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AN INVESTIGATION OF THE LATITUDE OF UKIAH, CALIF.,,
AND OF THE MOTION OF THE POLE.

By Wavrrer D. LAMBERT, Mathematician, U. S, Coast and Geodetic Survey.

INTRODUCTION.

The following discussion of the observations of the International
Latitude Service was occasioned by an article of Prof. Andrew C.
Lawson,! in which he called attention to the fact that the latitude
of Ukiah Observatory, California, maintained by the U. S. Coast and
Geodetic Survey for the International Latitude Service, a.p;iem*s to
be steadily increasing at the rate of about 0701 a year. The latitude
of Lick Observatory appears to be increasing even more rapidly,
although the progressive increase is complicated by an abrupt.
decrease of 0763 that seems to have occurred in the latter part of
the year 1903. Obviously if the existence of progressive changes?
of this order of magnitude can be established beyond question, the
study of them becomes of great interest to geophysicists, astronomers,
and geodesists. . . .

The purpose of this paper is the discussion of the mass of data
accumulated by the o%servatorles of the International Latitude
Service, in order to ascertain how far the large progressive chanie of
latitudo is peculiar to Ukiah alone among all the stations of tho Lati-
tude Service and how far the a.p%nront change of latitude may bo
accounted for in other ways than by an actual shifting of the upper
strata of the earth’s crust in the vicinity of the station, this being
Prof. Lawson’s explanation. In order to reach any assured con-
clusion whatover, 1t is evidently necessary to compare Ukiah with
other stations; accordingly all the latitudes of all stations of the
International Service are here analyzed and discussed. The method
of obscrvation and the program of stars to be observed are the same
at all stations of the International Service, The observations of the
service therefore form a homogeneous whole peculiarly adapted to
discussions of dclicate questions of this sort; for one thing the errors
of the star places havo comparatively little effect on the results.
Tho obscrvations at Lick Observatory have not this advantage. No
serious attempt, therefore, is here made to discuss tho evidence from
the Lick observations except to reproduce the passage on this subject
from Prof. Lawson’s article, together with some corrections and
comments, chiefly those kindly supplied by the director of Lick
Observatory.

1 ¢«Tho mobility of tho Coast Ranges of California, nn exploitation of the clastic rebound theory;” Uni-
versity of California Publications, Bull. Dopartment of Geology, vol. 12, No. 7 Jan. 11, 1921,

9 The word '‘progrossive’” 13 horo used in much tho sane sonso that the word *‘secular” s used in the
theory ofastronomical P‘;{turbations: that Is, o progressive change is onoe proportional to the time, or nearly
so. Tho word “secular,” however, oarries the connotation of almost indefinite continuance, as measured
by ordinary humau standords, The changes in latitude with which this report deals hiave not been proved
Egolgop 0; 7tl)lls character; the word ‘“‘secular” bas therefore boen avolded and * progressive’” substituted.

1



2 U. S. COAST AND GEODETIC SURVEY.

In the harmonic analysis of the latitudes the series used are neces-
sarily short when measured by the number of periods used; the
harmonic constants of any one component derived from such a short
series are considerably aﬂ);,cted by the presence of other components.
The approximate formulas of the type used by this Survey in the
ordinary harmonic analysis of short-period tides for clearing omne
component of the effects of another are not quite adequate in the pres-
ent 1nstance and a more accurate process is explained and used. It
resembles the procedure given by Darwin for clearing one long-period
tidal component from the effects of the others but is carried one
step further by the solution of a set of linear equations in general
terms. The derivation of the final formulas for numerical computa-
tion is more laborious than for the approximate formulas for dealing
with short-period tides, but the numerical calculation with the more
exact formulas, once they are obtained, is quite as simple as with
the approximate ones. :

In order not to interrupt the main discussion with matters pri-
merily mathematical, the development of the formulas for clearing
one harmonic component from the effects of others and some other
mathematical developments are given separately in Chapter VI.
This separation has necessitated a certain amount of repetition. On
account of the general interest of the subject of latitude variation,
the attempt has been made to render the details intelligible to a
fairly wide circle of possible readers. For this reason some matters
have heen treated at greater length than would be necessary in a
book intended solely for specialists.

Some results not directly connected with the problem in hand are
given in Chapter 1IV. They were found to be deducible from results
already obtained with such a comparatively small amount of extra
labor that it seemed worth while to obtain and present them.

Miss Sarah Beall, of the division of geodesy, has given valuable help
in plotting and reading curves and in making or checking much of
the large mass of computation required in this work. Without her
assistance the appearance of this investigation would have been much
delayed. I. N. Beall and M. A. Crews, of the division of geodesy,
particularly the latter, have also given extensive help with the com-
putations. .

While this publication was in the printer’s hands the author under-
took a revised presentation of the subject of polar motion with the
urpose, among others, of meeting certain objections raised b

rofessor Schlesinger.® As a result it seemed justifiable to omit
Tschardjut entirely from the determination of the polar motion. The
rate of displacement of the pole from 1900 to 1917, inclusive, is then
increased from 070050, as found in chapter II, section 6 (p. 35),
to 070062 annually and the average direction of the motion of the
North Pole comes out nearly along the meridian of 90° west. These
figures should be considered as a revision of those contained in the
present publication. For details see the author’s paper “The inter-

retation of apparent changes of mean latitude at the international
atitude stations,” which will appear in the Astronomical Journal,
Vol. 34, no. 804. The paper contains also a brief discussion of earth
movements and of the elastic-rebound theory of earthquakes.

.3 F., 8chleisinger, On Progressive Changes of Latitude, Aetronomical Journal, vol. 34, p. 43. 1922,



Chapter I.—AN . EXAMINATION OF PROF. LAWSON’S DATA.

The data from which Prof. Lawson deduced the progressive increase
in the latitude of Ukiah are found in an article by Sir F. W. Dyson,
Astronomer Royal,! and consist of curves showing the variation of the
latitude after the annual portion? of the variation has been eliminated
by calculation. The abscissa used in plotting the curvs is the date;
the ordinate, which we shall denote by A¢, is the difference between
the observed latitude corrected for the annual variation and a certain
initial latitude, which, for present purposes, may be quite arbitrary.
The change in latitude stilf)left in the curves is then due to the free
oscillation of the earth, except in so far as the elimination of the
annual portion may have been imperfect, or as small effects of other
motions with periods unknown or uncertain may remain also. The
curves are given for three stations only—Ukiah, Mizusawa, and Car-
loforte. The abscissas and ordinates from which the curves were
plotted are not given in full. The data given for all stations consist
of the epochs of maximum and minimum latitude and the differences
between each maximum and the two minima adjacent; this is not
sufficient to reconstruct the curves for Tschardjui, Cincinnati, and
Gaithersburg, so all consideration of these stations is deferred until
the next chapter. i _ ]

The curves shown may be considered as somewhat irregular sine
curves with variable amplitudes of oscillation. In the Ukiah curve
an algebraic increase Wit{’l the time of both the maximum and mini-
mum ordinates is pretty evident. Prof. Lawson obtained the rate of
progressive® increase by drawing a straight line as nearly as possible
through the successive maxima and a similar line through the minima.
The average slope of the two lines was taken as representing the pro-

essive rate of change of the latitude of Ukiah. For this rate Prof.
fawson finds* 0.29 meter, or 070094 second of latitude per year.
He then continues:

ivi is figure it is to be noted that, since the mean positi
replrgs::;réevénbgyatthg:ro%‘ge is based upon observations of all stg.%iozlm): intéloxild?xfxgﬂll? kll):.}lle,
the zero line adopted diverges northerly from the true zero line, and the rate of creep
inferred from the curve, 0.29 meter per year, is in reality somewhat less than the
true rate. For, if Ukiah be moving nor erlg', the increase in latitude due to this
cause should not enter into & determination of the mean position of the pole, that is
the position of the zero line in relation to the curve.

The author doubts whether the statement quoted correctly inter-
prets Sir F. W. Dyson’s procedure. The only statement in regard to
this is5— :

§6. The results for the six obaservatories given in A. N. 4841 were next examined
separately. The mean annual terms for the interval 1900.0—~1912,0 are:® * * #

1 Monthly Notices of the Royal Astronomical Society, vol. 78 (1018), p, 453.
s The annual jon of the varistion of latitude includes the annual part both of the motion of the
pole itself and of all other changes in the latitude, which like the Kimura effect, have an annual periodio

ortion.
e For the sense in which the word ' progressive®’ is used, soo footnote No. 2, p. 1.

4 Bee p. 436 of the article reforred to on p. 1.

s Loo. cit. ants, p. 457,

¢ These values tabulated by Dyson, but here omitted, are in substantial accord with those found by an
independent discussion and given on p, 51 of this publ(oation. The exaot values are not materialto the
question immediately under discussion.

) 8



4 U. S. COAST AND GEODETIC SURVEY.

§7. In the discussion of the free period as shown by the different observatories the
annual terms given at the beginning of §6 were extracted and the figures then plotted.
This is a rather complicated di to reproduce, and only the three observatories
at Carloforte, Mizusawa, and Ukish are given.

A reference to Astronomische Nachrichten No. 4841, whichis alon
article by Przbyllok, shows that the stations are there tabulate
separately and that the A¢’s for any station are the differences be-
tween the observed latitudes and some invariable initial latitude, the
latter having nothing to do with the motion of the pole or with the
latitudes of the other stations. '

It might be objected, however, that the motion of the pole does
enter to a certain extent into Przbyllok’s A¢’s, for the so-called
observed latitudes really depend both on instrumental readings and
on the declinations used. The declinations of Przbyllok’s definitive
A¢’s are corrected declinations, the corrections deduced from a dis-
cussion of the differences between the observed latitudes (with the
original uncorrected declinations) and the adjusted latitudes of the
International Latitude Service, which depend on all stations. Thus
to a certain extent Przbyllok’s observed latitudes and hence his A¢’s
for any station, which are presumably Dyson’s also, depend on the
latitudes of the other stations. An examination of the corrections
actually used, as given at the foot of page 282 of Astronomische
Nachrichten No. 4841, shows, however, that the mean correction to
the declination is considerably less than 07001. Furthermore the
corrections are the same for the early part of the series as for the
later parts and so have no effect in increasing or diminishing any
apparent progressive change of latitude such as occurs at Ukiah, -

yson gives results extending beyond Przbyllok’s tabulation, which
does not go beyond 1912.0. Presumably Dyson’s results are based
on the provisional values in the Astronomische Nachrichten? but
whether any correction was applied to them to make them homoge-
neous with Przbyllok’s results Dyson does not state. A lack of
complete homogeneity would not be particularly important in Dyson’s
work, the purpose ofv which was to obtain an accurate value for the
lengtil of the 14-month period and which was not intended for the
use to which Prof. Lawson has put it. :

It appears then that neither Prof. Lawson’s change of 0.29 meter
or 070094 a year nor the 070081 presently to be deduced from the
same data by another method should be augmented for any supposed
change in the zero line of the A¢’s.

There may be some objection to the method of using only the
maxima and minima of the latitude-variation curve in order to deter-
mine the rate of progressive change,® and it seems certain that the
method of taking ordinates of the curve at small, equal intervals and
finding the mean will give a more reliable result. It seemed desirable
also to see how far Carloforte and Mizusawa might resemble Ukiah
in showing & progressive change of latitude. Accordingly, the curves
of all three stations were read at intervals of one month—i. e., one-
twelfth of a year—and the means were taken over a period of 14

s 7 V‘ol. 202 (1918). The article is a careful discussion of the observations of tho International Latitude
ervice.,

8§ For references, see P 8.

¢ For examplo, the form of a curve representing a periodic function may be such that the average of
maximum snd minimum ordinates differs from the mean of a)l ordinates; thusin careful tidal work a dis-
tinction must be made between mesn sealevel, which is found from the mean of closoly spaced, equidistant
ordinstes of the curve drawn by an sutomatic tide gaugo, and half-tlde level, which is halfway botwoon
the mean ordinato of the high waters and the mesn ordinate of the low wators,



AN EXAMINATION OF PROY. LAWSON’S DATA. 5

months, or more specifically, 15 consecutive ordinates were used and
half weight only was assigned to the first and to the fiftoenth ordinate.
The period used (14 months =426.1 days) is so nearly the free period

.of the latitude variation that the mean over the 14 months should
‘be practically unaffected by periodic changes of phase that run their
course in the free period or its submultiples. .For example, if we
write the principal part of the free oscillation of the latitude in the
form A cos (xt—a), where 4 and a are assumed to be constants, ¢ the
time, and « a constant such that ¢=2r when ¢=432.5 days, then the
maximum error due to the incomplete elimination of this term from

.the‘mean of 15 readings taken as above is easily seen by formula (4)
(p. 71) to be less than 0.015 4. Now A is 0720 or less, so the system-
atic error is at most about 07003 for- any 14-month period.

- The followingltablo shows the means of the values of A¢ read from
the curve for the period the middle of which is shown in the first
two columns: . :

TABLE 1.—Observed chanyes in latitude.

-

Middlo of period. Moan valuo of A¢ for—
Lo Mizu- Carlo-
Year. Month. ‘sm\'n. forto. Ulkiah.
” ” ”
7|1 ~0.010 | 40.004 +0. 001
.8 —.o11] 4,033 ~ ,040
11 - .042 + .004 [ 4 .001
1] —.08 | +.022| + .047
3| -~ 040 +.020 ] 4 .054
6( —.012( + .021{ + .068
71 = .025] + .001| 4 .008
9 4+ .004 1 +,002( 4 .047
1l —.07| +.016| + .058
Lj — 047} <4 028 ) 4,070
! g 0| +.0m3 | o
ST — 088 | + 032 | + .055
7, =031 +.083) +.18
0] —.032] +.037 | +.182
i

. The months shown are elapsed months, or more accurately elapsed

twelfths of a Julian year; thus in the first line the ““ 7’ indicates that

sAeven-twelfths of the year 1900 have elapsed, or the date is about
ugust 1. ‘

o values of A¢ in the table were plotted as ordinates against the

time ag abscissa and the results are shown in figures 1, 2, and 3. The

attempt was then made to fit a straight line to the pfotted oints by

the method of least squares; this corresponds to an ‘assumed uniform

rate of variation of the latitude.

Each mean value of A¢ gives an observation oquation of the form

: Ap=z+1y, (1)

z being the adjusted value of A¢ at the time 1908 +9 months and ¢

the time reckoned from this epoch; y is the adjusted rate of chango

of the latitude. From the adjustment there was found with the

14-month period as the unit of time the following values, which are
given with the probable errors attached:

- For Mizusawa 2= — 070338 4 070042 y = —070029 4. 070010,
for Carloforte z= +0.0202 + 0.0022 -y= +0.0013 + 0.0005,
for Ukiah z=+0.0590 £ 0.0048 y= +0.0095 £ 0.0012.
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AN EXAMINATION OF PROF. LAWSON’S DATA. i

To reduce the values of ¥ and their probable errors to the year as
unit they must be multiplied by 1%; we thus find:

For Mizusawa y= — 070025 + 070009,
for Carloforte y= +0.0011 4 0.0004,
for Ukiah y= +0.0081 4 0.0010.

The annual rate of change found for Ukiah is thus slightly smaller
than the rate (070094) found by Prof. Lawson and this latter rate,
as we have seen, should not be increased for any supposed change in
the zero from which A¢ is reckoned. Even the smaller rate of change
for Ukish is, however, quite large enough to excite interest as being
rather too large to be due to accidental error. Any attempt to
explain this rate is, however, postponed until all the six stations of
the International Latitude Service have been examined for similar
rates. (See pp. 21-31.)



Chapter IL—THE STATIONS OF THE INTERNATIONAL
LATITUDE SERVICE.

SECTION 1. INTRODUCTORY MATTER.

The stations of the International Latitude Service and their distri-
bution in longitude are shown in the following table. West longi-
tudes are positive.

Tabue 2.—Stations of the International Latitude Service.

Obsorvations
Station. General locality. Longltude. | coased at ond
of year—
o ’
MIzusawa....ooovieeieniniiienaan., Japan............ et etereneaaraeaeas 08
Tschardjul 1. .| Furkestan 20 | 1814,
Carloforte.............. Sardinia........... 19
Gaithersburg.......... Maryland......... 12 | 1914,
Cineinnati............. JOhioe............. 25 ) 1915,
Ukigh..ooiiiiiiiiiiiiiiiiiaa, California.........coooiiiiiiniiaiiia, 13

17his {8 the spolllns adopted In the publications of the Internatioual Latitude Sorvice. The followin.
forms have been found in works of reference published in Great Britain and the United 8tates: Charchu
Tscharjuf, Charjooee, Chardshuil, and Charjul, For an English-speaking porson thelast-%iven form seoms
to bio nxix adggugge transliteration. The longitude is that of the old station. The longitude of the now
station {s —63° 35'.

The methods adopted for the discussion of the observations at these
six stations are essentially the same as those of the preceding chapter
but with some differences in detail. First of all the obsorved lati-
tudes were plotted as ordinates against the dates expressed in years
and decimals of a year as abscissas. The sources of the observed
latitudes were the publications of the International Latitude Service
and the Astronomische Nachrichten.? Pages 210 to 219 of the Re-
sultate, Vol. III, and pp. 169-178 of Vol. V, contain the definitive
results for the years 1900 to 1911, inclusive. The declination system
of both volumes is that of Volume III, which is maintained for the
sake of uniformity and convenience.® The same declination system
is used in the provisional results given in the Astronomischo Nachrich-
ten.* Some of tho star pairs have, however, been dropped as no
longer available on account of their precessional motion, and have
been replaced by other pairs. In working up the provisional results
these new pairs were not used, and the results are thereforo based
on the original pairs that still remain available, amounting to about
five-sixths of the complete program. The results for Tschardjui after
July 23, 1909, when the new observatory was occupied, were reduced
to the old observatory by applying to the latitudes observed after
that date a constant correction of — 07225, as given on page 3 of the
Resultate (Vol. V).

3 Resultato dog Internationalen Breitendienstes: Vol. III, by Albrecht and Wanach, Berlin, 1909; vol.
V,by Wanach, Berlin, 1018, Astronomische Nachrichten: vol. 198, No. 4749; vol. 201, No, 4802; vol. 203,
No, 4858; vol, 205, No, 4908; vol. 208, No, 4969.

¥Vol. V, p. 76.

4 See Astronomischoe Nachrichten No, 4749, vol. 198.

8




STATIONS OF THE INTERNATIONAL LATITUDE SERVICE. 9

The plotted latitudes for each station were then adjusted graphi-
cally by drawing a curve to conform' as nearly as might be to the
plotted points without showing sharp vertices or rapid alternations
1n slope.  On these curves for the several stations all the subsequent
work is based; they were therefore drawn with some care and the
first draft of a curve was always revised by one other person and
somotimes by two others. The obscervations are consistent enough
so that there was very seldom room for any serious difference in
judgment as to the proper form and location of the curve. In doubt-
ful cases tho doubt was dccided in favor of smoothing out the obser-
vations too little rather than too much.

SECTION 2. HARMONIC ANALYSES.®

Harmonic analyses were made of the curves to determine expres-
sions for the annual and the 14-month components at cach station.
The period of the annual component was assumed to be one Julian
year, or 365.25 days. No distinction was made between leap years
and common years. The period of the 14-month component was
assumed to be 432.5 mean solar days; this is a mean between Dyson’s
result of 432.2 days® and Wanach’s of 432.8 days.” This gives the
14-month, or free, period of the latitude variation as 1.18412 Julian
years and the chango of phase of the free oscillation in one month
(one-twelfth of a Julian year) as 25933526 and in one year 304°0231.
One year equals 0.844509 of the free period and the change of phase
of the annual component in one-twelfth of a free period (0.098677
year) is 3595236, and the change of phase in one free period is
496°92834. These numbers are here set down for reference as needed.
When the 14-month component or a 14-month dperiod 18 spoken of
hereafter in this report, this should be understood as an abbreviation
for a 432.5-day component, etc., unless it is clear from the context
that exactly 43 of a Julian year is meant.

For the annual component the curve for a station was read at
intervals of one-twelfth of a year, the first reading coinciding with
the beginning of a year. For the 14-month component, represent-
ing the free oscillation, the period was also divided into 12 parts,
the interval betwcen readings being 0.0987 year, as above; the first
reading of the serics was always taken at the beginning of some
year. Since we have approximately 5 freo ﬁ)erlo.ds oqual to 6 annual
periods and 6 frec periods equal to 7 annual periods, with about the
same dogree of approximation in both cases, the obvious lengths for
a series to be analyzed harmonically are 6 or 7 years. Both lengths
are here used. A G6-year series for the annual component includes
72 readings, the time between the first and the last reading being
5.92 years. For the 14-month component a 6-year series is taken to
mean one that represents 5 free periods; it has 60 readings with an
interval of 5.82 years between the first and the last reading. Simi-
larly, a 7-year scries has 84 readings for the annual component, with
6.92 years between the first and the last reading, and 72 readings for
the 14-month component, with 7.01 years betwecen the first and the
last reading.

s 8eo sec, 2 of Chap. VI,

. 73,
¢ Monthly Notlces Ro nf)A 1 7 . 462,
L Rcsum{e, oy e ym stronomical Bocioty, vol. 78 (1918), p. 462
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The mean reading corresponding to each twelfth of a period was
found and these means were subjected to the usual process of the
harmonic analysis for 12 ordinates. The values of s and ¢ in the cus-
tomary notation, say for the annual component (see p. 76), are
affected by the presence of the 14-month component, and vice versa.
To remove the effects, the formulasdeveloped on pages78-79 were used.
To show the order of magnitude of the corrections so obtained the
table of harmonic constants that follows gives the results both from
the uncorrected and the corrected s’s and ¢’s. The epochs or {’s
for the 14-month component are all reduced to the beginning of the
year 1900. The quantity ¢ -+\, where X is the west longitude of the
station, is added to show how nearly the motion of the pole is uni-
form and circular. If the motion were uniform and circular and in
the same direction as the rotation of the earth and if all the results
were errorless, the quantity ¢+ would be constant for all longi-
tudes. The length of the series analyzed is to be inferred from the
dates in the second column; thus the dates 1900-05 indicate a
6-year series with the first reading for both components on 1900.00.
The dates 1900-06 indicate a 7-year series beginning as before; the
final reading for the 14-month component of such a series falls on
1907.01. The harmonic constants in the table below are not quite
the definitive values resulting from this investigation (see p. 51) but
they are accurate enough for the immediate purpose.

TABLE 3.— Harmonic constants for the variation of lalitude.
{Assumed form, R cos («t-$).)
ANNUAL COMPONENT.

Before clearing. After clearing.
Yeaﬂrs of
Btation and longitude. 153013‘? Ampli- Ampll- [ 2
sive, tude. F‘p?d' tude. | Fpoch.
R R s
” . L ° .
Mizusawa, Japan. Ae—141°08............ 1900-05 0.113 13.3 0.108 15.7 234.8
1900-06 .087 16.1 .107 15.9 24.8
’ 1906-11 .138 4.5 .132 10.4 220.3
1906-12 110 14.4 .123 0.2 228.1
1910-15 27 18.9 140 17.4 236.3
1911-17 116 20.2 .111 13.1 232.0
1912-17 105 1.0 .100 7.1 226.0
Tschardjul, Turkestan. Ae—83°29....... 1800-05 .104 334.7 .101 340.0 276.5
190006 .008 340.0 .105 335.9 272. 4
1806-11 .136 315.6 .133 322.3 258.8
1906-12 .122 331.3 131 323.7 260. 2
1908-14 .129 313.5 134 321. 4 257.9
1009-14 . 146 327.0 .148 310.8 250.3
Carloforte, SBardinia, A=—8°19"........... 1900-05 .101 271.3 .097 275.9 2067.6
1900-06 .094 283.0 .101 278.2 269.9
190611 119 270.2 .121 276.7 208.4
1806-12 104 284.6 . 109 276.3 208.0
1810-15 .107 273.1 122 208.7 200.4
1911-17 .108 279.1 .008 2713.4 265.1
1912-17 .085 203.9 .085 272.1 203.8
Galthersburg, Maryland. A=+77°12'......] 1900-05 .027 175.8 .023 106.6 273.8
1900-06 024 227.0 .028 205. 4 282.2
1903-08 .024 266.0 .013 |- 255.8 333.0
1603-00 .023 152.7 .012 178.5 256.7
1008-11 068 168.7 .059 185.8 263.0
1908-12 L0490 203.2 .052 182.8 250.8
1908-14 .067 140.7 .059 105.3 272.5
1009-14 .070 176.3 .072 163.1 240.3



STATIONS OF THE INTERNATIONAL LATITUDE SERVICE. 11

TABLE 3.—Harmonic constants for the variation of latitude—Continued.
ANNNUAL COMPONENT—Continued.

Before clearing. After clearing.
Yoml'sof
(-} -
Station and longitude. isx?élu- Ampli- Ampli- S+
sive. tude. Epooh. tude. Ep?ch,
R R
Iz L " © o
1, Ohlo. Am+84°25 ccveunnnn.n. 100005 .04 | 150.8 000 219.4 303.8
Cinclnnati, 1000-08 22|  248.9 02| 2172 301.6
1903-08 il | 27 020 | 261.2 345.6
1006-11 052  187.6 050 | 2025 986.9
1006-12 61|  218.9 056| 200.8| 2852
1908-13 005 | 1829 053 1783 262.7
191015 088 | 1088 000 | 1658 250.0
Ukiah ia., Am4123°13"............| 1000-05 048]  84.6 .037 85.7 208.9
» Californ. + 1000-00 “024 88.4 0350 92.8{ 2160
1906-11 069 | e84 J055 76.0 199.2
1006-12 34| 671 2053 07.8 191.0
1010-15 67| 98,0 .082 9.9 2201
1911-17 57| 178 057 1016 224.8
1912-17 07| %06 084 | 1005 237
14<MONTH COMPONENT.
" . " . .
1% 08 e eeeaannn 1000-05 | o12] 1703 o3| 1776 3.4
Mizusawa, Japan. A=-—141 1900-08 123 | 17804 34| 765 35.4
1906-11 98| 1858 213 1832 221
1906-12 15| 1638 22| 1653 242
1910-15 01 1748 13| 1758 5
101117 R AR IR T i 8.3
191217 72| 1878 68| 1852 ul
 A=—63°20....... 1900-05 35| 106.8 32| 103.0 30.5
Tochardjul, Turkestan w006| 15| ese| 13| 1023 388
1008-11 20| 1007 28| o1.3 338
1908-12 an 95.0 28| 018 343
1908-14 20| 1001 234 | 1089 27
1908-14 21| 1037 242 1070 3.5
A8 10 eneiiannnns 190005 1130 2.9 28| 39.4 311
Carloforte, Sardinia. X 100006 |  .125| 334 30| 363 28,0
1006-11 ~204 3.8 208 | A2 22.9
1906-12 204 326 2207 35.0 2.7
1010-15 ‘218 50.5 ‘294 522 30
101117 107 838 102 55.7 H
1012117 184 62.3 185 | 602 1.9
d. Ae=+77°12'......| 1900-05 44| 3221 43| 3213 38.5
Gaithersburg, Marylan 10000 42| 378 44| 3186 35.8
1003-08 155 310.5 85| 3108 27.8
1 174 37 74| 34 2.6
1906-11 225  305.0 226 | 3037 209
1906-12 221 | 3052 224 3004 2.6
1008-14 a0 |  317.0 22| 3154 328
1009-14 23| 3176 25| 319.4 36.6
s A BAT 2 e, 1900-05 56| 3173 a57| s a5
Cinclnnat}, Oblo 1900-06 153 3105 15¢] 3113 35.7
100308 RIS 56| 20003 27
1906-11 2071|2978 20| 296.4 2.8
1006-12 206.2 07| 2078 223
1908-13 s | 3031 o4 | 3038 2.0
1910-15 207 3233 216 | 3230 ®3
Uklab, California. A=-+123"13"............| 190005 36| 2 a8t | o 38.9
» Callf 1900-06 131 273.4 134 213.0 36.2
1806-11 225|253 223| 2558 187
1906-12 216 | 288 20| 2584 21.6
1010-15 e | 27 06| 2197 29
1911-17 207 2832 08| 2845 a7
1012-17 220 | 2878 7| 2882 94
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Much might be said in interpretation of the results in Table 3, but
the discussion may conveniently be postponed (see pp. 51 to 64)
except for a few remarks bearing directly on the problem of detecting
a Erogressive variation of latitude.

t is at once evident that the so-called ‘“harmonic constants’’ are
only approximately constant. Their precise values have a significance
only as means for the period of time from which they were obtained.
However, if we limit ourselves to comparing merely the harmonic
constants of the various stations derived from observations covering
one and the same period of time for all stations, there are still some
useful conclusions to be drawn.

The values of ¢+ for the annual component show such marked
variations that it is evident that something besides the motion of the
pole enters into them. This something is generally called the Kimura
term; it has been variously explained and is doubtless due to a
combination of causes. It i1s generally assumed in most discussions
of the variation of latitude that the Kimura is the same at all stations
on the same parallel at any given time. This approximate equality
comes out from the discussions later on (see p. 54) but there is no
reason exce{:t mathematical convenience for assuming that the
equality is absolute.® This shows the advantage of dealing with each
station by itself, quite apart from any motion of the pole. The
apparent annual variation of latitude at any given station depends
not only on the motion of the pole but on the individual Kimura
term of that station. From the observations at one station alone
we can not separate the two, but for the present purpose, namely,
that of eliminating the annual portion of the variation at that station,
we do not need to know how much is due to the motion of the pole
and how much to the individual peculiarities of the Kimura term.

For the 14-month component, on the other hand, the values of
R and ¢+ X show a tolerable constancy from station to station, which
is favorable to the hypothesis that the variation of latitude in the
14-month period is due chiofly to the motion of the pole in an orbit
approximately circular, about its moan position. Any individua
peculiarities of the station as respects the variation of latitude in
the 14-month period seem to be quite small. (See p. 61.)

SECTION 3. MEAN LATITUDES BY CALENDAR YEARS AND BY 14-MONTH
PERIODS.

Having obtairfed -the harmonic constants, we could do just what
was done in Dyson’s paper; we could adopt a set of harmonic con-
stants for a given period and a given station, compute the correspond-
ing annual portion of the variation of latitude, and by subtracting
this annual portion from the ordinates of the curve mentioned on
page 8, which may be called the curve of the complete variation,
we should get the ordinates of a new curve of exactly the same nature
as Dyson’s curves (p. 3). The new curve would presumably
contain only the variation of latitude in the 14-month period (this
statement being subjoct to the same qualifications as on p. 3) and

& Tho welght of authority seems to favor the opinion that the Kimura term is chiofly due to the seasonal
variation of the refraction, and to changes in the rofraction in passing from the observatory to the outside
air rather more than to refractions duo to seasonal barometric gradients, If this be truo, it may be con-
sidered as certain that, owing to differences of climate and local topography, the Kimura term will not be
ahsolutely allko at all stations.
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by taking the means of its ordinates over a 14-month period the
periodic part would disap{pea-r and the means would bring to light
the progressive variation of latitude, if any. Furthermore, tﬁe process
may be reversed; that is, the 14-month portion ‘of the variation may
be computed from the assumed harmonic constants and subtracted
from the curve of the complete variation to obtain the ordinates of a
new curve, which will, presumably, contain only the annual portion
of the varation. By taking means over a year the annual periodic
part of the variation should disappear and the yearly means should
put in evidence the progressive variation of latitude, if any.

The only difference between the process just outlined and what was
actually done is that the drawing and reading of a second actual curve
were dispensed with. The ordinates of the orlgmal' curve of the com-
plete variation had already been obtained at suitable intervals in
the process of making the harmonic analysis. The portion of the
variation, annual or I4-monthly as the case may be, that is to be
removed may be computed from the adopted harmonic constants and
subtractod from the ordinates of the curve of complete variation, thus
obtaining the ordinates of the new curve and the means of these
new ordinates may be taken over the proper period, all without
actually drawing the new curve. Furthermore, the computation
may be simplified, for instead of .applymg our corrections individually
to the curve of complete variation and taking the mean of the cor-
rected result, we may simply apply the mean of the corrections to
the mean of the uncorrected ordinates, both means covering the proper
period. The calculation of the mean correction is rendered very
simple by a formula of the type of (1) on page 71. ) _

e most obvious weakness of any caleulation of this sort is in the
choice of the harmonic constants for a particular year or period of
14 months. Since the so-called constants are valid only as mean
values over a given period of time and it is not easy to determine
mathematically their values at any given instant, there is noecessarily
an arbitrary clement in the assignment of values for any given year
or 14-mont{1 period. The consequences of this uncertainty are not,
however, so serious as might be supposed. The calculations will be
given for this part of the investigation in more detail than for most
of the other parts, and it will not be difficult to satisfy oneself that
any reasonable choice of the harmonic constants would lead to
substantially the same result for the progressive change of latitude,
which is the quantity sought. .

The more important stages of computations for the case where the
mean latitude is taken by calendar years are given on pages 15 and 16.
The first column under each station gives the calendar year over
which. the mean is taken and the sccond the mean itself. In this
mean 13 values were used, already read off from the curve for the
purposes of the harmonic analysis. The first and last of the 13 for
the year 1900, for example, are for the dates 1900.00 and 1901.00.
These two end values are given only half weight. The mean lati-
tude evidently applies.exactly to the middle of the year 1900. The
third and fourth columns contain the amplitudes and epochs (& and
¢) of the 14-month component as udopte(f) for the purpose of clearing
the annual mean. The epochs are reduced to the beginning of 1900.
so as to be comparable with those of the preceding table. The way
in which’ these: quantities were determined will be explained in the
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next paragraph. Given the values of R and {, the quantity to be
added to the uncorrected mean to clear it of the outstanding effects
of tho 14-month component is found to be

0.174 Rcos (33220 —  — 55298n) (1)

(See p. 73.) In this expression n is the number of years after 1900;
e. g., for the year 1907,n=7. The values of the above expression are
given in the fifth column; the sixth column, which is the sum of the
second and fifth columns, is the cleared mean which applies to the
middle of the appropriate calendar year; the trend of these should
bring to light the progressive variation of latitude, if any.

As has-]%een sald, the 14-month component of the variation of
latitude appears to be due almost entirely to the motion of the pole,
but for the present purposes it is enough to assume that the varia-
tions with the time in R and { at any station correspond to variations
in the motion of the pole. In an article by Wanach® there are given
the instantaneous values of the amplitude and phase of the polar
motion in the 14-month period. Wanach’s quantities are computed
on the assumption that the annual component repeats itself exactly,
an assumption known to be erroneous and one which is therefore quite
sufficient to explain the decidedly erratic variations in the quantities
tabulated by Vsanach. These he calls B, the amplitude of the polar
motion and P its initial phase reckoned from a point midway between
maximum and minimum. Although the values of R and P given
for every tenth of a year are so far from constant, their means over
a calendar year are more stable and these means !° are given in the
following table. In taking means the end values were given half
Wleight, and the year 1917, which is incomplete, is treated as if com-

ete.

P TABLE 4.— Mcan amplitude and phase of the 14-monthly polar motion.

Calendar year. tﬁ(ti%l,)llli Phage, P. Calendar year. tﬁgg’]}’i _ | Phase, P,

’” ° ’ .

0.133 0.268 66
. 160 56 <234
.12 53 .262 64
. 144 52 279 47
139 52 214 38
089 &3 <202 40
. 138 80 .180 a3
.180 94 157 38
258 78 181 25

The values of B in Table 4 are directly comparabie with those in
Table 3 and if the means are taken over corresponding periods the
two sets of values are nearly equal. The quantity %’ should be
nearly equal to 90°— (¢ 4+A) for the 14-component and this is seen to
be very nearly true. An example will explain how the values of R
and { used on pages 15 to 17 for clearing the annual mean were ob-
tained from Tables 3 and 4.

Let us take the ycar 1902 at Mizusawa and compare it with the
harmonic analysis at the same station for the years 1900-05. The

* Die Chandlersche und die Newcombsche Perfode der Polbewegung. Pub. No. 34 (new series), Zentral-

bureau der Internationalen Erdmessung. Berlin, 1919, p. 23.

10 The ordinary mathematical mean was taken. This process is not quite rigorous in such a case and
to exaggerate a little the values of R, but for present purposes it is suoiently accurate.
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mean Z for the years 1900-05 from Table 4 is 07132. The analysis
(Table 3) gives 07134, In Table 4 the B for 1902 is 07120 or
07012 less than the mean, so it is assumed that the B for Mizusawa
in 1902 should also be 07012 less than 07134 or 07122. In a similar
way the mean P for the period is 55° and for 1902 is 53° or 2° less.
Since ¢ and P vary in opposite directions from their mean values the
¢ for Mizusawa in 1902 should be 2° greater than the ¢ in Table 3
correspondin% to the whole period; i. e., its value is 17795+ 2°=
17995, or 180° by the ordinary convention for rounding off to whole
degrees. The period 1900-06 and the corresponding harmonic analy-
sis might be used in a similar way qnd values for 1902 deduced. The
results are practically identical with those given. The values, R =
07122 and ¢ =180°, are found in the third and fourth columns of the
table below. Some years, such as 1911, are included in the periods
covered by sceveral harmonic analyses; in such cases the mean of
the several comparisons, which generally differ but little from one
another, is used.
TasLE b.— Mean latitude by calendar years.

MIZUSAWA, JAPAN.

Harmonic con-
g?fggg: stants, 14-month Soconds
component, Clear- | of mean
Year. ]‘“}}g_‘l“’ ance, lnltltudo,
cloared. R ¢ cloared.
” ” ° ” e
3. 634 0.134 170 [ -0, 022 3.612
0627 108 178 ] —~ .00} 3.623
559 122 180 | + .016 3. 575
562 146 182 | 4 .024 3. 5%
590 140 182 | + .007 3. 897
3.5691 0. 000 180 ' —0.010 3. 5681
613 133 185 - — .022 3. 561
609 180 142 - — 020 3. 680
- 589 248 158 ¢ 3. 582
546 258 170 + .043 3. 688
3. 567 0,222 170 | +0. 030 3. 697
559 244 1720 — . 004 3. 555
028 . 257 178 — .01 3. 687
627 . 180 184 —.025 3.002
812 174 176 '+ — . 001 3.611
3. 554 0.161 189 +0.028 3. 580
. 571 124 184 i 4,019 ; 3. 590
. 648 .129 108 — .003 3.045
TSCHARDJUI, TURKESTAN.
0.128 96 —0,012 10. 656
161 104 — .028 10, 688
115 106 | —,008 10,635
140 107 + .013 10. 670
134 1071 4 .023 10,059
0.084 106 | +0.009 10. 6811
124 86 . 000 10. 536
173 | — .022 10, 893
242 80 - .038 10.678
256 100 { + .002 10. 6868
0.223 104 | +0.034 10, 700
250 102 + .039 10. 703
. 270 71 — .006 10. 731
208 124 | — . 084 10. 701
. 196 116 - .030 10, 856

89016°—22—2
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TaBLE 5.— Mean latitude by calendar years—Continued.
CARLOFORTE, SARDINIA.

ITarmonic con-
Seconds | stants, 14-month Seconds
ofmean |  component. Clear- | of mean
Year. 18'-3[‘11_‘101 ance. |latitude,
cleared. - R-_ . clearcd.
o " '
31 4+0.012 8. 921
39 —.015 8. 095
41 — .020 8. 036
421 —.013 8.922
42| + .010 8. 956
41 +0.015 8. 063
23 + .019 8. 930
11 + 009 8.013
27 —.033 8, 021
39 |~ . 037 8. 936
41’ —0.001 8,950
381 + .034, R, 056
53 | + .038 8.970
60 — .004 9. 000
52 - .027 9. 000
66 [ —0.025 8. 995
59 — 003 9. 024
74| +.023 9. 063

314 +0,024 13.139
3221 4 .021 13. 199
324 ] — 005 13. 233
320 | — 025 13, 246
326 | — .020 13,197
324 | +0.001 13.216
207 1+ . (l&.’l 13,234
284 1 4 . 031 13. 239
208 | 4,025 13. 267
300 1 — .023 13.255
312} —0.038 13. 250
310 — .02 13. 281
327 ) + .028 13,314
3341 + .032 13, 304
3261 + .018 13. 343

CINCINNATI, OHIO.

l
19.318 | 0.158 308 | +40.025 19, 343
.274 | 180 316 1 4+ .025 19. 2090
.302 ¢ 143 IR [ — . 003 18, 389
<436 159 381 - 025 18, 411
443 .153 318 | — .023 19. 420

19. 292 0. 103 317 | —0.002 19,
320 . 132 280 1 4+ .09 19, 335

277 174 214 [ + .02 19
311 .232 240 |1+ .02 10. 370
. 308 235 302 — .07 19, 351
19, 408 0.200 306 | ~0.030 10,372
442 233 3| — 027 19. 416
410 240 320 | + .021 10. 431
302 178 329 1 + .031 10, 423
473 188 326 | + .017 | 19. 490
19, 648 0,175 330 —0.018 | 19. 530
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TABLE 5.— Mean latitude by calendar years—Continued.
UKIAH, CALIF.

Harmonic con-
Seconds | “stants, 14-month Seconds
of mean | component. Clear- | of mean
Year. latitude, ance. |latitude,
un- cleared.
cleared. R e
" " B " "

0.133 208 | +0.010 12,088

166 2161 + . 12,053

120 2718 1 4+ .011 12. 059

146 2797 — .01 12,104

140 219 F — .04 12.118

0. 090 278 | —0.011 12,125

133 250 [ -, 12,112

182 2357 + .013 12.092

250 251 | 4+ .043 12,0711

280 23| + .012 12,115

0.221 267 | —0.027 12,138

. 24 | —~ .043 12,162

274 282 — .o07 12,178

212 288 | + .030 12,157

200 280 | <+ .034 12.216

0,187 203 [ -+0.005 12,256

.165 28 | — .018 12.240

. 169 300 — .o028 12, 230

he reverse of that set forth in Table 5 consists in takin,
thé& £23%e?vgr a period of 14 months (more accurately 432.5 days
and clearing this mean of the effects of the annual component. "In
Chapter I the mean was taken over a period of exactly 14 months
(44 years) and the difference between this, and the more accurate
Vtﬁue of 432.5 days, was shown to have a nearly negligible effect.
The same thing could be done here, but.the curve yeadmgs used
would be the same readings as those forming the basis of Tablo 5.
We get, therefore, a determination more nearly independent of the
precedh’]g if we utilize the curve reading taken independently for
the harmonic analysis of the 14-month (i. e., 432.5-day) component.
The chief disadvantage is that, owing to the practice of beginning
the series to be analyzed at the beginning of a year, tho 432.5-day
periods covered do not run consecutively and without overlap.
Table 6 gives the results of the taking and clearing of means. Its
arrangement differs only slightly from that of Table 5. _The first
column will be explained later. The second column, which corre-
sponds to the first column in Table 5, gives the dates in years and
ccimals of the beginning and ending of the period covered. The
third column is the mean of 13 readings covering this period, the
initial and final readings having only half weight. The mean then
corresponds to the middle of the period. The fourth and fifth col-
umns contain the harmonic constants of the annual comtponqnt
adopted for clearing the mean. For lack of a better principle o choice
the constants in these columns are simply the mean of all available
determinations in Table 3 that cover the period in question. Thesixth
column contains the clearance of the mean. It is given by the
formula
Clearance=0.142 R cos (213°.1 —{ + 360° f). (2)
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The B and ¢ of formula (2) are those in columns four and five; the
quantity fis the fractionof a year elapsed at tho beginning of the period
to be cleared; thus, for the first line of Mizusawa f=0.000, for the
second line f=0.184, for the third line f=0.368, ctc. The seventh
column representing thoe cleared mean 1s the sum of the third and
sixth columns.

TaBLE 6.— Mean lutitudes by periods of 432.5 days.
MIZUSAWA, JAPAN.

Harmonic con-
Ercfgnufi: stants, atnnuul Seconds
! component. ” A
Group No. Period ncluded.| latitude, ! fl}fé‘e’ l‘x’\rur?:sg,
ua- cleared.
cleared. R. .
Iz 24 o " ”
1900, 050-01, 184 03. 633 0.108 16| —0.014 03. 619
1001. 184-02, 368 . 603 . 106 10 | — .002 . 601
18412, 368-03, 552 . 560 . 106 16| + .01 . 582
1903, 552-04. 736 . 685 . 106 18| + .012 . 507
1901, 736-05. 920 . 585 . 106 18 | - .003 . 582
1005, 020-07. 104 03. 604 0.117 13! —0.016 03. 688
1906. 000-07. 184 . 097 121 12 - .0i0 . 681
1607, 184-08. 368 . 509 .128 10 . 000 . 509
1908, 368-9, 552 . 580 . 128 10 + . 016 . 508
1909, 552-10. 730 . 556 .132 12| + .014 . 800
1010, 000-11,184 03.612 0. 120 131 —0.017 03. 595
1910, 736-11, 920 576 L1260 131 — .005 571
1011, 000-12. 184 .672 121 11 - .018 . 550
1911, 184-12. 368 . 857 A2 11{ —.001 .58
1911, 020-13. 104 . 607 .121 11 - .07 . 590
1912. 000-13.184 03. 612 0.118 12| —0.018 03. 566
1012, 184-13, 368 . 602 118 12| — .001 . 601
1012, 365-13. 552 .572 118 12| + .015 . 587
i 1013, 18414, 368 . 015 L117 13 - .00 . 614
1913, 368-14, 552 . 690 117 131 - .01 . 678
\ 1913, 552-14. 730 03. 602 0.117 13| +0.013 03. 615
1914, 368-15. 652 . 585 117 13 + . 015 . 600
1914, 552-15. 736 . 500 117 13| + .013 . 003
1914, 736-15. 920 . 602 117 131 — .004 . 598
1015. 552-10. 736 . 607 117 13| + .013 . 620
19185. 736-16. 920 . 629 117 13{ — .004 . 023
1916, 736-17, 920 03. 650 0.100 10 —0.004 03. 646
1918. 920-18, 104 . 645 .108 10 —.018 .650
1
TSCHARDJUI, TURKESTAN.
1000, 000-01, 184 10. 694 0. 103 3381 —0.008 10. 838
..| 1901, 184-02, 368 . 670 .103 338 | 4+ .008 .684
.| 1902, 365-03, 652 . 632 . 103 3381 ~ .014 .618
1903, 552-04, 730 . 662 .103 338 | + .004 . 668
1904, 736-05. 920 . 638 .103 338 -~ .011 .027
1005. 920-07. 104 10. 658 0.118 330 —0.014 10, 544
..| 1906, 000-07, 184 . 643 .123 327 —.007 . 536
-1 1007. 184-0%, 368 . 008 .133 322 + .014 . 022
.1 1808, 000-090. 184 . 083 . 130 3221 — .008 Mg
1908. 368-08. 552 . 602 .136 322 | + .018 . 080
1000, 000-10. 184 10, 692 0. 136 322 | —0.008 10, 086
.| 1909, 184-10. 308 |. . 082 . 136 322 | + .04 . 696
.| 1909, 552-10, 736 702 . 130 322 . 000 .702
.1 1010, 184-11. 308 . .721 . 130 322 | + .04 .735
1910, 368~11. 552 . .720 .136 322 | + .018 e 738
1010-736. 11, 920 10. 759 0.136 322 | ~0.018 10. 741
.| 1811, 868-12. 552 . 731 . 136 322 + .018 . 749
.| 1911, 552-12. 736 . 760 .136 322 . 000 . 760
1911, 920-13. 104 L7656 .136 322 —.014 . 742
1912, 562-13. 736 . 741 . 187 821 . 000 .41
1912. 736-13. 920 10.780 I 0.137 321 [ —0.018 10. 702
1013, 736-14. 920 875 | L141 321 — .018 | . 857
1913, 920-15. 104 .869 | 141 321 — . 015 | . 854
i 1
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TABLE 6.— Mean latitudes by periods of 432.5 days—Continued.
CARLOFORTE, SARDINIA.
a Harmonio con-
;?33&1; stants, annual Seconds
component. Cloar- 1
Group No. Period Included. Iat:‘tr\lx_do, aneo. 1?;11’u?3’.3,
cleared. 2 ;. cleared.
1. 1800, 000-01. 184 8. 921 0. 099 277 | 4-0.006 08, 027
2. -1 1901, 184-02. 368 . 963 . 099 277 | + .014 .977
3 1902. 368-03, 552 .923 . 000 27|+ .005 .93
1 -] 1903. 552-04. 736 . 962 . 099 27| — .o10 . 952
5 1904. 736-05. 920 975 .099 277 — .013 . 962
6. 1905. 920-07. 104 8.927 0.107 217 | —o0.001 08. 926
h -} 1906. 000~07. 184 . 025 110 77| 4+ .007 .932
7 -1 1007. 184-08. 368 . 907 115 1+ .016 .923
s -| 1908, 368-09. 552 . 903 .16 276 | + . 006 - 900
9., -| 1009. 552-10. 736 . 962 7 274 | —.012 . 950
1910, 000-11, 184 8. 052 0.112 274 [ 40.008 08, 960
- 1910. 736-11. 920 . 970 112 274 | — .014 . 956
-] 1011, 000-12. 184 . 954 107 274} + .07 - 901
1011 184-12. 368 . 953 107 274 | + .015 .968
.| 1011, 820-13. 104 . 065 107 274 B . 966
...| 1912.000-13. 184 8.057 0.103 272 | +40.008 08, 965
.| 1012, 184-13. 308 L8590 L 103 27121 4 .014 .073
| 1012: 368-13. 552 . 080 .103 272 | + .004 . 984
.1 1013, 184-14. 308 087 . 102 211 + . 014 09. 001
°[ 1913, 368-14. 552 . 996 . 102 271 | + .004 . 000
...| 1913. 652-14, 736 9. 005 0,102 211t -0.011 08, 004
1 1014, 368-15. 552 8.984 .102 271 4 .004 . 988
1914, 5§52-15. 730 8 007 102 271 | —.011 . 980
°| 1914.736-15.920 9. 000 . 102 21 | — .013 .987
-] 1015. 552-16. 736 . 026 .102 71| — .01l 09, 015
1915. 736-16. 920 9,031 0.102 2711 ] —0.013 09,018
.| 1916, 736-17, 920 . 073 . 002 2731 - ., 012 . 061
*| 1916.920-18. 104 . 053 . 002 273 . 000 . 063
i L .' R N
GAITIIERSBURG, MD,
© 1000.000-01. 184 | 13.143 0.026 201 | +0.004 | 13.147
-| 1001, 184-02. 368 . 201 .026 201 [+ .00t . 202
| 1902. 368-03. 552 . 254 .019 200 | — .002 L2852
i 1903. 000-04. 184 . 244 .019 200 |+ .003 . 247
| 1903, 652-04. 736 214 .019 200 — .03 211
! 1904, 184-05, 368 13,192 0.019 209 1 +0.00] 13.103
.. 1905, 368-06. 552 .225 . 031 201 — .00 .221
-1 1005, 920-07. 104 .229 . 031 201 |+ .004 .233
..l 1906.000-07. 184 .232 . 033 2021 + .005 . 287
1 1906, 652-07. 730 .233 .033 202! — .00 .229
1007.184-08.368 |  13.260 |  0.039 200 | -+0.001 13.261
i 1907, 736-08, 920 .252 | .039 200 | . 000 .252
1008, 000-09. 184 .245 .04 194 1 4+ .008 . 251
1908, 368-09. 552 205|084 194, — .006 . 259
1008. 620-10. 104 252 L 014 1940 + .008 .258
1909, 000-10. 184 13. 253 0. 051 181 -0, 006 13.259
.| 1009.181-10. 368 257 . 051 181 — .o01 .256
.| 1909, 652-10. 736 . 263 L 051 181 ] — 005 . 258
1910, 184-11, 368 . 259 . 060 1821 — .00t .258
1911, 30812, 552 . 307 . 060 82| — 008 . 299
1011, 552-12.736 | 13.307 0. 060 182 | —0.005 13. 302
..| 1911, 920-13. 104 . 302 . 060 182 + .00 .311
.| 1012, 552-13. 736 .829 L0601 18 ( — .005 . 324
1012.736-13. 920 . 309 . 061 180 |+ .00t .313
1013, 736-14. 020 L3825 L0668 1701 + .005 . 330
1913. 020-15. 104 . 331 . 068 179 | + .0 . 340
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TABLE 6.— Mean latitudes by periods of 432.5 days—Continued.

CINCINNATI, OHIO.

Beconds

Hsrmonlc con-

ofeoean | stants, n‘nnuul Seconds
onent. .
Group No. Perjod included.| latitude, compone gileg; 12'&?332,
uo- cleared.
closred. R. ¢
” 1 ° " "
1900. 000-01. 184 19, 340 0.016 216 | <40, 003 19. 343
1901, 184-02, 368 . 207 016 218 ( +.001 . 208
3 . .325 .020 233 | — .001 .34
.419 020 23| 4 .003 422
423 .020 233 . 000 .423
18.371 0,020 +0. 002 19.373
.318 .020 233 . 001 .315
. .038 220 — .003 . 200
.332 038 220 1 4 .004 .338
.329 042 220 + .008 .335
19,318 0.042 220 | -0, 008 19,310
.323 040 2111 4 .003 3%
. 348 049 211 . 000 .348
.360 049 211 4 .007 .367
.301 049 211 | — .005 206
1909. 184-10. 368 19, 860 0.087 187 | —0.001 10, 349
1009, 5562-10. 736 L3852 . 087 187 | - .007 . 346
1610, 000-11. 184 .371 067 187 + .009 .380
1010. 368-11, 552 . 408 087 187 | — .008 . 399
1910, 736-11. 920 . 406 007 187 | — ,003 . 403
..| 1911,184-12,368 | 19,371 0.007 187 1 —0.001 10,370
..| 1911. 652-12. 738 .430 087 187 — .007 .423
.| 1911, 920-13. 104 .418 087 187 | + .010 428
.| 1812, 388-13. 652 .457 009 182 | — .000 .448
1012, 736-13. 920 424 089 182 | — .004 420
1013, 5652-14. 736 19, 488 0.076 172 | —0.005 19. 483
1914, 736-15. 920 .513 172 + .008 . b2l
UKIAH, CALIF,

12,089 0.036 89| —0.003 12, 086
. 050 . 036 80 [ — .006 . 045
.085 .036 881 — .001 .084
115 . 036 801 + ,004 119
.120 . 038 . 004 124
12,118 0.045 81| —0.002 12,114
115 . 048 79) — .005 . 110
. 002 .054 72| — .007 .085
104 .054 T2 000 104
| 1009, 552-10, 738 127 . 003 80| + .008 .1356
.| 1910, 000~11. 184 12, 149 0. 062 86 | -0.005 12,144
1910, 736-11, 920 . 149 . 002 8 [ + .005 154
1911, 000-12. 184 176 . 002 86| — .005 .170
1911, 184~12, 368 .178 . 062 8| -~ .000 .167
1911, 920-13. 104 180 . 002 88] — .00 .179
1912, 000-13, 184 12,185 0.0084 82| —0.006 12,180
.| 1912, 184-13. 368 .188 . 004 92 — .009 177
..} 1012, 368-13. 562 .17 .084 921 — .003 +170
.| 1913, 18414, 368 176 . 008 100 [ —.010 . 165
1013, 368-14. 562 .182 . 008 100 -~ .004 .178
1913, 552-14. 738 12,185 0. 068 100 | +-0.008 12,201
.| 1914, 368-15, 552 «257 . 008 100) -~ .004 . 253
1914, 652-15. 736 . 256 . 068 100 | 4 .008 . 282
.| 1814, 736~15, 920 . 279 . 008 100} 4+ .000 . 288
1918, 552-16. 736 .239 . 008 100 | + .006 . 246
1015, 736-16. 920 12,229 0. 088 100 | +4-0.009 12,238
.| 1916, 736-17, 920 .212 . 080 100 { + .008 «220
1916, 920-18. 104 220 . 080 100 | + .001 .221
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SECTION 4. RATES OF CHANGE OF THE LATITUDES.

The results in the last column of Table 5 are plotted in figures 4a,
5a, 6¢, 7a, 8a, and 9a. An inspection of these suggests that thereisa
grom‘esswe increase in latitude at the American stations, Gaithers-

urg, Cincinnati, and Ukiah, and that in the latter part of the period
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covered this increase becomes more rapid. Carloforte shows no
clear indications of either an increase or a decrease during most of
: the time, but toward the end of the time there is a fairly well-defined
tendency to increase. Mizusawa shows a slight decrease, if anything,
: at the beginning followed by an increase at the end. Tschardjui is
very irregular with a sharp increase toward the end.
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This changing rate of increase, which in the case of Mizusawa oven
reverses the sign of the progressive change of latitude, suggests that
it may be desirable to modify the mathematical process used in
Chapter I for determining mathematically these rates of change.
After some consideration it was decided to assume the following form
of observation equation:

Ap =4ty + 12 3

10.85

1080

1076

we

1065, FEEEE e

i

1080 e it ek

1066 F]

1050 G FERI
1800 1805 1010 1915

F1a. 5a.—~Progressive chango oflatitude at Tschardjul—means by calendar yoars.

In this equation A¢ is the difference, observed latitude minys some
fixed arbitrary latitude; the quantity « is the adjusted value of A¢
for the time 1912.00; y is the progressive rate of change of latitude
before 1912.00; z is the rate after 1912.00; ¢, is the time reckoned
from 1912.00 for dates before that time and is to be taken as zero
after that time; ¢, is the time reckoned from 1912.00 for dates after
that time and is to be taken as zero before then. These assumptions
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mean that the endeavor is made to fit the observed latitudes to two
straight lines intersecting on the ordinate for 1912.00, the slopes of
these lines being determined to fit the observations as closely as
possible. The particular date 1912.00 was fixed on because that is the
time when the change is made from the definitive results of the Resul-
tate to the provisional results of the Nachrichten. The observed

10.86

1080

10.76 :

1070

10.85

10.80

T3

10,55 Fii

1800 . 1905 1910, 1015
F1q. 5b.—~Progressive change of latitude at Tschardjul—~means by 14-month periods.

latitude depends on the declinations and these depend on the assumed
proper motions in declination, which are not absolutely known.

The dropping out of some of the stars after 1912.00, already noted
at the beginning of this chapter, involves a change in the mean
ervor in the proper motions ! and hence a change 1n the observed

n This exprossion {s not to bo taken in any senso as connectod with the theory of least squares; what i3
meant is tho mean of the actual orrors in thoe proper motions.
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latitudes. This change should affect all stations alike, barring
errors of observations and the effect of the weather in causing some
pairs to be missed at certain stations and other pairs at other stations.
An inspection of the plotted observations suggests also that 1912.00
is not far from the time when the progressive rate of variation of the
latitude seems to undergo a change, though if this time were to be
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Fi1a. 80.—Progressive changoe oflatitude at Carloforto—mesans by 14-month periods.

determined by inspection of the plotted observations alone, it would
be placed before 1912.00 rather tﬁnn after it.

his may also be due to changes in the star rogmm for although
all observed stars were used up to 1912.00, the later program was
not identical with that used in 1900 and in mtroducmg new pairs to
replace those dropping out on account of precession, the reduction
of the new pairs to the original declination system may not have been
as accurate as was supposed.
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On account of the small number of observations in which z is
involved, it is not very well determined. If it is giesjred to disregard
any possible.change In the rate after 1912.00, it is easy to make
y=z in the observation equations and the normal equations, thus
making all observations contribute to determminf a single average
rate for the whole period, as was done in Chapter I.

Normal equations for each station, based on observation e(}uations
of the form given by equation (3), were formed and solved for z, y,
and 2. The quantity 2 was also made equal to ¥ and the resulting
normal equations solved. The values of y and z, together with the
probable errors, also the adjusted latitude of each station for 1912.00,

REETE

1846

iR 16

1450 LG i

1930

1800 i 1906 1010 1016

Fia. 8a.—Progressive change of latitude at Cinelnnatl--means by calendar years,

which depends directly on the value of 2, are given in Table 8. The
observations at all stations do not cover tﬁo same period, some
stopping as early as the end of 1914. Since there may be some
advantage in dealing with the same period for all stations, another
set of solutions was made based on the observations from 1900 to
1914, inclusive. The results of these solutions are also given in
Table 8. The discussion of all these results is deferred until some-
thing has been said about the analogous observations and normal
equations based on means by 14-month periods.

The cleared means by 14-month periods in the last column of
Table 6 correspond to & number of overlapping periods not inde-
pendent of one another, so that it would not be proper to use each
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period as the observed quantity in formation of observation equa-
tions of equal weight. The procedure adopted was to take the means
by groups as indicated in the first column of the table; many of the
groups contain only a single 14-month period. These groups were
chosen so that the time interval between the middle of one group
and the middle of an adjacent group should be as nearly 1.184 years
(432.5 days) as practicable. ere is still some overlapping, but it
was not considered worth while to go deeply into the question of
weights. The mean was taken for each group, both with respect to
times and latitudes. The mean latitudes of the groups furnished
the known quantities for the observation equations, to each of which

19.66 £5
I
1860,
1846
R R
1 e S HEH ;.:}gl;l
T G
! }l.- HHAE T'f”, i
1940 i
ks
18356
18.30
).
t
1900 10056 Bl 1916

F1g. 8b.—Progressive change oflatitude at Cinclnnati—means by 14-month periods.

was attributed equal weight. In taking the means two very nearly
coincident periods, such as are found in group 11 for Mizusawa,
Carloforte, or Ukiah, with dates 1911.920-13.104 and 1912.000-13.184
are averaged together to form a single mean and this mean is treated
as of equal weight with the other members of the group in forming
the final mean for the entire group. The mean dates of each 1grou
and the correls]]jonding mean latitudes are given in Table 7. It wi
be seen that Mizusawa, Carloforte, and Ukiah have identical groups.
Thgbmean latitudes in Table 7 are shown graphically in Figures 4b
to 9b.
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TaBLE 7.—Data for observation equations to determine progressive variation of latitude—
means by 14-month periods. »

Somudstgfl:lean lati- Tschardjul. Galthersburg. Cincinnati.

Datoof | -— ~~ - |

No. of group. | middle Soconds lsoconds Seconds
of group.| Mizu- | Carlo- | <. Datoof ' ean| Dote of jof mean| Pateof [° mea
sawa. | forte, | Ukish.| middle lagl- | middle [ R middle n

ol group. tude. | Of Broup. tude. |©fgroup. 'lgéi(;.

m ’” ’” " "

08,927 | 12.088 | 1900. 50 | 10. ggg 1900. 50 | 13.147 | 1900.59 | 19.343

077 <046 | 1901.78 1001.78 +202 | 1001. 78 208

.028 .084 | 1902, 96 .618 | 1002.96 <2562 | 1002. 96 .324

. 052 <110 | 1904, 14 . 666 | 1903. 87 <220 | 1903. 87 <422

962 .124 | 1005.33 .627 | 1004.78 193 | 1805. 05 .34

08.929 | 12.112 | 1906.55 | 10.540 | 1000.26 | 13.228 | 1006.26 | 19.316

: .923 L0865 | 1007.78 .622 | 1907. 40 245 | 1007. 46 .818
. . 809 .104 | 1908.78 .678 | 1008. 63 . 254 | 1908. 63 . 337
: . 055 140 | 1900, 84 . 095 1 1009, 82 258 | 1009.96 . 347
. . 802 .164 | 1011.02 | - . 738 | 1810.78 . 258 | 1010.96 . 894

11

1912.76 | 13.504 | 08.974 | 12,176 | 1012.21 | 10.750 | 1912.05 | 13.300 | 1011.96 | 19.306

12,0000 1013.06 | .601 | .998 | ..181 | 1913.24 752 | 1913.00 | .316 [ 1912.03 |  .431
8o 191514 | .600| .987| .208)1014.42| .856|1014.42| .335 | 1014 14 .483
M. f1o16.24 | .62z 00.016 | L2a2 T 1015. 33 .521
............... i

15 11917, 42 .018 . 057 . 220 [RRERREES) (RIS :

The observation equations based on Table 7 are, as before, in the
general form: Ap=2+ty+1t.z. (3)

The only difference in meaning of the symbols is due to a difference
in the epoch at which the rate changes from y to 2, from which ¢, and
t, are therefore reckoned, and to which z refers. It would have been
desirable, for the sake of uniformity, to have taken this epoch 1912.00
as before. By inadvertence this was not done and different epochs
were used, all slightly carlier than 1912.000. The use of an earlier
epoch may not be in itself a disadvantago, for it has been noticed
tgnt the cﬁange of rate may really occur before 1912.000, and as the
difference between 1912.000 and the epochs used was not great, the
original computations were adhered to. The epochs when the rate
changes, as used in the observation equations and the normal equa-
tions, were 1911.56 for Mizusawa, Carloforte, and Ukiah; 1911.02 for
Tschardjui; 1910.78 for Gaithersburg; and 1910.96 for Cincinnati.
The times are reckoned from these epochs; ¢, is zero after the epoch
stated for the station in question and ¢, zero before that time. The
normal equations were formed as they were when the means were
taken by calendar years and the corresponding solutions were made,
namely: (1) ¥ and z unequal, ell observations used; (2) ¥ and 2 unequal,
only observation for years 1900 to 1914, inclusive, used; (3) y and 2z
equal, all observations used; (4) ¥ and 2 equal, oniy observations for
years 1900 to 1914, inclusive, used. The results are given in Table 9
for comparison with the corresponding results in Table 8. The
value of 2 does not give immediately the adjusted latitude in 1912.000,
as that is not the epoch of the change of rate. For convenience in
comparison, however, the latitude in 1912 is given, by applying a
correction for the change between the epoch of the adjustment and
1912.000.
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TABLE 8.—Progressive change of latitude, bz calendar years with results of the adjustment
and probable errors.

[Tholetter A after the namo of a station indicates that all observations (see pp. 26 and 31) have boen used;
theletter B that the observations cover only tho years 1900 to 1914, inclusive. When y = z the value of y
gives an average annual rato for the poriod covered and there {3 no epoch of change of rate. Probable
errors (indicated by o # sign) arcin units of the fourth decimal place of seconds.]

y AND z UNEQUAL.

Annualrate | Annualrate | Probable

Latitude oflncrease ofincreass error of

Station. Epoch. 1912, 000 oflatitude | oflatitude | asingle
. beforoepoch, | after epoch, jobservation,

y. 2. e.
° ' r " 1

Milzusawa A, ...l 1912, 000 | 39 08 03,577 {—0.0023+8 [+0.0080+20 +110
Mizusawa B................ .. 1812.000 03.575 |— 00267 14 .0156%:40 + 94
’I‘schnrd{ul ADB .. 1612. 000 10, 686 [+ .0042+20 14 06921160 +370
Carloforte A................ .. 1912, 000 08.948 |+ .0000411 |+ .0101+28 +163
Carloforte B........c.ccoveiennnnn.. 1912. 000 08.9045 1+ .0003+12 |+ .0204+09 101
Gaithersburg ADB 1012.000 | 39 08 13.284 |+40.0090+11 |[4-0.0218+63 +147
Cincinnati A.. 1812, 000 19,378 [+ 0031422 [+ .0431484 +288
Cincinnati B 1912. 000 19.378 |+ .00314+23 [+ .0420+130 +300
Ukiah A.. 1912, 000 12,147 |4+ .0070+12 [+ .0209:+20 +171
Ukiah Booo.ooovoiinonaaes . 1912, 000 12,142 4 0063413 |4 .02604£73 4168

y AND z EQUAL.

Annus) Probable

1rme of errlor (])f

. nereaso asingle

Station. Lat. 1912.000. of observa-

latitude, tion,
Y (=2} €,
o [ ” "

MIZUSAWA AL . ieiriiriiiiiiietretaraenincaranoasanirasianons 39 08 03. 505 | +0,0004-4:6 +138
3,580 | — .00008:£7 +114
10.736 | + .0109426 +437
08,981 | + .0054:£90 +206
[07:33 1] (o7 ¢ 7410 & 250 08.965 | + .0030+11 186
Galthersburg AB..........oiiiiiiiiiiiiaiaanns e varenaaaaa 39 08 13.294 | +0.0103+9 +160
Cincinnati 19,423 | + .0093£19 +350
Cincinnati B.......... 10.408 | + .0072420 4827
Ukdah A.............. 12,172 | + .0106% O +100
L84 V4 T 12,167 | + . 008411 %179

TABLE 9.—Progressive change of latitude, by 14-month periods, with results of the adjust-
ment and probable errors.

[For explanation 8ce Table 8.]
y AND z UNEQUAL.

l Annualrate | Annualrate | Probable
Latitude of Increaso ofincrease errar of
Station. Lpoch. 1912, 000, oflatitudo | oflatitude a siugle
< VT before epoch, | after epoch, {observation,
v. 2, e,

e " | " "

Mizusawa A.. 1911,56 | 39 08 03.470 i-0.0027+ 7 [+0.01114 14 + 86
Mizusawa B. . 1911, 68 03, 680 [— 0027+ 8 1+ 01224 43 + 91
Tschardjui AB 1811.02 10. 720 T+ . 0030432 |+ .05024112 +366
Carloforte A .. 1011, 66 08,051 '— .0000+12 |+ .0174% 23 4140
Carloforte B...... 1911, 66 08,953 i~ 000116 |+ .0241+ 88 + 187
Calthersburg AD 1010,78 | 89 08 13.293 ‘,-H). 0083414 |40.01034 45 +150
Cincinnati A .. 1910. 96 19.397 i+ .0020£20 (4 .03784. 54 +220
Cincinnati B.. 1910, 96 19, 398 |+ .0020+21 [4- .0389+ 79 +232
Ukiah A.... 1011. 56 12,158 i+ .0076+15 |+ .0178+ 31 +185

Ukiah Boooiviviiiiiiiiniieenieaan 1911, 66 12.164 '+ 007214 |+ 01684 72 +163
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TABLE 9.—DProgressive change of latitude, by 14-month periods, with results of the adjust
ment and probable errors—Continued.

y AND z EQUAL.

Annual Probable
. : 1mto of ersrlor tl)(
ncrease asingle
Station. Lat. 1912.000. of obse rg ..
latitude, tion,
¥ (=2) e
) . ’ " "
MIZUSOWE A veverrerracroananeennen et eeeeteetectectataneanaes 39 08 03.601 { 4-0.0013+ 7 4:142
Mizusawa B..... 03._(_»85 - 00114 7 +105
Tschardjui AB.. 10,736 | + .0112+28 +427
Carloforte A....... ces 08.979 | 4+ .0062410 4108
CATIOfOTEO Bav v enerernencnacsoaarsonsascerassconnessonscnscsse 08.962 | 4 .0025::12 +172
GAIthOrSbUIg AB...veeeeeeennenaiiianaeeieneieieeainnans 39 08 13.295 | +0.0103+10 +187
F N 19.419 | + ,0106+18 +315
Cincinnatf A 10408 | T eex18 2318
12,175 | + .0106410 +197
12,167 | -+ .0080%10 +151

The agreement between the corresponding items of Tables 8 and 9
seems to be entirely satisfactory. As was to be expected, Cincinnati.
and Tschardjui have probable errors considerably larger than those of
the other stations. The fact that at all stations the increase in
latitude is more rapid toward the end of the period than toward
the beginning appears in two ways: First, the values of 2 are, without
exception, greater than the values of y for the same station and,
usually, much greater; second, when z=y, the “A” values of y are
always smaller than the “B” values, or in other words, the longer
the period covered the greater the average rate of increase, so that
the rate must itself be increasing as time goes on. This state of affairs
requires that, when the stations are taken together and y and z are
equal, the same period of time should be involved for all stations;
this means that either the “B” values should be taken when all
stations are included or that if the “A” values are taken, only the
three stations, Mizusawa, Carloforte, and Ukiah, should be used, as
these three alone run from 1900 to 1917, inclusive, Cincinnati stopping
with 1915. When y and z are unequal the “A’’ and the “B’’ values
of y are practically identical. This is as it should be, for the addition
of a few more observations after 1914 should havelittle effect on the
fitting of & stmith line to the observations between 1900 and 1911
or 1912; the only mathematical connection between the equations
in which y occurs and those in which z occurs is the common value
of z. The values of z are too poorly determined, as appears from their
probable errors, to afford any very definite information.

SECTION 5. EXPLANATION OF THE CHANGE OF LATITUDE BY A MOTION
OF THE POLE.

It appears at once from Tables 8 and 9 that the size of the increase
which Prof. Lawson found in the latitude of Ukiah, 070094 a year,
or the rate of 070081 found by a better method from Lawson’s data,
is in no way exceptional.

If we adopt Lawson’s explanation, namely, a creep of the surface
strata, and apply it to all stations, it is evident that the accurate

89016°—22——3



82 U. S. COAST AND GEODETIC SURVEY.

determination of astronomical quantities will be attended with very

reat difficulties; it is hardly likely, moreover, that all stations except
%lﬁzusuwa should show a tendency to creep toward the pole, and
that even Mizusawa should promise to develop such a tendency.
1t is more natural to seek an astronomical explanation, particularly
in the astronomical quantities that enter into the computed declina-
tions on which the observed latitudes are based. )

The reductions of a star from mean to apparent place include
corrections for precession, nutation, aberration, and proper motion.
The annual precession of a star in declination is of the form » cos ,
n being practically constant and equal to about 20 seconds and a
being the right ascension. Since the star pro%ram of the International
Latitude Service is pretty uniformly distributed in right ascension
and since the right ascension of the stars observed depends upon the
season of the year, the effect of an error in n would appear as a term
of annual period with an increasing amplitude and would be combined
with other effects having the same period. The annual part of the
variation of latitude has, however, been eliminated. The effect of an
erroneous constant of aberration would be to give rise to an annual
torm with a smaller term of a six-month period, which would go out
along with annual terms when means were taken by calendar years.
An error in the constant of nutation gives rise to something like an
annual term, though one varying slowly in amplitude and phase with
the revolution of t%e moon’s node. The effect of such an error should
nearly djsa{)pear when the mean over a year is taken, and the mean
of the small residual effect should nearly vanish in a period of 18
years.”? The terms of short period in the nutation are practically
without effect even in series much shorter than those here dealt with.

The effects of errors in the precession, aberration, and nutation
aro then practically periodic and are eliminated from the ¥’s and 2’s
of Tables8 and 9. ~ An error in the proper motion in declination would
enter dircctly into the observed latitudes for its full amount. If
tho average annual proper motion used in computing the declinations
were t0o groat, the observed latitudes would show an annual increase
equal to the.error. Since the star program is the same for all stations,
all stations would be affected aliEe Ey such an error in the proper
motion, and indeed by any error in the star positions which may have
been overlooked in the previous discussion, except in so far as the
weather may cause the stars actually observed to be different at the
different stations.

The values of y, however, are far from being alike, but show signs
of being dependent on the longitude. When y and 2z are unequal, y
starts with a negative value at Mizusawa and becomes nearly zero
at Carloforte, the value for Tschardjui with its big probable error
counting for little either one way or the other; on the American
continent v is clearly positive. The same algebraic increase from
Ja{mn through Europe to America appears when we consider the
values of y for the case when y and z are equal, though the value of y

13.The literature of the variation of latitude abounds in articles doaung with the determination of the
constant of aborration from obsorvations for the variation of latitude, a subject closely connected with that
of the Kimura term. The nutation constant has been deduced from the observations of tho International
Latitude Borvice by Przbyllok in a work entitled: ‘‘ Die Nutationskonstante abgeleitet aus denBoobach-
tungen des Internationalen Breitendionstes’ (publication No. 38, new series, of the Zentral-bureau der
Internationalon Erdmessung). Berlin, 1820.
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starts from a different value at Mizusawa. From a purely geometrical
oint of view the simplest way to make y a function of the longitude
18 to attribute it to a motion of the pole.

To formulate this idea mathematically let us consider the North
Pole and take as origin of coordinates some mcan position of the
pole and as axes of z and y two lines in a plane tangent to the earth’s
surface at the origin and lying in the meridian planes of Greenwich
and of 90° west longitude, respectively.’®* Let u and v be the annual
rates of displacement of the pole resolved along the axes of « and y,
respectively; let w be the annual increase of latitude common to all
stations alike and due presumably, In great part, to errors in the
assumed proper motions, but including any other effects that may
produce such a change common to all stations; further lot A denoto
the west longitude of a station. Then the increase in latitude at a
station is equal to w, th‘p portion common to all stations, plus the
component of polar motion toward the particular station. ~Stating
this in an equation we get '

% cos A+-v sin A+w=y. 4)

This is the type of observation equation which may be used to deter-
mine values of %, v, and w so as to represent, as nearly as possiblo,
the observed values of y. The quantity z might be substituted
for y; it is evident that z corresponds to a different program of stars
so that the w obtained from the z’s should differ from that obtained
from the 4’s. The values of 4 and v, howover, should be the samo
in both cases, on the supposition that the progressive motion of the
pole continues unchanged. Unfortunately the probable errors of
the z's are so large as to make a calculation of this sort of rather
doubtful value. %n one case, however, the z’s have been used as a
partial verification. (See p. 36.) .

As is evident from the probable errors in Tables 8 and 9, the values
of y are not all equally reliable; theso probable errors are some guido
as to the appropriate weights for the observation equations of form (4),
but they are not necessarily an infallible guide. In forming the
normal equations from the observation equations (4), two systems
of weighting were adopted; one in which the weights were taken, in
accordance with the theory of least squares, to be inversely propor-
tional to the squares of the probable errors * of the y’s in Tables
8 and 9, and the other in which the weights were arbitrarily taken
as unity except for the stations Tschardjui and Cincinn®ti, to which
were assigned weights of one-hall. Since there are two systems of
weighting, two periods according to which means are taken, the
annual and the 14-month, and two values of y according as ¥ and z
are equal or unequal, there are eight possible solutions for u, », and w.
All these solutions were carried out and the results with probable
errors attached are set down in Table 10. '

13 These are tho axes used in the publications of the International Latitude Service.

1 That 1s, approximately. Convenient round numbers thut satisfied this condition falrly well were
used for the weights,
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TasLe 10.— Motion of North Pole.
{Probable errors (indicated by a 4 slgn) arein units of the fourth decimal place of seconds.]

Annuslcomponent of south-| Correction to
ward motion of North | gverage an- | Probable
Pole along— nual ropefr elrror otstt:-
motion of |tion of unit
Solution No. starsin decli-| welght.
Meridian of | Merldian of nation,
Greenwich. 90° west.
u v w ]
” ” ”n
D sesrennes +0.0003:% 9] +0.0050& 0 | 40.00104 7 +12
cees| + 0014415 | + 005013 | 4 .0043110 +23
.0002:£11 | 4 .0055411 | 4 .0013+ 8 - %21
L0016:£16 | + .0053+13 | + .0040410 £20
.0007+16 | + .0043414 | + .0026%11 +23
L0015:£20 | + 003417 | + .0052:£13 +29
L002£15 1 4 0047413 | 4+ .0022410 +22
.0018:+21 | + .0036£18. | + .00504:14 430
CONDITIONS,

Solution No. 1.—~Weights according to probable errors in Table 8, y and z unequal, zaeans by calendar
ears,

v Solution No. 2.—Welghts according to probable errorsin Table 8, ¥ and z equal, means by calendar years.
Solution No. 8.—Weights according to probable errors in Table 9, y and z unequal, means by 14-month

eriods.
P Solution No. 4—Woelghts according to probable errors in Table 9, ¢ and z equal, means by 14-month

riods.
peSoIgllon No. §,—Tschardjui and Cincinnati half weight, others unit welght, y and z unoqual, means by
calendar years.

Solgmm No, 6,—~Tschardjul and Cincinnati balf weight, other unit weight, y and z equal, means by
calendar years,

Solu“my No. 7.—Tschardjui and Cincinnati half weight, others nit weight, y and z unequal, means by
14-month periods, i

Solution” No. 8.—Tschardjul and Cincinnati half weight, others unit weight, y and 2z equal, means by
14-month perlods.

The value of ¢ is given in Table 10 in order to afford some idea of
how well the y's of the individual stations are represented. In all
solutions either Gaithersburg or Ukiah, or both, had unit weight and
the probable error of their 3’s may be compared with e. It is seen
that the ¢’s in Table 10 are, 1n general, larger than the probable errors
of the y’sin Tables 8 and 9. This is to be expected, since the probable
errors of the %’s come simlply from the failure of the latitudes to con-
form exactly to a linear law of increase, each station being treated
bgi itself and not being tied up with other stations by the hypothesis
of a polar mption.

The stations that show large residuals on any scheme of weighting
are Tschardjui and Cincinnati. The former is so irregular at all times
that it is difficult to make any plausible suggestion that will bring it
into line with the other stations, and our uncertainties are increased
by the enforced change in the position of the station and the com-
paratively weak connection between the old and the new stations.
Although Cincinnati shows an increase in latitude between 1900
and 1912, it is noticeably smaller than its neighbors, Gaithersburg
and Ukiah. An examination of figures 7a and 7b shows that the
latitudes of Cincinnati for the years 1902, 1903, and 1904 seem abnor-
mally hj%h, and these years being near the beginning of the period
treated the high values would tend to bring down the rate of increase
in latitude to its apparently low ﬁiure in Tables 8 and 9. A similar
phenomenon, though not so marked, occurs at Gaithersburg and
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Ukiah, as appears from figures 8a and 9a, but it is not easy to see
any counterpart for it in tho old-world stations such as would exist
if 1t were due to the motion of the pole. It may then be ventured
that the phenomenon is due to variations in refraction, stronger at
Cincinnati than at Ukiah or Guit)hersbur,g‘1 because the climate at the
former place is more markedly continental than at the stations nearer
the sea coast. The suggestion of refraction is only a guess and does
not justify any arbitrary emendation of the observed results at Cin-
cinnati. %t seems, however, appropriate to call attention at this
point to the importance of refraction when dealing with such minute
quantities as we are here concerned with and to the existence of large
and persistent anomalies in the latitude which it is difficult to attribute
to anything except refraction, however the latter may have been
brought about. Przbyllok, a careful student of the subject, says:1s
The existence and behavior of the zenithal refraction is of great significance in the
determination of fundamental astronomical constants. The observations of the
International. Latitude Service have shown that the mean latitude of an evenin
may be in error by nearly a second of are. From the figures in column 6 of Table §
it may be seen that latitude determined b{ a month’s observations may be affected

by an error of nearly $”/; even the mean of a year’s work may give values erroneous
by about 0¥1.

Since we are especially interested in the latitude of Ukiah, it may

e remarked that the values of u, v, and w, in Table 10, always rep-
resent the value of y satisfactorily, the difference between the “og
served” in Tables 8 and 9 and the “adjusted” value being often
less than the probable error in Tables 8 and 9 and never greatly
exceeding it. l')l'he adjusted rate of increase at Ukiah deduced from
u, v, and w is always less than the observed rate, except in one case.
This is due to the influence of its neighbor, Cincinnati, which has a
small rate of increase. '

It is not easy to choose among all the solutions in Table 10, but in
order to present a single definite statement as the outcome of this
part of the investigation, we may arbitrarily take the mean values
of » and v from all eight solutions. These means are:

u = +070010
v= 4070047

The resultant of these two component motions is in magnitude

v/ (070010)% + (070047)* = 070048, or

in round numbers, 070050 =1/200"".
The direction of the resultant motion is southward along the meridian

)\=tan—‘(~__:f—g—%%‘i—%)=78° west of Greenwich. The North Pole then

appears to be shiftinﬁ toward the North American Continent in the

eneral direction of the east coast of Hudson Bay, or of Washington

ity, at the rate of 070050 (or in linear units, 6 inches or 15 centi-
meters) a year. A mean value of w would have no general interost
or significance, since it depends on the particular stars in the program
of observation and the proper motions assumed in calculating their
declinations. .

_The values of w correspond to the increase in the nonperiodic por-
tion of the Kimura or z term, as obtained by the International ]_'?ati-

1 Translated from Astronomischo Nachrichten No. 4840-1, vol. 202 (1916), pp. 280-287.
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tude Service. This increase may be seen by comparing the following
mean values for z for various calendar ycars as derived from the vari-
ous publications of the service.'®

Year. Mean 2, Year. Mean 2,

" "

+0.033
+ .081
+ .14

It is, of course, evident that the rates of change at Gaithersburg are
the main support of a conclusion of this sort. Ukiah is suspected
of being on unstable ground and unless the deduced motion of the

ole has the same general character regardless of whether Ukiah is
included or not, the conclusion rests on a questionable basis. An
inspection of the values of 4 in Tables 8 and 9 suggests that, in order
to account for the change in latitude at Gaithersburg, even when
Ukiah is omitted, the values of «, », and w must in general be similar
to those in Table 10. Actual calculation confirms this view.

In order to use only the same periods of time at all stations the
results in Table 10 are based on the “B” values in Tables 8 and 9,
when y and z are assumed to be equal. When y and 2 are assumed to
be unequal it is almost indifferent whether the ““A”’ values or the “B”’
values are used. The results in Table 10 are, therefore, average
results for the years 1900-14, inclusive, the period corresponding to
the “B” values. Since Cincinnati extends only through 1915, the
only considerable extension of the period covered will depend on the
results at the three stations, Mizusawa, Carloforte, and Ukiah. These
three aroe just sufficient to determine u, v, and w.

Two sol]utions were made with these three stations; one using the
means of the “ A” values of ¥ from Tables 8 and 9, where % and z are
assumed equal; the other using the mean of the “A’ values of 2z
from Tables 8 and 9.

The first result is then a mean one for the years 1900-17, inclusive.

Ttis w= + 070007,
v= +070066,
w= + 070055,

The second solution from the z's evidently applies to the years
1915-17 and may be considered as an extension of the results of
Table 10; it is

u= 4070032,
v=+ 070062,
w= +0”0160.

The resemblance of the two sets of values of 4 and » to each other
and to the corresponding quantities in Table 10, suggests that the
polar motion continued at about the same rate and in about the
same direction during the years 1915-17 as during the years 1900~-14.
The values of w are different, as might be expected from the difference
in the programs of stars observed. The two scts of values just
given have, of course, the weakness of depending on the suspected

18 The z does not have the same meaning hore asin Tables 8 and 8.



STATIONS OF THE INTERNATIONAL LATITUDE SERVICE. 37

station of Ukiah. This is unavoidable if the results are to be ex-
tended through the year 1917, and the chicf value of the values just
iven lies in their resemblance to correspondiz;gg1 quantitics in Table 10
that are not essentially dependent upon Ukiah.
For a revision of tﬁe polar motion deduced in this section see
paragraph at end of introduction (p. 2) added while the publication
was In press.

SECOTION (. THE SIGNIFICANCE OF THE POLAR MOTION.

The rate and direction of the polar motion, as just determined,
agree roughly with Wanach’s ¥ determination. He found from the
observations of 1900-1911 a motion probably not exceeding 070030 a
year and in the general direction of Newfoundland.*® The rate here
determined is more than half as large again as that of Wanach and
the direction differs by 22°, but in view of the additional observations
included in the present discussion and the great difference in the
method of treatment, the difference in the results for so small a
quantity is not particularly surprising.*®

Wanach remarks that the polar motion could be accounted for by a
combination of oscillations of long period as satisfactorily as by a
secular (progressive) change. In astronomy secular changes are,
in genera,}l), merely small parts of periodic changes whose periods are
very long; thus the distinction between secular and periodic motion
is chiefly one of convenience. Probably, however, Wanach means
to say that the polar motion could be accounted for i)y a combination
of periodic motions whose é)erlo‘ds might be long in comparison with
a year or a 14-month period but short in comparison with the periods
of the secular perturbations of astronomy, periods of perhaps from
10 to 50 years. Even with the larger motion here found and the
longer period covered, we can not be sure that the suggested combina-
tion of motions of moderate period is not the true explanation. The

uestion would then arise as to the origin of these periodic changes;
the answer might be that the forces causing these changes were of
meteorologicel origin and the periods were the rather indefinite
periods, such as those of 6, 11, or 30 years, that climatologists are
studying. With our present knowledge, the representation of the
polar motion, as proportional to the time, dnd in one direction, is
simply an empirical formula; extrapolation from such a formula is
an uncertain process. The geophysical significance of such a motion
will be touched on shortly.

It would be quite possible, however, for a polar motion of this
magnitude to have been going on since the beginning of historic time
Wiﬂt',%out producing any perceptible change in climate. In 10,000
years the change in latitude would be at most 50 seconds, or about 1
statute mile, and this only in the regions like eastern North America
and Mongolia, which are near the meridian of maximum change, the
meridian being considercd as a complete circle. In western furope,

it Resultato dos Internationalen Breitendienstes, Vol. V, pp. 219-220.

1 This 1s Wanach’s form of statement. Tho long{tudo of central Newfoundland may be taken as 56° weat.
The detalls of Wanach’s method for obtaining the direction and velocity of the tt)mh\r motion are not given.

1 Wanach connocts the stations with one another from tho start in order to obtain the coordinates of the
pole and then studies the varistions of these coordinntes. 1In this investigation, cach station is treated
separotoly to obtaln its rate of change of 1atitude, and the stations are combined only at the last in order to
obtain the motfon of tho pole. Wanaoh’s treatment gives full weight to Tsohardjui and Cincinnat, instead
of half welght or less, a differonce that results in decreasing the deduced motion of the pale.
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whichi lies at nearly right angles to this meridian, the change in latitude
would be nearly zero. It is, however, precisely in western Europe
that we have nearly all our long series of accurate astronomical
observations. It is not improbable, therefore, that these long series
would have sufficed to bring to light such a motion of the pole as the
one here supposed had they been taken somewhere else, but being
where they are, they have been insufficient. )
This is & convenient place to give the formulas for the change in
latitude of a point amf the change in the difference of longitude
between two points, due to the motion of the pole. Suppose thatin a
iven interval of time the North Pole has moved toward the Equator
y a small amount 6 and along the meridian whose longitude is e.
Let ¢ and ¢’ denote the latitudes of a place at the beginning and end
of the motion, respectively, and let A be the longitude. Then the
change of latitude 1s given %y

¢’ —p=0cos \—a). (5

Let A, and ), denote the longitudes of two places at the beginning of
the motion, ¢, and ¢, the correspondingrlatltudes and N, and )\, the
longitudes at the end of the motion. Then the change 1n difference
of longitude is given by

(W=D = (\,=)) =0 [tan ¢, sin (\;—a) —tan ¢, sin \—a)]. . (6)

E(}uutions (5) and (6) come from the differential variations of spheri-
cal triangles and apply only when 6 is a small quantity and when the
distances from the polytia of the places concerned are very large as com-
pared with 6. In the right-hand sides of (5) and (6) the primed

uantities may be substituted for the unprimed. The left-hand
side is expressed in the same unit as 6.

Prof. Wegener,® of Marburg, has suggested that a comparison
of older and more recent observations on differences of longitude
shows the difference of longitude®* between Europe and North
America to be increasing. Formula (6) shows that a motion of the

ole along the meridian of 78° wost would have an effect of this sort.

he magnitude of the effect for a motion of 070050 & year is, how-
ever, much smaller than the difference that Wegener finds, being
oniy about one-thirtieth as much.
. In order to see whether the motion of the pole from 1900 to 1917
is a continuing phenomenon or not, it would be desirable to have a
careful investigation made of existing long series of latitude observa-
tions, particularly those made in America and India. Too much
should not be expected from such series, as the periodic variations
are large enough to mask the secular variation unless the former
have been carefully studied and eliminated. The resulfs at a single
observatory, unless obtained from circumpolar stars observed at
both culminations, are so dependent on the declinations and on the

1? Potermann’s Mittellungen, vol. 68 (1912), p. 307. This {s a papor running through several numbers
of Petermann, which was afterwards elaborated In book form under the title Dle Entstchung der Konti-
E:at& %nd Ozteane, of which asecond edition has recently appeared, but which the author of this investi-

as not seen.

$The difference of longitude Washington-Paris determined by wireless in 1613-14 {s 0200 greater than
the one dependent upon the trans-Atlantic cable determ{nation 0f 1868 and 0%05 loss than the ono {n 1862,
(8ee Publications of the U. 8. Naval Obsorvatory, second sorles, Vol. IX, pF. IZ 98, E 99, and U. 8. Coast
and Geodetic Burvey Report for 1897, Ap{). , The Adjustment of the Longitude Net of the United Btates
1n Connection with that of Europo, 1866- 800} A study of the various trans-Atlantic longitudo results as
glven in the above reports secrns to show that little information of value can be obtained from them which
will throw light on the motion of the pole or the creep of the continental blocks.
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values adopted-for the fundamental constants of astronomy, that
their value is doubtful unless discussed with extreme care and there
is always the possibility of reasoning in a circle—from the latitude
to the declination and from the declination back to the latitude.
A strong plea for observations on circumpolar stars at both culmina-
tions is made by Prof. Chelli,® of Turin Observatory.

It is unfortunate that the number of observatories of the Inter-
national Latitude Service should now be reduced to three. This is
just enough to determine the quantities «, v, and w, but there is no
check from any supernumerary station. At least four stations are
essential to any satisfactory determination and the original number
of six, or an even larger number, would be highly desirable.

The hypothesis of the displacement of the pole within the earth
has been put forward from time to time to explain the observed
facts of geology and paleontology. Often the hypothesis has
assumed forms that appear decidedly extravagant to astronomers
and mathematicians.?? It is, therefore, appropriate to call atten-
tion to the physical consequences of even the comparatively moderate
polar displacement of 070050 that has just been deduced. The
subject of a possible displacemnt of the pole has been treated mathe-
matically by several writers, and most satisfactorily perhaps as re-
gards secular changes of the pole, by Darwin.2

The effect of such a progressive motion of the pole on its periodic
motion is small, amountin.g at most to a change in the amplitude and
phase of the periodic motion necessary to produce a change of about
07001 in the position of the pole.* With observations of the present
degree of accuracy, a quantity of this size can not be separated from
the other elements that enter into the periodic motion.

Let us consider the effect on the position of the pole of a transfer
of matter from one portion of the surface to the other, with especial
reference to the idea that such a transfer, due to the erosion and
deposition of matter by the rivers of the world, might explain the
displacement of the Pole. Suppose & mass m to be transferred from
a point on_the earth’s surface, whose latitude is ¢, and whose longi-
tude is \,, to another point on the surface whose geographic coor-
dinates are ¢, and A;; let ¢ be the earth’s mean radius and O and 4
the maximum and minimum moments of inertia of the earth about
axes through its center, and let 6 be the angular displacoment of the
earth’s axis of figure, that is, of the axis about which the moment
of inertia is a maximum, in short, the displacement of the pole, due
to the transfer of mass m,; then 6is given by 2

mc? . o : e
6 =50-A) vsin? 2 ¢, +sin* 2¢,—2sn 2 ¢, 8in 2 ¢, cos (\,—A,).  (7)

But from the known ellipticity of the earth, C~4=0.00110 Me?,
approximately, M being the mass of the earth, so that we get, numeri-
cally,

455 m ,— . . —
= —=7— Vs’ 2 ¢, +5in’ 2 ¢,— 2 8in 2 ¢, 8in 2 ¢, COS (\y— Ay).  (8)

11 Astronomische Nachrichten, No. 4631, vol. 193 ( 1013?, P 405.
11 8¢0 an article b¥ tho late ’rof. Jossph Barrell of Yals in Sclence, vol. 40 (1914), P 333.
2 The influence of goological changes on the earth’s axis of rotation, Philosophical Transactions, Part 1,
V(:l‘. 8137(1%707:2' P. 271, or Solentiflo Papers, Vol. III, p. 1.
6 p.

# This formulafs readily der{ved from section 11 of Darwin’sarticle referred toin footnote 23, abovo.
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Tho above value of ¢ is in radians and must be multiplied by
206265 to reduce it to seconds of arc. The maximum value of the
radical evidently occurs when ¢,, \,, and ¢,, A, are antipodal pointsin
latitude +45°. This maximum value of the radical is then equal-to 2.

Some rough estimate may be made of the amount of matter
transported by the river systems of the world.*® From Geikie's
Geology (p. 589) it will be seen that it is almost certainly an
overestimate to assume that the land, as a whole, suffers an average
annual loss from erosion of 1/1000 foot or 0.3 millimeter; allowin
149 million square kilometers to the land area of the earth we fin
for the mass eroded 4.47 X 10 cubic meters, or 1.21 X 10! metric
tons,” if a density of 2.7 be assumed. Let us suppose all this mass
to be, originally, 1n the immediate vicinity of some point in latitude
+45° and to be transported to the antipodal point in latitude —45°.
This is certainly a very gross exaggeration of the effect of the matter
transported by rivers, for no river carries matter an{;thing like half-
way around the earth and there is certainly considerable mutual com-

ensation of the effects of different rivers on the position of the pole.
iven making, however, the extreme supposition just stated, and
putting M=6.03 x10* metric tons, we still find for 6 a value of
070038, a value less than the one deduced from observations.
The suppositions made are so extreme that it is probable that the
effect of erosion and deposition is not equal to the tenth part of the
value given.

To the amount of matter eroded by the rivers, there might be
added the amount of matter removed 1n mining operations without

eatly increasing the computed displacement of the pole. Krom

airly recent statistics the world’s output of coal amounts to about
1,200,000,000 metric tons per year, and of iron and steel combined
about a tenth of that. These two materials make up the bulk of
the mineral output, so, if we put the total output o? the minerals
at 2 billion (2 X10°) metric tons, we shall almost certainly make an
overestimate, and these 2 billion tons are but a small part of the
1.21 x10*" or 121 billion tons estimated to be removed by the rivers
of the globe. ' )

Although the amount of matter removed by the rivers is insuf-
ficient, even under the most favorable conditions to account for
the observed displacement of the pole, yot this displacement may be
accounted for by a widespread redistribution of matter having a
thickness of the same order of magnitude as the average layer t%la.t,
was assumed to have been removed by the rivers. Let us consider
the approximatoe expression for the radius vector, r, of the earth
in terms of the latitude, ¢,

r=a—af sin? ¢, 9
a being the cquatorial radius and f the flattening or ellipticity.
By differentiation, dr= —af sin 26 dg.

Putting d¢=070050 and using known values of ¢ and f we find for
dr in millimeters .
dr= —0.51 sin 2¢.

34 For data of this sort, seo, among other works of reference: Geikle, Text Book of Geology, 4th Ed.,
Vol. Iﬁ‘BY 487496 and 586-607. Rudzki, Physik der Lrde, pp. 470-485.
n 4 8 very high eslimate, equivalent to the effect of sbout 200 Misslssippls or 1,600 Danubes.
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If we reckon longitude (\) from the meridian along which the pole
is assumed to be approaching the equator and sui)lposo that at
every point in the carth there is added algebraically a layer of
variable thickness Ar, in millimeters given by

Ar= —0.51 sin 2¢ cos A, (109

then the ellipticity of the earth will remain unaltered, but the position
of the pole of figure will shift with respect to the continents by just
the 070050 used in building up the equation. It is as if we took a
geographic globe flattened at the poles and squeezed it so that the
amount of ﬁuttenini remained unchanged, but the flat places were
no longer under the Arctic Ocean and the Antarctic Continent.

This simple geometrical calculation implies other transfer of
matter than on the surface merely; every equipotential surface,
within the earth is affected in much the same way as the outer surface,
though to a diminishing extent as we approach the center. To follow
out the analogy of the squeezed globe, conceived as solid, it is evident
that there must bo movements of matter in the interior in order to
permit the globe to take on its new figure with respect to the con-
tinents painted on_its surface. The deformation is evidently a
plastic one and would leave no record of itself in the rising or falling
of the continents with respect to sea level.

The effect on the position of the pole of a layer of matter of thick-
ness given by equation (10), and of the density of ordinary surface
rock (¢) may be computed and qom}fa.red with the foregoing result.

o assume that the layer is su?tp y added algebraically to_the
radius and simply rests on the surface as on a rigid body without
causing movement of matter in the interior. For generality, we
assume o maximum thickness of . instead of 0.51 millimeter as in
(10). We then have, # using as much of the previous notation as is
necessary,

8rcthe
b=T15 (0= ay

) 4
By using C— A =0.0011 Mc* and M =5 = ¢* p, where p denotes the mean
density of the earth, we get for § in radians

Lo

or 7 =0.00275 ¢ 6 g

This gives the maximum thickness of the stratum. With £=2'1

and 6=070050 we find A -==0.89 millimeter.

The full amount of the matter added or removed does not appear
as a rising or sinking with respect to sea level. The addition or
removal of matter raises or lowers the sea lovel. By a fundameontal
theorem in-the theory of attraction the apparent rising or sinking
with respect to sea lovel will be the thickness of matter added or

# Bee sec. 11 of Darwin’s article referred to in the footnote on p. 39,
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\

removed, respectively (assuming the law of thickness to be of the
form (10), with the general % in place of 0.51), multiplied by 1 -—% %5

that is, by about .
"~ If the earth be treated as elastic, rather than as plastic or rigid,
it appears that the effect of an additional layer of given thickness is
less than it would be if the earth were rigid.*® The elastic yielding
of the earth causes a rearrangement of matter, and to estimate the
effect of a surface layor we must, for the earth, apply a reducin,
factor of about £ to tl}l’e effect of such a layer when placed on a rigi
body. The foregoing estimates have supposed an actual transfor of
matter from one 1;]m.rt; of the surface to another, or internal changes
equivalent to such a transfer. If the changes are merely changos of
density in a relatively thin outer shell of the earth, then the effect of an
elevation or depression caused by an expansion or contraction of
portions of this shell is less than the eflect of an equal elevation
or depression caused by transfer of matter.>

The purpose of the foregoing calculations and remarks regarding
the effect of the transfer of matter on the position of the pole is merely
to give some idea of the order of ma, ituge of the quantities involved
and to call attention to some of the elements that enter into the
problem. Large and presumably widespread elevations and sub-
sidences of the earth’s surface have occurred in the past and changes
are still occurring, but we know so little about their causes and laws
that it would probably be difficult to connect known geologic facts
with a possible motion of the pole.

BECTION 7. ADDITIONAL OBSERVATIONS AT UKIAH.

While the manuscript of this publication was being prepared for the
rinter recent results ?or Ukiah were received from [i)r. . G. Van de
ande Bakhuyzen, sccretary of the International Geodetic Associa-

tion. The transmitting letter is dated September 26, 1921. These

results are given in Table 10a.

TaBLE 10a.—Obscrved latitudes at Ukiah latitude station.

Date. \ Latitude. | Date. Latitude. Date. Latitude. Date. Latitude.
1018, ¢ 1019, 1920, R 1921,
Jan.20..... 39° 08712225 || Jan.16..... 30° 08’ 12¥32° | Jan.17..... 30° 08’ 12717
Fob, 22.... 12.21 [} Feb, 14.... 12.30 {| Feb.10.... 12.26
Mar.20.... 12.28 || Mar. 14.... 12.43 || Mar,13.... 12.21
Apr.10....30°08'12724 || Apr.4..... 12.12 || Apr.2..... 12.28 [} Apr.2..... 12.23
Apr.27.... 12.25 || Apr.28.... 12.02 i\r‘)r.%.... 12.18
ngm.. . 12.25 || May 28..... 12.01 ay 23..... 11.97
Jupe 28....[30° 08’ 12.38 || June 27....|30° 08"12.04 | June17....:30° 08'11.94
July 30..... 12.34 || July 2A4..... 12.11 | July 25..... 11.99
Aug.31.... 12.35 || Sopt.1..... 12.20 || Aug. 31.... 11.88
Oct. 13..... 12.20 |} Oct. 14..... 12.22 || Oct. 14..... 11.80
Nov.12.... 12.23 || Nov.17.... 12.24 || Nov.17.... 12,05
Daec. 20..... 12.28 || Dec. 20..... 12.31 | Dee, 21..... 12.22

2 8pg articlo by Jeffreys entitled *‘Causes contributing to the annual variation of latitude’’ in Monthly
Notices of the Royal Astronomical 8oclety, vol. 76 wm§, Ii) 504,

8 Beg soc. 23 of Darwin’s paper already cited. It may be said thet Laplace’s law of density used by
Darwin is now believed to overestimate the ylelding of tho matter of tho carth’sinterior to compression.
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These values were ﬂlotted as explained on page 8 and readings
were taken to obtain harmonic constants from a 6-year series cover-
ing the years 1915-20, inclusive. Tho curve for the missing period
between 1918.04, the last result for Ukiah published in the Astro-
nomische Nachrichten, and April 10, 1918, was drawn from values
computed with the harmonic constants as given by the series 1912-17,
The results of the analysis corrected for the effect of one component
on another, but not corrected for “slope” are:

Annualcomponent, 14-month component,

Amplitude Epoch Amplitude Epoch
R. I R, [

” ° " °

0.121 93.8 0.201 276.9

The means were taken by years and by 14-month periods and
cloared as by the process described on page 73. The harmonic
constants used in the clearance were those just obtained. The
reS.UItS are: Mean latitudes of Ukiah.

BY CALENDAR YEARS.

S?conds Seconds
of moan o of mea
Calondar year. latitudo, | Clearance. | (o0 e d:;l,
uncleared. cleared.
” ”n "
12.243 —0,021 12.222
12,174 +0.011 12.185
12,104 +0.034 12.138
BY 14MONTH PERIODS.
sfoconds S?conds
of moan | of 1t
Poriod included. latitude, | Cloaranco. mu&fﬁ&
* [ uncleared. cleared.
” [z "
1017.664-1018.848. . 12,220 +0.017 12,243
1018.848-1920.032. . 12,187 -+0, 607 12,194
1920.032-1921.207. . 12,120 —0.011 12.109

The results show that the latitude of Ukiah after a long period of
increase is decreasing again, but nothing conclusive can %e inferred
from this comparatively short period of observations at a single
station. Whether the result is due to a creep of the ground, to the
declinations used, to a movement of the pole, or to abnormal refrac-
tion can not eéven be plausibly guessed without the observations at
other stations for comparison.



Chapter II.—THE LATITUDE OF LICK OBSERVATORY.

It does not seem practicable at the present time for the U. S.
Coast and Geodetic Survey to attempt any extended discussion of
a possible progressive change in the latitude of Lick Observatory.
In order, however, to put before the reader the facts now available
there is quoted below from Prof. Lawson’s article! the passage in
which he deals with the subject. The table of latitudes has been
corrected in accordance with a communication from the director of
Lick Observatory, Dr. W. W. Campbell, and some remarks, chiefly
extracts from letters written by him, have been added.?

The extract from Prof. Lawson’s article reads:

Meridian Circle observarions have been maintained at Iick Observatory since
1893 by Astronomer R. H. Tucker, who has kindly supplied me with the following
memorandum of the values for the latitude of the station. The results are based on
observations both on circumpolar and zenith stars for an averagoe of sixty-eight nights
per year during the period from 1893 to 1918, except for the interval 1908 to 1912,
when Mr. Tucker was in South America. The values tabulated are the averages by
quarter years, as near a8 possible, and the number of nights in each quarter durin
which observations were made averages seventeen. The results have been correcte
{o:_tth(;a revised refractions adopted at LicksObeervatory and for the variation of
atitude.

Average quarterly values for the latitude of Lick Observatory based on Meridian Circle

observations by Astronomer

. I, Tucker from 1893 to 1918.

Epoch. Latitudo. Epoch. Latitude. ! Ipoch. Latitude.
1803, 82 37° 207 25748 1500.12 37° 20" 25780 1906. 11 37° 20° 25758
1804, 12 69 .32 .3 .45 .63
.33 .47 .63 .58 1007.76 .50
.51 .44 1000, 38 W73 190K, 33 AR
.83 .43 89 .04 101218 .70
1895, 11 .61 1901. 46 504 .61 G0
. W57 .57 0.03 .75 .38
63 .52 .92 5.71 .02 .78
.83 .60 1902. 13 90 1913. 16 .08
1896.11 .82 .37 76 .6 .32
.40 .72 .62 87 1914, 14 .08
67 .43 .R8 08 .37 .67
‘ .01 .52 1003, 12 65 .G3 .52
1897.13 41 35 76 .00 59
.31 .47 .60 B8 1017.18 .34
.72 .02 .92 .25 .39 .54
.92 .67 1004. 11 .48 02 .54
1808, 15 .94 .30 .70 .88 .5l
.36 .65 1005. 59 20 1018.11 .55

.83 W77 .7 42

I have taken these values and plotted them on coordinates in figure 1, B.* It is
apf)arent, from an inspection of the figure that, notwithstanding the variations in the
values, there is in general a fairly steady increase in the latitude from 1893 to 1903.:
This increase is expressed in the mean ﬁne A-B. Tt amounts to 0.4 in ten years,
orat the rate of 07.04 or 1.24 meters per year.t

Between 1903.60 and 1903.92 there is an exceptionally large drop of 0”.63 in the
value for the latitude. In this interval occurre(g) the earthquake O?August 2, 1903,
which was rather severe at the Lick Observatory. It seems not improbable that
the rather large drop in the value of latitude may be due to a shift of the ground at'
the time of this earthquake. The values for latitude since 1903.60 clearly fall into’
a grouping distinct from the grouping of the values for the period preceding that
date. The mean expression for the values, asindicated by the line C-D, is, howover,
not so satisfactory as the line 4-B, owing largely to the interval of no observation®.

1 The mobility of the Coast Rangos of California, an exploltation of the elastic rebound theory:” Uni
versity of California Publications, Bulletin of the Department of Geology, vol. 12, No. 7 (Jan. 11, 1921).
3 Theso extractaare used with Dr. Campbell’s perrnission,
r.L}l” 6%:2: tal:es the place of figure 1, B. It contains the corrections communicated by the directof
ol vatory.
1 Bce p. 40 of this publication for revised figures obtatned by least-square adjustment,

44
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from 1908 to 1912. This line rises from 1903 to 19156, but at a less rapid rate than
the rise of the line A~B. The rate of increase of the value for latitude for this peri
is 077.022 or 0.70 meter per year.! Beyond 1915 the data are insufficient for the
determination of & mean position. Itis interesting to note that there is no indication
of sudden change of (;)ositlon 2t the time of the slip on the San Andreas fault in 1906.
The rate of latitude of Lick Observatory on either side of 1903.6 is much greater
than that at Ukiah, and there may be doubt as to the true value of the rate, owing
to the fact that the lines A-B and C-D each represent the mean position of a series
of points which depart notably and irregularly from the adopted mean. There can,
however, be no doubt as to the general significance of the cbservations, particularly
between 1893 and 1903. They accord with those of Ukiah in pointing to & northerly
creep of the region. The increase of latitude both at Ukish and Mount Hamilton,
taken together with the legitimate deductions that may be made, in the light of the
rebound theory, from the results of the geodetic surveg's in the intervening territory,
seems to establish the fact of a northerly creep of the Middle Coast Ranges.

With regard to the abrupt change in latitude that scems to have
oceurred between 1903.60 and 1903.92, Dr. Campbell on April 29,
1921, writes as follows:

In supplying the data to Prof. Lawson, Mr. Tucker endeavored to base them, as far
a8 practicable, upon quarterly mean values; that is, about four latitudes per annum,
He was not aware that the date 1903.6 migfxt be 2 critical one in Lawson’s problem.
and the latitudes for 1903 were grouped unfortunately. Mr. Tucker is of the opinion
that the four data for the year 1903 should be regrouped for only three mean epochs-
You will sce the reason for this from the following tabulation of Mr. Tucker’s resulis
for that year as grouped by months:

January, 8 nights, mean latitude. ......veienirrenrie e 25.76
February, 8 nights, mean latitude............c.oooiiiiiiiiiiiiiiiiiaiaia.. 25. 61
March, 2 nights, mean 1atitude. ccoveeeeeee e oroii i 25. 57

Mean for 3 month8 190310 ... cemmeun e eneieaeeeiennacaaaenenenans 25, 67
April, 6 nights, mean latitude.....coeveeeenioiiiiiiiiii i 25. 68
May, 11 nights, mean Jatitlde. oeeeeerseeeeeeneeeeeenecnaeaennecaeanaennns 25. 80
June, 4 nights, mean latitude..oceeeeenoni i 26.16

Mean for 3 months 1903.87 ..o oueeie i e a e iciaeiaaie s 25. 86

Mr. Tucker was absent on the Atlantic coast from July 16 to September 18.

October, 2 nights, mean Iatitude. . ....overeeaneiereroaneearenenoearennaaaes 25. 61
November, 2 nights, mean latitude. ... .ccoeeievennenrieiennaneinnnanan. 25. 28
December, 8 nights, mean 1atitude. ... ..oeeeeeeeerereneaeeeacareronennnns 25, 25

Mean for 3 month8 1903.92...c.vmieerneaeeeniii it aeiaaeaennns 25, 31

Again in the same letter he writes:

The plottings for the four data of the year 1903 should be changed to conform t0
the three substitute data.

Mr. Tucker's series of latitude values are unfortunatelg not on & homogeneoud
system. They are merely by-products of his extensive observations made for the
purpose of determining tﬁe accurate positions of stars widely distributed over the
northern sky. The bases of fundamental stars are quite varied, having been selec
to meet the requirements of the successive Frograms upon which he was engagod
and without any thought whatsoever aa to the latitude values which could be extmcw(i
as by-products. The four quoted results for 1897.72 to 1898.36, inclusive, depend
upon circumpolar stars observed at both upper and lower culminations. All the other
results are based upon a combination of certain so-called standard systems and cir
cumpolars observed at both culminations. These systems are as follows:?

Auwers Berliner J: ahrbixch-{-circumpolars 1893.82-1896.40....._._........ &, =26.57
Boss U. S. Northern Boundary Commisaion circumpolars 1896.67-1897.31 05,40

inc........... e T TR ¢ =
Circumpolars exclugively 1897.79-1898.86 i0C- -+ --n v - vuneemnennnnnns :
Auwers 303+-circumpolars 1898.83-1900.38 inc........cooeennnnl

Newcomb+-circumpolars 1900.89-1804.301inC..........ccoiiiiannnnnne..
Auwers Berliner Jahrbuch-+circumpolars 1806.59-1918.11 inc

4 8es. D, 49 of this publication for revised figures obtainod by least-square adjustment.
; 't’lll‘h? s?bsgrlpt,s of the ¢’ indlcate the aumber of quarter-yearly values in the list on p. 44 contributing
0 the latitude,
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Mr. Tucker is of the opinion that the variations in his tabular latitudes are due in
part to differences in the fundamental systems and in the remaining part to accidental
errors. My opinion, on the contrary, if I may venture it, is that Lawson has found
evidence of & change in the Mount Hamilton latitudes at a time approximating that of
our very severe 1003 August 2 earthquake. % You will note that while the latitudes
for the two Auwers Berliner Jahrbuch periods are substantially equal in the mean,
yet the results increase from 1894 to 1896 and again from 1905-8 to 1912-15. The
results on the Newcomb basis are on the average large, but we can not fail to note
that they drop suddenly following 1903.6 and that these later values are in agreement
with the 1905-8 Auwers results. In my opinion, none of the observed variations
would call for serious consideration were it not for the sudden drop in the values in
the latter half of 1903 and the conformity of these latter to those of the succeed-
ing years. The subject at least merits most careful consideration,

Dr. Campbell takes up the subject in another lotter, dated May 12,
1921, saying:

Perhaps I ought to repeat, in order to avoid any misunderstanding of interpreta-
tion, tha}é my bglief in a variation of the latitude of Mount Hamilton refers ;Il;)ly to
the 1903 epoch, rhags a3 an accompaniment of our severe local earthquake of
August 2, 1903. The observed latitudes preceding and more mmediate]y following
that date all depend u%;n one and the same fundamental basis, Newcomb’s. I think
you may find value in of. Tucker’s results for individual nighta of 1903, and they
are ag in the following table.®

Mount Hamilton (Lick Observatory) latitudes in 1908 by individual nights.

latl- | ¢=¢ 1%‘1@3’& Observed lati- | $~% 1’&‘1??1
Observed latl- e a . ati- s | 1atitude
Date. tude, ¢. "&‘gx‘:"' of group, Date tude, ¢. 0{’&‘;"' of group,
. e ’ LN
. " ° "
Jan. 7 20 24.96 Apr. 22| 4 372025.64
an. g +3 25.97 23 25.98
10 25, 48 24 25,28
12 26. 43 27 25.97
13 25.08 29 25.00
14 25.48 30 26.45
15 20.25 "
18 26,09 1903. 32 25,88 | — 0.20] 25.68
25.84 | — 0.08 26,76 | Msy 1 26.17
1903.03 - é % g
25. .
Feb, %g %8 H bR
17 25,59 11 20. 44
20 25.28 12 26. 00
24 26.35 " 25.47
25 25.99 15 26. 44
2% 25.57 25 25.98
27 25.86 27 25.92
25.78 0.17 25.61 ki ki
1903.14 25' o ' ) 1003.37 20.04 | —0.19] 25.85
Mar. @ 25.93 June 2 2.30
5.77 0.2 25,57 10 %’é‘g
25. - 0. 3
1603.19 — 1 26.19
1903.10 , ' 1903.43 26.32| —0.16| 28.16
1903.37 26.80

8 a In expressing the opinion that Prof. Lawson had found ‘‘evidence of a change”’ at or about the e
of thesevere carthquake, 1903.6, I have not for a moment thought that any actual change could equal the
value0.”/63, which {s the verticalinterval between Lawson’stwoinclinedlinesat thate . ‘Thisinterval
wasinterpreted by me to begqual to 8 much smaller actual change plus a term of such size as could easily
aflse from acoidental errors, It is recommended again that the m%der note cammllg the observed latitude
values forhthe v}éxdwldémhnlgﬁtf i l% 212903, comparing those obtalned after 1003.6 with those obtained before
that epoch.—W. W, C., April 4, N

] Fo?oonvenlonce in printing, this table has been slightly rearranged from the form given in the letter.

89016°—22——4
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Mount Hamilton (Lick Observatory) latitudes in 1908 by individual nights—Continued.

Observedlati-| #=%s |, lt‘i?“&
rved lati- o atitude
Date. tude, ¢. Coue | of group,
o
o ’ "
Oct. 5|4+ 37202554
] 25.48
1903.76 25. 51 + 0.10 25.01
Nov. 10 25.33
24.93
1903. 88 25.13 + 0.13 25.26
Dee. 1 24.60
7 25.18
14 25, 59
21 25.08
22 25. 46
24 25.02
28 25.30
20 24.80
1803. 87 25.18 | + 0.07 25.25
1003.92 25.31

The data by nights are not corrected for the variation of latitude as determined
simultancously at the international latitude stations. Mr. Tucker has computed the .
corrections for the several months on this account, and the corrected latitudes as set
down for the several months in the last column are those quoted in my recent letter
to you. You may want to apply sli htl?r different corrections for the latitude varia-
tions. It is of interest to note that t§Je atitudes for & considerable proportion of the
nights in the quarter preceding the earthquake are above 26 seconds, and for several
nights following the earthquake a number of the results are below 25 seconds.

rof. Tucker searched for a refraction or other similar effect, which would be re-
sponsible for smaller observed latitudesin the fall months than in the first two quarters
of the year, on the basis of his observations running through about twenty-five years,
and as a result he has no reason to suspect that such an effect exists. '

There is nothing improbable in a sudden change of latitude as the
result of an earthquake. Such changes are known to have occurred
in California during the earthquake of 1906.” The dislocation of sur-
face strata due to that earthquake is, however, rather smaller than
the change of latitude of Lick Observatory apparently accepted by
Prof. Lawson as not improbable. The greatest of the dislocations of
strata deduced for the earthquake of 1906 is about 6 meters or 0720
and most of them are considerably less, while the change of latitude of
Lick Observatory late in 1903 seems to have been from 0740 to 0260.
Moreover, the triangulation of the Coast and Geodetic Survey gives
little evidence of such a displacement of Lick Observatory. Between
1887 and the time of the resurvey, shortly after the earthquake, the'
latitude of Lick Observatory appears from the surveys to be un-
changed, while the longitude has changed but 07005 or 0.12 meter.
Even this change is considered doubtful by Hayford and Baldwin.?

The main object of this report is not, however, the discussion of.
sudden changes of latitude due to the dislocation of surface strata,
nor of the geological questions involved in a gradual creep of the
surface strata; the object is rather the examination of the astro-

7 Const and Goodetic Burvey Report for 1807 APpondlx 3, Earth Movements in California Earthquake
of 1906, by Hayford and Baldwin; also Report for {910, Appendix 5, Triangulation in California, by Duvall
and Baldwin.” Other references are given in Prof. Lawson’s papor.

# Seo roferences in the preceding footnote; p. 76 of the Report for 1907, and p. 195 of the Report for 1610
8ce also addendum on p. 108,
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nomical evidence for or against a progressive change of latitude. If
the increase in the latitudes of Gaithersburg, Cincinnati, and Ukiah
deduced in the preceding chapter is due mainly to a secular shifting
of the pole, the latitude of Lick Observator%]s&llmuld show a similar
increase practically identical with that of Ukiah. In the extract
quoted at the beginning of the chapter Prof. Lawson presents the
evidence for such an increase even larger than the one at Ukiah.

Instead of drawing the lines AB and CD by eye we may make a
least-squares adjustment, using observation equations of the form pre-
viously adopted, namely,

Ap=z+yt,

in which A¢ is the difference botwoen the observed latitude and some
convenient but arbitrary initial latitude, « is the adjusted latitude
at some arbitrary epoch, ¢ the time reckoned from _the epoch, and y
the adjusted rate of change of latitude. In making these adjust-
ments the observations of 1903 were regrouped as suggested by Dr.
Campbell (see extract on.%. 46), and the Jatitude for 1908.33 was
omitted in accordance with a further suggestion from him. The
values of y deduced from the adjustment are—
For the period 1893.82 to 1903.37,y = + 070361 4. 070052 per year.

And for the period 1903.92 to 1918.11, y = + 070040 + 070045 per year.

These lines AB and CD are shown with these rates of change or
slopes in figure 10, which takes the place of Prof. Lawson’s figure 1, B.

’Fhese rates of increase are not very different from those found by
Prof. Lawson in the passage quoted and are of the same order of mag-
nitude as the rate for Ukiah. Unfortunutelly;, however, calculations
of this sort are nearly meaningless unless they cover a long period,
and this is so because, as Dr. Campbell states on page 46, the obser-
vations are not based on a homogeneous system of declinations. If
the period covered were long, the %rogresswe chanﬁe of latitude would
then presumably be too great to be masked by changes in the decli-
nation system ﬁut this 18 hardly true of the Lick observations. It
may be noted, iloWever, that the 11 quarter-yearly means from 1893.82
to 1806.40 and the 21 means from 1905.59 to 1918.11 are both on
the Berliner Jahrbuch system and both give practically the same
latitude, the mean seconds of the earlier value being 25757 and of
the later ones 25753 or 25755 when the suspected value for 1908.33
is omitted. i

If we accept a sudden decrease of the latitude due to the earth-
quake in the autumn of 1903, then the fact that the latitudes have
become equal again must mean that the sudden decrease has been
compensated by a gradual increase, which would, on Prof. Lawson’s
theory, be due to a creep of thoe surface strata, or might, on the ten-
tative hypothesis in the preceding chapter, be due to a shifting of
the pole. In round numbers, this rate of gradual increase would be
about 0702 a year, provided we assume a sudden decrease of 074
in 1903; the rate, of course, would be subject to all uncertainties due
to errors in the assumed sudden decrease, observation errors, and
errors due to incomplete identity of the declination systems which
have been taken as absolutely identical. Perhaps all that may be
safely asserted is that it would be difficult to disprove the existence
at Lick Observatory of a progressive rate of increase of latitude of
the same order of magnitude as the rate for Ukiah.
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It is questionable whether it would be worth while to try further
refinements by reducing the Lick Observatory results as nearly as
possible to a common systenr. Dr. Campbell writes on May 16, 1921:

I do not think it is practicable to determino a set of systematic corrections which
will reduce the observed latitudes based upon the various fundamental systems to &

homogeneous system. Prof. Tucker’s work ag published seems to show the following
differences in the declination systems:

Publications, Lick Observatory, VI, p. 13; Berliner Jahrbuch—Boss, U. 8. Northern Boundary Com*

mission,= +0702.
Publications, Lick Observatory, p. 148; Borliner Jahrbuch— Auwers 303« —0734 at—13* dec.

VI
Lick Ohsorvntory Bulletin, X, p. 13; Berliner Jahrbuch—Newcombe-=—0716 at equator
= +0708 at+-25° dec.
Lick Observatory Bulletin, X, p. 42; Berliner Jahrbuch—~Boss Preliminary General Catalogue
= 40711 at equator.

Mr. Tucker's result for the quantity (Auwers new Borliner Jahrbuch system minus
old Berliner Jahrbuch system) equals —0#02 at the E(}uutor for 110 stars observed
The two declination systems are sufficiently identical for present purposes.

The observed latitudes obtained by giving equal weights to the circumpolars and
fundamental stars can be reduced to approzimate homogeneity—that is, to the carly
lierlincr Jahrbuch system—by applying one-half the differences as quoted above t0
them. ;

The Lick results for individual nights through May, 1904, have
been published and will be found in volumes I%, VI, and X of the
publications of the Lick Observatory. .

The difficulties arising from the declinations and proper motions
of the stars suggest that the two most practicable ways of studying
the sccular variation of latitude, where the changes involved are
necossarily very small, are (1) a plan substantially the same as that
of the International Latitude Service, in which all observatories have
the same latitude within a few seconds and use the same program
of stars and the same methods of observing and (2) the systematic,
long-continued observation of circumpolar stars at both culminations.
It i1s to bo hoped that the work of the International Latitude Service
will bo extended, rather than restricted, and that the observatories
will be maintained without interruption for long periods. If it
should appear that tho creep of surface strata is a common occurronce
it will be necessary to select stations where, from geological con-
siderations, little or no such creep is to be expected. At worst,
this were impossible, it might be necessary to greatly multiply the
number of stations in the hope that, in the long run, the northward
creep of some stations would nearly neutralize the southward creep
of others. The plan of observing circumpolar stars at both culmins-~
tions does not require international cooperation, as the other plan
does. Any observatory with a good meridian circle can do the work-
It would be nccessary to observe on every clear day in order to get
a good bold on the periodic, or approximately periodie, portion of
the variation of latitude. The annual term in particular is almost
certain to be peculiar to the station in question. = Part of the annual
term is no doubt due to the seasonal changes in refraction. IEffocts
of this sort might be expected to bo large, since one culmination
would almost always bo observed bg dayliigt when the other culmina«
tion occurred at night. Very probably the annual term for one cir<
cumpolar would be different from the term of another circumpolar
culminating at different altitudes, so each star would have to be
analyzed separateli. Since available circumpolar stars are nob
numerous, it might be desirable to take circum-meridian observations
at both culminations in order to increase the number of pointings-



Chapter IV.—ADDITIONAL RESULTS OF THE DISCUSSION.

The results that form the principal object of this publication have
already been given in preceding chapters. It was practicablo to
obtain also, with comparatively little extra labor, certain other
results regarding the variation o latitude, and these are set forth in
this chapter. Their chief interest is that, in general, they confirm
results obtained by other methods of discussion or from observations
covering a shorter time. A brief summary of this chapter and of
all preceding chapters will be found in Chapter V, page 67.

SECTION 1. THE HARMONIC CONSTANTS.

TasLE 11.—Harmonic constants, final values.
[Epochs of 14-month component reduced to 1900.00.]

Harmonlc constants.
Yearsof: 8lopein [ Annual compo- 14month compo-~
sories | soconds nent. nent.
Station and longitude. inciu- | por year.
sive.. m TR T
Ampli- | 5 Ampli-
tude. | Bpoch. | “pide.” | Epoch.
R ¢ R s

" " ] " o
1410 08’ vuuaeanneannennnnnn 1900-05 | —0. 0067 0,105 14.7 0,135 178.6
Mizusawa, A= —141° 08'.. 1900-06 | — . 0067 . 100 14.9 . 136 17.5
1906-11 . 0000 132 10.4 .213 163. 2
1906-12 . 0000 123 9.2 .226 185.3
1910-15 | + . 0083 .142 18.8 214 176.4
1011-17 | + .0091 .13 4.4 178 179. 4
1812-17 | + . 0083 .101 87 170 184.2
-—03° 20 .aeennns vereeeanes 1900-05 . 0000 . 101 340.0 132 103.0
Tschardjul, A= ~03° 20'. 1900-06 | . 0000 .105 | 3350 12 102.3
1900-11 | + .0233 . 130 325.3 .217 07.4
1006-12 | + . 0220 .128 326.7 97.9
1908-14 | + . 0188 .132 323, 8 .231 104.7
1900-14 | + . 0267 L144 3228 232 106. 8
’ 8210 erreneeesrrenanas 1600-05 | — . 0040 008 2757 gz 30,0
Carloforte, A= —8° 19 1000-00 | — .000] -102| 20| .12 35,0
1006-11 | + . 0100 118 277, 3 .209 32.1
1900-12 | + . 0100 106 276.9 . 208 35,0
1910-15 | + 0150 117 269. 3 .218 52,0
1011-17 | + . 0167 003 274.4 . 188 57.2
1012-17 } + . 0187 . 079 273.4 .188 62.1
RS 4 U b 1600-05 . 0000 08 196.6 . 143 321. 4
Gaithersburg, A=+ 1000-00 | . 0000 205, 4 T4 318 6
1003-08 | + . 0117 . 010 256, 2 . 158 309.8
1903-09 | + .0107 012 163. 6 A7 310. 5
1900-11 | 4+ 0117 . 182, 4 222 304. 2

1906-12 | + . 0120 051 178.5 .220 307
1908-14 | + . 0140 057 101. 4 .27 816.2
1909-14 | + . 0160 072 159.2 220 318.7
- 484° 25 i viiiiaianaa evvness) 1000-05 . 0000 . 009 210.4 . 167 317.1
Cinclnnatl, A=+ 1900-06 | - 0000 02| 272 154 311.3
1903-08 | + . 0067 027 261.7 . 168 208. 8
1900-11 | + . 0125 057 109.3 . 205 206. 8
1906-12 | + .0154 054 196. 4 . 201 208.3
1008-13 | + . 0183 052 171.9 . 199 304.9
1910-15 | + . 099 160. 2 217 320.9
Uklah, A= +123° 13 .. oeieiinenennenans 1000-05 | + .0142 042 5 .128 276.6
! 1800-06 | + .0109 038 012 130 273.5
1806-11 | 4 .0133 . 058 75,9 2217 254. 0
1006-12 | 4+ .0121 057 68. 4 .218 258.0
1910-15 | + . 0183 . 087 95, 4 211 218. 4
1911-17 | + 0171 002 99.3 .27 282, 8
1012-17 | + . 0182 + 009 98.3 .210 285,0

b1
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The harmonic constants in Table 3 are not the final values, though
they are evidently amply accurate for the purposes for which they
are used. The fact that there is in general a progressive increase in
the latitude of a station affects the harmonic constants deduced in
the ordinary way, and these require a correction, as explained in
Cha’f)tcr VI, section 3, page 80. gl‘he constants of Table 11 are those
of Table 3 corrected in this way and are to be considered as the.
definitive values of these constants resulting from this investigation.
The quantity m, in the notation of Chapter VI, section 3, which
was used in deducing the harmonic constants of Table 11 from those.
of Table 3, is also given. The quantity m is given for the yecar as
unit of time and is the slope of the line of mean latitudes or annual-
rate of increase of mean latitude. It was obtained separately for
each series by a graphic adjustment of the data plotted 1n figurcs 4a
to 9a and 4b to 90. A straight line was drawn by eye that fitted the
plotted points of the six or seven years of the series as nearly aspossible
and the slope of this line computed; this gave the value of m for the
annual component. This value was multiplied by 1.184, the ratio
of the periods, to obtain the value of m for the 14-month component.
The values of m should resemble in a general way the values of y or 2
in Tables 8 and 9. On account of the character of the observations
the resemblance is far from close in many cases.

S8ECTION 2. THE ANNUAL COMPONENT OF THE MOTION OF THE POLE
AND THE KIMURA TERM.

It is of interest to determine how far the annual variations are due
to a motion of the pole and how far to causes peculiar to each station.
For this purpose we may subject the constants to the adjustment
described in section 4 of Chapter VI (p. 82), and then study the resid-
uals of the separate stations. Since the harmonic constants are
valid only as average values for a given period, only those series
should be used that cover identical periods of time for all stations
concerned.

The adjusted values of the constants of the north polar motion, as
deduced from all available serics, are given in Table 12. Ior the
present the discussion applies only to the portion of the table above
the double horizontal line; the portion below will be treated later.
This table gives the constants for two methods of representing the
motion. For the first method there are given the quantities a, b
a, and B, in the notation of Section 4 of Chapter V?. The annua{
component along the meridian of Greenwich is represented by a term
@ cos (xt— a), where ¢ is the time reckoned from t?he beginning of the
year. The quantity « depends on the unit of time used, but for the
annual component «t=2360°, when ¢ is put equal to the number of
time units in a year. The annual component along the meridian of
90° west of Greenwich is similarly represented by a term of the form
b cos (¢t—B). 'The quantities « and B are the values of «t at the time
of the maximum excursion of the pole away from its mean position
toward the equator along the meridians of Greenwich and 90° west,
respectively.  For exampleé the value of a being on the average
somewhat greater than 240°, the maximum southward excursion of
the pole along the meridian of Greenwich occurs after 240/30 or 8
months have elapsed; that is, in September. The maximum south-
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ward excursion along the ninetieth meridian west occurs after 8/30
months have elapsed; that is, in June. The annual motion of the
North Pole about its mean position is thus seen to be from west to
east,

As is well known, a harmonic motion of the kind just sgecif.ied means
that the pole describes an ellipse. The elements of this elliptic
motion are given in the right-hand portion of the table. The columns
for the lengths of the semiaxes and for the eccentricity are sclf-
explanatory. The direction, 6, of the major axis gives the longitude
of the meridian along which the equatorward excursion has its maxi-
mum numerical value, A. In longitudes 6+90° the cquatorward
excursion has its minimum numerical valuo, B. The cpoch, u, gives
the time of year at which the maximum excursion takes place, x/30
being the number of months elapsed from the beginning of the year
to this maximum. When theé ellipse is nearly circular the values of
and u are not very accurately detormined, and small changes ina, b,
a, and B will make them vary widely. The quantity 6+ u, however,
remains nearly constant an nearly equal to e, approaching equality
with « as the ellipse approaches a circle. An example of this is the
series for 1912-17. This is an excepthnal series, for the directions of
the major and minor axes are nearly interchanged as compared with
their directions for tho other series. The value of 6+ 4 is, however,
almost the same as for the other series.

TasLE 12.—Harmonic constants of the annual motion of the pole.

Harmonio 0233“‘":5 for merid- I:lements of tho elliptic motion.
Greenwich. 90° west. Scemlaxcs. For major axis,
Years of series inolusive. Lceon-
Ampli- | Ampli-| trielty.| piree. |
tude. I:pocly tudo. Epoch.| Major. | Minor, tion. |EPoch.
a a b 8 A B E [/ m
r o ” ° ” ” o [
254.31 0.047 | 168.3 | 0.075 | 0.047 0.78 |+ 4.1 a61.7
258.2 | .052| 172.1( .079| .052 .76 [+ 6.8 251.8
008 | 248.1 070 | 164.9 . 100 «076 60 [+ 12,1 238.9
o 000 | 247.0 .072 | 163.2 001 070 63 [+ 127 237.1
1910-16 5. . 110 2400 | .099 | 153.2| .119 . 098 66 |+ 84} 233.0
1011-17 €.oirinnnnenccnes .087 } 240.6) .082| 185.1| .089| .080 43 [+ 25.1 | 2177
1913-17 ¢ 076 | 238.3| .083| 1458} .083| .078| .42 |+103.5| 1335
. 250.8 .002 | 166.1 .087 . 081 L+ 15 245, 5
238.8 074 | 152.2 . 088 .074 .54 |4 10. 4 230,0
243.7 L0761 1653 092 .072 .03 14 27.4 221.7
243.0 076 ] 152.3 .080 076 .47 |— 4.8 247.8
o g stations used.
b 4 stations used.

¢ 3stations used.

¢ 6stationsused. Mean harmonic constants for series 1900-05, and 1908-12,

¢ 8stations used. Mean harmonic constants for series 1800-05, 1006-12, and 1912-17,

7 6 stations used, Mean harmonio oonstants for series 1000-05, and 180612, with the Kimura torm
included in the adjustment.

¢ 3 stations . Mean harmonifo constants for series 1000-05, 1006-12, and 1812-17, with the Ximura
torm included in the adjustment.

The clliptic elements in Table 12 are far from representing the
annual components of the several stations, and the outstanding
residuals have enough interest to be given in detail. This is done in
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Table 13, which contains the differences between the observed and the
adjusted values of R cos ¢ and R sin ¢, the residuals being taken in the
sense ‘‘observed’’ minus ‘adjusted.” Only theresiduals for theseries
in Table 12 above the double iine aregiven in Table 13. The adjusted
value of R cos { is given by B cos { = m cosA+p sin ), the notation
being that of page 87, and the values of m and p being from the
equations on page 90. The ‘‘observed” value of R cos { and R sin {
are readily found from the harmonic constants of Table 11. Similarly
the adjusted value of R sin { is given by: R sin {=n cos A+¢ sin M

For brevity the residual in B cos ¢, with sign as noted above, will
be here denoted by v, and the residual in R sin { by v,. .

TaBLE 13.—Residuals of the individual stations for the elliptic elements of the annua:l
molion given in previous table. .

[Units in the fourth decims! of scconds.]

Mlzusawa, | Tschardjul, | Carloforte, | Gaithorsburg.| Cinecinnati. Ukiab,

Years of serics Ja—
{neclusive. 4

1000-05
1900-06.

The pairs of residuals are seen to have a general resemblance to
one another at all stations. The residuals for a given station would
naturally be expected to vary according to the stations used; the table,
however, does not immediately reveal an effect of this sort, for the
latter is not separated from the changes in residuals due to the varia-
tion in the harmonic constants from one period to another. The effect
could be brought out, however, for the first four series in the table by
using less than the 6 stations and determining the elements of the
elliptic motion with the resulting residuals for the new elements.’

he Kimura term, or the z term in the discussion of the motion of
the pole, is & term common to all stations.! This term consists of
several parts, one of which has been found to have an annual period;
in 8o far as the values of v; and v, for a given series remain constant
in passing from station to station, their constant values may be
used in forming the expression for this annual portion of the Kimura
term. It is seen from the table that the assumption of a Kimura
term constant from station to station, even when only a single period
is considered, is only roughly approximate. The effect represented
by the Kimura term is now supposed to be chiefly due to refraction,?
and there is no reason for supposing such an effect to be constant at
all stations, except in so far as the climate, the local topography,
and the structure of the observatory ? are alike at all stations.

1 Thevariation of thelatitude of a station from {tsinitial valueis written z cos \+y 8in A4-2; herezand ¢
aretherectangularcoordinates of the pole (in seconds) and z 1s the Kimura term.

3 Resultate, Vol. V, p, 180.

® Therefraction to wglch the Kimura term i8 attributed is J)robably for the most part room refraction;
that {3, refraction between the air within the observatory and the air outside, The assumption that the
displacement of the apparent zenith impled in the Kimura effect {s due entirely to the nonhorizontalit
onalarge scale of the surfaces of equal air density, leads to quite improhable barometric gradients. e
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Table 13 is then presented for its possible use in studying, for the
individual stations, the annual portions of the latitude variation not
due to the motion of the pole rather than for the purpose of extracting
from it a Kimura term common to all stations. I}i? wo wish such a
term, we may take as representative the data on the last line, which
represents the mean of 18 years at the three stations which have
observations over the entire period. The mean v, is +373 and the
mean v, is —158. This indicates that the mean annual portion of
the Kimura torm for the 18 years and the three stations may be
written in the form . o

2= -+ 070373 cos «t— 070158 sin «t,
or 2=0"04056-cos (xt—33720). } (1)

Here «¢ has the same meaning as on_page 52; that is, if the time #
be reckoned in days from the beginning of the year, then, for the
degreo as unit, k=360/365. 25. )

or comparison with this value we have Wanach's determination ¢
for the years 1900-11, inclusive, determined from all six stations b
quite another mothod than the one here used.. For the a.nnua{
part Wanach gots a result equivalent to

2=0%047 cos (it —336°8),
or 2= 4070432 cos xt—0°0185 sin «t. 2

A result more properly comparable with (2) may be had by taking
the mean values of v, and v, from the first and third lines of Table 13,
thus covering exactly the same stations and the same period as
Wanach. The mean v, i8 +415 and the mean v, is —117 so that the
Kimura term in this case is given by

: z= 4070415 cos «t— 070117 sin «f,
or 2= 4070431 cos («t—344°3). } (3)

Expression (3) is almost identical with that used by Dyson ¢ which

reads z= +0%041 cos kt—0?011 sin «t,
or . 2=000424 cos (xf—34495). - } )

The source of Dyson’s expression is not given; it presumably covers
the years 1900-11. The agreement betweon (2) and (3) is entirely
satisfactory when the difference between the methods of treatment
is considered, and the agreement between (2) or (3) and (1) may be
cousidered good in view of the difference in the period covered and
in the stations used.

We might determine from the adjustment in addition to the
constants of the annual motion of the pole the constants of the annual

ortion of the Kimura term assumed to be the samo at all stations.

he formulas for this case are given on page —. This has been done
for two of the more comprehensive series and the results are given
below the double line in Table 12. The Kimura terms deduced
from the a.deustment resemble the expressions (1) and (3). Corres-
ponding to (3), we have for the series 1900-11

2= 4070448 cos xt— 070153 sin «t,
or 2=0/0473 cos (xt—341°1), (5)

¢ Resultato, Vol. V, l{’ 188,
* Mouthly Notices, ltoyal Astronomical Soclety, Vol. 78 (1918), p. 457,
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and corresponding to (1) we have for the series 1900-17,

2= +070381 cos xf —0"0162 sin «t, } (©)
or 2=070414 cos (xt—337°0).

The values of the harmonic constants below the double line differ
from the corresponding ones above it chiefly in giving a larger oscilla-
tion along the ninetieth meridian (the v axis) and an annual path
of the pole more nearly circular. It is probable that these valued
are to be preferred to the values above the horizontal line since the,
existence of the Kimura term is un(}uestionable and its approximate
constancy from station to station is fairly well established. It seems
more logical, then, to include the Kimura in the adjustment from the
beginning; this process avoids giving undue weight in the series
1900-11 to the region around the two neighboring stations, Gaithers~
burg and Cincinnati. ‘

At any rate the constants below the horizontal line for the series
1900-11 agree better with other determinations for the same period.
For comparison we have two different determinations by Wanach *
and one by Dyson.” The results are as follows:

Ilurmonic constants.

Wanach,
Designation ol constant. Dyson.
) 2)
Bt e te ettt ettt ettt e i et e et at e ree i 070841 070847 0!
D ettt tee et eean e etea e e ae e aeaeeanaaee aaaaeeanaans 00769 070760 ofom
@ e ret e e eate i et s eraan et e aan o areaanoaateaanas 25592 24590 24290
- OO e teraeetraaeaaaaas 16592 16490 15590

The agreement between the results for 1900-11 below the line with
the results of Dyson and Wanach is as good as the agreement of the
latter among themselves; the chief discrepancy is in the value of 8.

The results for the two series below the line are presumed to repre-
sent average conditions better than any of the other results in Table
12; they are, therefore, used in deducing the motion of the undisturbed
goie of inertia in section 5 of Chapter VI (p. 104). One conclusion to

e drawn from this discussion of the annual motion is that the
elements of the annual path of the pole depend considerably on the
method of treatment used, and that it is very desirable to have &
sufficient number of stations to get a good hold on the Kimura term.
The 3 stations now maintained are just sufficient to determine the
constants of the annual polar motion and the annual portion of the
Kimura term, the latter being assumed to be the same at all 3 stations.
There is no station to furnish a check on this assumption, a condition
of affairs which it is hoped will soon be remedied; the original 6
stations were none too many.

The semiannual portion of the variation of latitude has been
included with the annual as being & mere harmonic of it. The same
harmonic analysis that gives the annual terms gives the semiannu

Y

¢ Resultate, Vol. V, })y})l 211 and 217,
7 Monthly Notices of the Royal Astronomical Soclety, vol. 78, 1918, p. 456,
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terms also. Material for forming these terms is given in Table 14.
Its form is somewhat different from that of other tables of harmonic
constants. Only the s’s and ¢’s are given, not the amplitudes and
epochs (R’s and {’s). This is because the amplitudes and epochs for
tﬁe same station differ widely for different series, as indeed the s's
and ¢’s do also, but in such a case it is not correct to take the arith-
metic mean of the amplitudes and epochs for different series to get a
mean amplitude and a mean epoch for the entire period, while such
a taking of means is entirely proper for the s’s and ¢’s. When a
mean s and a mean ¢ have been found, the corresponding R and ¢
may be found in the usual way. (See p. 74.)

he quantities in the table are not the immediate results of the
harmonic analysis, but have been corrected for “slope” (see pp. 51
and 80) in the sume manner as the quantities in Table 11, and the
effect of the 14-month component has been eliminated. The 7-month
component, being nearer In period to the semiannual component
than the 14-month, would have a much larger effect if it existed, but
as its existence is quite doubtful (see p. 61) no attempt has been made
to correct for it.

TaBLE 14.—Harmonie constants for the semtannual portion of the variations of latitude.

Yearsof Yearsof
Station and longitude. [seriesin- 83 c2 Station and longitude. |serlesin-| s [
clusive. clustve.
r? 1 ” ”
1000-05 |—0.004 | ©0.000 || Galthersburg, Maryland, | 1900-05 |-0.006 | 0.000
Mizusawa,, Japsn: 100-08 |— 003 | 000 || A= 477 12" 1900-06 |— . 008 | . 004
1600-11 [+ .004 |— 013 1003-08 |+ -002 [+ .001
1606-12 |+ 1004 [— -013 1603-09 |+ .004 |4- . 001
191015 |4- 012 |~ “o19 1006-11 [+ -003 |- [012
1911-17 |+ 017 |- .018 1006-12 |+ .007 |— 008
1012-17 |+ 014 |— .020 1008-14 |+ .011 |— .01
. + 008 e s | 190014 |+ .013 - [o1l
Tse! urkestan 900-05 . . i
schardjat, T * | 1900-06 |+ .007 |+ .006 | Cinctnnati, Ohio, 1003-05 [+ 001 |— .008
1000-11 [ -009 | 1002 |  Nem-h-84°"25". 1800-06 [~ . 004 |— 002
1006-12 |+ .00 |+ 004 ) + 1 100308 |+ 001 |— .ot
1908-14 | S006 |~ .005 1906-11 |— .002 |— .007
1000-14 |— .007 |~ 003 1806-12 [+ -001 |— 002
190005 |~ 003 |— .004 101018 |+ 03 |~ 0%
Carl, 8ardinia - - + .013 |- .010
Oyt 1000-08 |— 1003 [~ [008
1906-11 |+ .001 (— .008 || Ukiah, California, 1900-05 |4 .008 |~ .007
1006-12 |+ 004 |— 1005 ||  Ae=-t123°13" 1000-06 |+ .004 |— 1008
1010-15 |+ 005 |~ 000 1006-11 | .000 |— .010
101117 |+ .012 |- L0085 1006-12 [+ +001 |~ .008
1012-17 |+ .018 |— .003 1010-15 |+ .012 |— 002
1911-17 {+ 008 [— .008
191217 {4 1010 |— .008

. The values of s, and ¢, in Table 14 are evidently small and their
significance is therefore li’kely to be obscured by accidental errors of
one sort -or another. There appears to be in general a numerical
increase in these quantities between the first and the last series for
each station. The values of s, and ¢, for the later series at different
stations somewhat resemble one another and do not definitely re-
verse in sign on opposite sides of the pole, as they would if the semi-
annual term were due chiefly to the motion of the pole.

As the results in this chapter are incidental to the main purpose of
this report, it has not seemed worth while to undertake any very
elaborate discussion of the semiannual component. Elements of
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the elliptic motion might be computed from Table 14, for the same
series of years as are shown in Table 12, but the only series ac-
tually considered are two representative ones; the first is the
mean result, for all stations, for the years 1900-11, inclusive; the
second is the mean result, for three stations, for the years 1900-17,
inclusive. From the values of a, b, &, and B8 as found from the for-
mulas on pages 82 and 86, we may write for the semiannual terms in
the motion of the North Pole along the axes previously specified (p. 33)
from the series 1900-11

motion along z axis=070016 cos (2xt— 3119 6), )
motion along ¥ axis=00038 cos (2xt—174% 0),

from the series 190017

motion along z axis=070046 cos (2«xt—351° 2), } )
motion along y axis =070010 cos (2xt—45°% 4).

In these equations, « and ¢ have the meanings already specified for
the annual component (p. 52). A result that should be comparable
with (7) is that found by Wanach,® which covers also the years
1900-11 and is equivalent to '

motion along z axis =07 0032 cos (2xt—23°), 9)
motion along ¥ axis =07 0031 cos (2xt—175°).

Equations (7) and (9) agree satisfactorily, difference in methods
considered, for the motion alon,%1 the vy axis, but rather poorly for
the motion along the x axis. The residuals of (7) and (8) for the
sep’lg,rztﬁe stations In the sense ‘ observed ”’ minus “ adjusted’” are given
in Table 15.

TABLE 15.—~Residuals for the semiannual element of polar motion.

Res!dual by for- Residual b)y_ror-

. mula (7) — mula (8,
Stotion,
Incs In sy In ¢ In &3
U v ) v
~73 —11 —85 +44
-22 L 2 28 PP O
—08 + 3 ~88 +60
—~22 B0 1 3 PR R
-16 =5 lieiieiieie]irecioanes
—48 +20 —04 +43
—41 + 0 —72 +49

The portion of the semiannual variation of latitude peculiar to
each station as given by Table 15 is seen to exceed, in general, the
portion due to the semiannual motion of the pole as given by for-
mulas (7) or (8). v ‘

Just as in Table 13, the similarity of the residuals in Table 15 for
the different stations suggests that a common value of all the resid-
uals should be represented in the Kimura term; this part of the’
term would be :

¥, €08 2t + v, 8in 2«t, _ (10)

e

§ Resultate, Vol. V, p. 217,
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the mean values of », and v, being found as in Table 13. Such a term
might, like the annual portion of the Kimura term, be chiefly due to
some peculiarity of the seasonal climatic cycle common to all stations,
orit might be due to periodic errorsin the declinations used. The
alteration with the time of the values of ¢, and ¢,, to which attention has
been called and which is reflected in the difference between the two
sots of residuals in Table 15, suggest periodic errors in the declina-
tion as a more probable cause, for the star program necessarily
changes with the time, and Kerlodio errors may not have been so
com}ﬁetely eliminated from the later star places as from the earlier.
The magnitude of such period errors, as judged by the systematic cor-
rections necessary to reduce from one star catalogue to another,” is
in general considerably larger than would be given by an expression
like (8) with v, and v, of the order of magnitude of the values in
Table 15. No nvestigation, however, of such periodic errors in the
declinations used by the International Latitude Service has here
been attempted. . _ )

It does not seem practicable to formulate in a few words the
results of this investigation in so far as they concern the semiannual
term, this term being small and likely to be obscured by accidental
errors. The numerical results are presented in Tables 14 and 15 and
in formulas (7), (8), and (10), which are given for what they may be
worth. ‘

Formulas (7) and (8) do not agree at all well with cach other, and
the discrepancy would lead one to doubt the reality of a semiannual
term in tﬁe polar motion given by either one of them. Wanach 8
discusses the two halves of the series 1900-11 separately (by a
method quite different from the one here used) and finds, as regards
the semiannual term,a passable agroement between the two halves.
Ho thence infers that the semiannual term is real and approximately
of tho value found for the series 1900-11. To be sure, the result for
the 24-year period, 1890.5-1914.5, does not agree well with the
other result, but he attributes the discordance to the nature of the
material available before 1800, ) ,

The change with time in tHe semiannual terms for the individual
stations seems pretty well established by an mS})oction of Table 14,
also tho fact that, particularly for the lattor part of the period 1900-17,
there is a semiannual portion in the Kimura term. The mean value
of the semiannual portion may be represented by expression (10),
with the mean values of v, and v, from Table 15, or as follows:
Semi-annual portion of Kimura term = + 070072 cos 2 &£ + 070049 sin 2 k¢

=070087 cos (2 xt— 145°.8),

SECTION 8. THE 14-MONTH COMPONENT OF THE MOTION OF TIE POLE.

From the harmonic constants of the 14-month component of the
soparate stations we may deducoe by a least-squares adjustment the
harmonic constants for so much of the variation as is due to the
motion of the 'Fole. This has been done and the result is set forth
in Table 16. This table has the same form as Table 12, except that
the probable error of 6 (indicated by the + sign) is shown in connec-
tion with 8. This matter will be considered later.

! 8ea for example Boss’s Preliminary General Catalogue of 6138 8tars, etc., Washington (Carnogle Insti-
tution), 1010, Q}) endix ITI1. .
¢ Resultate, Vol. V, pp. 218-219.
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TaBLE 16.—Harmonic constants for the 14-monthly motion of the Pole.
[For notation sce pp. 82-86. Epochs reduced to 1900, 00.]

Har"&fé:’ﬁf&?“gffts for Eloments of clliptic motion.
Greonwich. ] 90° W. Semi-axes. For major axis.
Yoars of series ’ ———r
inclusive. i R g;‘(g';- e
city. .
- R Ipoch,

Atﬁl eli Epoch. ‘}3‘ ’;’ Epoch.| Major. | Minor. Direction. . P ’
»

a a b B A n E 0 u 8+p

”n © " - L ’” o -] o -]
0, 131 32.71 0.1411 310.6| 0.146 | 0,125 0.52|59.4 £ 4.0 337.4 36.8
.131 30.1 L1391 307.7 145 .125 .60 | 57.3 & 4.8 336.7 34.0
. 206 23.3 L2171 203. 4 217 . 208 .31 |80.6 £18.56 | 203.7 2.8
. 210 25. 9 «218 | 205.6 .219 .210 .28 (042 £22.2| 201.0 25,8
., 210 40.8 .219 | 312.2 .220 . 209 .32 74.6 £16.3( 320.8 41.4
. 179 47.1 <208 ) 310.0 212 175 b7 110.1 £ 2.7 | 203.2 43.3
. 179 52,8 L2051 312.0 .213 . 108 .61 |116.06 & 1,5 200.4 41.0
L1723 20.8 176 [ 300.2 177 .173 .21 | 80. 6 300.5 30.0
. 170 35.8 .179 | 803.0 . 180 .168 .36 [110.3 283.9 34.2
a 8 statlons used.

b 4 gtations used.

¢ 3 stations used.

4 6stationsused. Mean harmonic constants of soparate stations found from serios for 1900-05 and 1906-11
and elements of elliptic motion detormined from mean constants.

¢ 3 stations used. Mean harmonic constants of separate stations found from series for 1900~05, 1806-11
and 1912-17 and elements of elliptic motion determined from mean constants. T

TFor comparison with these results there is available the results
deduced by Dyson and Wanach.” Wanach’s result is deduced on’
the assumption of circular motion. Theradius and epoch for a motion
of this sort are given under ¢ and «, respectively, and these should
be agproximutely equal to tho quantities 3 (¢ +b) and § (a+p8—270°)

of the elliptic motion for a corresponding period.
Ilarmonic constants. ’
]
Wanach, 1900-11, | Dyson.
Deosignation of constant. — | S
m | @ | 100005 | 1006-11
07127 07200
07131 0¥213
3195 o504
30093 20492 ..

Dison’s results were translated into the notation of this report

by

the use of his own value for the free period, 432.2 days. Part of
the slight difference between the epochs for corresponding periods
may be due to the difference in the free periods assumed, Wanach’s

value being 432.8 days and for this report 432.5 days. The results
obtained in this report agree satisfactorily with the results of Dyson
and Wanach for corresponding periods of time. The ellipses deduced
from Dyson’s values of @, b, «, and 8, will be found to be of the same
general character and to-have their axes in tho same general direction
as those for like periods in Table 16. ' '

It is of interest in this connection to mention a verification of the
a and « for the series 1912-17 coming from outside the International

¢ 8ee referonces in footnotes 6 and 7 on p. 56,
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Latitude Service. Observations at Greenwich with the Cookson
floating zenith telescope give a curve of latitude which, when analyzed,
yields the following expression for the 14-month term for 1912-17,

07191 cos (xt— 49°9).

The amplitude differs only 07012 from the corresponding a in Table
16 and the epoch differs 229, a satisfactory agreement for both. The
Greenwich results may be introduced into the determination of the
14-monthly polar motion, but, as might be expected, their introduc-
tion does not change substantially the figures in Table 16.

Since the latitude of a place depends both on the direction of the
earth’s axis and on the direction of the plumb line at the place, it is
conceivable that the plumb line of each station may have an individual
oscillation of its own in a 14-month period, thus causing variation in
latitude independent of the polar motion. The observations here
discussed, however, lend little or no support to thisidea. An examina-
tion was made of the residuals from the adjustment that furnished
the data for Table 16; that is, of the residuals from the 14-month
components of polar motion analagous to those that furnish the

imura term for the annual variation. The residuals were found
to be much smaller than for the annual component and to vary

eatly from one series to another, giving evidence of being mainly
gfle to accidental errors. The results are, therefore, not given in
detail. The magnitude of the residuals was such that the probable
error of s=R sin { or of ¢ =R cos {, as obtained from the adjustment
of the harmonic constants of the 14-month component, may be
estimated at 307006 or =+ 07007.

There is one reason for the existence of a 14-month oscillation
peculiar to each station that may present itself to one ponsidering
the subject. The motion of the pole changes the centrifugal force
over the earth’s surface, and the ocean endeavors to conform to the
resulting changes in the equipotential surface, thus producing a
14-mont;glﬂy latitude-variation tide which has been investigated and
detected. ~If the earth were covered with water, this tide would
have the same character at all stations in the same latitude; but the
earth, not being so covered, the plumb lines of all such stations are
not equally affected by the gravitational action of the tidal load.
A little calculation will show, however, that the difference of latitude
due to an effect of this sort can not exceed 070001 or 070002 and
may therefore be neglected.?

’[Yhe harmonic analysis of the 14-month component gives readil
enough the data for a possible torm in the latitude variation witi
a 7-month period. The theory of the variation of latitude does not
indicate the existence of such a term in the motion of the pole, and
since, as regards the local periodic deflections of the Flumb line, we
have neglected the 14-month term we should naturally neglect with
greater reason the 7-month term, which would be merely a harmonic

10The latitude of a placo {ssubject toan indirect Influence, due to the effect of the displacement of the pole
on the direction of tho plumb line. The displacoment of ihe polo causes equsl changes fu the geocentric
latitudes of all polntsin tho samo merldisn, but doos not cause equnl changes in the geographiclatitudes,
which are the quantities direetly measured.  From one point of view this slight Inequality in the change
of geogniﬁhiclamudo along the same meridian may be considored as due to the effoct on the plumb lino of
theswel utvs and depressions of tho carth tides produced by the displacement of the poleand the attendant
changesin the centrifugal force, A correction for this fact would be necossary only if the motion of the pole
weoro to be deduced from two sots of latitude stations situated on widely separated parallals of latitude; the
amount of tho correction necossary toreduce stations to latitude 45° as a standard is of the order of mag-
nitude of 070003 and therefore unimportant with observations of the present dogree of accuracy.
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of the 14-month term. The 7-month terms deduced from the analy-
gis give every indication, in spite of all refinements of computation,
of being due merely to accidental errors. The results of the compu-
tation of the 7-month terms are therefore not given here.

The mathematical theory of the variation of latitude (see P 93)
assumes that small changes occur in the position of the earth’s axis
of figure; that is, the axis about which the moment of inertia is
greatest.”! Changes of this sort of a roughly periodic character
would occur because of the unsymmetrical annual distribution of
snowfall, barometric pressure, etc. These periodic changes cause
what may be called a forced periodic oscillation of the pole of figure,
the period being a year., The pole of rotation does not in general
coincide with the pole of figure, but is subject to a forced oscillation
in an orbit of its own, different from the orbit of the pole:of figure,
but having the same period. The pole of rotation will have in
addition what is called a free oscillation in & period determined, if
the earth were a rigid body, merely by its moments of inertia and
the angular velocity of its rotation, or determined for our actual
earth by the foregoing quantities and, in addition, the mean elastic
moduli of the earth. ql’his free period is the 14-month period,
or more definitely 432.56 days.

Furthermore, theory shows that if the forced oscillation of the
gole of figure were strictly periodic, the exact period or I)eriods

eing unimportant provided none of them coincides too nearly with
the free period, and if the two principal equatorial moments of
inertia were equal, then, whatever the character of the forced oscilla~
tion, simple or complex, the free oscillation would always consist of a
uniform circular motion of the pole of rotation. If, on the other
hand, the principal equatorial moments of inertia were unequal, the
forced oscillation being still strictly periodic,- the free oscillation
would take place in an ellipse with its major axis lying in the meridian
of that equatorial axis about which the principal moment of inertia is
the larger; that is, in the meridian of the shorter equatorial axis of
the geoid considered as an ellipsoid of three unequal axes.!?

W%th a view to detecting a possible inequality in the equatorial
moments of inertia the assumption of uniform circular motion was
avoided in making the adjustment to determine the elements of the
polar motion given in Table 16. By such a process, of course, the
motion, even 1%1 exactly circular and uniform, would come out elliptic
owing to the presence of accidental errors.’? In such a case, how-
ever, there would be no evidence of even approximate constancy in
the direction of the major axis of the ellipse, represented by ¢ in
Table 16. The variability of ¢ in this table, and the sizo of some of
the probable errors,* show the presence of comsiderable accidental

1 This axls may also be called the axis of inertis, and a polo of this axis may be termed indifferently
either the polo of figure or the pole ofinertla.

1 For tho relation betwesn moments of Incrtla, 1nc<b)uamloa in the radli of the geold, and insqualitios
in gravlty on the surface of the §eold see Holmort, Hohoro (eodiiste, Vol. II, chap. 2.

d 1 g)‘lapartures {rom perfect per: odic{ty in the froe and forced oscillations are necessarlly treated as accl-
ental errors.

14 The larger ptobable errors should not be taken as anything more than rude approximations; their
size 18 due to the small eocentricity of the ellipse, which necessarily renders uncertain tho location of its
major axis, rather than to the greater Inaccuracy of the underlying observations. For these la.fr‘gcr orrors
the assumption made in deriving the formuias, namely, that changes in 6 may be treated as differentials,
nolonqer gives 8 good approximation for a changein § of thesize of the larger probable crrors, In connec-
tion with all these probable errors, 1srge and small, it should bo rememboered that thoy include neither
the orrors of the assumption that the variation of latitudo Is representablo by harmonic terms of the kdnd
?gre us%q’ 1)10! the errors of the conventions by which the fictitious observation oquations were introduced.

oo . 87,
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error, nevertheless there seems to be a tendency for the major axes
to cluster around a direction not far from 90° west of Greenwich.
For comparison with this result there is Helmert’s determination
of the same thing by a very different method,’s namely, from gravity
observations. Of these observations Helmert made various adjust-
ments differing in the data used and the weights assigned. The
determinations of the lon§i’pude of the equatorial axis with the
larger principal moment of inertia (the shorter axis of the geoid)
varied correspondingly from 94° W. to 122° W. His adopted result;
was 107 W with a probable error of +4°. The results from the
latitude variation are seen to be affected with a greater uncertaint
than those from gmwtg observations, but are not inconsistent wit.
the latter, confirming the general character of Helfert’s result as far
as 1t concerns the position of the shorter axis of the geoid. A rough
confirmation of this sort is far from useless, for the character of
Helmert's result is rather surprising, since any great inequality in
the equatorial moments of inertia or equatorial axes seems incon-
sistent with our generally accepted notions about the condition of
hydrostatic equilibrium prevailing within the earth, or, in other words,
with the theory of isostasy. Furthermore, Helmert’s whole method
might be questioned on account of systematic errors in the gravity
observations arising from the topography and the surface geology in
the vicinity of the gravity stations and because the gravity observa-
tions are at present confined to one-fourth only of the earth’s surface,
that is, to the land. ..
The difference between the two principal moments of inertia
and the corresponding difference in the equatorial semiaxes are
uite as important to know as the longitude of the shorter axis.
%elmert’s various adjustments yield results for the difference be-
tween the semiaxes varying from 154 meters to 510 meters. His
adopted result is 230 meters. The corresponding difference between
A and B, the principal moments of inertia about axes in the plane

_of the equator is given by
B— A=0.000024 Ma?,

where M is the mass of the earth and a the mean equatorial radius.
Calling ¢ the moment of inertia about the polar axis, we find
(B —f) /(C— (A +B)=1/46, a quantity which enters into the deter-
ination of the form of the ellipse of polar motion. Schweydar® has
computed the form of the ellipse of the polar motion corresponding to

Helmert's adopted result; he finds an ellipticity of 0.016, that is an
eccentricity of 0.18, which is smaller than any eccentricity in Table 186,
: The result from the variation

though not far from the smallest. _ :
of latitude as regards the difference between the equatorial semi-
axes of the geoid seems again to be a confirmation of Helmert’s
result in a general way, though one suggesting & rather greater differ-
ence than the ono that Helmert finally adopted. _ '

In regard to the difference between the equatorial semiaxes

tw d, which point in opposite directions.
0 facte should be note: puatorial semiaxes varies as

First, the difference between the equ .
the s'qua.re of the eccentricity of the ellipse of polar motion, so that

% Neue Formeln fiir den Verlaufder Bchwerkraft im Meerosniveau belm Festlande. Sitzungsberichte

der K&niglich Proussischon Akademie der Wissenschaften, 1815, D. 676,
16 Agtronomische Nachriohten, No. 4835, Vol. 203 (1918), p. 10L.

89016°—22—5
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an eccentricity like 0.30 in Table 16, which is just twice Schweydar's
value deduced from Helmert, implics a difference between the
semiaxes of the earth of four times that found by Helmert, or 920
meters. Second, there secems to be a tendency as series are made
longer for the eccentricities to decrease, indicating that the larger
eccentricities are at least partly due to accidental errors.  Of course,
if all eccentricity were due to error of this sort, we should expect
the directions of the major axes to be scattered all over a semicircle,
but this is not the case. This tendency toward eccentricities dimin-
ishing as the length of series increases may be noted in the series for
1900-11 which gives the smallest eccentricity in the table, smaller
than either of its component parts, ” the series for 1900-05 and
1906~11. The seties 190017 shows the same tendency, yielding an
eccentricity less than the eccentricities of two of its three component
parts,'® the series for 1900-05, 1906-11, and 1912-17.

By balgncing these two opposite tendencies we are led to see in
the figures of Table 16 a rough confirmation of Helmert’s general
result, which is all that the data now available will yield. Perhaps,
on the whole, the latitude observations indicate a difference in the
equatorial semiaxes rather greater than Helmert's adopted result, say
300 meters or even more, rather than 200. These figures and the figure
90° west longitude for the direction of the axis of the ellipse of free
polar motion are both subject to a correction for the unsymmetrical
distribution of land and water and its effect on the yielding of the
ocean waters to the centrifugal forces arising from the displacement
of the pole. (See p. 101.) %\To definitive results are therefore stated
until this correction has been further investigated. It appears to
be rather small. If the number of latitude stations could be main-
tained at six or more over a considerable period, it should be possible
to get a result for the figure of the carth having as great an apparent
degree of accuracy as tho gravity observations give, and free from
the suspicion of systematic error due to the fact that gravity observa-
tions, being at present confined to land, cover only one-fourth of
the earth’s surface and are much affected by local topography and
geology.

SECTION 4. COMPONENTS OF LONGER PERIOD.

The annual climatic cycle appears to be the fundamental cause of
the forced annual oscillation of the pole, though there are difficulties
in obtaining an accurate evaluation of all the effects involved.*®
Other climatic cycles are known or suspected and it is natural to look
for their effects on the motion of the pole. An extended study of
the subject would be quite beyond the scope of this report. = All
that is here attempted is to utilize a period of observation available
by extending slightly some work done by Wanach.* Attention was

17 This result §8 not unreasonable, but arises partly from the difference in direction of the major axes.
A simple extremo case will {llustrate. Supgose two equal concentric ellipscs of small eccontricities with
major axes at right angles to one another, and let a curvo be drawn with radius vector equal to the mean of
the two radii vectores, Neglecting the fourth powers of theeccentricity, thenew curve willbeacircle, i. 0.,
an ellipse of eccentricity zero.

18 The eccentricities, from the first two component parts, a8 set down in the same tuble’z come from six
statlons, not from three, and aro therofore not strictly comparable with tho series 1000-17.

1» Schweydar: Zur Brkliirungder Bewcgung der Rotationspolo der Erde; Bitzungsherichte der Preussi-
schon Akademle der Wisscnschafton, 1019, p. 357. Jeffreys: Causes contributory to the annual varlation
of lat{tude; Mouthl{,Notlces of thie Royal Astronomical Soclety, Vol. 76 (1916), p. 409,

20 Resultate, Vol. V, p. 217,
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drawn by Angenheister 2 to periods of 3 and 6 years which he found
in the heights of the barometer at a chain of 9 stations encircling the
globe. He gave also some estimates to show that these inequalities
in barometric pressure might produce sensible effects in the motion
of the pole. There is a period of about 3 years in the behavior of
sunspots with which the 3-year barometric mequality is presumably
connected.

It is not difficult to utilize the monthly readings of the latitude,
already used in obtaining the annual component, for the Il)ur ose of
obtaining terms in the latitude whose period is some multiple of a
year. To study a possible 6-year term the readings of three consec-
utive months were grouped together and the mean treated as a
single reading; this gives 24 readings in a 6-year period, and at
Mizusawa, Carloforte, and Ukiah, the 18 years of observation gave
just three such periods. The second harmonic of the 6-year term
gives a 3-year and the third harmonic a 2-year term, which was
also derived, although no 2-year period was suggested by Angen-
heister. The augmenting factors for the amplitudes and the reduc-
tion of the epochs to the beginning of the year 1900, both being made
necessary by the use of 3-month groups as single observations, are
easily found. = (See p. 79). _ o

From the harmonic eonstants of the 3 stations the corresponding
motion of the pole was then deduced. Let z,, ,, and z,, denote the
resolved portion of the polar motion on the z axis (Meridian of Green-
- wich) due to the 6-year, 3-year and 2-year terms, respectively; the

subscripts denote tge harmonic order of the term with the 6-year
term as fundamental; let ¥,, ¥,, and ¥, denote the resolving portions
of polar motion of the same periods on the y axis; for these terms the
following values were deduced with which are shown Wanach’s

values for comparison.

Period. This luvestigation. Wanach.
o «e..| =070223 cos (xt/0—100°).
2y 070031 COS (A/B=80%).eervvrerrrnarvenacnnennaane —
Oyears............ {y'.-ofom cos Ext/ﬂ-—272°) =~=070083 cos 24/0 zas';.
- 0T003R cos (xt/3—126°).
23070107 cOS (xI/3—225°) - 12
3years............ ¢~ 070146 COS $x1/3—41°) .............. -..| =070170 cos E~1/3 9°).
- ('0084 cos (x¢/2—40°).
= 070147 CO8 (xt/2—204° - -
2years............ 070130 008 E:qz-—m'g 070058 cos Eu/z 7).

The « in these equations is, of course, the same as in the ex ressior}s
for the annual pélrtion of the Kimura term on page 55. alna(;h )
values are from observations covering the years 1900-11, inclusive,

i . i he
with all 6 stations. The other values depend on 3 stations but cover t
longer period 1900-17, inclusive. Thereissome resemblance in the two

sets of -year and the 6-year terms that hassurvived the

iff erenzzlil:lefnfeoti?)}aeo% tyrentment, in th)é stations used, andin the pende
covered. Since, furthermore, there appears o be a pnor} ljeixson gr
expecting such terms, we may consider their existence as mg y pxt'ﬁ -
ﬂb{)e, but how accurately the polar motion may be given by either

ki ; Nach-
20 i g atdraokchyankung tnd e PSR, b W L
The Dagggris d(:a?cﬂ{)cgf gs(?se;(:‘%lslcmmar communication, but nothing further on the subject from Angea
helster come to the author’s attention.
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set of exgressions is another question. The 2-year terms seem to be
merely the result of manipulating figures. The 3-year terms in the
expressions for the polar motion reproduce better the terms of like
period at the several stations from which the former were derived
than do the terms in the polar motion with periods of 2 or 6 years.
The mean residual (without regard to sign) in the s’s and ¢’s of the 3
stations is 070058 for the 6-year terms, 070027 for the 3-year terms,
and 070088 for the 2-year terms. :

The sumamation for the 6-year component afforded a partial check
on the numerical work. The sixth harmonic is, of course, the annual
component. The annual term so obtained, when all corrections have
been applied, should be equal to the mean result of the three con-
secutive 6-year series already obtained, namely, 1900-05, 1906-11,
and 1912-17. In taking the mean of the three 1t is more accurate to
average the ¢’s and §’s than the amplitudes and epochs. The results
of this check were entirely satisfactory; the epochs agreed within a
fraction of a degree and the amplitudes within a few units of the
fourth decimal of a second, that being the last decimal place retained
in the computations. ,

The fifth harmonic of the 6-year component comes out very large;
it is explained by the fact that the period of this harmonic, 1.20
years, is 8o nearly that of the 14-montE term, or 1.184 years, so that
the two periods do not separate much in the course of 18 years. The
fifth harmonic can, in fact, be made to furnish an approximate value
of the 14-month term, thus affording a rough check. :



Chapter V.—SUMMARY AND CONCLUSIONS.

The rate of apparent increase in the latitude of Ukiah found by
Prof. Lawson, 070094 per year, is reduced to 070081 per year by
.the application of a more accurate method to the same material as
Prof. Lawson used. Neither rate is to be further increased on
account of any supposed change in the zero from which changes in
latitude were reckoned. .

To make sure that the apparent incresse is not due to the star
places used, the other stations of the International Latitude Service
were examined for possible changes of latitude similar to those at
Ukiah. The definitive latitudes of the International Latitude
Service from 1900.00 on were used so far as available and then the
provisional latitudes thr_ou%h the year 1917. The details of the
methods used are given in Chapter II, pa.glgs 8 to 30. The results
for all stations are given in Tables 8 and 9. These tables indicate that
the increase in latitude at Ukiah is in no waf exceptional, that all
stations except Mizusawa show, on the whole, api)l&rent; increases
in latitude tﬁroughout the Mperlod covered, and that toward the
latter part of that period Mizusawa also shows an increase. The
average rate of increase of Gaithersburg usually exceeds the average
rate of Ukiah over like periods of time. The rate of increase of lati-
tude at Ukiah varies from 070063 to 090260 a year accordip to the
method used and the period covered. The rate at Gaithersburg
varies from 070083 to 070218 a year. The larger values just men-
tioned for the two stations are too uncertain to be used as a basis
for any trustworthy conclusion. The more reliable rates are not
far from the rate of 00081 already found. (For particulars, see
Tables 8 and 9.) . ) . .

A general apparent increase in latitude at all stations might mean
an approach of these stations toward the pole, but a much more
probable explanation is an increasing error in the star places due to
erroneous values of the proper motions, an error that would affect
all stations alike, since the star program is alike at all stations. An
inspection of Tables 8 and 9 shows a comparatively large increase at
American stations and a small increase or an actual decrease at Asiatic
and European stations, which are on the opposite side of the pole
from America. This suggests that suﬁerpose on the purely apparent
change of latitude due to star-places there may be a change of latitude
due to a displacement of the North Pole tpward the American con-
tinent. A least-squares adjustment on_this hypothesis of the rates
of change given in Tables 8 and 9 gives different but fairly consistent
results according to the data an Welil_lts used. These results are
set forth in Table 10, page 34. An arbitrary mean of these results
was adopted as one definitive result of this investigation, namely a
progressive shifting of the North Pole ab the rate of 0! 005?1 (equal
to 15 centimeters or-6 inches) per year in magmtude and directed
toward the Equator along the meridian of 78° west of Greenwich.

is is & mean result for the years 1900-14, inclusive; the observa-
tions may be interpreted as meaning that a polar motion of lfhe same
eneral c{aracter continues through 1917. _A revision of the calcu-
F&tions was undertaken while this publication was in press and was
completed too late for the results to be.th°"°‘315hly mqox_'goraﬁeddm 1t.
he revision led to the complete rejection of Tschardjui in the deter-
67
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mination of the polar displacement. The effect of the rel'ection is
to increase the annual rate of displacement of the North Pole for the
period 1900-1917 to about 070062. The direction of the displace-
ment is a few degrees nearer to the meridian of 90° west than the 78°
just mentioned, the direction apparently varying somewhat during-
the period tested. For reference to the article containing the
revised calculation see the last paragraph of the introduction, page 2.

In regilons situated on meridians nearlff at right angles to the
meridian of 78° west the shifting of the pole would have practically
no effect on the latitude. One such region is evidently western
Europe, which is just the region where the longest series of accurate
observations have been made. These observations would then be of
little use in deciding whether or not a polar displacement of the

_general nature of the one here deduced has been going on for some
time in the past and might therefore be expected to continue for
some time in the future. ~The shifting of the pole during the years
in question may be due to a combination of periodic terms having
periods of a few years or a few decades, terms whose existence has
not yet been established but which might correspond to meteoro-
logical cycles of one sort or another. Very recent observations at
Ukiah might indicate that this shifting of the pole is not continuing-
and might even be reversing itself, but the evidence of Ukiah alone
on this point is not conclusive.

This shifting of the pole toward the American continent combined
with a change in the average proper motion of the stars used of
about the same magnitude (see values of w in Table 10) appears to
be a fairly satisfactory explanation of the apparent increase in lati-
tude at U{iah, and at all other stations of the%ntcmationul Latitude
Service during the period in question, without invoking the effects
of a creep of surface strata. No attempt is made to pronounce on
Prof. Lawson’s thothesis in general; the question in this investi-
gation is simply the interpretation of the astronomical evidence with
special reference to Ukiah. The hypothesis of a surface creeg ab

kiah is not absolutely excluded, gut if a creep exists, its effect
appears to be subordinate to the effects of polar motion and of errors
in the assumed proper motions of the stars. A brief discussion is'
given of the geophysical questions involved in a possible progressive
shifting of the pole (pf). 39 to 42). )

The {))assage in Prof. Lawson’s article dealing with the latitude of
Lick Observatory is reproduced on page 44. A rate of change of
latitude of Lick Observatory before and after September, 1903, is
deduced b{{ least-squares adjustments from the data used by Prof.
Lawson. Rates of increase as found from these adjustments resem-
ble those deduced by Prof. Lawson by a Fm hie process, but the
value of the entire result is rendered doubtful by a lack of homoge-
neity of the declinations used. There is some evidence in the lati-
tudes themselves of a sudden decrease in the latitude of Lick Obser-
vatory in September, 1903, about the time of a severe local earthquake.
Some decrease of this general nature is accepted as fairly plausible
by the director, Dr. Campbell, but is doubted by Mr. Tucker, the
astronomer who made the latitude observations. Triangulation exe-
cuted both before and after 1903 gives no clear evidence of a shift
in the ({)osition of Lick Observatory. If this sudden decrease be
accepted, there is then evidence, based solely on stars belonging to -
a single declination system, that the latitude of Lick Observatory may
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have increased progressively at about the rate due to the motion of
the pole given above. The lack of homogencity of the declinations
for any extended period renders any very definite conclusion on the
subject rather diB-icult. '
e harmonic constants derived in the course of the work to repre-
sent the variation of latitude at the various stations are corrected for
known sources of error and the definitive results are given in
Tables 11 and 14 (pp. 51 and 57). =
The portion of the variation of latitude having an annual period is
composed of the motion of the pole with an annual period and to
various other effects not due to the motion of the pole and to a cer-
tain extent different from station to station. These other effects are
lumped together as the annual part of the Kimura term. The annual
portion of the motion of the pole, as deduced from an adjustment of
the harmonic constants of the several stations, waries according to
the way in which the Kimura term is treated. The results for the,
annual motion considered to be on the whole the most satisfactory
are given in the two lower lines of Table 12, on page 53. They agree
satisfactorily with results deduced by other methods by Dyson and
Wanach. Expressions for the annual portion of the Kimura term itself
are given by equations (1), (3), (5), and (6), (Ipp. 55 and 56), agreeing
satisfactorily with Wanach’s and Dyson’s results, equations (2) and (4).
Harmonic constants for the semiannual term are given in Table 14
(p. 57). Attention is called to an increase in the amplitude of this
term toward the end of the period treated. It is suggested that some
of the semiannual cffect may be part of the Kimura term and may
be due to systematic errors in the declinations having a period of 12
hours of right ascension. The annual motion of the pole is shown in
figures 14 and 15. . ) )
g’l‘he motion of the pole in its “free”” period of 432.5 days is deduced
from the harmonic constants for this term at the several stations.
There is no evidence from the observations of any effect of this period
in the Kimura term and no a priori reason for an effect of this sort
large enough to be considered. Harmonic constants for the motion
of the polein the free period are given in Table 16 (p. 60). The
results of Dyson and Wanach deduced by other methods are given
for comparison; they agree satisfactorily as far as they go with the
results in le 16. N .
The chie}‘?)giit gf interest in Table 16 is the direction of the major
axis of the ellipse of polar motion. The results vary considerably
and are affectecf by large probable errors, but a direction not far from
the meridian of 90° west of Greenwich is pretty clearly indicated.
This longitude is the longitude of the axis of the larger principal
equatorial moment of inertia, if there is any percoptible difference in
the principal equatorial moments. The larger principal moment
corresponds to the shorter axis of the geoid considered as an ellipsoid
of three unequal axes. The eccentricity of the ellipse of polar
motion affords a means for deriving the difference between the two
equatorial moments of inertia or between the corresponding equa--
torial radii of the geoid. The eccentricity of Table 16 vary consider-
ably but seem to indicate, on the whole, a difference between th(la two
equatorial radii of the order of magnitude of 200 or 300 meters.

| vet precisely evaluated but relatively rather small for the
mLﬁ‘fﬁ%§°&°“{,‘}§*‘o'g’;‘;§“£L‘i°°§s‘_° “(5‘85' ",?ﬁf%ng fml.)) Foryth!s roason the results aro stated anly tenta-
tively and in round numbess,
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These results (radius of the equatorial ellipse in longitude 90° W.,
200 or 300 meters shorter than the radius in longitude 0° or 180°)
agree roughly with the results of Helmert from gravity observations
(shortest radius at 107° W., difference in radii of 230 meters). The
determination of these quantities from the latitude observations is
necessarily rough, and an accurate result would require a l'on§ series
of observations, but even the rough result is of value as lending
H}ausibility to Helmert’s conclusions because the latter appear to con-

ict with our ideas about conditions in the interior of the earth and
to be perhaps open to suspicion on account of systematic topographic
or geologic effects in the gravity observations.

The observations were examined with a view of detecting possible
terms in the motion of the pole having periods of 3 or 6 years, there
being some & priori reasons for expecting terms of this sort. The
results are obtained from three stations over an 18-year interval.
They are compared with results obtained by a different method by
*Wanach from a 12-year interval but based on all 6 stations. The
two results of the two discussions are compared on page 65. Some
little resemblance between the two has survived the gi(?erence in the
stations used, in the method, and in the period covered. This resem-
blance, combined with a priori considerations, appears to be just about
sufficient to render fairly probable the existence of terms of this sort,
but the values of their amplitudes-and epochs are far from certain.

The motion of the undisturbed pole of figure as deduced from the
annual motion of the pole of rotation is given on pages 105 and 106,
figures 14 and 15. e amplitude of the motion of the undisturbed

ole is much smaller than that of the pole of rotation, and its motion
ess accurately determined.

It a%pears to the writer, as a result of this investigation, that it
would be desirable to repeat some of the calculations when the defini-
tive latitudes become available for the years after 1912.000.

It also appears unfortunate that the number of latitude stations
should have been reduced to three and that one of these should be in
a region where the ground is supposed to be unstable. Three stations
are just enough to determine the harmonic constants of the annual
motion of the pole with the annual part of the Kimura term included,
and additional stations to serve as a check are highly desirable.

Three stations are just enough also to determine a progressive
shift of the pole combined with a constant correction to the average
proper motion in declination (the w of Chap. II, p. 33). Again, addi-
tional stations to serve as a check are imperative if the results are to
be considered as reslly certain.

The complications introduced by the declinations in delicate
researches on the motion of the pole are such that it is desirable to
be independent of declinations if possible, even at the expense of the
inaccuracy of daylight observations. It, therefore, appears desir-
able to determine latitude from observations on circumpolar stars
at both culminations. The observations should be made system-
atically and as frequently as possible, and the results for each star
at each observatory should be discussed separately. In this way it
is not necessary to have a chain of latitude observatories all on the
same Ipara.llel; any well-equipped and well-staffed observatory out-
side of the Tropical Zone would be able to contribute results of value
in the study of the variation of latitude.



Chapter VI.—-MISCELLANEOUS MATHEMATICAL DEVELOP-
MENTS.

This chapter contains various mathematical developments regard-
ing the details of the calculations previously referred to. The mathe-
matical notation of each section of the chapter is independent of
that of the other sections.

SECTION 1. SUMS OF OERTAIN TRIGONOMETRIC SERIES—OCLEARANCE
FORMULAS.

The following formulas for the summation of a series of sines or
cosines of angles in arithmetical progression are continually needed
in the developments of the harmonic analysis. The proofs will be
found in almost any work on analytical trigonometry.

sin o+ sin (@+B8) +sin (@+28) +sin (@+38) - - « - +sin[a+ (n—1)g]

=gin <a+7i-;—143> sin 7}2—3 cosec g (1)
cos a + cos (a+B) + cos (a+28) +cos(a+3B) - - - - +cos [a+ (n—1)g]
( n—1 ) . nB B @
= COS a+——2-6 sin 5 cosec 5

When 78 equals 2 or & multiple of 2 the sum of the terms of the

left-hand members of (1) and (2) is evidently zero. »
Let us multiply equation (1) by %, then in (1) replace o by a+ 8,
multiply the equation after the replacement by 4 and add to the first
result, = Every torm in each series hag a term in the other exactly like
it except the first term of the first serics and the last one of the second

series; by combining like terms we find
% sin «+sin (a+ ) +sin (a+28) +sin (@+36)- - - - +sin [a+ (n—1)6]
" +4 sin (a+np) 8
=% sin (a+7i:2'—1 ﬁ) ssin%é cosec 5
+% sin <a+£'21'—1 B) sin %é cosec —g,
or by obvious transformations of the right-hand side
4 8in a+gin (a+B) +sin (@+26) « - - - +sin [a+ (n—1)8]
+ 3 sin (e +nB) s 3
. n
=sin (a+§ ﬁ) sm—z—ooti- 3
In a similar way from (2) _
3 cos a+cos (a+8) +cos (a+28)
+% cos (a+np) _
™8 6ot 5. | @)

=cos(a+gﬂ)8in.'§ 3
* 71

.. +cos [a+ (n—1)8]



79 U. S. COAST AND GEODETIC SBURVEY.

Formulas (3) and (4) apply to the case frequent in practice where
a set of ordinates is to be summed with only half weight assigned to
the ordinates at the beginning and end.

On page 5 formula (4) is applied to an expression of the form
A cos (t—a). Fifteen ordinates are used, or n=14, It ig assumed
that «t =27 when ¢ =432.5 days, this being taken as the length of the
free period of the latitude variation. Then dividing this period into 14

parts, corresponding to ¢ =0, ‘gl—ilé; 2x %—9, etc., days, we find

3 Acos (0—a)+A cos (?—Z~a)+/1 cos (2><?~Z—a) cees
+ A cos (13X%—§~a)+4}/1 cos (14><%r—a>=0.

Again we use the same value of «, but instead of extending the
ordinates over 432.5 days we extend them over exactly 14 months or
rather 14/12 of a Julian year, that is, 426.125 days. Then putting

for brevity
7=MX?1=0.1407517=25?3353
432.5 14
we find
4 Acos (0—a)+Adcos(y—a)+Acos (2y—a)----+Acos (13y—a)

+4 A cos (14y—a) = A cos (Ty—a) sin 7y cot % :

The numerical value of sin 7 cot % comes out 0.206; therefore, since
cos (7y—a) is never numerically greater than unity; the mean of the

fifteen ordinates (end ordinates half weight) cannot exceed 0-—-—~—'21(316A

=0.015 A, as stated on page 5.
. The formulas on pages 14 and 17 for clearing the mean latitude
over a given period from the effect of one component are easily
derived from formula (4). Let us consider first the formula on
page 14. :

et us represent the 14-month component whose effect is to be
removed from the mean over a year by R cos (xt—{’) where ¢’
is the ¢ when the time is reckoned from the beginning of the year.
If the time is reckoned in months x=25933526, and ¢ takes on the
velues 0,1, 2,3, . . . 11, 12. We have therefore in (4),

a= —{', B=25933526, n=12,
and the mean of the 13 terms (first and last half weight) is
75 B cos (6x—¢’) sin 6k cot 3«. (5)

The product 1% sin 6« cot 3« is independent of the harmonic con-
stants of the 14-month component; its value is 0.174, of which the
logarithm is 9.2405—10. To connect the ¢’ with the ¢ reduced to
1900.00, the latter being indicated by the absence of n prime, we
have for the change of phase in one year 12«=304:023. Therefore the
phase falls behind in one year by 360°—3049023 = 552977, which is
the amount by which the { reckoned from the beginning of any yecar
exceeds the ¢ reckoned from the beginning of the previous year, or

§ =+ 55°077 n, (6)
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where 7 is the number of years elapsed since 1900.00." Since 6 x=
15220, expression (5) becomes 0.174 R cos(152°0—¢—559977n).
This expression is contained in the mean as taken; to clear thc mean
it must be subtracted, or the angle may be increased by 180° and
the resulting expression added. '%‘his process gives for the quantity
to be added algebraically to clear the mean over a year from the
effect of the 14-month component the expression:

+0.174 B cos (33220 — ¢ ~552977 n). o

A similar process is used for deriving the expression to clear the
mean over a 14-month (432.5 day) period from the effects of the
annual component. The result wﬁen 13 values enter into the mean,
with half weight to the first and last, is

40.142 R ces (213°1—¢+360°f). (8)

In (8), R 'and ¢ are the amplitude and epoch of the annual compo-
nent; f is the interval expressed as a fraction of a year from the begin-
ning of the year to the beginning of the series; that is, to the time
of the first value of the set of which the mean is taken.

SECTION 2. HARMONIO ANALYSIS—ELIMINATION OF THE ErFECT OF
ONE COMPONENT ON ANOTHER

It may be well at this point to call attention to the two-fold use of
the word “ component.” = The context will show which use is meant.
There is the ordinary use according to which we speak of the com-
ponent of any vector quantity in a given direction and there is another
use, very frequent in this report, borrowed from the theory of the
harmonic analysis of the tides; in this sense a component is simply
one of the periodic terms into which the mathematical expression
for a periodic phenomenon may be §egurated. One component is
distinguished from another by its period, and a component of given
period may comprise all parts of the matﬁemptwal oxpression having
that period or its submultiples but not multiples of the period.! In
practice, however, these periodic terms or compounents are limited
to harmonic terms, and, therefore, are not separable into terms of
shorter period. ) ) ) . :

In this report, in conformity with the practice adopted in the har-
monic analysis of tides, these components are assumod to be of the .
general form I cos (at—¢). The quantities &, @, and {, are constants;
{ is the time. R is called the amplitude of the component, and is
always taken positive; its hysical dimensions are the same as those
of the quantity represented.” The quantity a 1s called the speed and
is related to the period P of the component by the equation aP =2x
or 360° according as radians or deﬁrees are used in the computation.
The speed of one component maly be & simple multiple of another, or
the two speeds may be practical incommensurable. The quantity ¢
is called the epoch and 1t evidently depends on the origin from which
the time ¢ is reckoned. ¢ is the interval from the origin-of time to the
first, maximum of the term R cos (at—{), the interval being of course
in degrees or radians of which there are respectively 360° or 2 to a

 For cxample, o anus compontot s Lot s peled oL, e wnt oy hove tome it

latter aro clud
DEriod of fap of three Yyoars would not b a part of the annusl component.
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period. The quantity 360°—¢ represents the phase at the origin of
time of the periodic variation represented.

The quantities B and ¢ are called the harmonic constants of the
particular component in question. In this report all ¢’s as finally
given are reduced to the beginning of the year 1900 as origin of time,
regardless of whether the o%servat,ions from which they are deduced
include the year 1900 or not; the aﬁplication of this reduction to
1900.00 assumes of course that the phenomenon represented repeats
itself indefinitely. The expression R cos(at—{) may be expanded
into R cos ¢ cos at+ B sin ¢ sin at=¢ cos at + s sin at, where ¢=R cos ¢
and s=Rsin{. The quantities ¢ and s are also sometimes called
harmonic constants.

The relations among these four quantities R, ¢{, ¢, and s, may be
represented graphically. Take rectangular axes OC and 0S (fig. 11).
If ¢ and s be taken as the rectangular coordinates of a point Pg, then
R and ¢ will be its polar coordinates, the pole being O and the initial

s’ i
P
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! ’
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N4 '\

\\

e
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Fia. 11.—Relation among various sets of harmonlic constants.

The r’8 {n the figure represent the R of the text.

line OC. A change in the origin time changes the { by an amount

roportional to the interval between the old and new origins, but
‘leaves the R unchanged. If the quantities reckoned from & new
origin of time be given primed letters to distinguish the corresponding
quantities reckoned from the old origin and written without primes,
we have for 6 the difference between the s’s,

b=¢—t'=a(t—t)=a (1)
We have also, ( " -

¢/=R cos {'=R cos ({—8)
=R cos ¢ cos 6+ Rein ¢ sin g
. =¢ cos 046 sin 0. (2)
Similarly,
8/ = —csinf+scosé. 3)
Other writers sometimes assume as standard forms for the har-
monic terms, B cos (at+n), B sin (at—1), B sin (at+7). The R’s
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are of course the same in all four forms. Wanach uses the last-
named form in the Resultate des Internationalen Breitendienstes,
volume V. The relation between the § used in this report and

Wanach’s 9, is
¢ +7=90° or 450°. (4)

Let us now suppose for simplicity that the effect to be analyzed
has two components only; that is, we are given a number of values
Yor Y1, Yoy Ys, ete., of the expression

y=A cos (mt—{,)+ B cos (nt—¢,) } ®)
= Cm COS Tl + 8y SN Mi+C, COS NE+ 8, SIN Nt

The speeds m and n are known. The object is to determine the
values of the amplitudes A and B and the epoch’s {, and {,, or else
the ¢'s and ¢'s, from which the former set of quantities may be
deduced. In theory four values of y would suffice to determine the
four quantities required, but in practical applications of the harmonic
analysis the y’s are so affected by accidental errors that & determina- .
tion from four values of y would be of little use, particularly if the
corresponding times were near together. In practice either the values
of y are given at uniform intervals of time or else a curve is available
from which may be read the value of y at any time. The latter case
1s the one treated here. . . )

To find ¢, and s, (or A and ¢,) it is convenient to take a uniform
interval between the values of y equal to some submultiple of the
period of the first term. For detq‘l/niteness wa shall carry tho reasoning
through with the number most frequently used for the purpose in
this report, namely, 12; that is, we take curve readings at intervals
of one-twelfth of the period of the first term. For this interval

mi = 360°/12=30°.

We denote these readings in order by ¥, %, ¥, etc., and arrange
them in 12 groups as follows:

Mean
Group number. Valuo of mé. Readings. value.

0 Y135 Ythy Y96 o - o« p o]

gl; Im: lm: Yo, .o }1;, (6)
yn Vi Yo Ve o v - s
PR TIYS 27 L I Y

Vi, Yo, Yoo, Yary o o o o Y

for the 7's in the first subcolumn in the
for those in thle nextf,, to twohfor the
noxt '« easy to see that the values of ¥ in each group

s s on, L s o et e co i), B
alike because the vaﬁ)ues of (mt—{) differ by 360° and the term repeats
itself. Although within & group the first term repeats, the second
term does not do so; but if we suppose the group to cover a long
Period of time, the second term Wi be novir‘lposltwe,l now negative,
and its mean value will be nearly zero. & ow] iy zer% will be
considered presently; for the present we Siup ;:ineg oct the 08n.
value of the second term in the several groups, and suppose the mean

I’l is an integer equal to zero
column of readings, to unity
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value of the second term in the several groups to be what any ono of
its members would be if the first term were the only one present.
Using the second form of (5) and considering for simplicity the mean
value of a group to be that of its first member we get,

Y, =¢m cos 0°+spn, sin 0°,
Y,=cn cos 30°+ sy sin 30°,
Y,=¢m cos 60°+ s, sin 60°, N

Y, ,=c¢mn cos 330°+ s, sin 330°.

These are 12 equations for only two unknowns ¢m and sm; we troat
them as observation oquations in the method of least squares. The
normal equation for ¢, is evidently

[cos? (k 30°)]' ¢m+[cos (% 30°) sin (k 30°)] 6m=[yk (cos k 30°)). (8)

Square brackets indicate summation with respect to k, which takes

on integral values from 0 to 11, inclusive. By writin%' cos? (k 30°) =
"4 +4% cos (k 60°) and sin (k 30°) cos (k 30°) = % sin (k 60°) and applyin:
formula (2) on page 71 we see that the coefficient of ¢y, is simply 6 an
the coefficient of sy, is zero. We have then .

6 e =[Y; cos (k 30°)]. (9)
In a similar fashion the normal equation for sy simplifies into

6 sm=[Y4:sin (k 30°)]. (10)
where % as before is successively 0, 1, 2, . . . . 11.

It may be convenient to suppose a constant term % added to the
expression (5) fory. It will evidently affect all values of Y, alike in
(6) and have no eflect on the correctness of formulas (9) and (10),
since [h cos (k 30°)} and [A sin (k 30°)] are clearly zero. Formulas(9)
and (10) are the essence of the harmonic analysis and the forms for
the analysis are designed simply to furnish convenient forms for com-
puting tﬂe indicated summations in (9) and (10) and in similar e(}]l;:-
tions for terms whose periods are submultiples of those of the first
term and for deducing the R’s and ¢’s from the s’'s and ¢’s.

In taking up the effect of the omitted second term it is convenient
to make a slight change in the form of equations (9) and (10). Con-
sider the different values of the y'sin Y,. According to formula (9)
they are all multiplied by cos 0°; it is more convenient, however, to
consider ¥, as being multiplied by cos 0°, ¥,, by cos 360°, 9,, by cos
2Xx360°, etc. Similarly for the multipliers of the y’s in Y, we may
use successively cos 30° cos (30°+360°), cos (30°+2x360°) etc.
Let ¢ ropresent the subscript of any ¥ in the array (6), and su{)pose the
curve-readings used cover p periods, so that tho greatest value of ¢ is
12 p—~1. Then it is easy to see that (9) and (10) may be written

6 c.,.=l [y, cos (ix 30°)],
i (11)
6 sm=§ [y, sin (X 30°)].

The values of 7 in the summations range from 0 to 12 p—1. Equa-
tions (11) do not give the true value of ¢ and sm but the valucs of
certain approximations to them; let us denote these approximations
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as computed from (11) by ¢n” and sm” and reserve the symbols without
the prime for the true values. From the second form of (5), by

writing z for -7—7; 30°
Yg=Cm €08 (3 30°) + 8, 8in (2 30°) +¢n cos (iz) cos (¢ 30°)
+ &y 8in (i2), :
Y3 €08 (2 30°) = ¢m cos? (¢ 30°) +sm sin (2-30°)cos (¢ 30°)
+ ¢y cos (iz) cos (i 30°) +sa sin (ix) cos (¢ 30°) (12)
=3 Cm + 4 €m cOS (1 60°) + 3 sy, 8in (:60°) 4§ ¢a cos 1 (30° +7)
+%¢,c087% (30°—z) + 48,5104 (30° +2) — ¥ sp8ine (30°~z). (13)

By performing the summations indicated in (11) using formulas (1)
and (2), page 71, wo see that the terms in sin (2 60°) and cos (i 60°)
81ve a zero result in the sum and that we get

1 o sin [6 p (30°+1)]
6 cm,=6 Cm + %{Cn CcOoS [(6 p—l) (30 .+$)] sin i (300_*_2:)

+6a cos [ (6 p—1) (80°— x)] Sl?ir[lﬁip(gf)?’ —_w;v)]

. + 8y, sin _(6 p—1) (30°+z):| 8—1_5%156,}?(3(39_*:;%)1

F(G p—1 (30°—x)] sin [@_gQQ"_——g)j}_, (14)

~8n 8in e 3 (30°=2)

For brevity let us call the angles (6p— 1) (30° +2) and (6p—1) (30°--2),
9 and ¢, respectively, and the factors

sin 69(30° +z) sin [6p(30° —2)], :
siu‘[—{zl(ﬁ-()T’?};")J an§ S 3 (50°=4) F and f, respectively.

Then (14) may be written
8 Cm/=60m+-2_:;-7[cn (F cos 6+f cos ¢) +8a (Fsin6—Fsin ¢)]. (15)

‘A similar calculation gives '
6‘s@’=6sm+2—12){0n (Fsin 6+ sin ¢) +8a (f €08 ¢— I cos 0)]' (16)

The quantities within the brackets in (15) and (16) are always finite
and as p increases we have more and more nearly

Lo L 6 X;"
and | Gew =be ] (17)
6 Sm,= 6 s,

88 was assumed without strict proof at the beginnin of this section.
ven if p is small, equations (17 m':-i),' still give &,good approximation.

the time coveredqby the 12p rea m%s, which by hypothesis corre-
Pond just p periods of the first term 0 (5), also corresponds approx-
Imately to an integral number of periods 0 the second term then the.
angles's and 6 are nearly 0° or 180° and their sines are nearly. zero,
8 -quantity F is in the cases that arise in practice much smaller

than ( the factor sin % (30° +2) in the denominator being larger than

sin §(30°—z). In the tidal work the series are sufficiently long so.
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that terms in F are dropped entirely. With sin ¢=0 and terms in
Fdropped the approximation (17) still holds good.

Even when these conditions do not hold, equations (15) and (16)
are still useful. Let us evaluate known portions for a case needed in
the variation of latitude, namely, when the first term of (5) repre-
gents the annual component and the second term the 14-month com-
ponent and when p=7. The value of zis 25933526. We find

6=136%41,
o=166°41,
F=0.591,
f=6.740.

If the 14-month component had a period of precisely 14 months
(14/12 years) instead of 432.5 days, the 7 years would represent
exactly 6 periods of 14 months, the value of ¢ would have been 180°
and terms in sin ¢, instead of %eing meroly small, would have been
zero. With these values using the subscript @ instead of m for the
annual component and the subscript b instead of n for the 14-month
component, we get from (15) and (16)

605 +0.4374 05-00840 Sp= 603,, ] (18)
68, +0.1422 ¢, + 0.4985 8, = 6s,’. |

The right-hand sides of (18) represent the results of the ordinary
uncorrected means of the groups shown in array (6).

Let ¢ and s, now refer to the 14-month component and ¢, and
8a to the annual, and let us suppose curve-readings taken at inter-
vals of one-twelfth of the l4-month period, the first reading, y.,
coinciding with thefirst reading for the annual component. If we make
p=6, we are covering an interval of 6 X432.5 days, or a little over 7
years. Woe find in this way, remembering that we must use b for m
and a for n in the subscripts of (15) and (16)

6cy, 4-0.5852 ¢, +0.1429 s, =6¢y’, } (19)
65, —0.1668 ¢, +0.4886 8, = 6sy,".

The right-hand sides of (19) are known from the uncorrected results.
of the usual process of forming groups and means and analyzing them
for the 14-month component. gEquatiom (18) and (19) give four lin-
ear equations for deducing the true values of ¢,, ¢y, 8., and s, from their
uncorrected values ¢,’, ¢y’, s,”, and 8,”. The solution of them gives

¢a= +0.1679(6¢,") +0.0001(68,")— 0.0122(6¢y’) +0.0023 (6s1,),
0= +0.0000(6ey 3 +0.1679(8s, )~ 0.0040(6c, )~ 0.0139(62, ), | (0
¢ = —0.0164(6¢,")— 0.0040(6s,") +0.1680(6¢y,") +0.0001 (65",
8y = +0.0047(6¢,")— 0.0137 (Bs,")— 0.0000 (B¢, ") +0.1679(6s1,").

These are equations used in clearing one component from the effect of
another for a so-called 7-year series, which means that between the
first and the last reading for the annual component there are 6 years,
11 months (6.917 years) and between the first and the last reading for
the 14-month component 7.005 years. The results are written in
terms of 6¢,’, 6¢,’, ete., rather than in terms of plain ¢, ¢, because
the former quantities appear on the forms for harmonic analysis,
and the form adopted saves a division by 6.

The approximate equality obtained In this way between the
periods of time covered in the two sets of readings is desirable in
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view of the fact that the so-called harmonic constants are, in fact,
somewhat variable and that the values obtained for them should be
considered merely as mean values for the periods in question. An
equality holding to about the same degree of approximation as the
one just considered is 6 years=five 14-month periods. The interval
between the first and last curve readingsis 5 years 11 months (5.917
B'ears) for the annual component and 44} X432.5 days=5.821 years
or the 14-month component. This is the so-called 6-year series.
The equations for deducing the corrected values of ¢,, ¢y, etc., from
their uncorrected values are found for the 6-year series to be

Ca= +0.1676(6¢c,") — 0.0001 gﬁs,,') +0.0106(6¢v") + 0.0032(6sy”),
$a= +0.0000(6c,) +0.1677(Bs,") —0.0027(6ex’) +0.0126(6sy"), | 9y
¢b= 4 0.0146(6e,’) — 0.0051(6s,") +0.1677(6¢s’) — 0.0001 (6sy"),
8u = 40.0033(6¢,’) + 0.0128(6s,") + 0.0000(6¢y") + 0.1677 (6sy,").

Equations (20) and (21) are the formulas used in é)assing from
columns 3 and 4 of Table 3, page 10, to columns 5 and 6.

In ordinary tidal work Wltg short-period components the process
of eliminating effects of components, other thaq the one analyzed,
corresponds approximately to setting F'=0 and using on the loft-hand
s1de of (18) t[iw uncorrected values of ¢, and s, instead of the truoe
values ¢, and s,. This process is not sufficiently accurate in the
discussion of a year's obsorvations on the long-period components
and a process 1s used due to Darwin? that resembles the ono
hore described down to the derivation of equations (18) and (19).
The equations, however, contain 10 unknowns, the s’s and ¢’s of the 5
long-period tides. It is suggested that these equations bo solved

Y successive approximations, since one 'coeﬂicxen_t in each is much
larger than the othors. It would bo entirely feasible to give a gen-
orzﬁ solution of these equations in terms of the known quantifies,
which are analogous to 6¢,’, 684", 6¢p’, 6sp’, as was done for equations
(20), The amount of work in calculating such a %eneral solution
would be considerable, which is perhaps the reason why Darwin doos
not give such a solution. However, the amount of work in solvin
the equations by successive approximation 1s considerable also, an
has to be repeated for each yoar of observation discussed, whilo with
a %eneml solution available the computation is relatively brief.

n the analysis to obtain possible 6-year, 3-year, and 2-year terms
the 6-year period was divided into 24 erts instead of 12. The
corresponding changes in formulas (9) an (10) are easily made.

n treating the 6-year component the mean of three r_eadmgs a
month apart was taken and the result used as & single reading. The
Necessary correction may be deduced as follows: For any component
let, at, be the value of at for the middle reading. Let readings be
taken at intervals r bofore and after the time . Then the three

values of the term R cos (at—¢) are:
R cos [a(t,—7)—¢], R cos [at, ¢, B cos [alt+7) <]
By combining the first and third the mean may be written
142 cos ar

R cos [at, —¢) [“ 3 ]’

Sclentific Papers, Vol, I, of British Associa-

! Tho Harmonic Analysis of Tidal Observations, sec. 10,
Hon for the Advancement of Scionce, report for 1883,

89016°—22——46
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which differs from the true quantity desired, namely, the middle

142 cos ar

reading, by the factor — » which for small values of 7 is

nearly unity. This factor reduces all the values of the y’s that
enter into the harmonic analysis in the same ratio; the epoch { is
therefore unaffected, but the amplitude Ris reduced from its true value
in the ratio (1 +2 cos ar):3. The amplitude deduced from compu-
tations where a mean of three readings is treated as a single reading
. . 3
must be multiplied by 5 T3 cos ar.
augmenting factor, which is the name applied in the harmonic analysis
of tides where factors of this same general nature are used. With a
6-year component and a month’s interval ar=5° For a 3-year
component ar=10°, and for a 2-year component ar=15°. The
common logarithms of the augmenting factors for the 6-year,3-year,
and 2-year components-are, respectively, 0.0011, 0.0044, and 0.0100.

This quantity may be called an

SECTION 3. THE CORRECTION FOR ‘‘SLOPE’’ IN THE HARMONIC
ANALYSIS.

The expression for a function by a Fourier series takes the form

f @) =4%co+¢, cos z+c, cos 2z - - - - }(1)
+s, sinz+s, sin2z - - - -

where cn=% f " f(z) cos nzdz,
1o (2)
and 8n =;f f(z)sin nadz.

No provision is made in (1) for a term %z proportional to z. Such a
term, if present, would mean that the sine curves of the various
harmonics instead of being laid off upward or downward from the
level base line y =4 c,, according to the usual graphic representation,
would be laid off from an inclined basc line having the slope k. In
discussing the variation of latitude there was found, besides the
expected periodic terms, an apparent progressive change of latitude,
roughly proportional to the time and represented graphically by a
line inclined to the axis of abscissas (the time-axis%; that is, there
was found something analagous to the term kz, which we have sup-
posed to be introduced into (1).

A great variety of functions in no way periodic can be represented
by a Fourier series within the range from z=0 to z=2r, but if we
suppose the function represented to be in fact essentially periodic
except for a term kz and if we apply the ordinary formulas (2) to
determine the coefficients in the expansion of such a function, neglect-
ing the presence of the term kz, tlgen the coefficients of the periodic
terms will be falsified by this neglect. These coefficients, in addition
to their proper values, will contain quantities which may be found
for any harmonic term of order n by putting kx for f (z) in (2). Denot-
ing by 7. and o, the additional quantities introduced into ¢, and
8. We have I fz,

‘yn=...
™

B ok @3)
On =—f z sin nxdr= —==.
T n

o

z cos nxdz=0,
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These are the quantities already in the coefficients as determined
by the ordinary process; therefore, by reversing the signs we have as

corrections to ¢, and s, the quantities +0 and +7zf, respectively.

If f(z) is given only by its numerical values at uniform intervals
from 0 to 2w, the coefficients are then deduced by the methods of
th? harmonic analysis, the integrations in (2) beinlﬁi replaced by
finite symmations. It can beshown without much difficulty by the
methods of the calculus of Finite Differences, or simply by using the
Numerical values of kz in their & gropriatq places in any of the usual

orms for harmonic analysis andp y working the form through, that
when the period is divided into 12 parts we have in place of (3)

wk
Vo= — B’
kcot (15° X n) &
o=
For a period divided into 24 parts
oz wk
[ ""1'5’
_mkcot (742X n), ®)
Ta™ 12

It is easily seen that for small values of n the value of o, from (4)
or (5) is not very different from that given by (3). The difference
In the corresponding values of v is somewhat larger. It is explained
by the well-known fact that at points of discontinuity of f(x), say
for z=gz,, the Fourier series obtaned from (2) gives the mean of the

two values of f(z,) or more precisely gives
eli=rn0 ’}[f(xx —€ +f($1 + e)J

Such discontinuities roally occur at £=0 and z=2r. Evidently, as
far as the series (1) goes, f(0) =f(2m), but the value of kz is zero
in one case and 2+ in the other. The series (1) therefore gives
% (0+2m)k =k in both cases. The values of va in (4) and (5) were
obtained with the first ordinate, or f(0), teken equal to zero; if
instead we take the first ordinate as mk and work through the form
for harmonic analysis, we get va="0, whatever be the number of parts
nto which the period is divided. This is merely to explain the differ-
ence between the values of va 88 obtained from integration in (2)
and from summations in (4) or (5), In the actual practice of cor-
recting the results of harmonic analysis for a constant slope of the
base line the uantity va would have & value as given by (4) or (5),
Or whatever the velue might be for the number of ordinates used,
and would not be zero. : &iff b

t is convenient to use instead of the slope the difference between
the ordinates of the inclined base at the begmmn%l and the end of a
Perlod ; denote this quantity by m. Then we have m=2rk and

Tom lowing table of corrections. For com-
1 (4) and (5) we get the follo o ons the intogretion

parison, the values from equation (3
In (3) c’orresponds to an in%nite number of ordinates.
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Correction to Fourier coefficients for inclination of base line.
[The quantity m is to be taken positive if the base line rises as z increases, and nogative if the base line falls.]

|
Infinite Infinite
Correction 12 | 24 Correction 12 24
fo— | ordinates. | ordinates, | Dumber of J to— | ordinates. | ordinates, | ZUEbOr of
+0.31lm | +0,316m | +0.318m +0.012m 0
+ .14dm + o 136m | + .159m + .012m 0
+ .083m | + J10lm | + .106m | + .0i2m 0
+ .08m | +.072m | + .0%m + .012m 0
. +.02m | + .054m | + .06im + .012m 0
............ V' +.042m | + .038m + .012m 0

SECTION 4. FORMULAS FOR THE ELEMENTS DEFINING THE MOTION
OF THE POLE.

Throughout this section, except in the three concluding paragraphs
on page 93, it will be assumed that the variation of latitude 1s due
solely to the motion of the pole of rotation and furthermore that
this motion is expressible in terms of harmonic constants of the ordi-
nary sort. How far thesc assumptions are justified has been briefly
considered in Chapter IV.

The assumed harmonic motion of the North Pole is referred to
coordinate axes passing through a mean,position of the pole of rota-
tion. In conformity with the practice of the International Latitude
Service, the positive direction of the « axis is taken southward along
the meridian of Greenwich and the J)ositive direction of the ¥ axis
southward along the meridian of 90° west of Greenwich. The har-
monic motion for any given period is specified by z and ¥, the com-

onents along the corresponding axes; these components are taken
i the form '
z=a cos (kl—a), } )
n=>b cos (kt—B).

The time, ¢, is reckoned from some convenient origin; the quantity
x is called the speed and is related to the period, P, of the harmonic
oscillation by the relation

~360°
K= P H
or
27
K= T’

according as angles are reckoned in degrees or radians. The angles
a and B are the intervals from the assumed origin of time to the first
maxima of the respective component oscillations. These intervals
are reckoned in parts of the period, which is then considered as 360°
or as 2r according as « and § are in degrees or radians.

The equations (1) considered as parametric equations in terms of
t define the curve in which the pole moves only as far as oscillations
of the ﬁ)eriod in question are concerned. As is well known, the curve
is an ellipse oblique, in general, to the coordinate axes. The equa-
tion of this ellipse and formulas for the directions of its principal axcs
and the times when the pole is at the end of such axes, are derived
without difficulty by the ordinary processes of analytic geometry.
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The formulas that present themselves in this way are not well adapted
to logarithmic calculation and other formulas will be derived that

seem rather more convenient in this respect.’

The distance of the polo from the origin at any time is Ad = v/2? +3/3
and the maximum numerical value of A¢ corresponds to a position
ot the ends of the major axis of the ellipse, the minimum numerical
value to a position at the ends of the minor axis. From (1)

Ap? =2 492 = (g2 cos? a+b cos? B) cos? K.t‘+ (a? sin? o 4-b? sin? B) sin® xt
+2(a® cos « sin a+b? cos B sin B) cos ki sin «t.
BY expressing functions of «¢ in terms of 2x¢ with a corresponding
transformation for « and 8 we get
A¢?*=} (a®+ %) + 4 (a? cos 2a + b2 cos 28) cos 2«xt+3(a® sin 2«
+b? sin 28) sin 2«t.

This may be written in the form

A =1} (a? +b7) +3c® cos 2 (xt —p) ©)
a? cos 2a+b? cos 26 =¢? cos 2u )
a? sin 2a +b* sin 28 =c? sin 24,

When «t =y or xt=u + 180° the value of A¢? is evidently a maximum;
When «t=y+ 90° the value of A¢® is a minimum. Since u is deter-
Mmined from 2u, both x and x+180° are included in the values of u

less than 360° that are given by (3). ) '
To adapt (3) to logarithmic calculation let us form values of

¢*cos[2u ~ (¢ +8)] and c?sin[2u— (x+B)]. By expanding cos
[2u— («+8)] and using (3) there results,
& cos [24 —(a+8)]=a? cos [2a —(a+B8)]+ b cos [28 —(a +8)]
S Bk (et )= o s (et —6). @

by assuming

In a similar manner

o sin (2 (@ +8)] = (@ —b) sin (@—6). ®)
By dividing (5) by (4) '
tan [2u — (o +8)]=grra ton (o ~B). ®)

Assume the following equations for determining the auxiliary
Quantities d and v: d cos y=4a, }(7)

d siny =0,
Whero v may be taken in the first quadrant since @ and b are positive.
en (6) may be written
tan [2u —(a+8)]=008 2 v tan {« —B). (8)
Equatio | determines four ‘possible values of u less
t (tlm 36(I)l°,(§1)ot? tt)l?ﬁ; %h%ns and the x + 180° found from (3) but also

#£90°. To excludo the latter we mote that by 4) 2u—(x+8)
must be soot:f;gnuthat its cosine has the same sign as cos (@ —B).

! Thase formulas were proposed by the author as a problem i1 the American Mathematical Monthly for
8Duary, 1921, p. 36.
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By this criterion we exclude the values of u corresponding to x+90°
ix} (3) and get only the values of x corresponding to maximum values
of Ag2.

If we denote by 6 the angle which the resultant displacement
makes with the z axis we have

A¢ cos 0=z,

A¢ 8in §=1y,
A¢? gin 20 =2zy,
A¢? cos 20 =27 —17%,

If in the expressions (1) for x and y we put k¢t =y and use the result-
ing values of z and ¥ in (9), we get values of A¢? and 26 correspond-
ing to maximum values of A¢; that is, to the ends of the major
axes. In this way we find

2z =2ab cos (st —a) cos (xt —B) =ab{cos [2x¢ —(a ~B)]+ cos (« —B)}.
or from (4) on putting xt=g,

or

] ©)

A¢? sin 2f)=%,lZ (@ +b*+c?) cos (« —B). (10)

Again we have for the second equation of (9)

2 —yr=a? cos® (kt —a) —b® cos? (xt —f) =%(a*-0%) + % (a? cos 2a
—b? cos 2B8)cos 2xt+ 3} (a® sin 2« —b? sin 2B) sin 2«t,

or by putting xt=u and using (4),
1 a* cos? 2a —b* cos? 28

A¢? cos 26 =5 (a? —b) +

2 c?

la*sin? 2« —b* sin? 28

2 c?

2__ A2
=% 2 c,b )(a,’+b’+c’). (11)
From (10) and (11)
2ab

tan 20:5’———1)’ cos a —fB). (12)

The 1}1)se of the auxiliary v again simplifies the caiculation and (12)
may be Written  4.n 29=tan 2y cos (a —f). (13)

It will be found that (13) by itself gives four values of 6 less than
360°, two corresponding to the ends of the major axis and two to
the minor axis. The criterion for distinguishing those for the
major axis is found in (10). Evidently, since ab, ¢?, a®+b*+c* and
A¢? are all positive, for a maximum, 26 must be taken so that
sin 26 has the same sign as cos (a —8).

The value of A¢ from (2) when st=u gives the semi-major axis of

the ellipse, or At Ay = (@ + B+ ). (14)
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From (3) by squaring and adding
ct=a*+b*+2a%h? cos 2(a—B)
= (a*+ %)% —4a?}? sin® (@ —p)

. 2
=@+ 1-(ZfF sin @-9) | (15)
By using again the auxiliary angle v, (15) may boe written
ct=(a?+b%)?[1 —sin? 27 sin? (@—B)]. (16)

We may introduce the further auxiliary & defined by
sin = | sin 2v sin (a—B) | .
Taking & in the first cuadrant (16) becomes

. *=d? cos §, (17)
sinco by (7) d*=a?+b%
Then (14) becomes A=Admaz=d cos 35. (18)
For the semi-minor axis B=Adum it is easy to prove
B=d sin $6. (19)
The eccentricity of the ellipse (E) is found from
T & (20)

The values of 4, B, and 6 may also.be found by eliminating ¢ from
equations (1), which gives an equation of the second degree, which
is" easily shown to represent an ellipse and to which the standard
method); may be npplFi)ed for obtaining its dimensions and position;
that is, tho quantitics A, B, and 6. It is interesting to note that the
relations between 2v, 26, (@—#8), 8, and 2u—(a+f) are the same as if
these quantities formed the parts of a right spherical triangle, the

Ypothenuse being 2y and the sides inclosing the right aglgle, 20 and
8, the angles opposito these sides being, res Qcm’ﬁéy’, 90°—2u+a+8
and @—8, This fact may bo used to establish additional relations

among the ab uantities. ' . .
& gaove d ole rotates about the origin may also

he direction in which the

be deduced from the values of and 8. .
If 180° < & — 8 < 360°, the rotation is positive for the axes used, i. e.,

rom ecast to west. 0<a—p8<180° the rotation is negative.
Rocapitulating the formulas and criteria we have: Motion of pole
18 o) . )
gven by z=a cos (kt—a) for motion along z axis, } @
y=> cos («t— @) for motion along y axis,

a and b always positive.
Compute the auxiliaries ¢ and v by

d cos y=a
d sin 'Y'='b), } (H)
d being always positive.
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The time of maximum displacoment (position at end of major axis)
occurs when «t =y, 1 being given by

tan [2u— (¢ +B)]=cos 2y tan (a—8). (I1T)

Take 2u— (a+8) in such a quadrant that cos[2u— («+8)] has the
same sign as cos (a—pg).

The angle which the direction of maximum displacement makos
with ¢ ax1s, or 8, is given by

tan 20=tan 2y cos (a—8). (IV)
Take 26 in such a quadrant that sin 20 has the samoc sign as
cos(a—B).
Compute the auxiliary angle § by ,
sin 8= | sin 2y sin («—B) | . 472

Take & in the first quadrant regardless of the algebraic sign of the
right-hand side of (V).

The secmi-major and semi-minor axes A and B of the cllipse and
its eccentricity E aro given by

A =d cos 3,

T o tw
Ei= .

© cos? b

The point whose motion is given by (I) describes the ellipse in a posi-
tive direction (from the positive direction of the z axis towards the
positive direction of the y axis) if

180°<a—3<360°
or in a negative direction if
0<a~B<180°.

There will be two values of 4 and two of 6 from (III) and (IV)
each differing from the other member of the pair by 180°, even after
the criteria have been applied. Let us take for definitoness that
value of § which lies on tﬁo positive side of the x axis and affect all
3uantities corresponding to it by a subscript zero, and the times and

irections corresponding to the other maxima and the minima
by the subscripts 1, 2, 3, according to the order of time in which
they occur. en the value of x, corresponding to 6, is chosen by
the test that cos (u,—8) is positive. o then have the following
correspondences between the u’s and the 6’s as they occur in order
of time, according as the direction of rotation is positive or negative,

Positive rotation Negative rotation o

180° <a—p< 300° 0 <a—-F< 180°
Bo 0o Max, Ho (] Max,
M=o+ 90° Oymbo+ 90° Min, e po+ 90° OimBe~ 80° Min,
ua=po-+180° By 0o+180° Max, Hyw= po+180° Oy=094:180° Max,
sy po+270° g 6p+270° Min, g po+270° Oy=Gs+ 90° Min.

aThe direction {n which tho pole of rotation actually moves about the origin s negative for the axes here
used. The formulas were originally devised for computations with the harmonic conatants of tidal our.
rents and for these the rotation may have elther direction.
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The most convenient method of obtaining the elements of the
ellipse from the harmonic constants of the latitude variation at the
individual stations seems to be the indirect.one of finding first the
adjusted harmonic constants of the variation of latitude along the
codrdinate axes, that is, by finding the quantities a, b, « and 8 of
equations (1).

The observations at a station give data for obtainiong that part of
the variation of latitude with the period P=-—~—3GI? in the form

Ap=R cos (kt—¢) )
=R cos ¢ cos «t+ R sin { sin «f. 1)

But we also have by resolving the values of = and y along the meridan
of the station (longitude \, west longitudes positive)

Ap=2 cos A+Y Sin A, (22)
The z and y are those of equations (1) and on substituting their
values in (18) we get ‘

Ap=aq cos (xt—a) cos N+b cos (xt—B) sin ),
= (a cos a cos A+b cos B sin ) cos «t+(a sin a cos A

+b sin 8 sin \) sin «t. (23)
Let us use the abbreviations
a cos a=Mm, ‘[
@ sin a=n
b cos B=P,, J (24)
b sin B=¢.

By substituting these expressions in (23) and comparing with the
second form of (21) we get for any one station,

m cos A+ p sin =R cos {=¢, }
n cos A+gsin A=Rsin f=s. (25)

Two stations at which B and  have been found give four equations,
which are just sufficient to determine m, 7, P, and ¢. From these
the %uantities a, b, «, and @ are found by (24) and the elements of

e

the elli tions (I) to (VI).
ipse by equations (1 when the harmonic constants of more

than two stations are available some criterion must be found for
testing the accuracy with which the adopted elements of the elliptic
Motion represont the harmonic constants at the several stations,
tfl we use the letters m, 2, P, ﬁnd 'l Itlo signify :he &dgp ted Vallu s of
ose ities and denote ¢, the error at any time in the re-
quantities & { o station due to the difference be-

Presentation of the latitude o v
tween its harmonic constants as found directly and as deduced from

m, n, p, and g, then ¢ is given by the formula,
in h—¢) cos &t + (n cos A+¢sin A—s) sin «t. (26)

The ‘error ¢, assumes in the course of & period (as «t varies from

0 to 2x) all values betwoen — én 8nd +ém, whero €y is the maximum

Numerical value of € and is given by the equation

p sin A—¢)*+ (n cos Mg sin A\—8)%. ¢ (27)

To treat tho case arising

e=(mcos\+ps

€n?=(m cos M+
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The frequency of the errors of ¢, of a given size at a particular
station does not vary at all according to the Gaussian law, large
errors near the limits 4 e, being relatively more frequent than the
smaller ones, but we may assume with some degree of plausibility
that when tfle values of the €,'s at & number o? different stations
are compared, the relative frequency of en’'s of different sizes will
vary according to the Gaussian law, except of course as regards
sign, the e,’s being essentially positive. The mean square of e,
or ¢’ may be found by taking the mean value of €2 over a period,
or

1 2x/x .
€= 2_zrﬁ e, dt, (28)
¢ being in radians and the value of x being taken accordingly. It
18 easy to show that
e2=1% €7 (29)

In obtaining the adjusted values of the elements of the polar motion
that fit most nearly to the harmonic constants of the several stations,
the criterion used will be

[€,2] = minimum.

The square brackets indicate summation, as is usual in the theory
of least squares, and the summation extends over all stations used
in the adjustment. From (27) and (29) the quantity S to be mini-
mized may be written

S=[e)=%{[(mcosA+psinA—c)*+ (ncos A+ ¢sinA—s)?]} (30)

In order to have a minimum value m, n, p, and ¢ must be so taken
as to satisfy the equations

or, :
m [cos? ]+ p [sin \ cos A] =[e cos )],
m [sin X cos \] + p [sin? A\]={¢ sin N},
7 [cos? A]+ ¢ [sin A cos M =[8 cos A, .
7 [sin N cos A] + ¢ [sin? N]=[s sin A].

(81)

Squdare brackets indicate summation extending over all the stations
used.

_Equations (31) would be the normal equations that would arise
if we set out from observation equations of the form

mcos \+psinA—c=0
n cos >s+gsin}\—-s=0,, }(32)
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but these equations are not observation equations in the strict sense
of the term. If we call the residuals of equations (32), v, and »
respectively, that is, if v, and v, are the results of substituting in the
left-hand sides of (32) the values of m, n, p, and ¢, deduced from
(32), then v, and v, have no particular significance separately, as
their values depend on the epoch from which ¢ is reckoned, but the
sum of their squares is significant, for evidently

V2 + 0, = e’ = 2¢,7, (33)

In estimating the probable errors of m, n, p, and ¢, as derived
from (32), or the probable error of a function of these quantities,
the following conventions will be adopted, which are a natural
extension of the convention by which the minimum value of (] was
taken as the criterion for obtaining values of m, n, p, and ¢. ~The
probable errors of m, n, p, and ¢ are computed just as if equations
(32) were proper observation equations, but the mean square error
of a single observation is not made to depend on v, alone or v, alone,
but the following cquation is used:

N B O
(Inean-square error)’=-—=-= m’ (34)

n being the number of “observation equations,” which equals twice
the number of stations; the number of unknowns is of course four.
The probable error, the Gaussian law being assumed, is the mean-
square error multiplied by 0.6745.

The difference between the harmonic constants at a station obtained
from the least-squares adjustment, and those coming directly from
observations, may be considered as representing simply errors of
observation or as representing a variation of the apparent latitude
(having the period in question) peculiar to the station, and not
explainable by the motion of the pole. The existence of such indi-
vidual variations of latitude with yearly period is well established.
In so far as the residuals at all stations are alike their common value
may be considered as the representation of the periodic annual por-
tion of the Kimura term by harmonic constants. (See also p. 61.)

The normal equations (31) fall into two gll)'oup_s of two equations
each, the groups being identical in form but involving different

unknowns. . )
With the longitudes of the 6 stations of the International Latitude

Service the normal equations become numerically

+2.1433 m—0.1995 p=A

~0.1995 m+3.8567 p=B, } (35)
+2.1433 n—0.1995 g = C,

10,1995 n+3.8567 ¢=D, } (36)

where for compactness the following abbreviations are used:

A=[R cos ¢ cos N]=[c cos A], :
B=[R cos { sin N]=[c sin A}, 37
C=(R sin ¢ cos N]=[s cos \], )
D=[R sin ¢ sin A]=[s sin A].

The A, of course, has no connection with the same letter used to
denote the semi-major axis in equations (14), (18), (20), or elsewhere.
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The solution of (35) and (36) gives

m= + 84688 A +0.0243 B, } (38)
p= +0.0243 A +0.2605 B,
n=+0.4688 ('+0.0243 D, } (39)
g= +0.0243 C+0.2605 D.

When only the three stations Mizusawa, Carloforte, and Ukiah, are
used with equal weights equation (31) becomes numerically

+1.8854 m—0.1128 p=4
~0.1128 m+1.1146 p=1B, } (40)
+1.885¢ n—0.1128 g=C,

~0.1128 n+1.1146 g= D. } (41)

The solution of (40) and (41) gives

m= +0.5336 A +0.0540 B, 42)
p= +0.0540 A +0.9026 B,
n= +0.5336 C+0.0540 D, } (43)
g= +0.0540 C'+0.9026 D.

By substituting the values of the individual M’s in equations (38)
to (43) the values of m, p, etc., may readily be expressed in terms of
the ¢’s and ¢'s of the individual stations. :

If it be assumed in advance that the eccentricity of the ellipse is
zero—-that is, that the pole moves uniformly in a circle—the adjust-
ment is oxtremely simple. It has been noted (p. 10) that for motion
of this sort the quantity ¢ + X\ should be constant for all stations,* and
the amplitude, (}B, is clearly constant also. The process, then, is to
take the arithmetic mean of the values of B at the several stations as
the adjusted value of B and the mean of the several values of £+ as
the adjusted value of ¢+, and from it deduce the adjusted values
of the {’s. If there is considerable range in the values of R and { +,
and if in spite of this the assumption of circular motion is made, it
is rather better to form the values of B cos ({+A) and R sin (¢ +2\)
at the several stations, to use the arithmetic means of these quantities
as their adjusted values and from these adjusted values to deduce
the adjusted values of B and {+X. It is not difficult to sce that this
latter process is the one that results from specializing for the circle
the discussion just given for the more gencral case of the ellipse.

It is not very difficult to obtain, on the assumption already madae,
the formulas for tho probable errors of tho cloments of tho cllipse
deduced by formulas ﬁ) to (VI) (pﬁ. 85 and 86) from the adjusted
values of m, n, p, and ¢. Since, however, the clement of especial
interest is the angle 6 that gives the direction of the major axis of
the ellipse (see p. 86) we shall confine ourselves to deducing for-
mulas fgr the probable error of this quantity.

0
For this purpose we need the quantities %—i» g%’ g—p’ and g? From

(IV) by expanding tan 2y and cos (a—8) and expressing tho rosult
in terms of m, n, p, and ¢, by means of (II) and (20) we readily find

N
tan 20= m?j::;_ﬁ—p?g:)?= D’ (44)

s ‘ Thitsag;t)plles to the negative rotation of the annual or 14-month componeats; for positive rotation f—A
constant.
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where N and D stand for the numerator and denominator of the pre-
ceding fraction. This ) has no connection with the D previously used
for [s sin A]. By differentiating both sides with respect to m

+ an am Dz ’

or substituting in the left-hand side for tan 26 and simplifying,
ON 0D
2 _PonYom
om 2 (N*+D%”’

with similar expressions for g—o—; ete.

The quantity N? + D* may be expressed in terms of the auxiliary
quantities already used and turns out to be equal to d* cos? 5. Woe
have a_fﬁv =2p and g—g= 2m and restoring for convenience the values of
the auxiliaries previously used, so that

N=2ab cos (a—pB) and D=a?— b,

we get
o0 _(a*—b%) p—2 ab m cos (a—§)
om df cos? §
_ (a®=0?) _2abcos (a~p) m
“dicosts [P a’—b* !
or by (7) and (12)
50,'?]/= ag'ogs(;%?—s {Z) —m tan 28]
Y 2 .
-——J,—F—O('sgs—a—gm [p cos 26—m sin 26]. (45)
= K (p cos 20— m sin 26), (46)

where
cos 2% 1 7

K= oo 5c0s20 P cos s
The second form of X may be derived by considering the spherical

trianglo mentioned on gaoo 85.
In a similar way wo ind

.g%: X (q cos 26—~n sin 26), (48)
20 :

5 K (m cos 28+ p-sin 26) (49)
g-g = I (n cos 26+ sin 26). (50)

The independént quantities of which 0 is a function are not ulti-
matoly m, n, p, and g, but the values of E cos {=c and Z sin §=s
in equations (32). ’Rw quantities ¢ and s are treatod as the inde-

pendent observed quantities in the observation oquations,
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The formulas applying to such a case are given in almost any com-
rehensive work on the method of least squares.® In apglymg the
ormulas, however, the probable error of one of the so-called observa-

tion equations (32) must be taken as 0.6745 times the mean-square
error from equation (34). If we call this probable error e and denote
by € the probable error of the adjusted value of 6, we find in this

ey & = eZ{(gb%)zQu + 2<%><2%>Q“ + (g_;)zQ”

N ERE A A T

If ¢ is to be in degrees instead of in radians, the factor (180°/r)?
must be introduced into the right-hand side of (51). The quantities
Q. Qzﬁ’ and @,, are the coefficients of A and B in the solution of the

normal equations. Thus, when all six stations are used with equal
weight, the @’s from equations (38) or (39) are as follows:
8“= +0.4688,
o= +0.0243, : (52)
Q,, = +0.2605.

When only the 3 stations, Mizusawa, Carloforte, and Ukiah, are used
with equa,{ weight the Q’s from (42) and (43) are

Qll = +0-5336,
¢, = +0.0540, (53)
Qr = -+0.9026.

The probable error of ¢ should not be affected by the axes chosen;
that 1s, if the z axis were chosen in another meridian than that of
Greenwich and if the longitudes of m, n, p, and ¢, and of the @’s
were computed for the new axes, these new values used in equations
(46) to (51) should give the same value of ¢. This fact may be
verified by direct transformation of no great intrinsic difficulty but
of considerable length; in fact €? is unchanged by transformation, and
80 I8 each line of (515 within the braces. This fact enables us to
express ¢ in terms of quantities depending on the dimensions of the
adjusted ellipse itself, and not on the axes to which it is referred.-
The result, after introducing the factor (180/r)? so as to give & in
degrees, is

2 180)\* ¢* in 20 4
&=\ "z’a'zc—_oszsQ11+Q22—COS5[(Q11_sz)00520+2Q12 sin 26];. (54)

The square brackets here have no special significance as a sign of
summation but are merely the usual symbol of aggregation. The
quantities d and § are independent of the particular axes used, as is
seen from equations (18) to (20), for it is easy to show that d*=
A?+B? and d* coss =A? —B*.  The quantity within the braces is nu-
merically invariant for a rotation o(} the axes through a given angle;
in fact, the portions [@,, +@Q,) and [(@,, —Q) cos 20+2@,, sin 20]
will be found to be separately invariant.

odlui)go) p- 137, or Helmert's Die

¢ For example, Wright and Hayford’s Adjustment of Observations 2Edzne(cil 5D

Ausglelchungsrechnung nach der Methodo der Kleinston Quadrate (
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If we accept the hypothesis of a Kimura term that is constant at
all stations, the natural procedure is then to combine the expression
for the annual portion of the Kimura term with the expression for
the variation OF latitude due to the motion of the pole. Let the
annual portion of the Kimura term bo represented by % cos «t
+1sin kt and added to the right-hand side of equation (23), it bein
understood that only the annual part of the apparent variation o
latitude is under consideration. By a process similar to that on
pages 87 to 89 we find, instead of the four “normal” equations (31),

81X equations

m [cos? ]+ p [sin X cos A]+} [cos A]=[c cos A]= 4,

m [sin X cos A]+ p [sin? A]+ A [sin A]=[c sin A\] =B,

m [cos A]+p [sin A]+n h=[c]=E, )
n [cos? N]+¢ [sin A cos A]+1 [cos ] =[s cosA]=C, (55
n [sin X cos N]+¢ [sin® AJ+ I [sin A]=[s sin A\]=D,

n [cos ]+ ¢ [sinA]+n l=[s]=F.

In (55) n is the number of stations and the square brackets indicate
summation, as in the theory of least squares.

These equations may be solved in terms of 4, B, E, etc. For all
6 stations the solution, which corresponds to (38) and (39) is

m=+0.4782 4 +0.0369 B —0.0412 E,
= +0.0369 4 +0.2776 B —0.0554 E, (56)
= ~0.0412 A —0.0554 B+0.1801 E,

with similar equations for n, ¢, and [, namely,

n=+0.4782 '+0.0369 D —0.0412 F,
= +0.0369 0+0.2776 D —0.0554 F, (57)
= —0.0412 ¢ ~0.0554 D +0.1801 F.

When only 3 stations are used there are just sufficient conditions
to determine the unknowns, but the least-squares type of solution
may be retained for uniformity. For the stations Mizusawa, Carlo-
forte, and Ukiah, we have corresponding to (40) and (41)

m= +0.5442 A +0.0516 B+0.0600 E,
= +0.0516 A +0.9032 B —0.0136 E, (58)
b Z 70,0600 4 —0.0136 B-+0.3404 E,

n=+0.5442 0+0.0516 D +0.0600 F,
- +0.0516 C+0.9032 D —0.0136 F (59)
= 10.0600 C —0.0136 D +0.3404 F.

The values of m, n, p, ¢, b, and I in equations (56) to (59) may
readily be expressed, if desired, in terms of the individual s’s and ¢’s.

S8ECTION 6. THE MATHEMATICAL THEORY OF THE VARIATION OF

LATITUDE.

An exhaustive treatment of the theory of tho variation of latitude
is not attempted here, but merely an outline, chiefly of the aspects
most important in tho present discussion. A number of references
to the literaturo of the subject are given and these will supply the

omitted proofs of the various statements here made.



04 U. S. COAST AND GEODETIC SURVEY.

The simplest mathematical problem that has sufficient resemblance
to natural conditions to merit discussion is that of a rigid body set
rotating but subject to the action of no forces. This problem was
first adequately treated by Euler;® a more geometrical treatment
was given by Poinsot.” The subject has aroused the interest of
many mathematicians and will be found fully treated in standard
works on theoretical mechanics.® It was to this theory that astrono-
mers looked for a possible periodic variation in latitude, and it was
still appealed to after the existence of such a variation had been
established by observation but before the nature of the variation was
as well understood as it is now. Moreover, the simplified form of
the equations of this theory can be made to apply to the actual case
of a nonrigid body merely by changing the numerical values of some
of the constants. For present purposes the rotation may be suffi-
ciently specified by referring it to rectangular axes fixed in the body
but not fixed in space. The question of the position in space requires
a separate treatment. Let the principal moments of inertia of the
body be A4, B, and Cin ascending order of magnitude, and let the axes
of z, y, and z coincide respectively with the axes of 4, B, and C, and
let p, ¢, and » denote respectivelfy components of the rotation about
these axes. For the case of no forces Euler’s equations are:

0%+ (B—4) pg=0,

A% 0-B) g, W

BY4(4-0) rp-o.
The general solution of these equations can be expressed in terms of
Jacobi’s elliptic functions, sinam «, cosam u, etc., but for any condi-
tions resem{zling those of nature the modulus is so very small that
the elliptic functions may be replaced by the ordinary trigonometric
functions. It is more convenient to make the requisite simplifying
assumptions at the start and this we shall do, although we thereby
lose the advantages of greater generality and of case in estimating
tho effect of omitted terms.

In applying equations (1) to the earth the northerly direction of
the z axis wil%be treated as positive. The z axis or axis about which
the moment of inertia is C, the greatest of the principal moments, is
the so-called axis of figure, determined by the ?orm of the earth, or
rather by its moments of inertia; it is to be distinguished from the
continually shifting axis of rotation, the direction of which is given
by the instantaneous value of the resultant of the component rota-
tions p, ¢, and ». Since the latitudes vary but little, the axis of
rotation must never depart greatly from the axis of figure; that is,
the component rotation » about the axis of figure must represent in
magnitude nearly the entire rotation of the earth and p and ¢ must
be small® in comparison with 7. The axes of z and y are in the
R TSR T, Sl T o, Orlinn, T
at that tima of Course unknown t00 se?iva(t)!%g, {5 mentionod in Chap. XII, Prob. 74, Scholium 3 ( x;l P
oz"u’l“%ggx!gogogfvleﬁg)ée la rotation des corps. Paris, 1851, particularly part 2, pp. 85-122,

8 For example, Routh’s Advanced Rigurip Dynamics, fifth ed., 23 88, 820 also I)ilz'lmert; Hbhere Geodiiste,
Vol. I1, p, 390, or Appel, Trait6 de Mécanique Rationelle, 3td d. Vol. IT, p. 162.

% Theratlos » : r or ¢ : # would he quantitics of tho order of magnitude of ¢ In radians, A¢ heing the
varistion {n la{)itude tgom the moan,qthnt is, quantities of the orggr of one part in a miliion.
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uator of figure, the z axis being the axis about which the moment

of inertia is the less or along which the radius of the geoid is the
eater. (See fig. 12.) It is convenient to make the rotation about

e z axis, which is tho principal portion of the earth’s rotation
ositive; that is, from the positive direction of  toward the positivé
ection of ¥. Tt we take the axes of z and y accordingly, and com-
pare these axes with the axes resultin% from adding a north-pointing
2 axis to the z and y axes of the International Latitude Service
(p. 33), we see that the two sets of axes can not be made to coincide,

4

Fia. 12.—Coordinate axes for geometrical treatment of the motion of the North Poleand for the dynamical
problem of the variation of latitude. .

Axos are of ame nature a8 those of International Latitude Service exwiat that the z axisis in the me-
ridlan plane of least equatorial moment ofinertia {nstead of in meridian gEﬂnno of Greenwich. In the dy-
uamic problom the axes of z and ¥ are parallel to those in figure with origin at the center of the earth and
with the positive dircction of the y axis reversed as compared with the figure.

Fe=pole of inertia.
FMin angular unitseszmp/w.
M P inangular units=yeg/w.

‘but that if the positive axes z and z coincide in the two sets, the axes
of y are oppositely directed. This fact must be remembered in pass-
ing from the axes here used for the problem in mechanics to the axes

of the International Latitude Service. .
Since p and ¢ are so small we neglect their roduct in the first of equa-

tions (1). This neglect is further justified by the fact that B— A4 is
small for the earth as compared with ¢'—B or C— A in the other two
equations of the set. If A=25, the ﬁ'(;;ocess of dropping the term in
pq is of course rigorous. From the first of the equations (1) we find

dr
Ca=%

or .
7= const. =w = angular velocity of earth’s rotation. 2

89016°—22——7



96 U. S. COAST AND GEODETIC SURVEY.

Substitute from (2) in the second of (1) and differentiate with respect
to ¢, the time; the result may be written

dp,(C-B\ dq
Substitute for% in (3) from the third of (1) and we get
d’p (C-A) (C-B
or e
SE+lep=0 (4)
where k* is written for _(_('_—_A)?l(g:ﬁ) «?, & quantity necessarily

positive. The general solution of (4) is
p=>b cos (kt+8), (5)

where b and 8 are constants of integration, b being restricted to small
values on account of the assumptions made. The corresponding
value of ¢ comes from the second of (1) and 1s

-, =4 dp
= @0=Bw dt’
. YA
g= \/ g b sin (it 8). ©)
The direction cosines of the resultant axis of rotation are in general

) q r .
:/?:.T_Z—q_fﬁ, _.JZ-)‘_-{- q—i;—;z’ m“z, or since the Squ&I'GS Of y2 &nd q

are to be neglected the direction cosines are g; %’ 1. To state the

matter otherwise, the quantities g, Z are the sines of angular distances

from the ﬁole of rotation to the planes zy and zz, and being small
may be taken as the angular distances themselves in radians. ~ When
expressed in seconds of arc and projected orthogonally on a plane

tangent to the earth at the pole of figure, g,g are the rectangular

components of the variation of latitude of the same sort as are dealt -
with in section 4, though referred to a different set of rectangular
axes, in that the z axis in section 4 is in the meridian plane of Green-
wich and not, as here, in the meridian plane of the axis of the smaller
principal equatorial moment of inertia. (See fig. 12.)

From equation (5) or (6) the period of the variation of latitude is
seen to be 2x/k. If we write out the value of % in full and take the
sidereal day as unit of time, so that =2, we get for the general case

. . . — tAB» _—
Period in sidereal days= = B o

When 4 =B, we get y
Period in sidereal days =0-24 8)
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_According to De Sitter’s® values the period from (8) is 304.1
sidereal days or 303.3 mean solar days; that is, about 10 months. A
table of periods deduced from (7) is given below. This corresponds
to the free period of the variation of latitude, a period dependent
only on the properties of the body itself and not on any external
forces. For a rigid earth the more nearly spherical it is the longer
would be the free iperiod. The difference between this free period
and the observed free period, 14 months (432.5 mean solar days),
18 dealt with on page 98.

If we consider the motion of the pole as given in rectangular
coordinates, z=p/w, y=q/w, p and ¢ being taken from (5) and (6),
we see that the motlon of the pole is of the harmonic elliptic variety
treated in section 4. This means that in its free motion, the pole of
rotation describes in the body an ellipse around the pole of figure. The
semiaxes of the ellipse, which are along the x and y axes, are, respec-

tfvely, b and b \/ T_z( C_:Bq_—g g. It is easy to see that the second quan-
tity is larger than the first. The longer axis of the ellipse of polar mo-
tion is in the meridian of the y axis, that is, in the meridian of the axis
of the larger of the two principal equatorial moments of inertia or the
meridian of the shorter equatorial axis of the geoid. This is the same
condition as prevails in the more general case referred to later in this
discussion and also on pages 62-64.

For definiteness let us assume the quantity C— 3(4+B) to be
fixed and compute the ratio of the axes of the latitude variation
ellipse and the period of the variation for different values of the

ratio —0—_!;644:]35 (called f for simplicity).
The results are shown in the table that follows:

B_A Ratio of Axes
— B °F I (C=4) A Pertod.
C—¥(A+EB) (C=BY B
Mean Solar
Days.

1. 000 303.8

1/100 1. 005 303.3
1/60 1.010 303.3
1/46 1,011 303.3
1/26 1.020 303.3
1/10 1. 051 303.7
1/6 1,105 304.8
14 1.133 305.7
1/3 1,183 307.6
2/5 1.224 309.5
1/2 1.280 313.2
3}5 1.361 317.9
213 1.413 321.7
3/ 1.481 327.2
4/5 1.528 330.9

1 1,729 350, 2
8/5 1.996 370.1
5 3.375 424.7
8/5 2.002 505.8
17710 3.602 576.7

9/ 4,346 I 6867

i

190n1 {on of the Earth, Koninklikje Akademio van
n Isostasy, the Moments of Inertia and the Compression o s oo x%).

Wetenschappen'te Amsterdam. Proceedings of tho meeting of Apr. 23,
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The fourth line in the table, argument 1/46, corresponds to ‘the

value of b,—_—g—(—zém—)— deduced from constants of Helmert’'s adopted

gravity formula already referred to (p. 63). The corresponding

ratio of the axes, 1.011, gives an ellipticity of 0.010, or an eccen-:
tricity of 0.15, which is less than the elhipticity deduced by Schweydar

for a nonrigid earth, but the effect of an inequality in the equatorial

moments is of the same general nature for a rigid earth as for a’
nonrigid earth.

The observed free period of latitude variation of about 14 months
was very puzzling to the early students of the variation of latitude, -
who were confidently expecting a period of about 10 months, and
could see no plausible reason for any other period. To be sure, an -
inequality in the two principal equatorial moments, A and B, would
cause a lengthening of the period but this inequality must be ver
pronounced indeed to produce any appreciable effect on the period,
as may be seen from an inspection of the last colurnn of the table.
A period of 432 days falls between the arguments f=7/5 and f=8/5;
any such inequality in the moments of inertia would make itself
felt very emphatically in geodetic operations, both in the values of
gravity and in the deflections of the plumb line."* The corres({)ondlng
ellipse of polar motion comes out much clongated instead of the
almost circular ellipse actually observed. The difference between
10 months and 14 is then not due in any appreciable degree to the
inequality between the equatorial moments of inertin. The now
generally accepted explanation of the longthening of the period was:
given by Newcomb,? and the matter may be presented very clearly
mn his own words:

Mr. Chandler's discovery gives rise to the question whether there can be any defect
in the theory which assigns 306 days as the time of rotation. The object of this paper
is to point out that there is such a defect, namely, the failure to take account of the
elasticity of the earth itself and of the mobilit of the ocean.

The mathematical theory of the rotation of a eolid body, on which conclusions
hitherto received have been based, presupposes that the body is absolutoly rigid.
As the earth and ocean are not absolutely rigid, we have to inquire whether their
flexibility appreciebly affects the conclusions. That it does can be shown very
simply from the following consideration:

Imagine the earth to be a homogeneous spheroid, entirely covered by an ocean of
the same density with itself. Itisthen evident that, if the whole mass be set in uni-
form rotation around any axis whatever, the ocean will assume the form of an oblate
ellipsoid of revolution, whose smaller axis coincides with that of rotation. Ience, the
axes of rotation and of figure will be in perfect coincidence under all circumstances.

To apply a similar reasoning to the cese of the earth, imagine that the axis of rota-
tion is displaced by 0720 from that of greatest moment of inertia, which I shall call
the axis of figure. Then, with an ocean of the same density as the earth, its equator
would be displaced by the same amount. The ocean level would change in middle
latitudes by about one inch at the maximum. But this change would have for its
effect a corresponding change in the axis of figure. As the ocean covers only three-
fourths of the earth the axis would be displaced by three-fourths of the distance
between the two axes were ocean and earth of equal density. But as the density of
the earth is some five times as great the actual change would be only one-fifth of this. -
It would even be less than one-fifth, because the displacement of the ocean equator
would be resisted by the attraction of the earth itself. The exact amount of this
resistance can not be accurately given, but I think the displacement would thereby

1 Por f=1/5 the inequality in gravity at the Tquator would be over 1.1 centimeters abovo or below its
mean value, a variation from minimum to maximum about as great as the mean change in gravity betwoon
Equeator and pole apart from the effoct of the centrifugal force. The maximum deflection of the vortical
would be about 8 mlnutes of are.

1140n the dynamilcs of the earth’s rotation with res&ct to the variation of latitude,” Monthly Notices
of the Royal Astronomical Bociety, vol. 52 (1892), p. 336.
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-be reduced to one-half. T therefore think that one-fourteenth would he an approxi-
mate estimate of the displacement of the axis of figure 13 in consequence of the move-
ment of the ocean. «As Mr. Chandler’s period requires g displacement of two-sevenths
‘the ocean displacement only accounts for one-fourth of the difference,

- The remainder is to be attributed to the elasticity of the earth itsolf. It is evident
that the flexure caused by the noncoincidence of the two axes tonds to distort the earth
into a spheroid of the same form as that which the ocean assumes, and thus to bring
the two axes togother, .

. We have now to show how this deformation of the earth changes the time of revolu-
tion, Let us imagine nurselves to be looking down upon the Nprt}l Pole and let P

e the actual mean pole of the earth when the two axes are in coincidence and R the
end of the axis of rotation, Then, in consequence of the rotation around R, the
actual pole will be displaced to a certain point, P/. Now the law of rotation of R is
such that it constantly moves around the instantaneous position of P/ itself. In

-other:words, the angular motion of R at each moment is that which it would have if
P’ had remained at rest. IHence the angular motion as seen from P is less than that
from P/ in the ratio of P’R : PR.

But a8 R rotates, P continually changes its position and rotates also, remaining
on the straight line PR. Thus the time of revolution of R around P is increased in
the same ratio. :

Newcomb's argument may be illustrated by figure 13. Let B and
R, be “consecutive” positions of the pole of rotation, separated
by an infinitesimal interval of time dt. e corresponding positions
of the actual ,polo of figure, as affected by the yielding of the earth,
“are P’ and P,” lying on the lines joining B and R, with P,, the point
where the pole of figure would {)e if the pole of rotation were to

R P’
edt Kdt P

)

\

\ ’
\ R

Fia, 13.—Relatlon between the undisturbed pole of figure, theactualpolo of figure, and the pole of rotation.

‘coincide with P. Let e bo the angular velocity of the point R about
P’ and « its angular velocity about P. Then for the infinitesimal

distance 22, we have
‘ RR, = (PR)xdt=(P'R)edt
o «:e=P'R:PR

as stated by Newcomb. There aro thus three different poles that
appeer in tho theory of the variation of latitude: (1) The pole of the
axis of instantaneous rotation; this is the pole that is located by the
astronomical observations of the International Latitude Service; in
figure 13 it is the point 2 or R,. (2) The ﬁomt that would be the
-pole of figure if tho pole of rotation should happen to coincide with
it. This pole may be called the undisturbed pole of figure or undis-
turbed po£ of inertia. The requirement that the pole of rotation
should coincide in imagination with the pole of figure is necessary in
order to be rid of the centrifugal force arising from the noncoinci-
denco of the two poles. See under pole (3). The changes in the position
of this pole are due solely to changes in the distribution of matter
within and on the carth apart from any stress arising from the rota-
tion. It is represented by P in figure 13. (3) Between P and R is

of the ocean the froo period of thelatitude variation would,
han the observed value. S

. WBeep.100, Without the oeot of the yioldlms
sccording to the estimate, bo somo 40 days less t.
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the actual pole of figure, represented by P’ or P,”. The displacement
of the actual pole away from the undisturbed pgle is due to the
slight centrifugal force resulting from the noncoincidence of the pole
of rotation with the undisturbed pole of figure and to the yielding of
the earth under this centrifugal force, a yielding that tends to deform
the earth so0 as to displace the actual pole of figure nearer to the pole
of rotation.

The equations of motion of a slowly changing body have been
treated by various authors.!* Convenient expositions and develop-
ments of their work will be found in various textbooks and treatises.!®
There have been several treatments with special reference to the
variation of latitude; one of the most recent and thorough is due to
Schweydar.’®* For our purposes use will be made of an article by
Larmor ¥ rather too long to reproduce here, in which he shows by
very general reasoning how the problem of the motion of a yielding
bod);r may be reduce(f to that of a rigid one. Larmor proves that
for the actual elastic earth we may substitute a rigid earth of about
the same volume but with so much of its equatorial bulge removed
as would be due to the yielding of the earth under the entire cen-
trifugal force of rotation.®® This would leave the earth less flattened,
and since the differences of the moments C-A and C-B serves to
measure the flattening, we must replace these differences by some-
thing smaller by about 3/10 of itself. While the relative changes in
the %iﬁ'erences of the moments are considerable, the change in any
one moment is relatively small when compared with the moment
itself. The smaller flattening of the equivalent rigid body corre-
sponds to a longer free period. The free period is thus about
303/(1—0.3) =433 mean solar days.

A similar calculation on the ratio of the axes of the ellif)se of polar
motion shows that the yielding of the earth makes the ellipse flatter.
The effect of removing the centrifugal force is represented by a
quantity proportional to P,(sin ¢), where P, is the Legendre’s zonal
harmonic of the second degree and ¢ is the latitude. The inequality
in the two moments A and B may be represented by another surface
spherical harmonic and the two harmonics may be superposed when
neither is large, which is the supposition here made. The quantity
to be deducted from each difference of moments — A4 and C—B is
then the same for small differences between 4 and B. The rigid body
equivalent to the yielding body will then have for a ratio of axes of

the polar ellipse \/(0___4 —-z)4
(C=B=z)B’

M Liouville: Additions & la Connaissance des Temps pour 1859, or Journal des Muthématk{ges pures et

[ llquées, vol, 3 (1868&. QGylden: Recherches sur la rotationde la Terre; Actes de 1a Boclétd royale des

ences d’ Upsal, vol. 8 (1871), Thomson: A?ﬁndlx C to Darwin’s article on the Influence of Geologi-

cal Changes on the Earth’s Axis of Itotation; losophical Trensactions of the Royal Soclety of London,
pt. 1, vol. 167 (1877), p. 271; or Darwin’s Scientific Papers, vol. 3, p. 1.

1 Routh: Advanced mﬂwmmlcs; 5th ed., }) 17. Lamb: er Mechanics (Cambridge, Eng.,

192& p. 171, Tisserand: que Céleste; Vol, II,Chap. XXX. Helmert: Hbhere Geodiale; vol. 2,

Py Die Bewegung der Drehachse der Elastischen Erde in Erdkdrper und im Raume: Astronomische
Nachrichten, vol. (1916) P- 101,

17 The relation of the earth s free precessionsl nutation due to its resistance against tidal deformation,
Proceedings of the Royal Soclety of don, sec. A, vol. 82 (1009), p. 89,

W]fthe entire centrifugal force wera removed, it is to be presumed that the earth would in time yield

lastically and tske on @ nearly spherical form, This, however, is not what is meant. The ylel is

be taken as elastic, that is, prorortional to the force and not increasing with the time, except for the

geldmg ofthe oceanio waters ymentioned. The effect of the rearrangement of the water on the oqua-

rial bulge, or more procisely on C—A, must be allowed for in estimating the purely elastic ylelding.
The material of the earth being what it 1s, if tho centrifugal foroe were removed, the aqun&mu bulge would
be reduced by about 3/10 of its present valus.
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instead of
\/ZC’—A)A
(C=B)B

The changes in A and B themselves are neglected in comparison with
the change in (—A and C—B. For the earth the quantity z is
about 3/10 of the quantity 3 (A+B). If the ratio f=(B—A4)/
[C—3$(4+B)] is equal to 1/46, as' deduced by Helmert from gravity
observations, then the ratio of the axis for s, rigid earth is 1.011 as
already given in the table on page 97 and for a yielding ecarth 1.016;
the corresponding eccentricities are, respectively, 0.15 and 0.18. This
result of this rough and ready calculation agrees with Schweydar’s
result as based on a more elaborate method of calculation.

The reduction of 0.3 for the yielding of the earth includes the effect
of the yielding of the ocean waters. On account of the irregular dis-
tribution of land and water on the globe this effect is not quite sym-
metrical about the earth’s axis of rotation; this dissymmetry affects
the ratio, the shape of the ellipse of polar motion, and also the direc-
tion of its major axis, so that the meridian in which tho latter lies
would no longer coincide with the meridian of the larger principal
equatorial moment of inertia. The problem of correcting for the
irregular distribution of land and water on a rigid earth is somewhat
similar to the problem of correcting the equilibrium theory of the
tides for the distribution of land anf water, and has been practically
solved by Darwin and Turner in accordance with the ideas of Lord
Kelvin. The work of Darwin and Turner shows that the equilibrium
‘tides at any point in the ocean are almost the same as if the earth
were entirely covered with water and a preliminary computation for
the analogous problem of the effect of the arrangement of land and
water on the motion of the pole shows that this effect is compara-
tively small also. The problem is further complicated by the elastic
yielding of the carth unger the irregularly distributed prossure of the
ocean water. The results on page 60 are, of course, uncorrected.

The general problem has been treated by Brill*® but his results do
not appear to be immediately applicable to the problem in hand.
Brill does, however, reach the conclusion that Newcomb’s estimate
(p. 99) of the effect of the yielding of the ocean water on the free
period of latitude variation, though confessedly a rough estimate,
18 in close agreement with Brill’s own more elaborate calculations.
An attempt will be made to evaluate the correction for a distribution
of land and water more closely conforming to the actual one than the
one used for simplicityin the preliminar{y estimate, and also to estimate
the effect due.to the elastic yielding ot the earth under the irregular
distribution of water pressure. The results, when applied as correc-
tions to the quantities specifying the shape and position of the
ellipse of free polar motion, shoulﬁ render the results as to tho mo-
ments of inertia of the earth derived from the corrected cllipse
directly comparable with those from gravity observations.

When the moments of inertia are unequal the actualvgole of figure

(P’"in figure 13) is no longer exactly on the line RP joining the

19 “On the correction of the equilibrium theory of tides for the continents,” Proceedings of the Roynl
Soclety of London, vol. 40 (18800)‘3 . 303, or mefn's Selentific Papers, Vol. I (Cambridge, England, 1667,
g. 338). The theory doos not troat the solf-attraction of the Water, or rather it supposes the sell-attraction
0 8 samo as {f the earth wero com letel{ covered with water.
% Uber dio Elastisit§t der Erde (doctor’s thesis), Géttingen, 1008,
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undisturbed pole of figure with tho pole of rotation. Schweydar
computes that when the pole of rotation describes an ellipse having a
ratio of axes equal to 1.016, the actual pole of figure describes an
ellipse in which the ratio is 1.038, a somewhat flatter ellipse than
that described by the pole of rotation.

So far the discussion has been of the free vibration only. Owin
to changes taking place in the distribution of matter in the eart
the undisturbed poles-of figure shift slightly. The most conspicuous
changes in the distribution of masses are approximately periodic with
an annual period, and are due to changes of like period in barometric
pressures, rainfall, ocean currents, etc.

Corresponding to terms of anﬂ period in the motion of the undis-
turbed pole of incrtia there will be terms of like period in the motion
of the pole of rotation. The portion of the polar motion expressed
by terms of the same period as those that express the motion of the
undisturbed pole of figure are said to represent the forced motion
of the pole of rotation.” The form of path represented by the motion
in the free period is always the samo, that is, it is always an ellipse
of fixed eccentricity lying in a fixed direction or a circle as the case
may be, regardless of the form of the forced motion, but the size of
the ellipse or circle and the initial phase of the free motion do depend
on the forced motion.

When a term is present in the forced motion with a period a Proxi-
mately equal to the free period, the familar phenomenon of “reso-
nance’’ occurs and the amplitude of the free motionis greatly increased.
The annual term, which represents the principal part of the forced
motion in the case of the earth, is near enough in period to the 432.5
days of the free period to cause a considerable increase in the ampli-
tude of the free motion. The precise amount of the increase depends
on initial conditions, but the amplitude of the free motion is probably
five or six times as great as it would be if the forced motion has a
much longer period. It is an interesting speculation to consider
whether, at some time in the past, the free period owing to a different
flattening of the earth and different internal conditions might not
have apﬂroximated closely to a year. The free motion of the pole
would then become large, and various peculiar conditions mlgtl)lt

" conceivably arise which, for a yielding body, can not be followed by
the present theory, since the latter is limited to small displacements
of the pole.*

The equations connecting the motion of the pole of rotation with
that of the undisturbed pole of figure are stated below without proof.
Let z and ¥ be the rectangular coordinates of the pole of rotation
projected on a plane tangent to the earth at some point near the mean
pole, and let £ and 5 be the rectangular coordinates of the undis-
turbed pole of figure referred to the same axes. The equations in
question are then

&y,
P (8
= =,

11 For a rigid body the sotution of equationa (1) in terms of the elliptic functions (p.94) s perfectly general.
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"Here x=%;5, P being the free period expressed in the $amé unit as

the time ¢. It should be said that the axes used are similar to those
of the International Latitude Service used in Chapter IV in that the
%ams 1s 80 taken that the rotation of the earth as seen from the North
‘Pole and the free motion of the pole both involve negative rotations.
The direction of the z axis, however, is not necessarily toward Green-
wich as it is for the x axis of the International Latitude Service. It
‘should be said also that equations (9) apply to the case of equal
equatorial moments of inertia, that is, to a circular free path of the
pole .of rotation when the forced motion is periodic. The more
%eneml case of unequal equatorial moments does not appesr to have
een fully worked out for the forced motion. The expressions for &
and » are not, however, limited to periodic terms but may be of any
nature whatever. The solution of the two equations (9) simultane-
ously, supposing ¢ and 4 given, evidently leads to a linear differential
equation of the second order with constant coefficients and a known
second member. Equations (9) sre fully discussed by Wanach 3
who gives three forms of the general solution and considers a number
of curious special cases that arise from different assumed forms for
¢ and 5. The two examﬁles that follow are adapted from Wanach.
Example 1.—Suppose that the undisturbed pole of inertia has a

progressive motion given by

E=§,+at, :
Evidently &, and 7, are the coordinates at the origin of time and a
. and b the velocities along the coordinate axes. e motion of the

pole of rotation is given by

x=£o_.%+at+R cos(xt—¢),

a (11)
y=n0+E+bt*R Sin (Kt—f),
where b
R cos §'=xo"'fo+;’
(12)

R sin §‘=yo—-no—_%v
.The terms at and ¢ in (11) indicate that the progressive motion of
the pole of rotation takes place in the same direction and at the same
rate as the progressive motion of the undisturbed pole of figure.
The free motion given by the periodic terms in «¢ is evidently uni-
form and circular, the amplitude and phase depending on the initial
conditions. The effect of the /progresswe motion on smplitude and

K

hase is shown by the terms b/x and @/« in (12). R,
P Let us sup ose}; progressive motion equal to that derived in Chap-

ter II, namely, 07005 & year. The year being the unit of time,
x=2r/1.184. For definiteness we take the motion as entirely alo
the ¢ axis, so that a=0005 and b=0. The term—a/x is then equ
..t0 0700094, This quantity is small in comparison with an amplitude

% Dio Chandlorscheund die Newoombsche Perlode der Palbewegung: Zentralbureau der Luternationalen
Erdmessung, pubiication no. 34, Berlin, 1919.
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of 072000, which is about that of the free motion. The maximum
effect on the amplitude is 4 070009 and on the phase about one-third
of a degree.

Ezample 2.—Suppose a forced motion of the undisturbed pole of

inertia given by t=a cos (mi—a), } 3
n=> cos (mt—pf). :
Equations (13) represent a general elliptic motion of the type dis-

cussed in section 4 of this appendix, the period being 2x/m. The
values of z and ¥ are

m=;n—;:;%; [xa cos (mt— ) + mb sin (mt— )]+ I cos (xt—-f),l
- (14)
y==—”?—_iig [xb cos (mt—B) — ma sin (mt — a)] — B sin (xt— ),
where
R cos §‘=z°+~7;t—z—'}x—, (xa cos a—mb sin B), 1
. (15) -
R sin §'=yo+m,'_‘_", (xb cos B+ masin a).

/

Equations (15) show the effect of a possible “resonance” between
the periods of the free and the forced motion. If the H)eriods approach
equality, m?—«* decreases toward zero and the amplitude from (15)
increases indefinitely.

The pole whose motion is followed by means of the observations
of the International Latitude Service is the pole of rotation, When
its coordinates z and y are known the coordinates of the undisturbed
pole of figure may be deduced from (9). We get

1d
£=”_?7z’
(16)
1dz
’7=y+7<712

The values of § and » thus depend on the derivatives of z and y,
and when z and y are deduced directly from observation and are
therefore affected %y errors of various sorts, the derivatives deduced
from the erroneous z and y are usually still more uncertain and
erroneous. Jquations (16) give unsatisfactorg results when they
are used to follow the motions of the undisturbed pole of figure by
using individual observed values of z and . About all that can be
done is to get the mean periodic portions of § and 7 by using instead
of the actual values of x and y, their smoothed out values obtained
from harmonic constants.? %f desired, instead of the constants
themselves, the 12 or 24 mean results could be used that were put
through the process of analysis in order to obtain the harmonic
constants.

A numerical illustration of the relation between the pole of rova-
tion and the undisturbed pole of figure is given by figures 14 and 15.
The harmonic constants of the pole of rotation are taken from
Table 12 below the horizontal line and represent the results when the

#2 The higher harmonic terms generally have little significance in this connection, (See p. 108.)
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Kimura term is included in the adjustment. The semiannual terms
are taken from page 58. When only the annual terms are included
both poles describe ellipses, which™ are shown in full lines. The
smaller and flatter ellipses belong to the undisturbed pole of figure.
The major axes of the two ellipses are at right angles; it is easy to
show that this is true in the general case. The roman numerals’
I, II, III, etc., indicate the position of the poles at the beﬁinning of
each twelfth of a year, or approximately on the first day of January,
ebruary, etc.

If the harmonic constants of the pole of rotation used in the two
figures be compared, it will be seen that the chief difference is in the
value of 8. - This changes the direction of the major axis by some 32°,
but the ellipscs are so nearly circular that the general character of
the motion of the pole of rotation is little affected. The effect on the
path of the pole of figure is much more noticeable, since the ellipses
are flatter; moreover the direction in which the pole of figure de-
scribes its elliptic orbit in figure 14 is opposite to what it isin figure 15.
. The results of including the semiannual terms is shown %y the
interrupted lines in the figures. The effect on the path of the pole of
rotation is comparatively small, as the paths still resemble eﬁipses;
on the path of tho pole of figure, howover, the effects are relatively

eat and thero is little resemblance to the original ellipses left, nor

o the two dotted curves for the path of the pole of figure at all re-
semble each other.

For convenience the formula by which the curves were plotted are
given here. For figure 14 (series 1900-11, 6 stations):

&= —0"0390 cos #— 070788 sin #+- 070011 cos 26— 070012 sin 29,
Y= ~ 070738 cos 6+ 070194 sin §— 070038 cos 26+ 070004 sin 24,

The resulting values of the coordinates of the undisturbed pole of
figure are from (16): .

§= —070160 cos 8+ 070086 sin 64070020 cos 26 + 070078 sin 26.
7=_+-070195 cos 6 — 070268 sin §— 070010 cos 26+ 070030 sin 26.

For figure 15 (series 1900-17, three stations):

T= — (070385 cos §— 070774 sin §4- 070045 cos 26~ 070007 sin 26,
y= —0"0675 cos -+ 070354 sin 6+ 070007 cos 26 + 070007 sin 26.

§= +070034 cos 0+ 070025 sin 0+ 070062 cos 26— 070024 sin 26.
n= 4070242 cos 8 — 070102 sin 8+ 070024 cos 204070114 sin 26.

. 360¢ .
The quantity 6 represents gzz 53t being the number of days from the

beginning of the year. The values of 8 corresponding to the points I,
II, II1, ete., are respectively 0°, 30°, 60°, etc. _
The numerical coeflicients of cos § and sin § in the expressions for
z and y are of course, the values of a cos a, a sin a, etc., corresponding
to the values of @, o, b, and 8, in Table 12, or to put the matter more
grecisel , the coefficionts in question are values of m, n, p, and g, as
educed by an adjustment of the harmonic constants of the annual
component at the several stations. The.figures in Table 12 were
. deduced from the values of m, n, p, and ¢, given above. The rectan-
gular coordinates, z and ¥, of the mean annual path of the pole of
rotation over a given poriod may be accurately ropresented by taking
a sufficient number of terms of two Fourier series'in 6, but this repre-
sentation may be valid in a mathematical sense only and then only
for z and y themselves. The derivatives of ¥ and ¥ with regard to
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the time may not be deducible from the term-by-term derivatives of
the Fourier series. It is just these derivatives, especially of the
higher harmonic terms, that are important in the expressions for ¢ and
7, the coordinates of the undisturbed pole of figure. Accordingly the
expressions for z and y may be quite useless for giving expressions for
£ and #, except for the terms of lower order.

The diversity in the two figures 14 and 15 for the path of the pole of
figure, when the semiannual term is included, makes it very doubtful
whether the semiannual term used in either figure is an adequate repre-
sentative of any natural periodic phenomenon. Instudying the path
of the undisturbed pole OF figure it will therefore probably be desirable
to limit the expressions for the motion of the pole of rotation to the
terms of lowest order; that is, to the annual terms. It has been found
that the annual motion of the undisturbed pole of figure is, roughly,
what might be expected from the known seasonal shiftings of mass
on the earth, due to barometric pressure, snowfall, etc., though it is
naturally difficult to evaluate these effects exactly.*

It should be remembered in looking at figures 14 and 15, that while
they aim to represent the entire average motion of the undisturbed
pole of figure, they do not represent the entire motion of the pole of
rotation, but omit a very important term, namely, the term corre-
sponding to the free period of about 14 months. It is not necessary
to include the free motion in the z and y of the pole of rotation, as
used in equation (16) in order to deduce the motion of the undis-
turbed pole of figure, for even if the free motion were included in the
expressions for z and y, it would disappear in the values of ¢ and 4, the
coordinates of the undisturbed pole of figure.

ADDENDUM TO CHAPTER III, PAGE 48.

A recent instance of anomalous changes of latitude has attracted some attention
among astronomers. Four Furopean observatories contribute data, but their results
do not all show quite the same thing. In Astronomische Nachrichten No. 5134 (vol.
214, 1921) Schnauder reports an apparent increase in the latitude of the Geodetic
Institute at Potadam of some 077 in 1921 over its mean value, which had been deter-
mined by a long and consistent series of observations, some as recent as 1917. Cour-
voisier, from the neighboring observatory of Berlin-Babelsberg, reports (through
Schnauder) that the latitudes obeerved there increased from 0¥1 above its mean value
in 1920.9 to 075 above in 1921.8. Boccardi reports in Astronomische Nachrichten
No. 5138 (vol. 215, 1921) that he had noted an increase in the latitude of Turin Obser-
vatory (Pino Torinese) somewhat smaller in amount but quite abrupt,. an increase
of 073 taking place between 1921.47 and 1921.66. Finally, the Astronomer Royal at
Greenwich reports in the Monthly Notices of the Royal Astronomical Society (vol 82
B. 297 ;912)2) that during 1921 there was no marked irregularity in the latitude of

reenwich.

The 1921 times of maximum and minimum at Greenwich are in good agreement with
those computed from the harmonic constants derived from an analysis of the years
1912-1918; the observed range is, however, smaller than the computed range. Therapid
increase of latitude at Turin occurs at a time when the harmonic constants would in-
dicate a rapid change in the same direction, but not eo rapid as the one actually
observed. The data from the German observatories are less detailed than at Green-
wich and Turin. It may well be that these changes in Europe in 1921 and the
apparent change at Lick Observatory in 1903 are simply rather extreme cases of the
same kind of irregularities noted by Przbyllok (see p. 35) in connection with the
observations of the International Latitude Service.

34 Seo references to articles by Jeflreys end Schweydar in footnote No. 19 on p. 64,
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