidal 
projection. The properties of the projection are in a general way a mean of tho 
properties of the two projections from which it is derived. 

The mathematical theory that forms the basis of the projection was developed 
by Dr. Adamd, one of the authors of this publication, and the first computations were 
made by Mr. Bogga under Adams’ supervision. 

LAMBERT EQUAL-AREA MERIDIONAL PROJECTION 
This projection has already been described on page 75 of this publication. It 

has been used succeasfully for hemispheres, and we find an interesting example in the 
Eastern and Western Hemispheres placed tangent to each other in Comptes Rendus, 
L’Association Gdodbsique Internationale, vol. 111, 1911. This arrangement of the 
land masses of the world probably presents a more graceful appearance than any other. 

The Nordisk Viirlds Atlas shows a map of the Pacific Ocean where the projection 
is extended to cover 210’ of longitude and serves as an ideal arrangement for this. 
particular extensive configuration. 



North PO& 

South Pole 
FIG. 81 .-Sinusoidal or Mercator equal-area projection. 

Diagram showing Tissot's Indicatrix at A, B, C, and D, and isoperimetric (truo scale) curves in dash lines. 



FIG. 82 -- AZIMUTHAL EQUIDISTANT PROJECTION OF THE WORLD 
c L c s Prlni-ssaatt 
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AZIMUTHAL EQUIDISTANT PROJECTION 

In the solution of various problems for determining true distances and azimuths 
from a given point, the azimuthal equidistant projcction has in recent ycars come 
into prominent USC. This type of projection was fvst employed by Postol in 1581 ; 
afterwards by Lambert in 1772, who regarded it as a zenithal projection; thon again 
in 1799 by Antonio Cagnoli, who believed that he had invented it and gave it his 
name. We shall here adopt the namo Az imutha l  equidistant projection because tbe 
straight lines radiating from the centcr represent great circlcs in their true azimuths 
from it, and the distanccs along these lines are true to scale. The projection is neither 
equal-area nor confornial. 

No projection can be devised which will give all distances to the corrcct scale, 
but this projection gives the distances corrcct from one point, the ccntcr of tho m q ;  
and for a limited arm, cven one as large as the United Stales which has arc distances 
of 21°, the maximum error in distance is much less on this than on many other projec- 
tions, not cxcepting the polyconic. 

Tho question often ariscs as to the degree of sucbess of a given projection and 
the pcrcentage of crror of the bearings and distances from a given point. Such a, 
question is ofttimes difficult to answer and we may find it uscful to test each projection 
by finding out how nearly it approximates thc azimuthal equidistant projection. 

The greatest errors in scale on this projection are found dong  the bounding 
almucantar or circle of greatest radial distance. Along this circle distanco mcasure- 
ments are in excess of true distances, and on all alinucantnrs the scale is increasingly 
too large as the distance from the center increases. 

A map on this projection is easy to  construct when the center is one of tho poles, 
since all that is requircd is to take to the given scale a radius equal to the distance 
along a meridian from the pole to a given paml!el and construct a circle with the pole 
as center. 

When the center of the map is any other point, %ho arc distances and tho azi- 
muths from the central point must be computed for. the various intersections of tho 
meridians and parallels. Coordinates for these iutorsections can then be computod 
to facilitate tho construction of the projection. This is generally dono on the suppo- 
sition of the earth as a sphere, The computation for the spheroid is laborious and 
would only be warranted in cases where extreme accuracy is sought and when the 
compilation of thc map in other respects is dono with the utmost care. By considera- 
ing the carth as r~ sphcrc with a mean radius, sufficient accuracy can generally bo 
attained. 

The projection is of use for maps from which it is dcsirod to scalo accurately 
the distance and azimuth from the central point to afiy other point, and its use in 
aeronautics and for various other purposes is apparent. Tho chief difficulty lics in 
the fact that a separate computation and map are required for each central city. The 
cGmputation is simplo, howovor, and whon onco mado for any given city would servo 
for all time for the construction of maps on any desired scale. 

The projection has been employed in celestial maps, in problems of crystalloptics 

This circle then represents the pttrallel. 
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by the Carnegie Geophysical Laboratory, by the National Geographic Society for maps 
of the Arctic Regions, North America, Asia, and Africa, and by the General Electric 
Co. for a map of the world. 

The accompanying illustration (see fig. 82) shows, in a diagrammatic form, a map 
of the world on this projection with center a t  Schenectady, N. Y., and is used by per- 
mission of the General Electric Co. This map was prepared for the convenience of 
radio engineers of the General Electric Co. in interpreting transmission tests. Besides 
affording an easy means for measuring the distances from the point which is represented 
by the. center of the map to any other point on the earth’s surface, the map is supplied 
with a periphery scale so that any bearing from the center may be read directly in degrees. 
The map is valuable also in that it shows the nature of the intervening territory in a 
shraight line between Schenectady and any other points. This feature is important for 
the radio engineer inasmuch as the distance over which radio signals can be transmitted 
depends, among other things, on the nature of the intervening territory, especially 
as to whether it is land or water. 

TRUE GREAT CIRCLE DISTANCES FROM Two POINTS 

A projection can be constructed on which @eat circle distances from two points 
can be mapped as straight lines true to scale but the azimuths will not be true. For 
example, a doubly equidistant projection based on New York and San Francisco can 
be computed so that the distances of all other cities from these two points will be true 
to scale but the azimuths will not be correct from either of these two pointa to any other 

In a similar way true azimuths from two points can be maintained but the distances 
will not then be true to scale. 

Possibilities of the extensive use of the gyroscopic compass and the employment 
of radio s i g h s  in the fixing of positions by wireless directional bearings present new 
problems in the navigation of’ships and aircraft. The various uses and tests to which 
nautical and aerial charts are subjected may still further try the patience of the mathe- 
matical cartographer in devising more suitable systems of projection, or in supplying 
shorbcut mathematical or automatic expedients as convenient adjuncts to the Mercator 
chart. Additional special charts on the gnomonic projection or the azimuthal equidis- 
tant projection may serve a useful purpose in the solution of the various problems of 
great-circle sailing or in determining true distances and azimuths. 

There is a modern-tendency in many places to exploit projections of various types, 
generally known as “balance of error,” or “ m i n i u m  error” projections, projections 
sacrificing conformality, equ_al-area, and other useful properties, and for which there 
is no easy geometric accounting. These degenerating types can 8ei’ve no useful pur- 
pose other than picture maps, which become untrustworthy in the derivation or appli- 
cation of spherical relations. 

The day may come when the preparation of our charts and their use may be further 
simplified by the employment of the centesimal system for the graduation of the cir- 
cumference of the circle, and for the expression of latitudes and longitudes, in place of 
the sexagesimal system of usual practice. 
they did in the introduction of the metric system, the commensurable advantages d 
which are universally recomized. I 

point. ~ 

In  this the French have taken the lead 
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THE PARABOLIC EQUAL-AREA PROJECTION FOR A MAP OF THE WORLD 

177 

~ [See Plate IX.] 

, In the Geographical Journal for November, 1929, Lieut. Col. J. E. E. Crasher 
suggested the possibility of the construction of several equal-area maps that have 
much resemblance to the sinusoidal projection. In all of these the parallels are repre- 
sented by a system of straignt lines parallel to the straight-line Equator. Of these 
the one that seems of most interest has the meridians represented by parabolas and, 
hence, it may be c d e d  the parabolic equal-area projection. 

MATHEMATICAL THEORY 
Let us take the origin of coordinates at the vertex of the parabola and let us 

represent the outer meridian by equation y " = p  Then if we represent the central 
meridian by the straight line 2=2m, the meridian from pole to pole will equal 2m, 
which is half of the whole Equator which will have the length 4m. For simplicity of 
computation we may assign the length 4 to the Equator and 2 to the meridian and 
then the outer meridian will have the equation y "=~z .  With this simplification one- 
quarter of the area of the sphere to be mapped wi l l  be represented by the area between 
the axis of 2 and the curve from z=O to 2=2. 

One-half of the area of the zone between the Equator and any given parallel will 
be represented on the map by the integral 

1 

1 

The value of this integral in terms of y is, of course, 
A=2y-$'. 2 

Since, when y is equal to 1, this map area must equal one-fourth of the moa of tho 
given sphere or rR2, we must have the equality I 

e 

Hence 
R= 0.651470. 

Now the area of a zone on the sphere from tho Equator to latitude 4 is h o w n  to bo 
equal to 2rRZ sin 4. Then the half of this zone must be represented by the expression 
for A in terms of y as derived above. Hence the equation for tho determination of 
the values of y for the various parallels is given by the solution of the equation 

2 2y--$=?rR2 sin 4. 
600106°4&-12 
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4 But we have already derived the value of rR2 and found it equal to 3- 
the equation in y becomes 

With this value 

$-3y+2 sin 4=0. 

4 Now it happens that this equation is satisfied by the value y=2 sin 3- With this sim- 
ple expression for y a tablo of y values oan readily be computed to 'any desired degree 
of accuracy. This table has been computed for every 5' of latitude to six places of 
decimals and is published at tho end of this section. 

The length of each parallel between the central meridian and the outer meridian 
4 can now be computed from the formula L=2-2y2. Since, however, y=2 sin --, 3 

we can use the trigonometric table again by introducing this value of y and transform- 
ing the result. 

=2 ( 3  2 cos 9-1). 

By w e  of this formula a table for the lengths of thc parallels has been computed to 
six places of decimals and is published a t  the end of this section. 

These parallels ar;? divided proportionately for the intersections of thc various 
meridians. If the IO-degree meridians are to be drawn, the spaco between adjacent 
meridians will be oqunl to one-eighteehth of the tabular valuo for tho longth of the 
given parallel and all of the spacings are equal along any given parallel. This malm 
the projection one that can be constructed very easily, in fact just as easily as the 
sinusoidal projection which is noted for its facility of construction. 

As far as we know, no previous use of this projection has been made either by 
Colonel Craster or by anyone else for the actual construction of a map. In his 
article Colonel Craster merely outlined the nature of the projection, togcther with a 
number of others of similar kind; some abbreviated tables of tho y values were given 
that could be used at3 a basis for tho construction of maps, but no table of the lengths 
of the parallels was given for any one of the number. In  the actual construction from 
the elements given in his article i t  would be necessary either to compute a table for 
the lengths of the parallels or to construct the outer meridian from coordinates com- 
puted from its equation in 2 and y. It would seem, thcrcfore, that this map is the 
first example of the uae of this method of projection for mapping purposes. 

Some time ago a representative of. the Bureau of Foreign and Domestic Corn- 
merco of this department, consulted with Rlr. Deetz concerning the need for a suitablo 
equal-area projection for a world map to be used in the work of that bureau. Mr. 
Deetz suggested that such a map, constructed on this projection, might meet their 
needs in a very satisfnetory manner. After due consideration it was decided to 
construct a study for such a map with this projection as basis, and Mr. Deetx 
compiled and constructed the map as shown in Plate IX. 
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It was decided to construct the map symmctrically in three sections by making 
the centml section include an extcnt of longitude of 160' and the two outer equal 

' sections include 120° of longitude each. This gave an excess of longitude of 40' with 
20' on the east si& of the map and 20' on the west sidc. This is, in fact, an advantage 
as can be seen by consulting the map, for it shows India both in relation to Europo 
and also in relation to eastern Asia, China, Japan, etc. As the continents are placed 
on the projection, they are all shown with n small amount of distortion. North and 
South America, Africa, and Australia are in the most favorable positions but Europe 
is also fairly well represented. Asin suffers most becnusc of thc nocessary division, but 
the additional 20' of longitude on the mst and the west of the map contributes much 
toward lessening this defect as can easily be seen from the ma i  itself. 

This symmetrical tripartite construction makes it possible to place the Americas 
in the central section in such a wny as to hlre advantage of the most favorable part of 
the projection. This is a feature that was vcry much desired by the Bureau of Foreign 
and Domestic Commerce in connection with thcir s ta t i s t id  dingrams. Other arrange- 
ments or other diyisions could be made to sui t  the convenience of the makcr or, if de- 
sired, the whole world could be reprcsentcd on n continuous undivided projection and 
me believe i t  would show superiority to most other such extended projections of the 
sphere. 

On the sinusoidal projection the outer meridians intcrsect nt a very acute anglo a t  
the poles, but on the parabolic projection a considerable improvement in this feature is 
noticeable. All of the meridinns, except the central ones, are represcnted as parabolas 
of which the cquations in coordinnfes could be very easily derived. The parabola is a 
very graceful curve and so the resulting graticule is, on the whole, very pleasing to the 
eye. The pcrfect symmetry of the whole map can not fnil to be approciated by anyone 
who may find use for such a delineotion of the earth's surface. 

The map is strictly equal area in all of its parts and could be shown to be so by 
mathematical analysis, but we have not attempted to  give the analysis in this article. 
Our objoct has hccn to give only enough mathematics to lead to the co&truction of 
the map through the computation of the nccessary tables. These tables could bc used 
for tho construction of a map on any required scale. Colonol Crastcr gave his table of 
"y" values to only four places of decimals and a comparison of his table with our 6-placo 
table will show that some of his results were uncertain by several units in tho fourth 
place of decimals. This could be detected by II careful differencing of his tablo in tho 
above-ci ted number of tho Geographical Journal. 

Theso difforcnces are not great onough to be detected in a small-scale map but they 
would show in one of larger size. Colonel Craster's object was merely to suggest the 
possibility of tho construction of such a map and ho probably did not go into the math- 
ematics of tho projection with any great care. Our discovery that the value of '(y" is 

.given by 2 sin 3 makes it possible to compute the table with groat accuracy even to 

many dccimal places. Much credit should bo given to Colonel Cmster for his sug- 
gestion of the possibility of computing an equal-area projection of this kind that may 
be soon to have so many admirable qualities. 

4J 
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Equal-area maps are especially valuable for illustrating statistical data, either in 
regard to physical features of the countries or in regard to commercial development. 
The Bureau of Foreign and Domestic Commerce is, of course, interested in the com- 
mercial use of euch world maps and, hence, its desire to get one with valuable features 
as a map as well as one having the equal-area property. We believe that this study 
indicates that the desired end has been attained in the use of a map on this parabolic 
equal-area projection. 

A second set of tables is appended that are so modified ns to give a resulting 
map that has an area equal to 1 part in 50,000,000 squared of the area of the earth. 
In figures this means that any section of the map is 1 part in 2.5X 10l6 of the area of the 
earth's surface that it iepresents. This exact surface relation may be of special inter- 
est to some cartographers. A square inch on any part of such a map will represent 
622,744 square miles of the surface of the earth. The linear scale, however: will obvi- 
ously be variant but along the Equator it may be expressed as 1:51,225,000. If the 
values in this table are divided by 2 throughout, they will give a map having an a r a  
scale ratio of 1 part in or 10 with 14 additional ciphers after it. 

TABLES 

Length of parallels from central meridian to outer meridian 

Latitude (degrees) Ico$$. 

For area 
walr 1 In 
2.6X1016 

i S i m 7  

13.37803 
12 30427 

14.44248 
16.40373. 

' 16.63186 
17.66697 
18. 68627 
19,65884 

For m a  
m l e  1 in 
2.6X10" 

MI. 
26.24700 
23.03072 

1 7 . 7 W  
14,67087 

11.17103 
7.80123 
3.87336 
0 

m. 81408 

A new and more complete table for the construction of a parabolic equal-area. 
projection is given on page 218. 
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CONFORMAL MAP OF THE WORLD IN A SQUARE 

THEORY 

POLES IN THE MIDDLE OF OPPOSITE SIDES 

There is a set of isometric curvilinear coordinates for the sphere that may be 
derived from two spherical ellipses. The existence of these coordinates was pointed 
out by Lieutenant Guyou in Annulee hydrographiqws, second series, volume 9, $1887. 
The theory of thoso coordinates is discussed fully in that publication and it is also given 
in detail in United States Coast and Geodetic Survey Special Publication No. 112: 
Elliptic Functions Applied to Conformal World Maps. In discussing the theory of this 
map, we shall confine ourselves to the special problem required for the same. 

A spherical ellipse is tho locus of the points on the sphere such that tho sum of the 
two great circle arcs which join them to two fixed points is constant. The two' fixed 

P 

FIG. 83.-Elliptio Coordinates for a aonformal map of the world in a equare. 

points are called the foci of the ellipse. In  this discussion we shall confine ourselves 
to the case in which the foci are located on a great circlo at  an arc distance of 46' from 
the pole and situated on opposite sides of tho pole. We shall consider two spherical 
ellipses that have one focus in common and the other foci at  opposito ends of a diameter. 
Tho foci of the second ellipse will thus be symmetrical with respect to the equator at. 
the arc distance of 45'. 
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In  the diagram F is thc common focus and F’ and F, are the other foci. Let 

F’M=a and FM=b, then FIM=?r--a; PF=PF’=i. Let PCAP’ be a meridian the 

plane of which is perpendicular to thc plane of PEY’W. This meridian will thus be tho 
central meridian of the figure. Let X represent the longitude reckoned out from this 
ccntral meridian and let represent tho latitude. 

4 

In the triangle F’PM we have 

PM=2-4, ?r F’M=a, and PF’=T and &P>=;+X. 

From thc formula for the third sidc when two sides arid the included angle are givcn, 
we obtain 

1 1 cos a=- sin 4-- cos 4 sin X. Jz Jz 
Similarly from thc triangle FPhli, we get 

The parametric equations of thc unit sphere in terms of cp and X are 

x=cos 4 sin X, 
y=cos 4 cos A, I 

z=sin 4. 

From the equations for cos a and cos b, we get 

Now let 

Then 

a+b a-b cos a+ cos b -. 
2 ’  

COS b-cos a- a+b . a-b - .Jz sin 7 sin 2. 

cos - -4 cos 2 Jz 

1 6  

z= 

2’ 

a-b- a*b=u and 7 -v. 2 

5= & sin u sin v, 

z= 42 cos u cos 0, 
- 

and from the relation Y=.J1-x2-z2, 

we get 

Y= 41-2 sin2 u sin2 v-2 cos2 u coTv 

Y = J ( 1 - 2  cos2u)(1-2 s in2v) ,  

in which the radical can assume either the plus or minus sign. 
the unit sphere expressed parametrically with u and v as curvilinear \coordinates. 

These equations give 
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We can now exprcss tho element of arc upon tho sphere in terms of theso parameters: 

b”=G cos u sin v, bu 

b”=a sin u cos v, a v  
ay +2  sin u cos u%h-2 sin2 v, - -- -_ 
bu 41-2  COS’ u 

b?/ - - 2 sin v cos v J ~ O s 2 ~ U  

av 41-2  sin2 v 
~- -_ 

e= - 4 sin u cos v, bu 

From these valucs wc can compute the E, F and G for tho element of arc, ds. 

2(sin2 u cos2 v-cos2 u sin2 v) 
2 sin2 u- 1 

2 sin (u+v) sin (u-v) 
2 sin2 U-1 

- - 

371 bz 2 (sin2 u cos2 v- cos2 u. sin2 v) 
1-2 sin2 v G=($>’+(&) +(%) = 

2 sin (u+v) sin (u-v) 
1-2 sin2 v 

- - 

- 2 sin a sin b 
1-2 sin2 v 

- 

Thorefore the olemont of arc becomes 

dv? &*=sin a sin (and:-% y-- +-T). %-sin v 

Sinco tho F coefficiont is zero the u and v curvos me everywhere mutually per- 
pendicular, that is they form a systom of orthogonal curvilinear coordinatcs for the 
sphere. 
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Now in the figure let AC be denoted by n and AB by m with WABE representing 

-u, 

the equator. Then 
FC=-- a+b 

2 

but FIM=w-F'M, 

80 

From the right spherical triangle FCP, we have 

sin n= JFcos u, 

and from the right spherical triangle FIBE, we got 

sin m= @sin v. 

By differentiating this last equation, we obtain 

cos m dm= 4 cos v dv, 

but - , cos m=diZF&iG, 

cos v dv 
hence d m = 4 F p  -sin2 v 

but 

therefore 

cos v= JI-S sin2 m, 

dm - - dv 
Jg-sinz a JI - sin2 m' 

Now in turn by differentiating the equation for sin n, we get by a similar process 

du dn 
&&G=ji" -4 1-5 sin2 n' 

The expression for the differential element of arc now becomea 

dm2 
(I-% sin2 

ds2=sin a sin b 

We can now obtain a set of isometric coordinates by the following relations: 
dm 

and 
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With these coordinates the differential element of arc now becomes 

with p and p expressed aa elliptic integral of tho first kind; that is 

ds2=sin a sin b (dp2+dq2), 

After m and n are computed, the values of p and p can be found from Legendre's 
1 

tablo of the elliptic integral of the first kind with -5'. 
3 This relation gives Lieutenant Guyo'u's map of a hemisphere in a square with 

1 sides equal to  2F or 2K for k=-* Jz 
In order to map the whole sphere in the above square it is necessary first to map 

the whole sphere conformally on the hemisphere. By starting with the polar stereo- 
graphic and by denoting the co-latitude by w, we get the complex variable 

W z=tan - e'?. 2 
By assuming a new variable 

h w -  
*z'= &=tad Ze a, 

we get the polar stereographic mapped on the upper half plane or a Lambert conformal 
conic projection with 1=1/2. 

Now on another sphere, let us assume the relation 

Then if we let 

and 

W' W tan 2=tan'a, 

we can get by letting X' and X v d s h  together 

and 
W' W' W 

3' 2 l+tanZ -=sec' j-=l+tan 
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W' 1 
W' 

cos2 -= 
1 + t a n T  

2 
W' l+cos w'= 

l+tan 2 

cos w' =sin +', 
W 1-tan 3 
L 

W 
sin +'= 

l+tan 2 

W W 

W W 

cos --sin - 2 2 - - 
cos p + i i  

W W 

2 cos2 -- sin2 3 
1+2 sin-cos2 2 

- - 
w w  

cos w - - 
l + s i n w  ' 

Prom this relation we get 

24 cos+'= 1-tan - J . 2  

+ 
2 cos - 

By this process we have mapped the whole sphere conformdly on a hemisphere. 
At this point we could compute 4' and A' and then use the formulas already 
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derived. 
formulas. In this way we get 

Nowever it is more convenient to substitute these values directly in the 

By means of these formulas we compute a and b. 

Then 

and 

Furthermore 

1 u= 3 (u- b) 

1 
2 u= -(a+ b )  . 

sin m=JTsin v 

and 
sin n= 4 cos u. 

With the values of m and n thus obtained, we can compute from Legendre's 
table the values of p and p. 

CONSTRUCTION OF THE TABLE 

We can then assume as our coordinates in the plane 

Y'QI 

or we can multiply the p and q values by any constant we may wish. In the map as 
constructed the p and p values were multiplied by 20 and the resulting coordinates were 
constructed as centimeters. The table of coordinates is published in this form because 
of the convenience in construction. The oomputation was made for ten-degree inter- 
sections of meridians and parallels; in addition, the coordinates for the parallels of 
85' and 89' were computed to aid in the correct construction of the meridians near the 
poles. 

As given, the coordinates of the northeast quadrant alone are.tabulatod. From 
consideration of symmetry, the coordinates for all of the quadrants can be obtained 
by a proper distribution of the signs, plus and minus. 

After the map was constructed with the dimensions as shown in the table, a photo- 
lithographic print was made of it reduced to approximately two-thirds of the linear 
dimonsiom of the actually constructed map, The table may be used of c o m e  for the 
construction of a map of m y  desired size by multiplying the coordinates by the neces- 
sary ratio. 
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z 
cm. 

8.8858 
8.8488 
8.7958 
8.6QQ4 
8.64W 

U. S. COAST AND GEODETIC. SURVEY 

Table of coordinates j& a conjormal m a p  oj the world i n  a 8qU4Ltt? 

Y 
cm. -- 

0 
1.8372 
3.7248 
6. 7 W  
7.8884 

Longitude Oo 

16.6204 
16.4918 
16.3876 
16. ma* 
1 6 . ~ 1 ~ 0  

Longltude loo 

0 
20248 

, 4.1078 
8. ala4 
8.7320 

~~ 

Longltude 20° 

10.7124 
10.6922 
10.6284 
10.51% 
10.3260 

10.0336 
9.6824 
8.7450 
7.0918 
6.4% 
26968 o 

Longitude 40° 

. o  
1.8742 
3.8004 
6.8374 
8.0812 

10.6818 
13.6764 
17.3826 
22.7898 
28.8884 
32.WM 
a7.0814 

Longitude 30° 

8 . m  
7.9174 
7.2610 
6 . m 2  
4.5430 
21888 

0 

Latitude. 

10.3882 
13.3038 
17.0418 
22.4068 
20.b284 
3 2 W 6  
37.0814 

z 
cm. 

11.w28 
11.2436 
10.2848 
8.2776 
6.29M) 
29882 

0 

I 
cm. 

10.8374 
13.8070 
17.7W 
23.2718 
27.3442 
32.7414 
37.0814 

I 
cm. 

13.6208 
12.8092 
11.8162 
9.4528 
7.1340 
3 . 3 H  

0 

2 
cm. 

11.1368 
14.2870 
18.2888 
23.8334 
27.8240 
33.0114 
37.0814 

Y 
cm. 

16.4964 

13.4088 
10.6466 
7.9680 

0 

14.7490 

a.7034 

Y cm. 

11.4798 

18.8700 
24.4808 
28.4052 

37.0814 

14.7498 

a3.3132 

Y 
cm. 

n. a044 
Zl.3640 
27.2094 
n.0872 
#).7W 

P om. 

-- 
0 

28488 
4,7788 
7 . a ~  

10.3130 

I 
cm. 

7.0524 

6. BDBB 
6.9200 
6.7972 

6. eOB0 
6.3010 
6.7774 
4.7230 

1.7880 
0 

7.0380 

a. 8480 

0" 
10 m 
80 
40 

Y 
cm. -- 

0 
1. W8 
3.8832 
6.6258 
7.7879 

10.19M 
13.0836 
16.7090 
22.0870 
28.2372 
32.13R8 
37.0814 

18. 6858 
18.6340 
18.43a4 
18.2470 
17.9402 

00 
10 
20 
30 
40 

50 
60 
70 
80 
85 
89 
80 

o 
2 . 0 ~ 4  
4.2340 

9.0148 
0.6136 

' 0  
1.7E04 
3. E012 
6.4884 
7.6514 

8.9122 
12  7236 
16.3258 
21.6890 
26.7684 
31.8810 
37.0814 

2o.6742 
m.6408 
m.5362 

20.0101 
20.3382 

1.7464 
1.7480 
1.7326 
1.7144 
1.6636 

1.63f3.4 
1.6828 
1.4a48 
I. 1708 
0.9172 
0.4490 

0 

281984 
26.0880 
264142 
16.2768 
1L3468 
4.8888 . 0 

0 
1.7632 
3.6544 
6.4668 
7.6370 

9.8036 
12.7008 
16.2868 
21.65M) 
25.7258 
31.8422 
37.0814 

13.7632 
18.0480 
23.5888 
29.7138 
326268 
35,!B32 
37.0814 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 
0 
0 

11 8666 
l6~286U 
,IQ. 6476 
25.2bM 
28.OBM 

37.0814 
aa.6462 

3 .4w 
3.4928 
3.4718 
3.4a38 
3.3730 

3.2788 
3.1282 
2.8734 
2. a698 

0.8960 
0 

xm24 

18.1874 
18.6272 
I& 7462 
129884 
9.4882 

0 
4.31134 

6.2880 
6.2558 
6.2242 
6.1666 
5.07M 

4.9332 
4.7070 
4.3104 
3.14uo 

,27434 
1.3368 

0 

21.6914 
20.5614 
18.1210 

10.1788 
4.5766 . 0 

i4.im 

0 
1.76388 
3.6810 
6. bM)4 
7.6844 

9.8882 
12.7958 
16.4132 
21.6896 
25.8534 
31.9166 
37.0814 

.12.7610 
16.6204 
21.2566 

80.8322 
I 34.3926 

' 37.0814 

n.1724 

0 
1.7832 
3.6164 
6.6624 
7.6664 

10.0828 
12.8148 
16. bBw 
21.8584 
28.0128 
32. oOg4 
37.0814 

23.8284 
22.7270 

16.2340 

4.8014 

2 0 . a ~ m  
10.8030 

o 

Longitude 5fP 

.13.aaaO 
17.2588 

28.318 

34.8028 

22.3300 

ai.Mw 

a7.0~14 

Longftude 60O 

29.7576 
29.7328 
29.Wi2 
28.4892 

' 28.2246 

Lmgltude 70" 

0 82.1688 0 
2.4088 32.1616 2.4470 
4.8860 32.0838 C W 8  
7.5828 3l.QSl4 7.7366 

10.6134 31.7776 10.8680 

hngltude Wo 

34.6164' 
34.6070 
W 6762 
34.6188 
84.4078 

Longltude 8 0 O  

I 
- 

0 
2.4740 
1.0468 
7.8364 

11.W 

LatltGde. 

28.7162 
21.6218 
24.eam 
17.2135 
1 1 . 7 ~  
6.1374 

0 

I 

14.2818 
18.8800 
za.im 
ai. 2730 
3a. M O  
a 5 . W  
37.0814 

8 1 . W  
24.4880 
a7.1800 

121aa2 
5.2450 

0 

i 7 . 8 ~ ~  

14.6424 
18.8802 
27.0242 
3 a . w  
84.71~% 
36.1886 
37.0814 

cm. z * l  c:. cm. 1 &. Y 
c ~ .  I cm, ~- 

14. &?34 I n  00 
10 

a0 
40 

M 
60 
70 

. m  

P 
80 

1 2 . 6 ~ ~ ~  I n . - - - 
12.6760 1. Ql8i 
12.5J18 3.8896 
12.3664 I 6.87.66 
12.1478 8.2642 

I LongitudelW I LongitudellOO Longitude 140° Longitude 1200 Longitude 124' 

I Lsfftude - I c:. 

I- 

em. I e:. cm. .I c;. 
Y 

em. I cm. 
Y 
em. 

n. 8488 0 
22.8148 2.2192 
227076 4.8086 
P W  6.9500 
!221662 9.6492 

0 
2. I616 
4, aBB0 
6.7288 
0. am 

12.2964 
16. BbBB 
20. a88 
26.1474. 
28.8072 
a4. oo80 
37.0814 

18.6970 
16,0460 
11.8032 
8.7448 
4.0242 

80 = 
Longitude 180' hngl tudo 170' Longitude 1W I Longltudo leOo 

Latitude 
cm: 1 c;. 

3 
cm. 

37.0814 
37.0814 

37,0814 
37.0814 

a7.0814 

a7.0814 
37.0814 
87.0814 
18.0870 
12 4068 
6. a318 

0 - 

Y 
El l ) .  . .  

8 
m 10 

80 
40 

0 
2 4842 

, 1.0672 
7.8712 

,11. mal 
16.0288' 
20. E514 
83.1400 
37.0814 

'37.0814 
a?. 0814 
87.0814 

14.8280 
#). 3108 aa. 6890 

38.8088 

a6.0020 
86. IBIS 
a7.0814 

60 
60 
70 
80 
86 
89 
80 
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RESUME 
GENERAL STATEMENT 

From .experience in meeting a frequent demand for a brief outline on the subject 
of map projections in general use, it is tbought that a resume of those systems which 
are of special interest in problems of the present day may serve a useful purpose. 

While the statements made here have been taken largely from the preceding 
chapters of this book and are repetitions to a certain extent, it is intended to bring 
out more clearly the special uses and comparisons of the several systems and to note 
the more recent observations and studies. 

Under the subject, “Thoughts on Map Construction” by Francis Bacon, we 
find the following pertinent passage: “All depends on keeping the eye steadily fixed 
upon the facts of nature, and so receiving their images simply as they are; for God 
forbid that we should give out a dream of our own imagination for a pattern of the 
world.” 

As a sphmoidal surface can not be spread out upon a plane wihhout distortion, 
any representation of an extensive part of the earth’g surface must necessarily involve 
a certain amount of approximation or compensation systematically accomplished, 
or it must be restricted to the desired special property that will meet a problem under 
consideration. A globe is, of course, the only possible method of truly representing 
the earth’s surface, and on it the problems of the geographer and navigator are easily 
visualized. Directions, distances, forms, and areas wbch comprise its elemenb are 
correct, and its scale is constant. Nevertheless in many instances i t  is impracticable. 
By use of the developable surface of a cone or cylinder as an intermediate step in the 
construction of a projection, and with the use of mathematical analysis it is possible 
to design a map which is accurate in respect to certain properties. It is this con- 
sideration that becomes the purpose of the following review. 

A map projection is an orderly arrangement of the two sets of linea or curves 
that constitute the framework of a map, one set to represent parallels and the other 
set to represent meridians, By moans of these two sets of basic linea, places on the 
earth’s surface c m  be located by latitude and longitude, that is, they can be assigned 
a definite position corresponding to the notwork of parallels and meridians that are 
conceived as covering the surface of tho earth. This orderly arrangement or sequence 
may come from direct geometric projection or it may be expressed in mathematical 
terms. Of come,  all projections can be stated .in mathematical terms, but sometimes 
a projection is more in evidence when considered as a true geometric projection or 
development. It is rather unfortunate that all possible schemes are called projec- 
tions, for in some casea i t  is rather difficult to interpret them in the way of geometric 

The errom which arise in maps are those of distortion which implies deviation, 
from right shape in the meridians and parallels, involving curvature in these reference 
lines; deformation of angles; changes of scale and errors of distances, errom of boarings, 

PROPERTIES OF PROJECTIONS 

pro j ections. 0 ’ -  

* and errors of area. 

The p6ncipal properties that govern an orderly arrangement of meridians and 

1. The correct angles between meridians and parallels, and true shape for re- 
parallels, and which we aim to obtain a t  the expense of other properties are: 

stricted areas as found in the conformal projections. 



190 U. S. COAST A N D  GEODETIC SURVEY 

2. Equivalence of area as represented in the equal-area projections. If we take 
a coin, a paper weight, or, if you like, a small irregular piece of cardboard and place 
it on an equal-area projection,. the same piece of paper in any orientation whatever 
on any other part of the map will cover the same amount of area of the country 
represented. 

Other potential properties of projections are: 
1. The representation of the rhumb line as a straight line, as in the Mercator 

projection. 
2. The representation of the great circle as a straight line as in the gnomonic 

projection. 
3. The representation of true azimuths and distances from a given point as in 

the azimuthal equidistant projection. 
On phge 54 there is shown an ideal head drawn on a globular projection. By 

plotting the outline of this head into the corresponding graticules of an orthographic, 
stereographic, and Mercator system, the properties of the globular projection are 
shown in a distorted picture in these other three systems. This does not imply that 
the globular projection has any intrinsic value (in fact it has not), being nothing more 
than a geometrical design easily constructed. The normal head for the Mercator 
might as well have been used as a base a t  the expense of the others, The diagram 
merely illustrates how it is impossible to hold more than one or two desirable properties 
in a given projection. 

The selection of a projection is, therefore, the first important step in the compilation 
of any map or chart, as the value of the product to the particular purpose it is designed 
to serve, depends largely on the projection upon which the chart is constructed. 

THE MERCATOR PROJECTION 

In this Rbsum6, the Mercator projection has not been included on account of the 
desirability of having in one place, as much as possible, its history, description, com- 
putation, construction; its uses, and comparisons with other projections, etc. 

The reader is therefore referred to pages 103-124 for the various details covering 
the true story from its invention to the present day. Even if some repetitions occur, 
this thought may be justified by a quotation from the Roman writer Seneca, as follows: 
“A thing is never too often repeated which is never sufliciently learned.” 

THE GNOMONIC PROJECTION 

In this projcction the eye of the spectator is supposed to be situated at the center- 
of the terrestrial sphere, whence, being in tho plane of every great circle, it will see 
these circles projected 8s straight lines upon a plane tangent at a selected central point. 
It follows then that a straight line between any two points on a gnomonic chart repre- 
sents the track line or shortest route on the enrth’s surface between them. 

The projection is used ohiefly as an adjunct to the Mercatdr system to which 
the finally selected route can be transferred by corresponding graticules of latitude and 
longitude. The great circle thus transferred becomos a curved line on tho Mercator 
projection, where it may be resolved into convenient sailing rhumbs so that the port 
bound for may be reached by $he shortest practicable routc. 

Between a great circle and a rhumb line, the actual difference in distance is fre- 
quently immaterial, being but one-fourth mile in 500 statute miles dong parallel 40’ 
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and diminishing to zero along the meridian. For greater lengths the difference in- 
creases very rapidly. 

The gnomonic projection requires a considerable amount of computation, is 
difficult to construct, and the scale of distances is complicated. Its chief fault is that  
localities near the boundary of the map become greatly distorted in distances, areas, 
and shapes. This is because near 90' from the center of the map the projecting line 
approaches parallelism to the plane of projection and its intersection recedes to infinity. 
The area which can be mapped on this projection is less than a hemisphere. 

A gnomonic chart will serve as a general control map for many purposes and for 
office use especially. It is useful in the study of air routes and in the ready solution 
of problems involving the definite location of the minimum line between two points 
on the earth's surface. In  other projections the localities through which a great circle 
passes aro a matter of approximation or conjecture. At the present time, excepting 
for a small number of harbor charts by the British Admiralty, i t  has hardly b p n  
more than an auxiliary to the Mercator chart. 

However, tho laying down of a true azimuth from a given radio station is another 
problem. On account of angular distortion in a gnomonic projection, a specially com- 
puted compass rose at  any given station (except at the point of tangency) is necessary 
in order to obtain a true bearing from the station. The problem may be simplified 
either by including on the chart, compass roses computed for important stations or 
by supplying for the stations on any particular chart the gnomonic azimuth tables 
such as are given in Special Publication No. 75, U. S. Coast and Geodetic Survey. 

A base chart of the United States, No. 3074a, on a gnomonic projection has been 
constructed by the U. S. Coast and Geodetic Survey. The point of tangency is placed 
at latitude 40' and the center of longitude at 96'. On this projection, the meridians 
being great circles, are represented by straight lines, -The parallels are conic sections, 
being ellipses above latitudo 50' and hyperbolas below latitude 50°, the conic section 
changing from ellipse to hyperboIa by passing through the parabola at latitude 50'. 

THE POLYCONIC PROJECTION 

The polyconic projection possesses great popularity on account of mechanical 
ease of construction and the fact that a general table for its use has been calculated. 

I n  this system the reference lines, excepting the equator and central meridian, are 
curved, the parallels being nonconcentric circles. The central meridian is truly spaced 
nnd the even divisions of the parallels are true to scala. The lengths of the arcs of 
latitude increase as we recede from the central meridian, but in the United States, 
for a longitudinal extent within 560 statute miles on either side of a central meridian, 
the error in scale and area$ does not exceed 1 per cent. In  latitude, the projection can 
be carried as far as may be desired. The use of the projection for extansive nreas 
should thus be restricted to maps of wide latitudes and narrow longitudes. 

Within the limits describod the projection attains an accuracy that meets dl 
general purposes by reason of compromising various conditions impossible to be repre- 
sented on any one map or chart, and is sufEciently closo to other types possessing 
special properties to determine its choice in many instances. 

For isolated or restricted maps not part of a general scheme, the polyconic 
projection which is easily constructed, will generally be satisfactory. Due to the 
curvature of its outer meridians, adjoining maps constructed on their own central 
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meridians, will present curvature in opposite directions, east and west, thus interfering 
with a neat junction when the projection is carried too far. 

For a map of the United States with its wide longitudinal extent, the Albers and 
Lambert conformal projections are better suited, either of them offering certain addi- 
tional or special properties of their own which are only approximated in the polyconic 
projection. 

The errors of the polyconk projection increase approximately as the square of 
the distance from the central meridian. We observe that this increase amounts to as 
much as 500 per cent in the outer meridian of a map of the world., 

THE TRANSVERSE POLYCONIC PROJECTION 
The polyconic projection can be transversed in a way to  meet a configuration of 

predominating east-and-west dimension. A great circle at right angles to a central 
meridian at the middle part of the map can be made to play the part of the central 
meridian in the ordinary polyconic projection, the poles being transferred (in con- 
struction only) to the equator. 

On other 
maps and charts, this important section of the North Pacific Ocean can not readily 
be visualized on account of excessive scale variations. The map is not intendedcfor 
navigational purposes but is of great interest from a geographic viewpoint as exhibiting 
h their true relations, important localities covering a wide expanse. ;Figure 84, 
showing the North Pacific region on both the Mercator and transverse polyconic 
projections, explains the reason for the remark, “The Mercator projection puts Alaska 
too f a r  north.” 

Plate I1 features an area ddapted to this transverse arrangement. 

* THE LAMBERT CONFORMAL CONIC PROJECTION AND THE ALBERS EQUAL- I 
AREA PROJECTION 

These two projections are somewhat similar in appearance but different in their 
properties. Points in common are: Both are conic projections and both have two 
standard parallels of true scale; the projections being conic, their meridians are 
straight lines converging in the direction of the pole, and the parallels are concentric 
circles intersecting the meridians at right angles. On the selected parallels, arcs of 

Their differences are: In the former projection the intervals of the parallels depend 
upon the condition of conformality; in the latter they depend upon the condition 
of equal-area. 

Definition of conformality: If at  any point the scale along the meridian and the 
parallel is the same (not necessarily correct, but the same in both directions) and the 
meridians and parallels are at right angles to one another, then the shapes of all 
elementary figures OP the map are the same their corresponding areas upon the 
earth. 

In the Lambert projection the scale is too small between the standard parallels 
and too large beyond them; in the Albers projection the meridional scale between the 
standard parallels is too large and the scale along the parallels correspondingly too 
small, the reverse condition existing beyond the standard parallels. 

The Lambert projection was used in France for d i t a r y  maps during.the &t 
World War. Our chart No. 3070 (see Plate I, reduced scale), North Atlantic Ocean 

’ longitude are represented in their true lengths, or to exact scale. 



FIG. 84 - THE NORTH PACIFIC REGIONS ON THE MERCATOR AND THE TRANSVERSE4POLYCONIC PROJECTIONS 

The rapidly increasing scale of the Mercator pmjection, amounting to 100 per cent in latitude 
60'apparentIy "puts Alaska to far north." In contrast the transwse polyconic projection shows 
geographlcal features more nearly In thelr true relative positions, sizes and shapes. 
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with Eastern North America and Europe, is constructed on this projection, having been 
prepared for the Army War College and also used by the Shipping Board during the 
fist  World War. 

On 8 

polyconic projection for the same limits, the maximum scale error would be 100 per 
cent; on a Mercator projection the scale variations would be about 180 per cent. On 
our Lambert map, the scale shows a maximum increase of only 11 per cent, and that 
occurs in latitude 70°, an unimportant part of the map. The great central portion of 
the map, from latit!de 30" to latitude 60" shows scale varying from zero to 2 per 
cent only. 

MERITS OF THE LAMBERT PROJECTION 

Former maps and charts of this area showed excessive variations in scale. 

In  a map of the United States with standard parallels at  33" and 45" the greatest 
change of scale is but 2)h per cent. As employed by the U. 5. Geological Survey for 
State maps, 1:500,000, the projection is ideal and should meet engineering, military, 
and geographic requirements. It is also employed in the construction of aeronautical 
charts by the Coast and Geodetic Survey for the Civil Aeronautics Administration of 
the Department of Commerce. 

The graphic scale of any State map constructed from the general tables of the 
United States, should be based upon the local or middle latitude scale as given for 
different latitudes. This operation will assist in bringing the excess or reduced scale 
of any State still closer to true scale. 

For the measurement of distances in a l l  directions within the United States, the 
Lambert projection is superior to any other excepting possibly the Albers projection. 
However, by use of a scde factor (ordinarily.not necessary), the Lambert projection 
provides for exact scale; and if exact scale is not obtained, the reasons for it are found in 
errors of compilation, method of printing, shrinkage or expansion of paper in opposite 
directions. 

In  errors'of azimuth as compared with the polyconic, Lambert zenithal, and Albers, 
it is superior to the others here mentioned. To obtain an azimuth on a Mercator 
projection requires a special computation or the use of tables. 

We fmd in projections like the polyconic, the Bonne, and the Mercator that, after 
proceeding about 25 degrees from one of the axes, the scale errors or scale variations 
become so increasingly greater that these projectiohs totter and can no longer be uti- 
lized for geographic purposes. The Mercator projection is at its best from, say, 15" 
north latitude to 15" south latitude, and for the rhumb line property alone, it may be 
carried to higher latitudes. The United States is, then, beyond the zone of usefulness 
of the Mercator projection except for the property of the rhumb line, but the rhumb 
is retained at the expense of the great circle, directions, and scale. 

For a line from New Yorlc to San Francisco, we find the great circle passing through 
3,s extremities has departed from the rhumb 181 miles. Highor up, before reaching 
the forty-ninth pardel,  the difference in a 2,700-de line is 240 miles. It is evident, 
in thew higher latitudes especially, that the Mercator chart may require an auxiliary 
chart or special computations for meridional crossings of the great circle. In many 
instamw it may necessitate the conversion of true bearings to mercatorial bearings. 

Lf tsdio signals following the great. circle can be utilized on the Lambert projec- 
604, & might seem that the Lambert projection and the gnomonic projection are 
idmhicd. They are not identical, but numeroua tests show that on the Lambert 

9U010Oo-41t-13 
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projection of the United States, by reason of conditions imposed by ita standard paral-. 
lels of true scale, a straight line may follow the great circle closely, it may cross it and 
recross it, never receding from it excessively. . 

DISTANCE COMPARISONS, NEW YORK TO SAN FRANCISCO 
[New York Oat. 400 46', long. 7ao W ) ;  Ban Francisco Oat. 370 47', long. 1220 2.691 

statute mllos 
True distance a@ New York to San Francisco, by long distance formula _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _  - 2,572. 3 
Straight line distance on C. & G. Survey Chart No. 3060b (Lambert projeotion)______-___ 2,676 
Rhumb line (or strdght line on Mcrcator chart), computed- ______--_____,---_-_-----__- 2, 609. 3 
The rhumb line is longer than the true distance _______________________________________  37.0 
Distance of straight line (New York to San Francisco) below the great oircle on the Lambert 

projection a t  a central meridian is only ________________________________________--. - 9.6 
Distance of rhumb line below the great oircle on the Mercator projection (also the actual dis- 

tance between them on the earth), at a central meridian, ie ______________________..____ 181; 0 

Due to the location of the central parallel on the Lambert projection, the straight 
line from New York to San Francisco follows the geodesic closely, crossing and recross- 
ing it, with results in distance measurement differing less than 2 miles from actual com- 
pu ta tion. 

A geodesic on the Lambert projection, in the case of two standard parallels, is 
always concave toward the central parallel; consequently in crossing the central parallel 
it changes its curvature in order to maintain its concavity toward the said parallel. 
The term geodesic, also termed a geodetic line, is the shortest or minimum line that can 
be drawn between any two points on the ellipsoidal s u ~ a c e  o f  the earth. 

The difference between the length of a great circle as obtained by the solution from 
a spherical triangle, and that obtained from a geodesic, leads to a refinement difEcult 
to compute and ordinarily of no great importance.80 

, 

GREAT CIRCLE AND RIfUMB LINE COMPARISONS 

From the many other tests in the measurement of distances, a few more m y  be 
given : 
Boston to Seattle, great circle distance _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _  2492.6 stat. mi. 
Boston to Seattle, Lambert straight line- _ - _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _  '2503.6 stat. mi. 
Excess of Lambert- _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  . . . . . . . . . . . . . . . . . . . . .  11 stat. mi. 

Washington to Los Angela 
Meraator, rhumb line below great circle _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  126 stat. mi, approz 
Lambert, straight line departs only _ _ _ _ _ _ _ _ _  _ _ _ _  _ _  _ _  _ _ _ _ _  ., _ _ _ _ _ _  _ _  _ _ _ _ _  2 stat. mi., approx. 

New York to Seattle 
Mercator, rhumb line below great circle _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ - _ _ _ _ _ _ _ _ _  180 stat. mi., approx. 
Lambert, straight line below great circle- _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ - _ - _ _ - _ -  21 stat. mi., approx. 

Quebsc to S d  
Mercator, rhumb line below great circle _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  200 stat. mi., approx. 
Lambert, straight line below great circle _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ - _ _ _ _ _ _ _ _  37 stat. mi., approx. 

____ 

H The tlnal teat of measured dletsncea from any map or ohart depends upon the wstem of projection, the 8oonrBoy of compilation 
method of prlntiag, em. It may be edvissble In many lnstanoss where longer dlstancse are lnvolved not to we the map or ohan, nor 
even the solution from 8 spherical Mangle. For example, the dlstance from New York to Ban FnrnoisoO by eolving the spharid 
Mangle, uaiog Spaere eguivdalent In area to spheroid, is 2,M StstUte m i l w r  6 mnes less t h n  the actual distsnm. For the oomputa- 
tlon of long dlstanw. &e Special PnblIcation No. lae. pp. !UP-. still m'sater refinement may be obtained by use of formulna in 
Spealal Publlcetlon No. 100. 
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The following are approximate distances by use of Weather Plotting charts, 
Alaska and North America, 1-10,000,000 (Lambert projection, standard parallels 
30' and 75'); H. 0. Track chart No. 1262, (Mercator projection), and H. 0. great 
circle sailing chart No. 5300: 

Seattle to Y o k o h  at 173' East Longitude 
Mercator, rhumb line below great circle _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  780 stat. mi., approx. 
Lambert, straight line above great circle _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  60 stat. mi., apprbx. 
The distance between these points on H. 0. Track chart No. 1622, is 4270 naut. mi. 

Panama to Yokohama at 130' West Longitude 
Mercator, rhumb line below great circle _ _ _ _ _ _ _ - _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  1860 stat. mi., approx. 
Lambert. straight line above great circle-- . _________  _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _  350 stat. mi., approx. 
The distance between these points on H. 0. Track chart No. 1262, is 7682 naut. mi. 

It has been stated that a straight line on the Lambert chart of the United States 
approdmates a great circle. While it is only an approximation, as the gnomonic pro- 
jection alone represents the straight line exactly as a great circle, it  is a very close one. 

From the preceding summary which represents a few of numerous tests that havo 
been made, it is evident that the approximation is of such an order as to serve most 
practical purposes for distance measurements and for a great-circle track. 

The listed departures of a straight line from the great circlo as given in the above 
exmples are not as important as the measured distance between points. The dis- 
tance along curved lines becomes greater than that along adjacent straight h e s ,  only 
as the departure is sufficient. Within the limits of the United States, from the 
standpoint of the added distance involved, the departure is not suflScient to be taken 
into consideration in the use of a Lambert projection for air navigation. 

Tho last example, Panama to Yokohama, is an unusually long distance, and rep- 
resents a great-circle track of more than 8800 statute milos. In such an instance it 
would be advisable to transfer the great circle from the ppmonic to the Lambert chart, 
just as it is advisable, in much lesser distances, to transfer it to the Mercator chart. 

If a straight line be drawn on a Mercator chart and a plane sets a course to follow 
that line, assuming no leeway, it will pass over the features through whose charted 
positions the line passes, providing that corrections 'axe continually made for ever- 
changing magnetic variation. However, the following data, taken from a Lambert 
projection covering latitude 47' to 49', show the small amount that a plane would 
depart from charted features under similar conditions. This particular chart was 
chosen as' showing the most unfavorable conditions in both the Lambert and Mercator 
projections: 

In 100 statute miles (Lambert projection) the departure is only ?4 mile. 
In 200 statute miles (Lambert projoction) the departure is only 1): milea. 

As the plane flying a rhumb line would theoretically pass directly over the charted 
features, the above comparison favors the Mercator projection by tbe small amounts 
indicated. In practice, however, when a mean magnetic course is applied, the plane 
will no longer track a straight line even on the Mercator chart, the departure at the 
middle of a 280-mile course, in an east-and-west direction in lat. 4 8 O ,  being as much 
w 3.7 mil&. T b  departure is unrelated to the projection used, being due entirely 
to the practice of flying a mean magnetic come. Conditions of this order exist also 

1 
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along the New York-Pennsylvania boundary and westward for a considerable extent. 
On the other hand, in a radio range, assuming a line 200 miles long, in the same 

locality and direction, the Lambert projection straight line departs from the great 
circle onethird statute mile-an error quite negligible. In contrast, on the Mercator 
projection, unless the conversion from true to mercatoria1 bearing is applied, the error 
is 5.6 miles. At  300 miles this becomes 12.6 miles, and at much greater distances, 
unless conversions are applied, these errors of the Mercator become excessive. 

‘The use of conversion tables is thus necessary at times to determine the plus or 
minus corrections to directional bearings on the Mercator chart, and the utility of the 
latter projection is lessened comparatively by the self-contained safety properties 
embodied in the Lambert projection. 

All indications point to an increase in w e  of radio ranges to guide planes. While 
in general, up to this time, the distances used have been short, there have been casea, 
as in that of the Norge in its flight across the North Pole, where radio bearings have 
been taken to stations hundreds of miles distant. 

A report from the North German Lloyd steamship Bremen indicates the great 
distances over which radiobeacons are sometimes heard under unusual conditions. 
The Bremen, when in latitude 42O28’ and longitude 58O11’, on December 10, took 
several bearings on the Colon (Canal Zone) radiobeacon, at a distance of 2,289 milos. 
The minimum was sharp and the bearing vaned not more than one-half degree from 
the great-circle course from the ship’s position. 

In connection with nautical charts, Admiral Tonta, of the International Hydro- 
g r a p h  Bureau, Monaco, says: “We are convinced that in very many circumstances, 
the Lambert projection can, with appreciable advantage, replacs Mercator’s projec- 
tion as a basis for nautical charts.” 

RADIO BEARING COMPARISONS 

Plotting radio bearings on a Lambert projection from three assumed positions of 
radio stations in Wisconsin, Minnesota, and North Dakota, the stations boing distant 
161,227, and 315 statute miles, respectively, the fix obtained from plotted bearings, as 
well as from a 3-arm protractor, is practically perfect either way, being less than one-half 
a statute mile. 

On the Mercator projection when the bearings are plotted without correction, 
there is a triangle of error from which an adjusted position indicates an error of 7.7 
statute miles from true position, and when plotted with a 3-arm protractor, i f  the 
bearings are taken by the plane, the error is 9.7 statute miles. 

Using only the two more distant radio stations, the intersection of the bearings in 
a Mercator projection is distant from the true position 18% statuto miles; on a Lambert 
projection the error is only 1.7 statute miles. 

On a single bearing the maximum error on a Mercator projection is 3% statute’ 
miles; on a Lambert, less than $ statute mile. A single bearing does not itself determine 
position, but it eerves aa a check on-the progress of a plane along a postulated doad- 
reckoning line, if the bearing makes an angle With that line such as to give a definite 
intersection. 

I n  a number of tests that have been taken with three bearings in the locality from 
Newfoundland to Labrador, Greenland, Iceland, and Ireland, on Lambert charts of 
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scales somewhat larger than that of the Lambert chart of the United States, very 
satisfactory results have been obtained where distances are within 500 statute miles 
from stations. 

Even to 750 miles bearings have been determined within an error of one degree, an 
amount equal to about one-half of the error inherent in the observations of the directions 
themselves. In the more favorable central portions of the chart, bearings may be 
plotted with satisfactory accuracy for much greater distances. 

While other examples for determining and comparing position from radio bearings 
may be better or even worse than the ones given, it is evidently necessary to determine 
carefully the plus or minus corrections to directional bearings on a Mercator chart. 

It is expected in the noar future to have an arrangement of stations and schedules 
such as to facilitate the use of three bearings at  almost any place and time. 

CELESTIAL NAVIGATION 
In regard to the advantages of the Lambert projection in colostial navigation, 

statements relating to the subject appear in the special roport of 1918 by Captain J. P. 
Ault who also commanded tho nonmagnetic ship CARNEGIE of the Departmont of 
Terrostrittl Magnetism. Tho elaborate program of the continuous cruises for a number 
of years embraced the seven seas and coverod several hundred thousand nautical miles. 
Having givon considerable attontion to charts and maps for celestial navigation in the 
air and haking himself constructed a Lambert projection, scalo 1:1,000,000, to test its 
adaptability in various ways, he states that “it was found to meet the requirements 
of tho problem in every respect,” and that it would have several advantages over the 
Mercator projection. 

JUNCTION OF SMALL-SCALE CHARTS 

In extended areas on a Lambert projection wben an upper sheet is joined to an 
adjacent lower sheet, both sheets on the same scale but on their own standard parallels, 
caution must be exercised in providing sufficient overlap. While each sheot is in itself 
conformal, tho continuity of conformality ceases at the junction of tho sheets. 

Thus, in the smaller scales, in the problem covering a wide latitude or extensive area 
on one sheet, the determination of position from radio bearings is not always as precise 
nor as simple as might be desired. If the bearing is to be plotted from a point far 
removed from the center of the projection, a correction may have to bo applied if errors 
greater than about lo are considered objectionable. If a bearing obsorved at  the plane 
must be plotted from a station on an adjoining chart, tho reverse of the bearing must be 
corrected for convergence, plotted from tho station to the edge of the chart, and con- 
tinued on the second chart a t  the samo angle at which the last meridian of the fmt chart 
was intersected. This applies to any system of projection whore a general chart is not 
available, and may introduce the need of a serios of general charts, or of an intermediate 
or gnomonic projection with specially computed compass roses constructed at the 
various stations that may be available. 

THE LAMBERT PROJECTION FOR SPEED AND ACCURACY 

For speed and accuracy the great circle or shortest distance between points should 
be represented by lines that are straight, all angles as nearly truo as possible, and the 
scale the same a t  all points of tho map and in all directions.’ 
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For all of these properties the Lambert projection provides the best pattern that 
can possibly be attained-a projection that will facilitate the accurate and immediate 
solution of problems of distance and direction-a projection superior to others in its 
adaptability to all radio navigational methods. It generally avoids the unnecessary 
introduction or .plotting of a great circle, a property contained with sutficient closeness 
within the limits of the.United States. It generally avoids increments in scale, and 
angular variations involving a correction, the sign of which, plus or minus, may be 
oonfuaing. ' 

The amount of scale variation wholly unfits the Mercator projection for land 
maps-ee Fig. No. 85-and gives rise to needless inconvenience when applied to 
many other purposes. 

With the distinctive features of land surface relatively represented in detail on 
an accurate chart and with the various other aids to guide the mariner and aviator, 
the Lambert projection is the leading instrument of today for safe and rapid methods 
of navigation. 

OTHER ADVANTAGES OF THE LAMBERT PROJECTION 

It has the advantages of practical modern tests and thorough investigation into 
present day requirements. Such needs must not be left to chance, in following like 
fashion an old custom, but must be dictated with analytic rigor. The Morcator pro- 
jection has stood the test for nearly three centuries, but is it not a fact that"use doth 
breeda habit in a man", and create an unwillingness to further improvement without 
investigation, and to the ultimate decay of scientific advancement? In the words 
of Herbert Spencer: "There is a principle which is a bar against all information, 
which is proof against all argument and which can not fail to keep a man in everlasting 

.ignorance; this principle is contempt prior to examination." 
The Mercator projection is a mathematical navigational device, but for a map 

of rtn area the size of the United States with its longitudinal predominance, for ex- 
ample, it serves no general useful purpose. The Lambert projection for air navigation 
is superior to the Mercator projection, having certain important practical advantages 
over the latter in this respect. Besides this, the Lambert projection is strictly the 
beat projection attainable for engineering, tactical, and other wider uses. For a 
geographic comparison see Plate XI1 based on parallel 39O. The total scale variation 
of the Lambert projection of the United States is slightly less than 3%, and in the wide 
central section between latitudea'30Mo and 47%" the variation is within one-half of 1 
percent. 

Directions and distances: the fundamentals of navigation must be accurate be- 
yond question, for together they give position, while accurate shape and uniform 
scale facilitate identification, 

As all nautical charts and nautical literature are baaed on the Mercator projec- 
tion, it is possible that organizations finding it necessary to use both projections may 
experience difEculties, due to the different properties and methods of use of the two 
systems. 

The Mercator projection cannot be used, of course, in high latitudes, and it is 
impossible to use any one system of projection for the entire world. In each case, 
therefore, the system which offers the greatest advantage for a particular area and 
problem should be used, iristead of following an old custom. 
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FIO. SB.-Variation in eoale of each projeotion band. 

THE LAMBERT OR TEE MERCATOR FOR AERONAUTICAL CHARTS 
The question arises in aeronautioal char& whether we prefer a projection like the 

Mercator which  ha^ a certain special property and conveniences and which will permit, 
if necessary, the incorporation of navigational fundamentals from an auxiliary chart, 
the gnomonic; and, furthermore, which will follow the, style set by nautical charts; 
or, whether we prefer a projection like the Lambert which, besidea its own properties, 
is not too remote in other requirements, but is sufEciently accurate to be used directly 
for the receipt of radio signals emanating from long distances; a projection which 
structurally provides for the best pattern of the United States that can possibly be 
attained, and therefore well adapted for pilotage; a projection which will facilitate 
the accurate and immediate solution of problems of distance and direction, and in this 
respect far superior to the Mercator; a projection with minimum scale variatione 
(the Mercator having an increment of 40 percent in the United States at its northern 
border, necessitating adjustment to these increments when making compilations) ; 
a projection which, in addition, will serve for engineering, tactical or other wider uses. 

Considering the predominating east-and-west extent of the United States-a 
ratio of about 9:5 compared with its meridional extent, tho adaptability of the Lam- 
bert system to one complete map of the country and its configuration, is almost excep- 
tional, the greatest scale variation being but 2j4 per cent, while the wide central sec- 
tion between latitude 30?P and 47jho is favored with a soale variation within one-half 
of 1 per cent. Direction and distanoes, the fundamentals of navigation, must bo 
accurate beyond quation, for together they give position, while accurate shape and 
uniform scale facilitate identification. 
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The better facilities a t  this day for determining location and direction, as fur- 
nished by radiobeacons, lights, prominent objects, terrain, etc., bring air navigation 
methods in the United States more and more into the plane of pilotage than they 
are over the open oceans where landmarks are seldom available and the problem 
is largely one of celestial navigation. The Lambert’s chief point of superiority lies 
in its peculiar suitability to all radio navigational methods-a consideration of pri- 
mary importance since i t  is evident that radio navigation is destined to assumo a dom- 
inating place. 

Aeronautical charts within the United States present a problem distinctly of their 
own. For these charts, the sufficiently close approximation to the great circle as 
supplied by the Lambert projection, together with pilotage,. outweigh the rhumb 
line. It may be well to remember that the Lambert projection is based upon two 
standard paraIleIs of true scale within our own domain. It is not based upon a distant 
equatorial line causing increasing scale variations, etc., as previously stated. 

In  this summation we have endeavored to present the salient features of the 
Mercator and Lambert projections, and in this final analysis, the object has been 
to show in a few sentences the changcd conditions from the dnys of the Portolan 
charts to the day of the Lambert projection, conditions as new as the airplane itself. 

MATHEMATICAL RELATION BETWEEN TIIE LAMBERT, THE STEREO- 
GRAPIIIC, AND THE MERCATOR PROJECTIONS 

These three projections are conformal projections, and tho last two may bo con- 
sidered as special cascs of the Lambert. When the tangent cone of the Lambert 
projection becomes a tangent plane at the pole, me have a projection of the spheroid 
that merges into the stereographic pr9jection; and when the parallol of tangency 
approaches the equator, the Lambert projection of the spheroid merges into the Mer- 
calor projection. A more complcte discussion of the relation between .these three 
projections is given on pages 32-35, Special Publication No. 53, U. S. Coast and Geodetic 
Survey. 

MERITS OF THE ALBERS EQUAL-AREA PROJECTION 

I n  the wall map of the United States constructed by the U. S. Geological Survey 
on the Albers projection, scale 1:2,500,000 with standard parallels at 29’ 30’ and 
45O 30’, the greatest scale error is but 1% per cent., It may be noted that the former 
wall map of the United States on the polyconic projection had a maximum scale error 
of 7 per cent. 

It is in keeping with the practice followed by the best European atlases that 
political divisions, continents, and hemispheres should be based upon equal-area 
representation, a property which best meets the problem of geography. Where 
the area scale is constant, direct comparisons for area and distribution become available. 

If the Lambert projection as used for States were extended to a general map of 
the United States, the scale variation would indicate an excess in areas of as much as 
5 per cent along the southern border. If tho Albers projection were used for the scpa- 
rate States, a better area representation would have been obtained but st the oxpeme 
of conformality which is a desirable property in engineering projects. We must 
remember that in conformal maps, conditions at any point on the map are better 
than in equal-area mapsin which the scale, when 1 per cent too large in one direction, 
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is 1 per cent too small in the direction approximately at right angles to it; so that 
at hny point, or from any point, conformality better meets engineering requirements. 
In  units of the size of States these requirements have cer t~in rights and the Lambert 
projection serves them better. In the larger general map of the United States 
1:2,500,000, the requirements are mostly those of geography, in which minimum 
scale error and equal-area represontation govern. 

The Albers projdction with its two standard parallels of true scale has, in addi- 
tion, a t  every point on the map two intersecting lines or curves of true length scale, 
equally inclined to the meridian and approximately at right angles to each other, 
see plate I11 and Fig. 59. These curves of true scale are termed isoperimetric curves 
running a t  oblique directions through the map. These curves are sufficiently flat to 
indicate directions of true scale in such a way that straight lincs which lie approxi- 
mately northeasterly or northwesterly, or their opposites, along the path of these 
curves are practically true to scale. Besides its special equal-area property, there is 
in the Albers projection a liberality of true scale not to be found in other systems. 

In a comparison of maps of the United States on a Lambert conformal projectioD, 
scale 1: 5,000,000, dimensions 25 by 39 inches and an Albers projection, if constructed 
to the same scale and limits, the difference at the corners of the two maps amounts to 
one-seventh inch only. This and other similarities indicate that the Lambert projec- 
tion for the United States is nearly an equal-area projection, and that the Albers 
projection which is an equal-area projection is nearly conformal. 

THE AZIMUTHAL EQUIDISTANT PROJECTION 
This projection takes its name from the fact that straight lines radiating from the 

center of the map represent great circlesin their true azimuths from it, and the distances, 
along these lines are true to scale. The projection is neither equal-area nor conformal, 
and further description is given on pages 175-176. In  addition /to its use as noted on 
the foregoing pages, two charts have been issued on this projection by the Hydro- 
graphic office, U. S. N., one of these with the center a t  Washington and another with 
its center at San Francisco. Any important city can wall afford bo have a map con- 
structed on this projection for general use. 

It is doubtful, however, whether for geographic purposcs this projection should 
be used for continents, as its center in most instances w d d  be a point of no carto- 
graphic interest, and the true scaling properties from such a point would be obtained 
a t  the expense of greater scalo errors in other parts of the map. The Lambert azimuthal 
equal-area is, for geographic purposes, more dosirable in having besides its special 
property a lesser maximum scale error than the equidistant projection. 

ERRORS OF DISTANCE MEASUREMENTS 

The question frequently arises as to the best projection for scaling distances 
between any two points within the United States. The following study is based solely 
on the system of projection and shows to some extent the errors due to scale variations 
in the severd projections that are in use at the present day. In this analysis no ac- 
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count is taken of paper distortion, process errors in reproduction, or m o m  due to an 
assumed position of a city center. 

It has already been stated in this publication that it is impossible to scale true 
distances from more than one or two points. The azimuthal equidistant projection 
has been employed for such purposes when one point only has been considered. A 
two-point projection is also possible but apparently no map of this kind has ever been 
constructed. As for the thousands of points or places within the United States, only 
an approximation in distances can be obtained; and each projection has ita merits and 
defects accordmg to the relative geographic position of the points involved. Resultant 
errors are occasionally so great as to make long distance errors inadmissible unless 
corrections are applied. 

THE POLYCONIC PROJECTION 
Due to the increasing divergence in its parallels, measured meridional distancos 

along the eastern and western coasts of the United States may be too great by as much 
as 7 per cent. Along a line from San Francisco to Seattle the scaling error due to pro- 
jection alone is about 4% per cent and the measured distance between these two citiea 
is 29 miles greater than the true distance. Even at New York there is a meridional 
excess error of 43i per cent. In the coastal belts the errors are inadmissible. However, 
directions that are closely east-and-west in the United States provide distances within 
reasonable accuracy and are generally better than those obtained from either the 
Lambert or the Albers projection when uncorrected for scale 'factors. 

Errors in the meridional scale may be very closely expressed in percentage by the 
formula: E=+ (" - ip: " 1  in which ZO=distance of point from centrd meridian ex- 
pressed in degrees of longitude, and +=latitude. 

By the use of the above formula, long meridional or diagonal distances may be 
corrected or approximated on the polyconic projection. 

I 

THE LAMBERT CONFORMAL CoNrc PROJECTION WITH Two STANDARD PARALLELS 

By reason of the adaptability of this projection &I the configuration of the United 
States, and the use of two standard parallels of true scale, the errors in general scaling 
properties are minimized. However, due to the placement of the standard parallels 
a t  3 3 O  and 45' in the map of the United States referred to, a line from New York to 
San Francisco, midway between the standards, indicates a shortage in measured 
distance of 12 miles due to the projection alone. A line from easternmost Maine 
to Cape Flattery, Wash., is too long by as much as 28 miles. Meridional measure- 
ments, except those including southern Florida and southern Texas, generally do not 
indimte serious errors. 

The use of the table of relative scale factors along the parellels as given in the 
following table, will provide a correction to measured distances where greater precision 
is desired. It should bo observed, however, that the values given in the table should 
be used as a divisor in order to obtain the corrected measurements. 
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1.02769 
1.02646 
1.02337 

1.01944 

1.01769 
1.016881 
1,01410 
1.01248 
1.OloB9 

i.oaia7 

Relcrtive scale fadore along the parallele for the Lambert Conformal Conic 
Projection for a map of the United States 

34 00 
34 30 
36 00 

36 00 

36 30 
37 00 
37 30 
38 00 
38 90 

36 30 

gatitude - 
0 1  

2 4 0 0  
24 30 
2 6 0 0  
26 30 
2 8 0 0  

2830 
2 7 0 0  
2 7 3 0  
2 8 0 0  
28 30 

2 8 0 0  
2830 
8000 
90 30 
31 00 

31 30 

32 SO 
33 00 
33 30 

31 00 

- 

0.88837 
.997BB 

.69646 

.88688 

.QQm 

.88618 

.W82 

.ggP72 
,90469 

,88703 

-11 0 I I#  

43 30 0.88766 
44 00 .88628 

4 6 0 0  1.00000 
46 30 1.WBQ 

46 00 1.0024M 
46 30 1.00322 
47 00 1.00446 
47 30 1.00580 
46 00 1.007P 

44 30 . m i 0  

1 . W O  
1.00797 
1 . W  
1.00634 
1.00413 

38 00 
38 06 13.27 
30 30 
40 00 
40 30 

.WM 

.WM 

. a 6 7  

. W 6 7  

. W 8 4  

. W5lO 

.WM3 . QQ684 

.88833 

.88680 

48 30 1.00876 
40 00 1.01K37 

The scale of this projection remains constant along each parallel but varies along 
the meridian. At any given point, howover, the scale is the same in all directions. 
Corrections to measured distances along the meridian depend upon scale factors cor- 
responding to the different latitudes and can be taken from the same table. 

On recent editions of this chart, a diagrammatic scale, 2500 statute miles in length, 
has been constructed for latitudes from 25’ to 50’ a t  intervals of 5’. Smooth curves 
have been drawn through corresponding graduations at each latitude, facilitating in- 
terpolation for scaling distances a t  intermediate latitudes also. The scale factor for 
each latitude was taken into account in graduating the scales, making i t  possible to 
obtain very accurate results without further recome to the scale factors. 

THE ALBERS EQUAL-AREA PROJECTION WITH Two STANDARD PARALLELS 

A wider separation of the standard parallels in a map of the United States on an 
Albers projection as compare& with the Lambert conformal conic projection described 
above, results in scaling properties somewhat different in the two systems of projection. 
I n  the Lambert projection the standard parallels are placed at 33’ and 4 5 O ,  and in the 
Albers projection the standards are placed at 29%’ and 45%’. Approximately east-and- 
west measurements between the standards on an Albers projection may be too short by 
nearly 1 per cent, and a line from New York to San Francisco indicates a shortage of 
19 miles, Only in this narrow belt between the standards do we fbd the Albers pro- 
jection noticeably inferior to the Lambert projection. The scaling properties of the 
Albers projection on the other hand are superior to the Lambert in the southern portion 
of the United States. Other lines of true scale appear in the Albers projection not to be 
found in either of the systems already considered. These are the families of curves 
running northeasterly or northwesterly, or their opposites, through the map, in such a 
way that straight lines near the path of these curves are practically true to scale. (See 
“Merits of the Albm equal-area projection,” p. 200.) 
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Latitude 
(doprM?s) 

____- 
25 ._...___ 
24 ._._____ 
23 ..______. n 
21 .______. 
20 ._______ 

Regardless of the liberality of true scale in the Albers projection, its chief fault is 
in the measurement of east-and-west distances between the standard parallels. How- 
ever, corrections cpn be made to measured distances by the use of scale factors given in 
the following table. The factors should be used as a divisor to measured distances. 

Relative scale factors for the Albers Projection for  a m a p  of the United States 

I Beale factor - 
Along 

parallel 

1.0122 
1.0155 
1.0101 
1.0228 
1.0268 
1.0310 

60. _ _ _ _ _ _ _  1.0172 
49 ._______ 1.0126 
48..-. _ _ _ _  1.00113 
47 .... _ _ _ _  1.0048 
40 ._._____ 1.W14 
45H ....-- 1.oooo 

0.9087 
.w 
. W 6  
.w29 
.0018 
.w10 . W05 . wo3 
.OLIO4 
. woo 

Along 
neridian 

1. on13 
1.0030 
1.0066 
1.0071 
1.0083 
1. 0081 
1. 00go 
1. o008 
1.0097 
I. 0082 

35.. _.____ O.Wl6 
34 _.---___ ,0026 
33 .___ - _ _ _  .w37 
32 .___ ~. _ _  .BO62 
31 -....... ,8070 
30.. ...___ . UQ89 
29% ....-- 1.oooo 
20 ..__._ _ _  1.0011 
28 ._____._ 1.0030 
27 ..______ 1.0062 
28-... _ _ _ _  1.0091 

1.0085 
1.0075 
1. Mxj3 
1. W48 
1. 0031 
1.0011 
1. oooo 
0. W80 
.8964 
.w38 
.w10 

Along 
neridian 

0.0879 
.9847 
.U813 
.0777 
.9739 
.97w 

THE MERCATOR PROJECTION 

On account of the increment in scale in a map of the United States, reaching ap- 
proximately 40 per cent at  the northern limit, the use of scale-units derived from the 
vertical border scale is not always satisfactory. The use of a diagram showing a long 
horizontal scalo for the different latitudes will provide better scaling units if talcen with 
suf€icient frequency when wide extent of latitude is involved in a given line. 

The scale increments in a Mercator projection must not be considered as an error 
of the system of projection. These increments are entirely due to an orderly change 
of scale, and if a diagrammatic scale is employed as stated, distance measJrements will 
be available except in the higher latitudes of charts where the greater changes in scale 
may render distance measurements difficult. 

In the measurement of long lines on a Mercator chart it may bo necessary to com- 
pute, or transfer the apex (or several points) of a great circle from a gnomonic chart, 
and to measure along the path of the great circle instead of the rhumb line, tho measuring 
unit chsnging with the latitude. 

From this summary i t  is evident that in the problem of measuring long distances 
between any two points within the United States, any given projection has definite 
limitations. However, by the use of scale factors in portions of the map where scale 
variations are considerable, or by the use of suitable diagrammatic scales, the errors 
due to the system of projection itself may be very much roduced. 

Although the polyconic projection indicates serious errors in long-distance meas- 
urements in the United States-possible errors in excess of 40 miles-the following 
procedure in cases where base maps on different projections are available, will provide 
fairly good results when suitable diagrammatic scales are absent, without resort to 
scale factors: 

The use of the polyconic projection for all distance measurements in dircctions 
east-and-west or close thereto, and the Albers or Lambert projection in directions 
approximating north-and-south. Intermediate directions present no very decided 
choice, nor one that is easily formulated. The frontispiece of this publication shows 
the nature of the three projections as far as their scaling properties are concerned. 

, 
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WORLD MAPS 

In regard to world maps again, the daculties are not solely due to the attempt 
to depict the spheroidal surface of the earth upon a plane. It is the great land 
masses of the Eastern Hemisphere with their political considerations that operate 
against evenly balanced alignments in tripartite or quadripartite units. In the middle 
ground between units larger than continents and smaller than hemispheres, such 
studies as are lacking in orderly arrangement, i. e,, essentially different from the 
picture on a globe, are unsuited for geographic purposes. It has been stated in 
language terse and effective, that the best wa i  of judging a world projection is to 
look at it. 

It is well to remember that when meridians are discontinuous, it naturally follows 
that the codguration is distorted in the corresponding localities. In this respect it 
would bc better for map makers to follow more closely the demands of the science 
of mathematics. 

Projedtion lines should appear at reasonable intervals as they are the control and 
key which tell us that the structure is sound. They should be lightly drawn so as not 
to detract from the general picture, and the name of the projection should appear 
on the map as an index to the purpose it may serve. 

For equal-area world mapping in hemispheres, the following plates on the Lambert 
meridional equal-area projection are of a high order of excellence: 

Atlante Internazionale del Touring Club Italiano, Milano, 1929, Plates 1,  2, snd 3, diameter 

Nordisk Vlirldsatlas, Plates 1, 2, 3, and 4, 14 inches by 16 inches, showing more than hemi- 

The above-mentioned projection as employed for the configuration of the oceans, 
in the Nordisk Atlas, is now being used in the preparation of world maps for seismo- 
logical studies. It is useful for plotting positions of earthquake epicenters, and serves 
to eliminate the effect of distortion of other projections, especially in the polar regions. 
The arrangement is well adapted to show the earthquake belts with the fowest possible 
breaks in their continuity. 

of hemispheres, 15% in. 

spheres in east-and-west dimensions. 

Two projcctlons of tho sphoro that IUO found in somo atlasaq, 89 giving B fair wprosontatlon of tho world, 810 tho Van dor Orbten 
proloctlon and Oall’n proloctlon. Thaso two projectlorn nro nolthor eonformal nor oqual-area and may bo classed as Intormediates 
havlng no proportlcs of doflnito sclontlflc valuo. They p m n t  ai& unlformlty In tho conflguration of tho world, svoldlng tho excessive 
scalo Incromonts of tho Mercator iu tho hlghor latltudos and lessenhg the dlstortlons of oqual-aroa proJectlons. Their utility neverthe- 
leas Is pictorial and thelr practlcel hportnncs IE Ilmlted. 

RECENT CONTRIBUTIONS TO AERONAUTICAL CHARTS 

The development of great circle navigation as effecting the elimination of circuitous 
routes by the use of auxiliary charts and tablos, has received considerable attention 
in recent years. Through radio communication and the adaptability of other than 
Mercator projections, new methods have been offered. 

For planning and carrying out continental and intercontinental flights, a type 
of projection, new in its application to navigation, has been brought into uae by 
Louis Kahn. Strip maps which cover some of tho principal routes of the world 
have been constructed by him and published by Ed. Blonde1 la Rougery, Paris, 
1932, scale 1 : 10,000,000. They are constructed on a transverse Mercator projec- 
tion (also known as the Gauss conformal) and are intended specially for great circle 
navigation. These maps also contain a system of squaring and a system of declina- 



206 U. 8. COAST AND GEODETIC SURVEY 

tion circles or star paths, with a border scale subdivided into hour angles, facilitating 
position finding astronomically by graphic means with no tables necessary other 
than those contained in the nautical almanac. The development of the circle of 
contact which represents the theoretical route is used as axis of the cbart, tmd the map 
is useful for 15 degrees OD either side of this axis to the extent that the ordinarg 
Mercator projection is without criticism or need of an auxiliary chart or tables from 
15' north latitude to 15' south latitude. In this transverse system of projection 
both meridians and parallels become curved lines, but due to the fact that the charts 
are ordinarily so limited in their width, the curvature of the meridians is rather 
limited and straight lines are approximately the paths of great circles throughout 
the chart. The rhumb line is no longer a straight line and the method for laying 
off comes  from a meridian central to the c o k e  will have to be followed. Better 
maps, especially in the higher latitudes, are thus obtained at the expense of the 
rhumb line and the old method of laying off coursea from the initial meridians. 

FIQ. 86-Projection scheme for aeronautical charta of the World. 
Scale of Series 1: 6,000,000 

ahowing types of projection and notation of standard parallels for the V&OUS latitude ban& 
I 

In the useful and timely textbook on projections by Driencourt and Laborde, 
4 volumes, Paris, 1932, we find a number of solutions of the problem of world flights, 
and the following is of special interest: 

Employment of Mercator projection from let. 16' N. to lat. 16' 8, 
Employment of Lambert projection from lat. 10' to 1st. 40' 
Employment of Lambert projection from lat. 30' to lat. 60°, 
Employment of Lambert projection from 1st 50- to lat. 80°, 

concluding with charts of the polar regions on the stereographic projection with 16 
degree radius. 

It is seen from the above arrangement that the third chart of the series corre- 
sponds to Coast and Geodetic Survey Chart No, 3070, covering a part of the North 
Atlantic Ocean with Eastern North America and Europe, scale 1 : 10,000,000. 

The arrangement, in toto, offers an instrument for general navigation with 
overlaps (or recoveries) of 6 degrees to 10 degrees, and is well suited to aerial tr&c 
which has 'ite greatest development in an oat-and-west directioh. These overlaps 
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serve as convenient liaisons for routes where origin or destination are beyond the 
limits of any one chart. 

It is believed that the several conformal systems of projection above mentioned, 
are in their latitudinal extent sufficiently limited SO that radio bearings may generally 
be utilized directly without correction. It is not the process of such corrections as 
much as the possibility of applying them erroneously and in the wrong direction, 
that calls for methods making the benefits of great-circle navigation more readily 
available. 

A new series of projections, in some respects similar to the preceding arrange- 
ment, hiis been designed by the U. S. Coast and Geodetic Survey and is now employed 
for the World Aeronautical Charts of the U. S. Army Air Forces. The scheme pro- 
vides for a total of 43 charts, and a diagram showing the main features of this arrange- 
ment is given in Fig. 86. 

In connection with the new series, it is evident that the' system is readily adapted 
to subdivisions of larger scale. 

Considerable study is given a t  the present day to the subject of radiogoniometry 
for the purpose of devising simpler methods and instruments for plotting direc- 
tional bearings and great-circle routes more readily. In this conception of the prob- 
lem, the need of simple and rapid methods is greatest in charts of large geographic 
extent covering long distance routes in all directions. 

THE OBLIQUE CONIC CONFORMAL PROJECTION 
A new and interesting type of projection covering an extensive area has been 

devised by 0. M. Miller of the American Geographical Society of New York. The 
projection has been utilized and published by the Society ih three sheets, extending 
from New York to San Diego on the north, and southward to include all of South 
America, scale 1 : 50,000,000. 

In a bipolar oblique arrangement, Pole 1 of the projection is assumed at 20' 5. 
and l l O o  W. of Greenwich, and Pole 2 at 45' N. and 19' 5gf 36f' W. In each section 
there are two small circles in respect to the given pole of the projection where the scale 
is true. 

Being oblique, the projection necessitates several transforma tions of coordinates 
in its computation and its relation to a conventional geographic projection, As the 
two parts of the bipolar projection are fitted together on a line that cuts the Americas 
into two parts, a systematic adjustment is made in the vicinity of Panama. 

They 
contain a koy of scale departures. The maximum (uncorrected) linear scale mor on 
land is less than 4%. Details and illustrations of the various elements appear in the 
Geographical Journal, January 1941. 

The three sheets being parts of one projection may be fitted together. 

ADAMS' EQUAL-AREA PROJECTION OF THE HEMISPHERES 

[See Plate XIVl 
A new equal-area projection with straight line parallels and with Lambert equiva- 

lent spacings on the central meridian has recently been devised by Dr. Oscar S. Adams, 
co-author of this publication. The projection is of special interest for showing the 
world in equal-area hemiepherea or other desired arrangement such aa interrupted 
alignments, or the world in a continuous map. 
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Fro. 87.-Bipolar oblique conic conforma1 projection. 

Showing scale departures and zone of adjustment of the two parts of the projection. 

It avoids the sharp points a t  the poles which are so objectionable in the sinusoidal 
projection, and the meridional scale excesses of the Mollweide projection in the equato- 
rial region. It avoids the curvature of the parallels of the Lambert equal-area merid- 
ional projection, and as a whole presents a pleasing picture, not only new but mathe- 
matically and cartographically important. 

The manuscript for a new publication entitled EquuZ-Area Projections has 
recently been prepared by Dr. Adams. Tables for the construction of the new pro- 
jection as well as illustrations of the tangent hemispheres are included. The projection 
is illustrated by Plate XIV. 

RECTANGULAR COORDINATES 
An important aid to practical cartography has been supplied by the establishment 

of plane coordinate systems for all of the States of the United States. In response to 
the demand for coordinate systems that may be applied to extensive areas, the control 
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data are now put into such form as to bebos t  readily available to the engineers in 
cadastral and public works surveys. Each system consists of one or more zones, each 
of which is referred to one origin and extended over the whole area of the origind 
projection so that every point on the map is coordinated both with respect k~ its 
position in a given square as well as to its position in latitude and longitude. 

The trigonometric computations and refinements of a geodetic survey which 
'takes into account the spheroidal shape of the earth need no longer concern the local 
surveyor who, with the simpler rectangular cooidinates, automatically fits his local 
operations on the plane into the general geodetic control of a State-wide unit. 

When the coordinatc system is based on a definite system of projection, the scale 
distortion becomes known for all parts of the region and a relationship with the merid- 
ians and parallels is established. Definite scale factors for different parts of the map 
can be furnished and readily applied so as to bring the computations practically within. 
geodetic accuracy. 

With local SWVOYS fitted into such a rectangular control, they can serve as a basis 
for further work in the samo region, and will be coordinated with the work in any other 
region of the State. The triangulation station% are €urnished for latitude and longitude 
by the Coast and Geodetic Survey, and in most cases now'have an azimuth mark. The 
same stations are also furnished with their plano coordinates which, when plotted OD 
the rectangular grid, will provide the control for a traverse from a station by turning 
off an anglc from the azimuth mark to the next station. The work can then be con- 
tinued on the plsno and checked with other control points as the survey proceeds. Dis- 
crepancies can be distributod throughout the traverse and the survey coordinated with 
the general control. I t  is evident that such a system adapts itself to the quick computa- 
tion of distances between two points whose rectangular coordihates are given, as well 
as the determination of an azimuth of a line joining any two points. 

As the subject of rectangular coordinates is directly related to the subject of map 
projections, a careful study is necessary in the choice of projection suited to the con- 
figurntion of any locality or State. The properties and advantages of conformal pro- 
jections for this purpose have already been noted under their subject chapters of this 
publication. An added superiority is obvious in the use of two standard pardcls, 
or, as in the case of transverse projections, the reduction of the scale along the central 
meridian so a8 to give a balance of scale within the limits of tho projection. Statea 
and localities of predominating east-and-west dimension, such as North Carolina, 
Tennessee, and Long Island, N. Y., naturally call for a Lambert conformal projection 
with two standard parallels. New Jersey with its greater dimeusion 
in a north-and-south direction is better served with a transverse PvIercator projection 
with coordinates related to a central meridian. To give balance to the 
scale in the latter system, the scale is reduced along the central meridian so as to pro- 
vide for exact scale along two circles formed by planes parallel to the plane of the central 
meridian. The process is similar to what we should havo in the ordinary Mercatoi 
projection if the scale were held cxact at  certain parallels north and south of thy 
Equator. For some of the States, owing to their sizo and shape, systems with two 
or more zones have been employed in order to avoid the larger scale errors which 
might arise in tho use of a single zone. 

The quadrillago or system of kilometric squares based on the Lambert projection, 
BO successfully usad by the army in France, has thus gradudy come into more genord , 
use in the United States. 

(See plate X.) 

(See fig. 88.) 

600100°45---14 
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Successfully employed in this country in small units by the Corps of Engineers, 
United States Army, the extension of such a system to units of larger dimensions, will 
serve a most useful purpose in the coordination of the work of State, city, county, and 
public works surveys. 

Publications on the subject of plane coordinates have been prepared by the United 
States Coast and Geodetic Survey. 

AUXILIARY LATITUDES 
In  all problems of map projection it should be borne in mind that the adopted fig: 

ure of the earth is not that of a true sphere, but of an ellipsoid of revolutioq. In  casea 
where great accuracy in the computations is required it is necessary @ take this matter 
into consideration. If one develops formulas for different projections directly, mak- 
ing use of this fact, the formulas become quite complicated, There is a scheme by 
which, this difficulty can be avoided to. a large extent. We can first project the spheroid 
on the sphere holding some given property that mill enable us to consider the earth as 
a sphere in further computations. 

With this in mind such computations have been made, nnd they result in five 
different kinds of latitude. In each cam it amounfs to the mapping of the spheroid 
on some adopted sphere. Two of these latitudes are especially useful in the computa- 
tions of projections. These are the isometric or conformal latitude and what we have 
called the authalic or equal-area latitude. The isometric or conformal latitude results 
from a mapping of the spheroid conformally upon the sphere. After this is done all 
computations of conformal projections can be made from this s'phere. The authalic or 
equal-area latitude results from an equal-area projection of the spheroid upon a sphere 
which has exactly the same area as that of the spheroid. 

, Beaides these two there are t.hree other varieties of latitude that are useful in ques- 
tions of geodesy and cartography, These are the geocentric latitude, the parametric 
latitude, and the rectifying latitude. The e is, of course, the angle 
between the equatorial radius and a radiu ter of the ellipsoid to 
the given point. The parametric latitude is the one used in the ordinary parametric 
equations of the meridian of the ellipsoid. In the .rectifying latitude we project the 
spheroid upon the sphere which has a *length of meridian exaotly equal to the length 
of the meridian of the spheroid. 

For these five kinds of latitude, developmenta have been made expressing the value 
of each in terms of the geodetic latitude together with additional terms expressed in 
signs of the multiple arcs. In'Special Publication No. 67 these developments have 
been given in full and the development has been carried far enough in each case to 
give all the accuracy that is required for the most exact computations. Tables for 
each of the latitudes have been computed from thesb developments for every half degree 
of latitude. These are included in $he above-mentioned special publication. If further 
values are needed for any case the dovelopments are such that any required accuracy 
may be obtained, 

In  the computation of any conformal or equal-area projection, if it is doaired to 
take into consideration the ellipticity of the earth by the use of these latitudes, a com- 
putation can be made just aa if the earth were a sphere. In thGs way the latitudes are 
very important in such computations. Ths rectifying latitude also' makes it possible 
to compute readily and accurately any arc of the meridian that may be desired. 

The Coast and Geodetic Survey has computed system of plane coordinates for all 
1 
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of the States, to be used in cadastral and local surveys. In all of these computations 
the conformal or isometric latitude is employed in computing the elements for the tables. 
Also the rectifying latitude is made use of in determining the arcs of the mcridian which 
are required in the computations for the given systems. In this work these latitudes 
have beep found to be of verygreat value in shortening and simplifying the computations. 

REVIEW IN GENERAL 
Following the descriptive and theoretical outlines of map projection, it remains 

for the cartographer to select that one which is best suited for the framework of his 
particular problem, the ultimate purpose of which can only be accomplished by honest 
thought and skill-factors significant and essential in map construction as in any 
other enduring art. 

Simplicity in a map will scarcely be denied to be the best recommendation, and 
may be accomplished in part a t  least by avoiding as much as possible distortions of 
forms and positions of regions-forms that are beyond endurance due to the oblique 
incidence of meridians and parallels, and forms that are essentially different from the 
picture on a globe. 

Where the chief end is to present to the eye a picture of what appears on the 
surface of the earth, we should limit ourselves to projections which are conformal, 
projections composed of the most easily drawn curves in which the straight line is 
included as being a circle whose center is at infinity. 

However, for geographic purposes, especially in atlas maps, equal-area projec- 
tions must be given p:eference. Such is a map of the United States on an Albers 
projection, the difference between it and the Lambert conformal projection being 
scarcely noticeable. 

In addition to these, the stereographic, gnomonic, equidistant, Lambert zenithal, 
and other azimuthal projections have their potential properties and consequently 
their special uses and applications. 

In regard to interrupted projections, such as the sinusoidal, the parabolic equal- 
area, and the Mollweide, considerable attention has been given of late to their USQ in 
continuous equal-area maps of the world with respect to divisions less than hemi- 
spheres. These projections usually appear in a tripartite alignment where the equator 
is the only continuous parallel. The outer meridians in these arrangements are split 
into inversely similar curves. 

Of the various types of interrupted projections, the sinusoidal (Mercator equal- 
area) is quite popular. In this projection the outer meridians come to a very acute 
angle, and for this reason the map is not usually extended beyond 80 degrees of lati- 
tude. In the parabolic projection, a considerable improvement in this feature is notice- 
able. The parabola being considered the most graceful curve in art generally, the 
polar representation is less acute, and the resulting graticules are on the whole more 
pleasing to the eye. The perfect symmetry of the whole map can not fail to be appreci- 
ated by anyone who may find use for such a delineation of the earth’s surface. The 
Mollweide projection has already been sufficiently described under its subject heading. 
Distortion of area in the equatorial region is its principal defcct. ’ In respect to finding a 
projection adapted to a strictly continuous map of the world, no satisfactory solution 
has been offered, and a resort to a division of the earth’s surface into hemispheres is 
pref erablo. 

A new equal-area projection of cartographic importance and one that is specially 
suited to mapping of the hemispheres deserves notice in a general review. Description 
of this recently devised arrangement is given on page 208. 
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The subject of scale variations in equal-area projections is receiving considerable 
attention of late as exemplified in Tissot’s Indicatrix and illustrated in Fig. No. 81. 
Likewise the nature and usefulness of isoperimetric (true scale) curves inherent in 
equal-area projections, are a feature that has heretofore received rather scant atten- 
tion. The application of these curves to an Albers projection of tho United States 
appears in Plate I11 of this publihation. 

Many other projections for world maps have no special properties and their use 
is limited. Representation in them appears in a middle-ground between conformality 
and equal-area, and difficulties &ise in expressing any desired properties in analytic 
terms. The Van der Grinten projection thus presents a rather pleasing picture of the 
world as a whole and is one of the best projections of this class. Variations of scale or 
errors of scale are ever present in all maps of considerable extent of the earth’s surface, 
and these ehors are generally better accounted for in conformal projections where 
their properties are clearly defined and spherical relations more readily applied. 

Through field surveys and by air photograplis we obtain the data for the physical 
narration of facts which are to be embodied in a map of the earth’s surface. A truth- 
ful representation of these facts rests upon the mathematics of map projection as the 
only possible means of furnishing pictorially, in one medium, the true story regarding 
the earth’s surface or any portion of it. The projection for this narration should be a 
classic in its conception and appearance, playing the same part in a map that the steel 
framework does in a building, the structural units of the latter being represented by 
the grids of the map. 

The lines of projection, having served their useful purpose in the compilation of 
the map content, should be lightly drawn and at reasonable intervals only, so as not to 
detract from the general picture. The name of the projection should appear as it is 
an indox to the purpose the map may serve. 

It has been the aim of the authors to trace in a general way the evolution of map 
structure, to elucidate the original formulas, and to present the salient features of 
important projections in such a manner as to convey to tho cartographer and the 
public a thorough appreciation of the properties involved and their application to charb 
construction. Some of the best projections have remained in obscurity for a century or 
mor0 because they wero not understood. Noticeable among these are the Lambert con- 
formal conic projection and tho Albers equal-area projection, both of which have had 
scant notice until comparatively recent years. As stated by Admiral Tonta, the ex- 
cellent qualities of the Lambert projection, although not unknown, had been systemati- 
cally forgotten for some time and wero evidently not fully appreciated until the begin- 
ning of the first World War. 

The growing interrelation of countries and communities, and the various uses 
and tests to which nautical and aeronautical charts are subjected at the present day, 
may bring forth new devices or mathematical oxpedients in the chart itself or as an 
adjunct to it. In order to meet any new or special requirements, the matter should 
not be left to chance, nor like fashion to c1 matter of custom, but careful planning for 
the purposo of the chart is always necessary. It is hoped that the above information 
may be useful in explaining the conditions and restrictions under which this branch of 
science is operating, its magnitude and character, and ita usefulness to national develop- 
ment. 

ADDITIONAL TABLES 
The following tables are included for possible special uses. 

, ~ l ~ l B 1 0 ~ 0 4 ~ 1 6  
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-l,ls8, 232 4 
-1, W 830.4 
-1, m, asa a 
-1, ass, e.sa 8 

-1 wm9 
-1: no. iu a 
-1,901,139. 4 
--4WreaO 



f u"" 
216 

1 242 944.8 

1: 287: 762: 9 
1 310 028.8 
1: 332: 212.9 

1,364,334.8 
1,376,408.6 
1,398,441.3 
1,420,462 9 
1,442,464.6 

1' 205' 408 9 

U. S. COAST A N D  GEODETIC SURVEY 

4-1 207 872. 

+1'0381813 
+i ita' 672. ! 

$928'622'1 
+813: 627: I 

4-701 069.: 
+Saa: 740. ! 
+478,621. 
4-364.614. I 
+Z52,658.' 

GNOMONIC PROJECTION TABLE-Continued. 
[Oenter of projection is In latltude W .  Middle longitude for the Unlted Statas Is BB0 West.] 

60 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
49 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
48 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
47 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
46 _______________-_  
46 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ - _  
44 _______________- -  
43 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
42-- _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
41 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
40 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
39. _ _ _ _ _ _  ~ _ _ _ _ _ _ _ _ _  
38 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
36 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
36. _ _ _ _ _ _ _ _ _ _ _ _ _ _ - _  
34 ____________-- - -_  
33 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
32 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
31 _____________-_ -_  
30 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ - _  
29 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
28 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ - _  v _ _ _ _ _ _ _ _ _ _ _ - _ - -  -- 
28 _ _ _ _ _ _  Z ______-- -_ 
25 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
24 _______________-_  
23 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
22 ___________- -  ---- 
21----------------- 

a7 _______________-_  

I Longitude 16' 

1188841.2 
1: 189: 008.9 
1,210,877.0 
1,231,766.9 
1,252,668.9 

1 273 301.9 

1,314,051.6 
1,336,284.8 
1,366,906.3 

1 37fl 629 7 
1: 397: 167: 1 
1,417,831.2 
1,438, 634. e 
1,459,280.1 

1,480,110.6 
1,M)1,006.2 
1,621,999.0 
1.643.083.7 
1,664,m.Q 

I, @5,662.6 
1,007,146.4 
1,628,799.8 
1,650,831.1 
1,672,654.9 

1,604,887.6 
1,717.346.4 
1,740,046.2 
1,763,007.7 

1:29ei994.9 

__-__-___-__. 

I 

1,464, 469.8 
1 486 482.0 
1: a08: 634.7 
1,630,031.3 
1,662,785.6 

1,676,011. 1 
1,697,323.0 
1,619,732.6 

1,064,909.9 

1, a87,706.6 
1,710, 802.4 
1 733 793 0 
1: 767: 114: 8 
1,780,044. 6 

1,642,256.9 

$140 083. ' 
-1-28: 622. 
-83,693. ' 

-186,032 ' 
-308,786.1 

-421,851. : 
-636,391.1 
-849,428. 
-704 044. ' 
-879: 316. i 

-996,317.; 
-1,112,128. ' 
-1 229 830. 
-1: 348: 604. 
-1,488, m. 

Y 

1,804, W .  6 
1 828 397.7 

1:877: lW:7 
i ' a ~ 2 ' a 7  7 

Mdera 
-1 481 722.6 

.1 251 160.9 
-1' 13d 849.8 
-1' 023: 093.8 
- h W ,  816.2 
+7Q6,946.2 

+684,410.2 
+6i2,141.6 
+480 009.9 
4-348' 126.8 
+236: 243.8 

+124,362.8 
+12,386.6 
-99,726.6 

-212,051.8 
-324,669.9 

-437 620.6 

--8&1,884.6 
-779 332 6 
-894: 423: 7 

.I 010 234.2 

.1: 120: 841.8 
-1 244 326 9 
.1'36; 771'6 
.1: 482 280: 9 

-1 802 8826 

.1: 972: 466.7 

-1: 380: 089. 2 

-661: 004.9 

- i 7 2 4 ' 7 n  2 
.I '  847' 889: 0 

_---. 

-1,688,114. I 
-1 711 230.1 

-1:9.59:660.i 
-1'w'tm.i 

Longitude 110 

X 

Mderr 
1668 832.0 i EM: 802.3 

X I Y  

Y 

Mdns 
+1 697 E89.2 
+I: ai  EM. g 

60 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
49 _ _ _ _ _ _ _  _ _ _ _  _ _  _ _ _ _  
48 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
47 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
46 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
46 _ _ _ _ _ _ _ _ _ _ _ _ _ _ - - _  
44 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
43 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
42 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
u _______________-_  
40 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
39 ____________- - - -_  
a8 __________-- - - -  -- 
37 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
88 ____________- - - -_  
36 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
a2 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  a i  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

28 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
28 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
26 _ _ _ _ _ _ _ _ _ _ _ _ _ _ - - _  

a4 ____________-_- -_  
33 _____________- - -_  

a0 _ _ _ _ _ _ _ _ _ _ _ _ - - -  -_ 
28 ______________- -_  
27 _ _ _ _ _ _ _ _ _ _ _ _ _ _ - _ _  

24 _____________- - -_  
23 ____________.____ 
22 _____________-- -_ 
21 ___._____________ 

1,468,486.2 )+I 324 616 0 1 641 416 2 4-1 346 600 i 
1,493,197.9 1'WQ' 806' 7 +1'231' 364' 1 
1,619,812.4 $1: 088: 492: 4 1; 697: 673: 7 4-1' 117'eOO: 1 
1,640.326.6 +983,168.9 1,625,838.0 +l:W'!286.7 
1,672,763,Q +870,203.6 1,663,616.2 +891,2S21 

1,699,1141 +767.631.8 1,681,325.6 +778,676.4 
1,625,422.3 +646,ffl2.3 1,709,083.1 -MBB,080.: 
1.651.604.6 +632,788.1 1736,808.1 +663,724.[ 

1' 210' 251' 0 

i , 6 7 7 . ~ 7 . i  +420,674.6 1:784,6ii.a + ~ i , 4 4 i . c  
1,704,195.9 SW 379.0 1,792,216. 7 +aD, i e o . ~  
1 730 466.9 +196,131.4 1,810,930.1 216,816.t 
1:7W:748.1 $83,763.0 1,847,689.4 $104,336.( 
1 783 079.6 -2g794.8 1,876,492.7 -8,344. i 
1:809:473.7 -141,6lL4 1,903,363.1 -121,297,i 
1,835,944.6 -264,766.7 1,931,317.9 -234,692.4 

1,802.m.o -aes.mi.3 1,969,374.6 --348,3~).3 

i ,~4~,932.0 -712,054.4 2,oa4.m.8 -692,627.a 
1,970,040.8 -8n,928.2 2,072,979.7 --808,719.6 

z,oaza%.a -1,180,480.9 z,ieo,iss.7 -i,iez,m.3 
z,ice,m.8 - 1 , m , m . 2  2,219,619.6 - i ,m ,e i a .~  
z , i a 7 , 1 ~ . 0  -i ,~2,m.i  2,249,ea7.a -i,azc,e77.0 

1,889,183.6 -482,317.0 1,987,650.8 -462,493.1 
1,916,g85.6 -698,876.7 2016,864.7 -677,243.9 

1,997.a30.1 -944,688.4 2,101,818.8 -926.6B8.3 
2,024.818.6 -1,082,083.8 2,130,871.6 -1,043,343.8 

2,080,488.9 -1,288,936.1 2,189,700.8 -1,281,788.6 

2166,938.3 -LW+264.0 2,280,Om.l -1,648,043.7 
2,196,046.3 -1,788,888. ti 2,310,863.2 -1,772,813.4 
2211499.0 -1816683.3 2,342,OXJ.6 -1,888,087.7 
2,254,326.6 - i ~ o ( 8 .  2 2,373,67b. 1 -9,020,812.1 

1 016 610 0 

1: 676: 814: 9 
I, 706,249.6 
1,734,697.2 

1,763,876.8 

1,823,$8 . 2  r 861 77 7 

i m e ' n i e  

1,793,103. 6 

1: eso: ase: 7 

Longitude 20D Longitude 21° 
Latitude 
(degrees) 

1,887,810.7 

4-1: 139: 839.4 
f l ,  028,499.4 

+913,496.0 

SSOO, 7M. 1 

$676,797.7 
-3 440.6 

$1 m m.8 

+ma, 218. a 

+aai: 073. e 

1 Meters I Meters 1 Mders 1 Meters 
62 _____________---_ 1412 676.0 4-1 664 W 7  1484 (100 2 +1 676 864.1 
61 _ _ _ _ _ _ _ _ _ _ _  __---_ 1: 439: 697.1 4-1: 439: 368.0 1: 613: 087: 2 +i 4so: 412.1 

1,900,882.1. 
1,030,102.8 
1,968,399.6 
1 887 770.6 i 027: 234.0 

ow, 808.4 
088.612.6 
116: 366.4 
146 a88 6 
176: 696: 8 

+a, 028.2 
+I%, 036.7 
+13,228. B 
-99,887.6 

-213,318.1 

-327,195. 9 
-441,673.1 
-660,623.2 
-672,121.1 
-788,443.6 

Longitude 18' 

L aez, w. a 

L 493,832 2 

!,396,114.1 
427,614 6 

1.460,611.4 

X 

-1 ,m, ia8 .  2 

-2,008,978. e 

-1,629,859.6 
-1,766,004.3 
-1,881,876.1 

Meters 
1 269 107.8 
1: 293: 246.7 

1 317 241 8 

1: 388: 636: 3 
1,412,118.8 

1,436,636.4 
1,469,102 7 
1,482,632 1 
1,606.939.0 
1,68,337.7 

1,662, 742.3 
1,676,167.3 
1,699,626.8 
1,623,136.4 
1,040,7U7.6 

1,670,367.8 
1, G 9 4 , l O l .  3 
1 717 962 9 
1: 741: 828: 2 
1,766,0427 

1,700.312.6 
1814 764 2 

1'884'220 8 

1,914,664.0 
1, Q40, 148.4 
1,985.994.6 
1,992, 142.9 

i 3 4 i i i i ' g  i m' 871' 3 

1'8381 384: 6 

1: 88e: 281: 2 

--_ _ _ _ _ _ _ _  -. 

Y 

Meters 
-1,61fl, 130. I 
-1,400,667. i 

-1,285,803. B 
-1,171,372.6 

+831,300.1 

718,787.2 
008,430. ( 

+494 249.: 
+382 176.4 
4-270.143. ( 

+I68 080 f 
+451921: i 
-I%: 403. I 

-178,962. f 

-405,086. : 
-618,749. j 
-632,961. 
-747,746. f 
-863,208. E 

-979,411.; 
-1,086,438. d 
-1,214,369. : 
-1,333,280.: 
-1,463,276. t 

-1,674,428. I 
-1 088 829 1 

-1 057, fl12. I 
4944,308.. 

-2Q1,828. t 

-1'820'ssi' I 
-1: 945: 780: I _ _ _ _ _ _ _ _ _ _ _  

Longitude 220 

I, 207,013.6 -903, €48.6 ; 237, W . 7  -1,023,676.9 

)o 288 729.7 -1 202 677 0 
1,331; 1BB. 7 1-1; 883,742: 2 

, m, m. 7 I -1,142, ai. a 

Longitude 180 

X 

MdcrS 
1 340 748 7 
1: 368; 320: 4 

1,391,744. 6 
1,417,037.8 
1,442,216.4 
1,467,286.6 
I, 4 w  293.7 

1 617 223.6 

1,608,943.3 
1,691,763.6 
1,616,677.4 

1,041,400.2 
18BB 247.1 
1: 691: 133.1 
1,716,073.7 
I, 741,084. a 
1 768 180 4 
1) 791' 377' 9 
1: 816: 692 9 
1,842,141.6 
1,867,740.9 

1 893 607 7 
1: 918: 469: 7 
1,946,614.8 
1,971,991.4 
1,998,808.8 

2,026,488.7 
2,052,846.6 

2,130: 024: 7 

1: 642: 101.7 

232% 

Y 

Metcra 
-1,6a4,947.3 
-1,419,410.3 

.I, 304, Ma 2 

.1 076,500.7 
4963,186.4 
+m, 244.2 

+7a7, BOB. 9 

+400, 824.8 
+!BE, 711.7 

4-176 658 6 

-48,142.3 
-100,827.7 
-273,829.2 

-387,217.2 
-Ml, 083.3 - e ~ ,  440.1 
-730,421.4 
-844 082 7 

4 8 2 ,  601.2 
.l, 078,766. 0 
.1,197,928.6 
.i ai7 102 a 
.1: 437: 363: 7 

.I, 668.802 0 

.1,881, EW. 8 

.1,806,683.0 

.l, 931,121.4 
2, OM, 229.0 

.l,l90,28L 6 

$E2 : 
+a: 296: 7 

Longitude Bo 

X 

M&r8 
1,629,281.9 
1, 680, 764.0 

1, e@ om. 4 
1,723,218.4 
1,764,250.8 
1 786 176 3 
1: 816: Olk 1 

1,846,783.3 
1 877 602.9 

1,938,668.3 
1,968,661.4 

2 , w  268.9 
2,031: 012.3 
2,081,821.8 
2,092,726.1 
2, 123.723.7 

1,164,843.0 
1,188,102.7 

2,280,928.2 

1,312,966.6 
1,346,228.6 
2,377 770 2 
2 41d BM' 7 
(448:763:6 

1: ewr: 191.7 

1,217 623.1 
2,249: 121 6 

2 646 366.6 
5 580: 030.7 
Z, 616,167.8 

Y 

Mdera 
t1,621,242. 2 
4-1, €06,896.2 

f l  391 169 1 
4-1: 276: 959: 7 
t l ,  163,224.0 
4-1, 049,880:6 

+938,858.'2 

+824.087.2 
-I-711,498.2 
+688, On. 3 
+488, 680.9 
+374,136* 4 

+%I 687.2 
4-148: +35,937.4 877.6 

-77,303.2 
-180,914.7 

--aM.888.6 
-419,637.2 
-634,694,6 
-660,616.8 
-787, on. 9 

-884,468.8 
-1,002 742.4 
-1,122 m. 1 
-1 242.a46.Q 
-1: 363,841.6 

-1,486,687.8 
-1,610,680.6 
-1,738,218.6 
-1 663 a06 1 
-1:e82:048:1 



217 ADDITIONAL TABLES 

GNOMONIC PROJECTION TABLE-Continued ' 

[Center of projection Is in latitude 40°. Mlddle longitude for the Unlted Statas is Bo West.] 

Longitude 28' I Longitude n0 Longitude 2 8 O  Longitude 24' 
Latltude 
(dew-) Y Y X- 

62 _________________I 1,'%%.8 1+1,%$~7.6 
61 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  1,734,864. 1 +1,630,361.8 

MdClS 

-1,558,872 4 
----- 
-1,441,332 8 
-1,327,108.0 

-1,lMJ,164.3 
+887.103. 6 

-1,213,486. 7 

Meters Mdcrr Mdna 

1,854,147.7 +1,682,772.8 I, 968,186.4 

1: 865' 838: 7 4-1' 364 OQ6: I i 034' 024' 7 
1, QQl:479. 0 +I: 24d 417.2 2,071: 247: 0 
2 027 010 4 1 127 082 8 2,108 362 2 i 082 416: 8 $1: Old 022: 3 2 145: 3Q3: 3 

I 920 070 2 +i 488180 7 I e;ee 672 o 1,843, ne. 3 
1,877, 888. 7 
I, 812,087.6 
1,846,040.1 
IzQTB, 925.6 
2, on, 744.8 
2,047,618.7 
2, 081,287.8 
2,116,012.6 
2, 148,773.8 

-1,4Qe, 252.3 
-1,382,201 1 
-1,288,864.0 
-1 166 230.8 
~I:o(il64.6 

+874,273.6 
+761, 686. 1 
+e48 898 4 

4-423: 781.6 
+ma' 417: 8 

2,182,672.0 
2,216,427.8 

2,284,386.8 
2 818,660.6 

2, 260,3ez. 1 

+311,022.1 
+I88 070 3 

-28, 088.0 
-142, 83T. 6 

+84: 866: 7 

2274,838.8 4-337 638.8 2,367 081.9 
2, 308, 880. 1 1 $224; 463.6 I 2,404: 167.6 
2,346,628.8 111 108.6 2, 441 330 2 
2, 381,174.0 -$686.3 2, 478: 623: 1 
2,416,852 8 -116.718.4 2 616.069.6 

366,287.3 

+I38 686 3 

-ma 682 8 

$ 252,084. 8 

+n: 720: 8 

2,362, 847.6 
2 387, am. 8 
2 421, 866.7 
2,466,814.0 
2, 481,904.2 

-257,081.3 
-371 033. o 
-487,627.6 
-803, om. 7 
-720, QQO. 6 
-838,818.8 
-867,782 0 

-1,077,870.2 
-I, 108, em. i 
-1,320,888.7 

2,462,888.2 -231,336.2 2,663,8(u.2 
2,488, QQ7.0 -348,518. 0 2, 681, 458.6 
2, 626308.7 I -462 342 8 I 2,628,470.2 
2,681,846.4 -678,884.2 2,687 723 2 
2,608,631.7 -686,221.6 2,706: 243: 6 

- 2 4  387.8 
-318,797.6 
-436,867.6 
-652,664. 8 
-670,288.4 
-788, ne. 2 
-908, no. 6 

-1,028,828. 6 
-1,180,642 1 
-1,273,802. 8 
-1,387,808.4 

2 627,251.0 
2, W2,87Q. 3 
2,688,814.2 
2,636,0820 
2,671,708.7 

2, 835,6827 1 -814 436 2 I 2 746 057 8 
2,673,054.4 -833: 00s: 0 2,784: 183: 3 
2,710 743.6 -1 063 825 3 2,823 678 1 

2 787: 216.3 -1: 297: 748: 0 Zea3: Eli0 
2, 748'787. e -i 17n' 174 8 284'541'2 

2 7Os. 725. 4 -1.444.362.7 5 74s; 168.2 
2, 784,038.4 
2 822.387.6 

I I 

Longltude go0 1 Longitude aio Longitude 28O 
Latltude 
(degrees) 

Longltude 2QD 

Y I x . 1  Y Y . x  
Mdcrr , 

2,034,480.4 
2,073 696.6 
2, I l i  666.4 
2,161,387.6 
2,180,113.1 
2,228,767.0 

M d m  

bl,  411, 641. 2 
-1,207,826. 6 
-1 I84 618.8 
-1: 071: 651.0 

2 438 747.1 
2: 480: 4 1 . 8  
2,622,518.0 
2, 664,434.2 
2,605,402 8 
a, 818,480.9 
2, 680, OM. 2 
2,732,888.8 
2,776,331.4 
2,817, 858. 8 

2,362 787.4 +B88 288 6 
2 382: W. 9 i-876: 467: 4 
2,433,187.7 +763,638.0 
2,473,416.6 +660,762.7 
2,513,677.8 +637,762 7 

m, 862.4 

+83,2&1.7 
-61,202. 6 

-176,220.2 
-201 842.4 
-408: 146.1 
-625,206. 8 
-643,104.0 
-761,921.8 
-881,741.8 

-I, 00% 862 4 

46 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  2,267.343.0 

43 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  i 344: 436.8 
42 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  2,382. 888. 6 
41 _ _ _ _ _ _ _ _ _  2,421,678.4 

'. 44 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  2 a06 89ca 

2,664,Oog.l +424.€88.7 

2,1376, 687. a +sa: in. 8 

2, 684,434.4 II,111.1 
2 44,878.7 E 8 7  318.6 

2,716,626.0 -31, 861. e 

40 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  2,480,228.2 
38 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  2,408862.6 
38 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  2,637,803.6 
37 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  2,676,776.2 
38 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  2 , e i ~ , m ~ . 2  

2,880,76%. 6 
2, 803,878.2 

2, 787, a. 8 -140, nn. a 
2$788.8MI. 6 -282,625.7 

2, 882, 181.7 -488, Ea. 4 
2,840,388.2 -378,177.2 

2, 824,303.6 -614,BCJQ. 4 

86 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  2,866,216.6 
34 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  2,684,732.4 
33 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  2,734,481.8 
a2 _______________._ 2, 774,4m. 6 

Mdcra Meters 
2, 403,620.0 +I, 691,001.3 
2,610,983.4 4-1 677 300.5 
2,688,251.6 $l: W'087. 6 
2,806,483.8 188OQ4l.8 
2,662,648.8 1:237:8E3.0 
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PARABOLIC EQUAL-AREA PROJECTION TABLE FOR WORLD OR SECTIONAL 
MAPPING 

The following table for the construction of a parabolic equal-area projection for 
world or sectional mapping is computed by use of the authalic (or equal-area) latitude, 
the X and Y values being represented by centimeters when the ratio of area is 1 t0,the 
square of 10,000,000. The use of authalic latitude takes into consideration the ellipsoidal 
shape of the earth, and hence gives results of greater precision. The table is computed 
for intervals of one degree. 

A map of Pan-America, scale 1:10,000,000, has been constructed by the Carnegie 
Institution, Department of Genetics, by the use of this table. 

The table given on page 180 was computed for a mean sphere and for 5-degree 
intervals only. 

r coordinate 
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m. 
86. 711 
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64.1370 
68. 8256 
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L O W  
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I6.4W 

as. 4922 

a i  8067 

ai. rn 

m. ai71 
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2 8828 
1. a461 
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- 
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300 - 
m. 

24. maEi 
23. 6804 
23. n a 7  
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21.6701 
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18 7802 
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17.8067 
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16.7031 
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16.7628 
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14.8861 
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12 47a 

11.- 
11.3270 
10.7488 
10.1688 
0.6860 

8. QeM 
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7.7480 

0.m 
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4. eioa a. ~ ( w 6  
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2 0061 
1. Mi4 
0.6780 
0. m 

- 
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m. 

c oia: a 048: a. 8781 a. mi 
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a. 
a. 6 9 ~ ~  
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2.m 
2 1728 
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1.9838 
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1. 4w 
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I. 22a8 
I. 1122 
I. oo00 
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I. aoaa 
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0.78R 
0.775i 
0.7624 
0.7475 

0.7a2.f 
0.71% 
0.7041 
0.8801 
0.6738 

0. ma 
0.0424 
0.6288 
0. eioo 
8.6936 

0.6768 
0.6608 a MI 
0.6261 
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0.(88(1 
0.4714 
0.45a1 
0. 4a6 
0.41b8 
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0.8388 
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0.11m 
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70.6210 
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72 7Ma 
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76.0668 
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80.2631 
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86.6769 
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67.6840 
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8. o m .  
Km84 
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PROJECTION TABLE OF THE SPHERE WITHIN A TWO-CUSPED' 
' 

EPICYCLOID 

Latitude 00 

\ 

Lntltude %lo 
~ 

Latltude lo0 
.- 

I E Y Y I 

0 
0. lxkuwJJ 
0.13%3878 
O.l%8lllee 
0.2872316 

0. 2378800 
0.411bQZ8 
0.4880208 

0. M 8  

0.7601692 
0.851WQ 
0.8812506 
1. osrem 
1. P1W 

1.66404Q4 
1.7691016 

0. ~ m w a  

1. a 7 a w  

a - 

0 
0. oE52808 
0.1310684 
0.1977882 a mi676 

0.3356864 a w i a  
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0 . 6 6 7 ~  
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n 0.0867005 
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a w w m  
1.0664138 
1.1866674 
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' I Y  V 
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a 4 ~ 5 9 2 1  

0. roamla 0. enmi6 
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0.747M78 1.3141862 
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0 .90~774  1. B ~ W Q  

stltude 800 1 Lntltudo6Oo I LstltudeM" I LatltudeW - 
V - 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

8 
0 
0 - 

- 
I - 

1 
1 
1 
1 
1 

1 
1 
1 
1 
1 

1 
1 
1 
1 
1 

1 
1 
1 
1 - 

0. Mll?QSo 
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TABLE OF LAGRANGE'S PROJECTION OF THE SPHERE WITHIN A CIRCLE 

0.2474270 
0,2478703 
0.2482040 
0.2514482 
0.2640356, 

e 

Latitude Oo 

0 
0.0409832 
0.0820841 
0.1234014 
0.1052170 
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0.4042149 
0.4329290 
0.4603077 

0.8062880 
0.7651i81 
0.8181 755 
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0.0307481 
0.0016355 
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0 1  
1 
1 
1 
1 
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1 
1 
1 
1 
1 
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0.a702614 
0.400MM 
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1 

! 
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1 

Latltudo loo Latltudo 2oo 

Y Y J 
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J 
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0.0831808 

Y 

0 
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GEODETIC SURVEY 

Special Publication No. 5. Tables for a polyconic projection of maps and lengths of terrestrial 
arcs of meridian and parallels, based upon Clarke’s reference spheroid of 1866, fifth edition, 1930. 

Special Publication No. 38. Elements of chart making, 1916. 40 
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LAMBERT CONFORMAL CONIC PROJECTION FOR RECTANGULAR COORDINATES 



LAMBERT CONFORMAL CONIC PROJECTION 
STANDARD PARALLELS 9 3 3 0 ~ ~ ~  45" 

Plate XI 

$5" 

&OO 

35O 

3 3 O  

30' 

25" 

-I 
100 50 0 500 1000 Statute Miles 

i 





LAMBERT'S ZENITHAL EQUAL AREA PROJECTION 
FOR MAP O F  THE UNITED STATES 

Scale 1 :25,000,000 

Plate Xl l l  



Plate XIV 

Equivalent Projection with Straight Line Parallels and with Lambert Equivalent Spacings on the Central Meridian. (Projection limited to hemispheres) 



Plate X 

CONFORMAL MAP O F  THE WORLD IN A SQUARE 


