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AN INVESTIGATION OF THE LATITUDE OF UKIAH, CALIF., 
AND OF THE MOTION OF THE POLE. 

By WAImn n. TAMBERT, Nathernaticinn, u. 8. &a& and Gcodctic Sutiiq. 

INTRODUCTION. 

The following discussion of tho observations of t8ho International 
Latitudo Scrvico was occasioned by an article of Prof. Androw C. 
Lawson,’ in which he called attention t? the fact that tho latitude 
of Ukiah Observatory, California, maintamed by the U. S. Coast and 
Goodetic Survey for the Interntttional Latitude Service, 8.p ears to 

of Lick &sorvntory appears to bo-increasing even more ra idly, 

decrcnso of O!’G3 that sooms to have. occurred in tholttttor part of 
tho ycar 1903. Obviously if the existen.ce of rogressivo changosz 

study of them becomes of great intorost to geophysicists, nstronomors, 
and goodosis ts. 

aper is the discussion of tho mass of data 
accumuyatcd by tho o~sorvtttories of the Intornational Latitudo 
Sorvicc, in ardor to  nscortain how far tho large progrossivo char1 o of 

tude Service ruld how fnr tho ap aront chan o of lntitudo may bo 

strata of the earth’s crust in the vlclmty of tho station, this being 
Prof. Lawson’s explnnation. In  order to reach any nssurod con- 
clusioii whatover, it is ovidontly nocossnry to. corn aro Uldah with 

International Snrvico we hero aiiulyzod and discussod. The mothod 
of obscrvntion and the p r o g r e  of stam.to be obsarved mu tho saim 
at all stations of tho lnternationnl Scrvico, Tho observations of tho 
sorvico thoroforo form a ho.mogoiioouR wholo peculiarly adapted to 
discussions of dclicato questions of .this sort; for olio t h i g  tho errors 
of tho strLr  ILLC COY havo comparutivcl little cffoct on the rosults. 

serious attempt, thnreforo, IS hero made to discuss tho ovidonco from 
tlie Lick obsorvntions excqpt to reproduco the pwsago on this subject 
from Prof. Lawsou’s articlo, togothor with some corractions uiid 
commoiit.s, chiefly those kindly suppliod by tho diractor of Lick 
Obsorv&tory. 

bo stoiidil increasing a t  the rate of about Of01 a year. The P atitudo 

although the progressive increase 13 complicated by an a B rupt 

of this order of magnitude can. be established t egond question, tho 

lutitudo is puculinr to Uliiah alono among all the stations of tho E 
accoulited for in other ways than % y p.? actua 7 shifting of tho upper 

othcr statiojis; accordingly all the latitudes of d f stations of tho 

Tho obsorrntioiis at  Lick Obsorvatory 9 iavo not this advantttgo. No 

Tho urposo of this 

1 "Tim mobility of tho Const Rnngos of Cnlifornln nn ex loltatlon of tho olastlc rcbound thoory;” UnI- 
vcr5it.y ofcnlifornia I’uhlicntlonu ~ ~ l l .  Dopnrtment’of ~oofogy, voi. 12, NO. 7 JU. 11, mi. 

fi Tho W d  “pro rUSlv0’’ Is hdro usod In much tho samo !io101160 thnt tllo Bard “seculnr” is usod In tlio 
thoorv of usttonomkul prrturhatlons: thnt I s  n profirwive chnn o is ono roporllonnl to tho time, or nearly 
80. *hO word ‘ ’ ~ ~ l l l 8 r , ’ ’  l lo~‘OW, Oarrim lhe coiinotatlon of afxnast In$eIlnlte contlnunnco, as moasurcd 
by ordinary llumnn standards Tho changns In latltude wlth which t h b  roport denls h a ~ c  not boon roved to bo of tllls charactor; tho iiord “aocular” has thoreforo boon avoldod and “progmssh’o’’ subs&utod. 
(800 P. a74 
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2 U. S. COAST AND GEODETIC SURVEY. 

In  the harmonic analysis of the latitudes the series used are neces- 
sarily short when measured by the number of periods used; the 
harmonic constants of an one com onent derived from such a short 

The approximate formulas of tho type used by this Survey in the 
ordinary harmonic analysis of short-period tides for clearing one 
component of the effects of another axe not quite adequate in the pres- 
ent mstance and a more accurate rocess is explained and used. It 
resembles the procedure iven by Jarwin for clearing one long-period 

step further by tho solution of a set of linear equations in general 
terms. The derivation of the final formulas for numerical computa- 
tion is more laborious than for the approximate formulas for dealing 
with short-period tides, but the numerical calculation with the more 
exact formulas, once they are obtained, is quite as simple as with 
the approximate ones. 

In order not to interrupt the main discussion with matters pri- 
marily mathematical, the develo ment of the formulas for clearing 

mathematical developments are given separately in Chapter VI. 
This separation has necessitated a certain amount of repetition. On 
account of the general interest of the subject of latitude variation, 
the attempt has been made to render the details intelligible to a 
fairly wide circle of possible readers. For this reason some matters 
have been treated a t  greater length than would be necessary in a 
book intended solely for s ecialiste. 

given in Chapter IV. Tho were found to be deducible from r o d t s  
already obtamed with sucg a compara%ively small amount of extra 
labor that it seomed worth while to obtain and present thorn. 

Miss Sarah B e d ,  of the division of geodesy, has given valuable help 
in plotting and reading curves and in makmg or checking much of 
the large mass of computation required in ths work. Without her 
assistance the ap earance of this invostlgation would have been much 
delayed. I. N. eall and M. A. Crews, of the division of eodesy, 
particularly the latter, have also given extensive holp with t e com- 
putations. 

While this publication was in the printer’s hands the author under- 
took a revised presentation of the subject of polar motion with the 

ur om, among others, of meeting certain objections raised by 
Froreasor Schlesinger.s As a result i t  seemed justifiable to o m t  

The 

to 0!0062 annually and the average direction of the motion of the 
North Pole comes out near1 along the meridian of 90’ west. These 
figures should be considere i as a revision of those contained in the 
present publication. For details 800 the author’s paper “The inter- 

retation of apparent c h a n p  of mean latitude a t  the international 
fatitude stations,” which will appear in the Astronomical Journal, 
Vol. 34, no, 804. The paper contains also a brief discussion of earth 
movements and of the elastic-rebound theory of earthquakes. 

series are considerably A c t e d  by t i e presence of other components. 

tidal component from t % e effects of the others but is carried one 

one harmonic component from t % Q effects of others and some other 

Some results not direct P y connected with tho problem in hand are 

% 5 

from the determination of the polar motion. 
the pole from 1900 to 1917, inclusive, is then 
as found in chapter 11, section 6 (p. 35), 

.s F. Bchlalslnger, On Progrdve  chsngpd of Latitude, Astronomical Journal, vol. 34, p. U. 1923. 



Chapter 1.-AN . EXAMINATION OF PROF. LAWSON’S DATA, 

The data from which Prof. Lawson deduced the progressive increase 
in the latitude of Ukiah are found in an article by Sir F. W. Dyson, 
Astronomer Royal,’ and consist of curves showing the variation of the 
latitude after the annual portiona of the variation hns been eliminated 
by calculation. The abscissa used in plottiflg the cur* is the date; 
tho ordinate, which we shall denote by A h i s  the difference between 
the observed latitude corrected for the annual variation and a certain 
initial latitude, which, for resent purposes, may be uite arbitrary. 

oscillation of the earth, except in so far as the elimination of the 
annual portion may have been imperfect, or ns small effects of other 
motions with periods unknown or uncertam,mny remain also. The 

’ven for three stations only-Uhah, Mizusawa, and Car- 
rzt:.ar?&e abscissas and ordinates from which the curvea were 
plotted are not given in full. The data given for all stations consist 
of the epochs of maximum and minimum!atitude and the differences 
between each maximum and the two mimma adjacent; this is not 
sufficient to reconstruct the cyrves for Tschardjui, .Cincinnati, and 
Gaithersburg, so all consideration of these stations is deferred until 
the next chapter. 

The curves shown may be considered as somewhat irregular sine 
curves with variable am litudes of oscillation. In  tho Ukmh curve 
an algebraic increase wit{ the time of both the maximum and mini- 
mum ordinates is pretty evident. Prof. Lawson obtained the rate of 
progressivoa increase by drawing a strftight line (1s nearly as possible 
through tho successive maxim? and a simdar line through the minima. 
The average slope of the two lines wna taken as re resenting the ro- 

rawson finds: 0.28 meter, or 0!’0094 second of latitude per year. 
He then conhnues: 

e it is to be noted that, since the m a n  position of the pole 
repremnbd by t he  zero%o is based II on obmvations of all stations including U k i h ,  

inferred from the curve, 0.29 meter per&ear, is in reality somewhat leas than the 
true rate. For, if U k i e  be moving.nor. erlr, the increase. in latitude due to this 
c a u ~  should not enter into a deterFnatm 0 the mean poeition of the pole, that is 
the poaition of the zero line in relation to the curve. 

The author doubts whether the statement quoted correctly inter- 
prets Sir F. W. Dyson’s procedure. The only statoment in regard to 
this i86- 

$6. The result8 for the six observatories given in A. N.  4841 were next examined 
mparataly. The mean annual t a m s  for the interval 1900.0-1912.0 are: a * * * 

The change in latitude stil P left in the curves is then 3 ue to the free 

ossive rate of change of the latitude of Ukiah. !F or this rate I! rof. 

the zero line adopted diverges norther P y from the true Zero line, and t he  rate of creep 
In arriving at th is  fi 

1 Monthly Notices of t h o  Royal Aatrondcnl Bociety vol 78 (1018), p 462 
D The annual prtlon of the varlatlon of latitude indud4 tho annuai pi& both of the motlon of the 

pole itself and o all othor changee in the latitude, whloh like the Kimm deet, have an annual periodlo 
portlon. 
8 For the Eons In whlch the word “progmslveJ’ 13 wed, BM) footnota No. 2, p. 1. 
4 Bee p. 4.96 of t h e  aNolc referred to on p. 1. * La. clt. ante, p. 467. 
a Theae values tabulated by Dyaon, but hore omltted are in substantial amord With those found by an 

lnde ndont dlscuaplon and 
aueafkn immedfately under % o w i o n .  

ven on p. 61 of W pubdoatation. The exact values nre not ma- to 
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$7. In the discmaion of the freo period aa shown by tho different observatories the 
annual terms given at the beginning of $6 were extracted and the figures then plotted. 
This is n rather complimted diagram to reproduce, and only the three observatories 
at Carloforte, bfizusnwa, and Ukiah are given. 

article by Przbyllok, shows that the stations are there tabulate8 
separately and that the A+’s for any station are the.differences be- 
tween the observed latitudes and some invariable initial latitude, the 
latter having nothing to do with the motion of the pole or with the 
latitudes of the other stations. 

It might be objected, however, that the motion of the pole does 
enter to a certain extent into Przbyllok’s &’s, for the so-called 
observed latitudes reall de end both on instrumental readin s and 

A$’s are corrected declinations, the corrections deduced from a dis- 
cussion of the differences between the observed latitudes (with the 
original uncorrected declinations) and the adjusted latitudes of tho 
International Latitude Service, which de end on all stations. Thus 

for an station, which are presumably Dyson’s also, depend on the 

actually used, as given a t  tho foot of ago 282 of Astronomische 

the declination is considerabl less than 01’001. Furthermore the 

later parts and so havo no effect in increasing or diminishin 

Syson gives results extendin beyond Przbyllok’s tabulation, which 
does not go beyond 1912.0. $resumably Dyson’s results aro basod 
on the provisional values in the Astronomlsche Nachrichten,* but 
whether any correction was applied to them to make them homoge- 
neous with Przbyllok’s results Dyson does not state. A lack of 
com lete homogeneit would not be particularly important in Dyson’s 

use to which Prof. Lawson has u t  it. 

or 01’0094 a year nor tho 01’0081 presently to bo deducod from the 
samo data by anothor method should bo augmontod for any supposed 
change in the zero line of tho A4’s. 

tho 
maxima and minima of the latitude-variation curvo in ordor to i oter- 
mine the rate of progessive change,O and i t  seoms cortain that tho 
mothod of taking ordinates of the curve a t  small, oqual intervals and 
finding the mean will ive a more reliable result. It soomod dosirablo 
also to soe how far cf: arloforto and Mizusawa might rosomble Ukiah 
in showing a progressive chan o of latitude. the curves 

twelfth of a year-and tlie moans were talten over a period of 14 

A reference to Astronomische Nachrichten No. 4841 ,’ which is lon 

on the declinations use$ $he declinations of Przbyllok’s do f ;  initive 

to a certain extent Przbyllok’s observed f atitudes and hence his A+’s 

latitu c9 es of the other stations. An examination of the corrections 

Nachrichten No. 4841, shows, however, t R at the mean correction to 

corrections aro the same for t IT e early part of the series as for the 

ap arent progressive change of latitude such as occurs at  Uki a% . any 

wor i  the urpose o P which was to obtain an accurate value for the 
length of t #ll e 14-month period and which WRS not intended for the 

It appears then that neithor 5 rof. Lawson’s change of 0.29 meter 

Thore may bo some objection to tho method of using on1 

According1 
of all three stations were rea f at  intervals of one mont i? -i. e., ono- 

Vd. #n (lQlt3). Tho articlc is n careful dlscwlon of tho observations of tho Intornatlonal Latltudo 

I For rcfcrcnces seo 8. * For exnmplo tho km of a curve rcprcscntlng n pcrlodlc functlon mn bo such thnt tho nvorngc of 
mnxlmum nnd hnlmum ordlnntca dlffcrs from tho mcnn of nll ordlnntcs; txusln cnrcful tldnl work a dls- 
tlnctlcn must be msdc between mean soalevol whlch Is found from tho monn of closclyspnced oquldlstniit 
ordlnaks of tho mrvo drawn by nn autcmatlb tlde gaugo, nnd hnlf-tldo lovol, wNch l e  halfGay botwocn 
tho mcnn ordlnntc of tho lilph wilters nnd tho mcnn crdlnnk of tho low watom. 

8eNfCC. 



AN EXAMIXATlON OE PROF. LAWSON ’ S  DATA. 5 

months, or moro spocifically, 15 consocutive ordinates woro usod and 
half weight only was assigned to tho first and to the fiftoonth ordinate. 
The period used (14 months =426.1 days) is so nearly tho froo poriod 
of the latitude variation that tho moan ovor tho 14 months should 
be practically unaffocted by periodic changes of hase that run tlioir 
course in tho free period or its submultiples. .%or examplo, if we 
write the principal part of tho froo oscillation of the latitudo in the 
form A cos (Kt-a) ,  whore A and a are assumed to be constants, t the 
time, and K a constant such that ~ t =  27r when t=432.5 dnys, thon tho 
maximum error due to the incomplete elimination of this term from 

. the-moan of 15 roadings takon as above is easily soon by formula (4) 
(p. 71) to  be less than 0.015 A. Now A is 0!’20 or loss, so tho systom- 
atic error is at most about Of003 for. any 14-month period. 

The followin tablo shows tho means of the valuos of A+ road from 
the curve for &e period the middle of whch  is shown in the first 
two columns: 

Tanm l.-Obeerved dwnyes in latitude. 

hliddlo of perlod. I lloan \*aluo of A+ for- 

___- -- - 

1m.. ...................................... 
1807.. ...................................... 
1m.. ...................................... 

Year. 

........................................ 7 - .034 1014. ! 1816.. ..................................... .; 0 I - .032 
I I 

-I-- I I ” I !# 

+ .Wd + .037 

Iwx). ....................................... -0.010 +o.M)4 

1w.. ., .................................... + .oa 
1W6.. ...................................... - .MO +.OB 

...................................... 
16u1.. 1802.. ...................................... 1 -i/ :;!El $:E 

- 
Ukinh. 
I_ 

+O.W1 - .NO + ,001 + .047 + .OM 
+ .Oa8 + .om 
-I. .047 + .ox3 
1. .070 

4- . 1w + . l!.5.5 + .118 + . I S  

Tho months shown aro elapsed months, or more accuratoly elapsed 
twelfth of a Julian yoar; thus in the first line tho ‘‘ 7 ” indicatos that 
seven-twelfths of ths yeas 1900 have olapsod, or tho date is about 
Au u s t l .  

&o values of A 4  in the tablo were plotted as ordinates a ainst tho 
time abscissa and the results are shown in figures 1 2, an§ 3 Tho 
attempt was then mado to fit a.straight lino to the pfottod dnts  by 
tho method of loast squares; t h s  corresponds to an assume (P uniform 
rate of variation of tho latitude. 

EacIl moan valuo of A$ gives an obsorvation oquation of tho for111 

(1) A+ = 2 3. ty , 
I being the adjusted value of A+ at tho timo 1908+9 months and 1 
the time reckoned from this epoch; y is tho adjusted rate OI chango 
of the latitude. From the adjustment thore was found with tho 
14-month poriod as the tuut of time the following valuos, which aru 
given with the probable errom attached: 

For Mizusawa 2 = - OI’0338 * OI‘OO42 
for Carloforto 2 = + 0.0202 f 0.0022 
for Ukiah 2 = + 0,0590 k 0.0048 

y = - 01’0029 & 0!0010, 
y== + 0.0013 k 0.0005, 
y = + 0.00% f 0.0012. 



6 U. S. COAST A N D  GEODETIC SURVEY. 

Fro. l.-Prcgr&ve change oflatltudo at Mlzusswa from Dyson’s curves, 
A. 

1910 Is16 
no. 2.-Progresslve change of latltude at Carloforte from Dyson’s CUTVCS. 

FIO. 3.-Prograscllve change oflatitude at Uklah from Dyaon’s  curve^. 



A N  EXAMINATION OF PROl.’. LAWSON’S DATA. 7 
To roduce the values of y and their probable errors to tho yoar as 

unit they must be multiplied by e; we thus find: 
For Mizusawa y = - 0!’0025 f 0!’0009, 
for Carloforte y = + 0.0011 f 0.0004, 
for Ukiah y = + 0.0081 f 0.0010. 

The annual rato of change found for Ukiah is thus slightly smallor 
than the rate (0!0094) found by Prof. Lawson and this latter rate, 
as we have seen, should not be increased for any su posod change in 

for Ukiah is, howover, quite large enough to oxcito intorest as being 
rather too large to be due to accidental error. Any attempt to 
explain this rate is, however, postponed until all tho s i x  stations of 
the Intornational Latitude Service have beon examined for similar 
rates. (See pp. 21-31.) 

the zero from which A 4  is reckoned. Even the smal P or rato of change 



Chapter II.-THE STATIONS OF THE INTERNATIONAL 
LATITUDE SERVICE. 

SECTION 1. INTRODUCTORY MATTER. 

The stations of the International Latitude Service and thoir distri- 
West longi- bution in longitude are shown in tho following table. 

tudes are positive. 

TABLE 2.--Stcctinns of the I n h a t i o n a l  Latitude Service. 

Station. 

____. 

Mizusnwa.. .......................... 
Tschardjull .......................... 
Carloforte ............................. 
(Inithersburg.. ....................... 
Clnclnnatl ............................ 
Ukhh ................................ 

( i  enernl 1tn.nil ty. Lonyltudo 

_ _ _  - - - . ~  -- ... 
0 ,  

Japan.. ............................... -1.41 Ox 
Turkostan ............................. - ffi XI 
Sardlnln ............................... - 8 19 
hfaryland.. ........................... + 77 12 
Ohlo .................................. + 84 28 
CaUfornla.. ........................... + I 2 3  1 3  

Obsorvations 
cowed nt ond 

of yoar- 
.. .~ 

1014. 

1014. 
101.5. 

1 Thlrr la the spollln adopted In the publlcntlnns of tho lntornntioual Latltudo Sorvlro Tho followin 
forms havo been foun8 In works of roforonc*o uubilshod In Oroat Britain and tho Unltod B’tates: Chnrrh~f 
Twharjul, Chnrjooco, Chardshull, and CharJd. For an Engllsh-spoaklug urson thela$-- ~ ~ e n & ~ ~ % o & - ~  
to bo an ndoquato translitoration. Tho longltudo Is that of tho old stntkn. Tho Ionglfudo of tho now 
station Is -U0 35’. 

The methods adopted for tho discussion of tho observations a t  these 
six stntions are essentially the s m o  as thoso of the receding cha tor 
but with some differences in detail. First of nll t R e obsorvcd f nti- 
tuclcs wore lotted as ordinates against the dates expressed in years 

latitudes wern tho publications of the Intornational Latitude Service 
and the hstronomische Nachrichten.2 Pages 210 to 219 of the Re- 
sultntn, Vol. 111, and pp. 169-178 of Vol. v, contain the definitive 
results for the years 1900 to 1911, inclusive. Tho declination system 
of both volumes is that of Volumo 111, which is maintainod for tho 
sake of uniformity and Tho s m e  declination s stem 
is used in the provisional results ivon in the Astronomischo Nnc K rich- 
ten.‘ Some of tho star pairs !avo, however, been dropped as no 
longer available on account of their recessional motion, and havo 

these now pairs were not used, and tho results arc thcroforo bnsod 
on the original pairs that still remain availnblc, mounting to about 
five-sixths of the com lcto pro ram. ‘rho results €or Tschnrdjui after 

to tho old observatory by applying to the lntitu os observed after 
that date a constant correction of - 0!‘225, us given on pago 3 of tho 
Rcsultate (Vol. V). 

nrid dccimas P of a year as abscissas. The sourcos of tho observed 

been replaced by other pairs. I n  wor R ing up tho provisionnl results 

July 23, 1909, when t R e new o i servatory was occu ied, wero reduced x 
3 Resultato d o g  Intornntlonalen Breltendlonstos. Vol. 111 b Albrociit and Wannch Dorllrl 1800. v d .  

V,by Wanach, DorUu, 1010. Astronomlscho Nacirichton: $1 198, No. 4749; vol. 201:h’0.480i; voi. 203, 
No. 4858: vol. 205, No. 4998: vol. 2(u1, No. 4809. 

I Vol V p 76 
4 Seojlsironomlsclio Nschrichten So. 1740, vol. 198. 

8 
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The plottud latitudes for each station wore then adjusted graphi- 
cdly by drawing a curve to conform as nearly as mi h t  be to the 
plotted points without showing sharp vorticos or rapig dternations 
in slopo. On these curves for the several stations all tho subsc uont 
work is based; they werc thoreforo drawu with somu care 811% the 
first draft of a curve was always revised by one other person and 
sornotimos by two others. The obsorvntions mc consistent cnough 
SO that thcru was very seldom room for an serious difforenco 111 

f u l  cnscs tho doubt was dccidcd in favor of smoothing out the obser- 
\.ations too little rather than too much. 

judgment us to the proper form and locatio11 o P the curve. In doubb 

SECTION 2. IIARMONIC ANALYSES.5 

Harmonic analyses were mado of the curves to dotermine expres- 
sions for the annunl and the 14-month components a t  each station. 
The period of tho annual componqnt was assumed to be one Julian 
year, or 365.25 days. No distinction was made between leap yeam 
and Common ycnis. The period of the 14-month component was 
nssunlcd to bc 432.5 mean solar days; this is a mean betwocn Dyson’s 
result of 432.2 duyso and Wannch’s of 432.5 days.? This gives the 
14-mont11, or frcc, period of the latitude variation ns 1.18412 Julian 
years llnd tho chan o of phase of tho free oscillation in ono month 
‘(onc-twclftli of n J u  7. inn year) as 25033526 and in one 

of tllo annun1 component in one-two Y i th of a frco 

42602834. These numbers nro hore set iYh own for rcicrence as needed. 

One year equals 0.844509 of the freo eriod and the c 

year) is 35f5236, nnd the change of uso in one free period is 

m i e n  the 14-month component or a 14-month eriod is spokon of 
hereafter in this report, this should bo understoozas an abbrovintion 
for a 432.5-dny com oqent, etc., unless i t  is clear from the context 
that exactly 

 or tllc annual component the curve for a station was road nt 
intervals of one-twclfth of a year, tho first reading coinciding with 
the beginning of 11 p a r .  For the 14-month com onent, represent- 
ing tile free oscillation, the period was also divi 2 ed into 12 parts, 
tho intcrvnl between readin being 0.0987 year, as abovo; the first 

year. Since we have np roximately 5 frco oriods equal to (i annual 

Sllmo dogee  of approximation in both cases, the obvious len ths for 
u s e h s  to  bo unalyzed harnionicnlly are 0 or 7 yeurs. Both 91 cngths 
tire Iicarc used. A 6-year scrics for the annutll component includes 
$2 i-etldings, tho time bctwecn tho first and the lust reading being 
5.92 ycurs. For tho 14-month componont u 6-year scrics is takcn to 
rncan one that roprescnts 5 free poriods; it has GO rendings with 1111 
interval of 5.82 p a l s  betwoen the fiist and tho lnst  reading. Simi- 
larly, a 7-yenr scms has 84 readings for tho annuul component, with 
6.92 y e m  bctwecn the first and ths lust reading, and 72 readjngs for 
the l4-month component, with 7.01 years betwcon the first and the 
lust rcuding. 

of a P uliun year is meant. 

reading of the SOI-ICS WM a 7 ways taken at  the beginning of some 

periods and 6 frcc perio (P s ?qual to 7 annun P poriods, with about tho 

* Be0 wr. 2 of Chnp. VI 
6 Mo~ltlily Sotlcos Roy6fAstranomical Bodoty, vol. 78 (11)18), p. 483. 
I Itesultotc, Vol. V, p. 200. 

.73. 
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.... 

The mean reading corresponding to each twelfth of a period was 
found and these means were subjected to the usual process of the 
harmonic analysis for 12 ordinates. The values of s and c in the cus- 
tomary notation, say for the annual component (see p. 76), are 
affected by the resence of the 14-month component, and vice versa. 

To show the order of magnitude of the corrections so obtainod the 
table of harmonic constants that follows gives the results both from 
the uncorrected and the corrected s's and c's. The epochs or t 's  
for the 14-month component are all reduced to the beginning of the 
year 1900. The quantity { + A ,  where A is the west longitude of the 
station, is added to show how nearly the motion of tho pole is uni- 
form and circular. If the motion were uniform and circular and in 
the same direction as the rotation of tho earth and if all the results 
were errorless, the quantity { + A  would be constant for all lon i- 
tudes. The length of the series analyzed is to be inferred from t fl e 
dates in the second column; thus the dates 1900-05 indicate a 
&year series with the first reading for both components on 1900.00. 
The dates 1900-06 indicate a 7-year series beginning as bofore. tho 
final readin for tho 14-month component of such a serios fads on 

the definitive values resulting from this investigation (see p. 51) but 
they are accurate enough for the immediate purposo. 

TABLE 3.-LIarnwnic constants for the variation of lalitwle. 
[Aaqumed form, K CON (~f-s).] 

To remove the e x. ects, the formulasdevcloped onpages78-79were used. 

1907.01. T a e harmonic constants in the table below u o  not quite 

ANNUAL COMPONENT. 

Years of 
series 
I n c h  Am 11- 
sire. tu&. 

R 

,, 
1800-05 0.113 
1BoMw) .097 
1W.w-11 .138 
1906-12 .I10 
1910-15 .I27 
1911-17 .I16 
1912-17 .lo5 

Epoch. s 

16.7 
16.9 
10.4 

13.1 
7.1 

340.0 
335.9 
322.3 
323.7 
321.4 
310.8 

278.2 
270.7 

208.7 

272.1 

188.0 
206.4 
255.8 
179.6 
185.8 
182.0 

183.1 

9.a 
17.4 

276.9 

270.3 

273.4 

106.3 

Btntion nnd longltude. S+A 

-- 
234.8 
234.8 
238.3 

P2.0 
226.0 

278.5 
272.4 
258.8 
200.2 
257.9 
260.3 

289.9 
208.4 

200.4 

203.8 

273.8 
282.2 
333.0 
258.7 
283.0 

240.3 

m.1 m.3 

207.8 

208.0 

285.1 

"8.8 272.6 

Mlrussaa, Japan. X--141* W.... . ... 
. 

.13.3 
18.1 
4.5 

14.4 
18.9 
20.2 
1.0 

a34.7 
340.0 
316.8 
331.3 
313.6 
327.0 

-- 
0.108 
.IO7 
.I32 
,123 
.140 
. I11  
.loo 

.lo1 

.lo5 

.133 

.I31 
. I 3 4  
.148 

Tschardjui, Turkeutan. A- -83' 29'. . . . . . . 

Carloforte, Bardlnla. h--8' 19'. . ..__._._. 271.3 
2113.0 
270.2 
284.0 
273.1 
279.1 
283.9 

175.8 
227.0 
288.9 
152.7 
188.7 
203.2 
148.7 
i78.a 

18005 
1WO-06 
1Wl-11 
1o(M-12 
1 W - 1 4  
IMl9-14 

18oo-05 
1900-06 
IIWXI-I1 
1800-12 
1910-16 
1911-17 
1912-17 

.097 

.IO1 

.111 

. I 0 9  

.I22 

.098 

.w 

.023 

. M 8  

.013 

.012 

.OS9 

.OS2 

.OS9 .on 

.lo4 

.098 

.I38 . I22 

.128 

.148 

.lo1 

.094 

.119 

.I04 

.lo7 

.I08 

.085 

aalthersburg, Maryland. X-+77' 12' .... . . 

~... .~ . .__ 
1908-12 .o49 1 1808-14 I .Ob7 
1 W 1 4  .070 

I- 
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TABLE I.-Hamnic conetanfa for the v a d w n  of lalilude-Continued. 
ANNNUAL COMPONENT4hnt ln i iod .  

11 

Btatlon nnd longltude. 

- - -. - -. - . - 

Clnclnnatl, Ohlo. X-+84" 25'. . . . . . . . . . . . 

Ukiah, CnUlomia. X-+123' 13' ...._..... . 

lKn-05 
18oo-08 
1W3-08 
1m-11 
1936-12 
1908-13 
1910-15 

l W 5  
18oo-08 
1808-11 
1808-12 
1910-15 
1911-17 
1912-17 
__ 

Before clearing. 

Am 11- 

R 
tuto.  

- 
.014 
.022 
.MI 
.052 
.of31 .m 
,088 

* 048 
.M4 .om 
.a34 
.087 
.057 
.075 
- 

Epooh. 
f 

159.8 
246.9 
283.7 
187.6 
218.9 
182.9 
108.8 

84.6 
88.4 
68.4 
67.1 
WI. 0 

117.8 
80.6 

14-MONTH COMPONENT. 

Mlzu!awa, Japnn. X--14lo Or.... . . . . . . . 

C h w t l ,  OMo. X-+84'25'. ... . .. . . . . . 

m, c&[omla. X-+123' 13'. ....... .. . 

18oo-05 
18oo-08 
1w)B-ll 
1808-12 
1910-15 
1911-17 
1912-17 

18oo-06 
18oo-08 
1808-11 
1696-12 
190514 
1900-14 

1 m 4 5  
IBOO 
1808-11 
1808-12 
1910-15 
1911-17 
1912-17 

IBMMJ 
lBM)-oa 
1w3-08 
1MUO9 
1808-11 
1Bw-12 
1cm-14 
1909-14 

19muls 
18oo-08 
lwD-08 
1808-11 
1808-12 
IwR-13 
1QlO-15 

1 m  
1 m  
1-11 
1808-11 
1910-16 
1911-17 
1912-17 

0.142 
.I23 
.a18 
.215 . rnl 
.I77 
.I72 

,135 
.115 
.209 
.211 
.229 
.241 

.I30 

.125 .m .m 

.216 

.I97 

.I84 

.144 

.I42 . I55 

.174 

.225 

.221 
.210 
.213 

.158 

.I53 

.159 . lo7 

.208 

.I98 
* 207 

.I35 

.131 

. n 5  

.210 

.199 
,207 
.220 

- 
179.3 
170.4 
165.8 
103.6 
174.8 
175.8 
187.8 

loo. 8 
88.9 loo. 7 
95.0 

106.1 
103.7 

42.9 
33.4 a. 8 
32.6 
KO. 5 
53.8 
62.3 

322.1 
317.8 
310.6 
311.7 
305.0 
305.2 
317.0 

317.3 
310.5 
299.2 
297.6 
280.2 
308.1 
323.1 

273.4 
230.3 
2ba0 no. 7 
281.1 
287. I 

317. e 

277.8 

hftor clonring. 

Am U- 

R 
t u t e .  

.cum 
1022 
.os 
.os9 
.os3 
,053 .om 
.037 . (M5 
.055 
.053 
.082 
.057 .w 

0.134 
.134 
.213 
.m 
.I75 
.168 

. l a  

.208 

.218 

.234 

.242 

.128 

.I30 

.m .m 

.224 

.192 

.I85 

.143 
,144 
.I55 
,174 
.m 
,224 
.212 
.215 

.I57 

.154 

.I58 
* 210 
.207 
.I04 
.216 

.131 

.134 . aa2 

.m . 20R 

.217 

. ai3 

.13a 

. a21 

Epoch. r 
- 

219.4 
217.2 
201.2 

200.8 
178.3 
165.0 

85.7 
92.8 
76.0 
07. 8 
98.9 

101.6 
loo. 5 

202.5 

in. 5 
176.5 
163.1 
105.3 
175.6 
179.4 
185.2 

103.0 
102.3 
97.3 
97.8 

107.0 

98.4 
36.3 
31.2 
35.0 

55.7 
00.2 

321.3 
318.6 

311.4 
303.7 m. 4 
315.4 
319.4 

317.1 
311.3 
299.3 
m. 4 
297.E 
303.0 
323. B 
n5.1 
m. C 
255. € 
258.4 
279. i 
284. E 
288.2 

ice. a 

61.2 

310. a 

r + x  

303.8 
301.6 
345.6 
286.9 m. 2 
282.7 
250.0 

208.9 
216.0 
199.2 
191.0 am. 1 
124.8 
ab7.7 

- 
36.4 
35.4 

24.2 
34.5 
38.3 
44.1 

39.5 
38. 8 
33.8 
34.3 
42.7 
43.5 

31.1 
28.0 
22.9 
26.7 
43.9 
47.4 
51.9 

38.5 
35.8 
27. 8 
23.6 
20.8 
23.6 
32.6 

2a. 1 

a. e 
41.5 
35.7 
23.7 

28.0 
48.3 

3R. 9 
38.2 
18.7 
21.6 
42.9 
47.7 
49.4 

m. 8 n. a 
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Much might be said in interpretation of the results in Table 3, but 
the discussion may conveniently be ostponed (see pp. 51 t o  64) 

a rogressive variation of latitude. 
Pt is a t  once evident that  the so-called “harmonic constants” are 

only approximately constant. Their precise vnlues have a significance 
only as means for thc period of timo from which they wcro obtained. 
However, if wo limit ourselves to com aring merely the harmonic 
constants of the various stations derive B from observations covering 
one and the same period of time for all stations, there are still soine 
useful conclusions to be drawn. + X for the annual component show such marked 
variations thnt i t  is evident that something besides the motion of tho 
pole enters into them. This something is generally called the Kimura 
term; i t  has hecn variously explained and is doubtless due to a 
combination of causes. It IS generally assumed in most discussions 
of the variation of lntitude that the Kimura is the same a t  all stations 
on the samc parallel a t  any given time. This approximato equality 
comes out from the discussions lnter on (see p. 54) but there is no 
reason exce t mnthemnticnl convcnionce for nssuining that the 

station by itself, quite apart from any motiop of the pole. Tho 
apparent nnnual variation of latitude a t  any vcn station depends 

wo can not sepnrnte tho two, but for the present purpose, namely, 
thnt of eliminating the nnnuiil portion of tho variation n t  that station, 
we do not need to know how much is clue to the motion of the polo 
and how much to tho individual peculiarities of tho Kimurn tcrm. 

For the 14-month com onent, on the other hand, the vnlucs of 

is favornble to the hypothesis that t io variation of latitude in tho 
14-month period is due chiofly to tho motion of thc pole in an orbit 
approximately circular, about its monn positi?n. Any individuai 
peculiarities of the station as respects tho variation of latitude in 
the 14-month period sccm to he quite small. 

except for a few remarks bearing direct P y on the problem of detecting 

The values of 

equality is a E solutc.8 This shows the advantage of dcnlirig with oach 

not on1 on the motion of the pole but on t P io individual Kimura 
term o 9 that  station. From tho observations a t  ono stntion alono 

R and f + x  show a tolerab f o constnnc from station to station, which Y 

(Sec p. 61.) 

SECTLOS 3. MEAN LATITUDES BY CALENDAR YEARS A S D  13Y 14-MONTII 
I’EBIODR. 

I-Tnving obtaided tho hnrmonic constants, we could do just whnt 
was done in I)yson’s paper; we could adopt n set of hnrmonic con- 
stants for a giron period and a givrn station, computr thr corrcspond- 
in6  nnnunl portion of thc varitrtion of latitutlc, and 1 1 ~ 7  suhtrrwting 
tliis annual portion from the ordinates of the ciirve mcntioncd on 
pngc 8, which may he ciilled thc curvr of the complcte \-ririrLtion, 
we should gct the ordinntcs of n ncw curve of exactly tlir samo ntitiiro 
as Dyson’s curves (p, 3) .  The new curve would prcsuinnhly 
contnin only the variation of lntitudc in tho 14-month pcriod (this 
statement being subjoct to the samo qunlifications ns on p. 3) tint1 

8 The wclKlit otnutliority swms to fnvor tho opiiilon thnt tho Klmiirn t c rm is chiofly duo to tho rensnnnl 
varintlon of the rrfrnctloii, and t o  cliuii~rs I n  tho rolrnctlon in pos ing  from 1110 oliscnntory to rho outside 
nir rntlicr more thnn to  refradon8 duo to senminl  hnromotric grndieiits. I f  thls bo trim, it  may b con- 
sidered ns wrtnin tliot, orvlng to ditlcreiiccs ofcllmnte nnd locnl topography, tho Klmurn torm wlll not be 
u1)solutcly ullko nt  all stntionu. 



STATIONS OF THE INTERNATIONAL LATITUDE SERVICE, 13 

by taking the means of its ordinates over a 14-month period tho 
periodic pnrt would disap ear and the means would brin to light 

may be revcrsed; that  is, the 14-month portion of tho vnriution may 
be computed from the assumed hqrmonic constants and subtracted 
from tho curve of tho complete variation to obtain tho ordinates of a 
new curvo, which will, prcsumably, contain only tho nnnunl portion 
of the variation. By tulrin mcans over a year tho annunl periodic 

put in evidence the progressive variation of latitude, if any. 
The only differcnce between tho process just outlined and what was 

actually done is that the drawing and readingof a second actual curve 
were dispensed with. The ordinates of the original curve of tho coni- 
plete variation had already been obtained a t  suitnble intervals in 
tho process of making the harmonic annlysis. The portion of the 
variation, nnnunl or 14-monthly 8s the case may be, that  is to be 
romovcd may be computed from thc adopted harmonic constants and 
subtrnctod from the ordinates of the curve of comploto variation, thus 
obtaining tho ordinates of the new curve and the means of these 
new ordinates may bo taken over the roper period, all without 

may be simplifies, for instend of applying our corrections individually 
to the curve of complete variation and taking the mean of tho cor- 
rected result, we may sim ly apply the mean of the corrcctions to  
the mean of the uncorrecte cp ordinates, both means covering tho roper 
period. Tho calculation of tho mean correction is ronderecf very 
sim le by a formula of tho type of (1) on pngo-71. 

&e most obvious ycakness of any calculation of this sort is in the 
choice of tho harmonic constants for a particular y n r  or period of 
14 months. Since the so-callcd constnnts are va id only ns mean 
values Over a givcn period of time and it is not ensy to detorniine 

the progressive variation o P latitude, if any. Furthcrmoro, t I? e process 

part of the variation shoul c f  disappear and the yearly means should 

actually drawin the now curvo. Furt P iormore, the' computation 

thcir values a t  any given instant, thcro is neccssarily 
in the assignment of values for m y  given year 
Tho consequcnccs of thls unccrtninty aro not, 
might be. supposed. The calculations will bo 

gi\Ten for this pnrt of t1i.o inrostigation in more detail thnn for most 
of tho other arts, nnd it will not be di!Iicult to satisfy oneself that 
an reasonah  choice of the harmonic constants would load to 
su{stnntia]ly tho snmc result for the progressive chango of latitude, 
which is tho qunntity sought- 

The more bnportnnt stages of computations for the case where the 
mean latitude is taken by cdendar years are givon on pa cs 16 and 16. 
Tho first column.under each station givcs the calonckr year over 
which, tho mcan 1s takcn and tho second the b e a n  itself. In this 
monii 13 valuos were used, already road off from tho curve for the 
purposes of tho harmonic analysis. The first and last of tho 13 for 
the year 1900, for example, ,are for the dates 1900.00 and 1901.00. 
Those two end values aro given only hnlf wei ht. Tho mom la& 

and fourth coluinns contain the am litudes and opochs (R and 
c) of tho 14-month component as adoptc B for tho purpose of cloaring 
the annual mean. Tho opochs are reduced to tho beginnin of 1900 
so as to be comparable w t h  those of the preceding table. $'he ~ a y  
in which these quantities were determined will be explained in the 

tudo evidontly.ttpplles oxrictly to tho middle o B the year 1900. Tlie 
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,! 
0.133 . 180 . im 
.144 . la9 
.080 
.138 . im 
.258 

. Given the values of R and {, the quantity to be nexttarTph adde to t e uncorrected mean to clear i t  of the outstanding effects 
of tho 14-month component is found to be 

0.174Rcos (3320O-l-55098n) (1) 

(See p. 73.) In  this expression n is the number of years after 1900; 
e. g., for the year 1907, n = 7. The values of the above expression are 
given in the fifth column ; the sixth column, which is the sum of the 
second and fifth columns, is the cleared mean which ap lies to the 

bring to 1' h t  the progressive variation of latitude, if any. 
As hns l% eon said, the 14-month component of the variation of 

latitude appears to be due almost entire1 to the motion of the pole, 

tions with the time in R and a t  any station corres ond to variations 
in the motion of the pole. In  an article by Wanacie there are given 
the instantaneous values of the amplitude and phase of the polar 
motion in the 14-month eriod. Wanach's quantities are computed 

an assumption known to be erroneous and one which is therefore quite 
sufficient to ex lain the decidedly erratic variations in the quantities 
tabulated by danach. These he calls R, the amplitude of the polar 
motion and P its initial phase reckoned from a point midwa between 
maximum and minimum. Although the values of R an i P given 
for ever tenth of a year are so far from constant, their means over 

following table. In  taking means the end values wore given half 
weight and the year 1917, which is incomplete, is treated as if com- 
plete. 

TABLE 4.--Mcan amplitude and phme of the 14-monthly polar motion. 

middle of the appropriate calendar year; the trend of t R ese should 

but for the present purposes it is enoug i to assume that the varia- 

on the assumption that t R e annual component repeats itself exactly, 

a calen cry ar year aro more stable and these means lo aro given in the 

6a 
66 
63 
62 
52 
63 so 
94 
78 

loo0 .......................... 
1901.. ........................ 
1802. ......................... 
1803.. ........................ 
I B U  .......................... 
1w)5 .......................... 
1808.. ........................ 
lm7, ......................... 
1Box .......................... 

-. ...... 

0.288 .a4 
f282 .no 
.214 

.la9 

.181 

.m 

.lb7 

66 
82 
64 
47 as 
83 

26 

4e 

38 

1 ~ .  ......................... 
1910.. ........................ 
1911.. ........................ 
1912... ....................... 
1913.. ........................ 
1014.. ........................ 
1915.. ........................ 
1918.. ........................ 
1017.. ........................ 

r ,  1 . 

Tho values of R in Table 4 are directly comparabie with those in 
Table 3 and if the means are taken over correspondin periods the 

nearly equal to 90" - ({+A> for the 14-com onont and this is seen to 

and 1 used on pages 15 to 17 for clearing tho annual mean were ob- 
tained from Tables 3 and 4. 

Let us take the year 1902 a t  Mizusawa and compare it with the 
harmonic analysis at  the same station for the years 1900-06. The 

two sets of values are nearly equal. The quantity 5 should be 

be very nearly true. An example will exp P ain how the values of R 

* Dle Chandlersche und cUe Newcombsche Perlode der Polbewegung. Pub. No. 34 (new series), Zentrsl- 

10 The ordlnary mathematical man wag taken. Thh r o m  b not qulte rigorous in auch a w e  and 
bureau der lntemtlonelen Erdmesaung. Berlln, 1918 p. W. 
tan& to exaggerate a llttle the valua of R, but for pr-fp)purposes it 18 suRlolently ~coumte. 
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mean R for tho yeurs 1900-05 from Table 4 is 01'132. The unalysis 
(Table 3) wives 0!'134. I n  Table 4 the R for 1902 is 0!'120 or 
01'012 lcss t%an tho mean, so it is assumed that tho €2 for Mizusawa 
in 1902 should also bo O!'Ol2 less than OF134 or 01'122. I n  a similar 
way the incan Y for the period is 55' and for 1902 is 53' or 2' less. 
Since { and P vnry in opposite directions from their moan values tho 
p for Mizusawn in 1902 should be 2' greater than tho in Table 3 
correspondin% to tho wholo period; i. o., its value is 17705+2"= 
17905, or 180 by the ordinary convention for rounding off to wllolo 
dcgrccs. The period 1900-06 and the corrcspondixig harmonic analy- 
&s might be used in  a siinilar way and values for 1902 deduced. The 
results aro practically identical with thoso given. The values, R= 
01122 and [ = 180°, are found in thc third and fourth columns of the 
table bclow. Soxnc years, such as 1911, ?ro included in tho periods 
covered by scverd harmonic analyses; in such ctiscs tho mean of 
tho several comparisons, whlch gcnerally diifer but little from one 
another, is used. 

TAULE 5.-Mean latitude by calmdar years. 
NIZUSAWA, JAPAN. 

1011 ................................................. 
1012.. ............................................... 
1013 ................................................. 
1014.. ............................................... 

_. . 

Year. 

.724 
,737 
.825 
.EM 

Scconds 
Of mcnrr 
latitudo, 

I- 
loon.. ............................................... 
1 0 1  ................................................. 
1002.. ............................................... 
1m.. 
1uo4.. ....................... 
1. ................................................. 
loo0 
1007.. 
1008 ................................................. 
1001). ................................................ 
1011.. ............................................... 
1012.. ............................................... 
1013 ................................................. 
1014.. ............................................... 

10IU ................................... 

....................... I 
................................................. ............................................... 1 

1010.. ............................................... I 

1015.. ............................................. ..i 
1017 ................................... 
.. - ...... - .. . __ 

3.034 
* 027 
.:I50 
.502 
.5" 

3.501 

. GOD . .540 . .NO 

3.567 
.558 
.028 
.027 
.012 

3.664 
.571 
.048 

. a13 

.. -__. 

H a r m o n i c  cori- 
stants, 1Crnonth 
componerit. 

R 

0.134 . 10s . 122 
, l l G  
.140 

. 133 

.180 

.218 

.258 

(1. 222 
.244 
.257 
.1YU . 174 
0.101 .1w 

. I20 

n. ooo 

TBCHARDJUI, TURICESTAN. 
--.-_L_ 

1900.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  10.608 . 0.128 
1001 .................................................. .716 .I01 
1002.. .............................. .................I ,043 I .I15 
10 03 .................................................. .c83 .I40 
1004.. ............................................... I .030 , . 134 

o.oR4 . 124 
.173 
.242 
.25a 

0.223 
.250 
I no 
.208 
.100 

170 
178 
1 xo 
182 
182 

Clonr- 
aiico. 

-0.022 - .on1 + .o10 + .024 + .007 
-0.010 - .on - .om + .m 

180 
155 
142 
15s 
170 + .Ul3 

170 , +0.030 
172 - .001 
178 - .@I1 
184 - .(I25 
176 - .mi 
180 +o.o2a 
184 -1- .OLD 
108 - .003 
. -- 

oa 
104 
100 
107 
107 

100 

76 
80 
100 

104 
102 
117 
124 
110 

sa 

___ 

-0.012 
- .OB - ,008 
+ .023 

+O. 009 .ooo - .022 - .038 + .002 

+o. 034 + .090 - .006 
- .a34 - . N O  

+ .on 

- - 
3oconds 
31 IUB(LI1 
ntltudo 
cloarcd.' 

, e  

3.012 

3.575 
3.5% 
3.507 

3.681 
3.501 
3 . w  
3.502 
3.580 

3.607 
3.555 
3.5a7 
3.002 
3. 611 

3.550 
3.500 
3.045 

3. a a  

-__ 

- 
io. aRo 
io. am 
10.035 
10.070 
10.050 
10.611 
10.530 
10.505 
10.670 
10.068 

10.700 
10.703 
10.731 
10.701 
10. twI 
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TABLE 5.-Mcnn latitude by calendar pars-Continued . 

CARLOFORTE. SARDINIA . 

-0.001 + . 034 

.. 

Year . 

x.959 
I X.OM 

1800 ................................................ 
1901 ................................................ 
1802 
1903 ................................................ 
1904 ................................................ 
1905 ................................................. 
1906 ................................................ 
1907 ................................................ 
1908 ................................................ 
1908 ................................................ 
1910 ................................................ 
1911 ................................................ 
1012 ................................................ 
1913 ................................................ 
1914 ............................................... 
1915 ................................................ 
1910 ................................................ 
1917 ................................................ 

.. ... ___ ...... 
1800 ................................................. 
1801. ................................................ 
1802 ................................................. 
1 m  ................................................. 
1904 .................................................. 
1805. ................................................ 

swonds 
of mcon 
lntitudc. 
un- 

cleorod . 

~ 

13 116 : 17H I 
217 

13.215 

:z I 

.. 
8.909 

8.950 
H . 035 
8.040 

6.94X . 011 
* 904 . OM . 073 

8.900 . 022 . 932 
0 . Wl 

o . oin 

o . nn 
0 . nzo . on . @lo 

-0.036 
. . 020 + . OZn + . 032 + . 010 

GAITHERSBURO. AlD . 

13.250 
1.1 . 281 
13.314 
13.304 
13.343 

[ I a r m o n l c  con- 
stants. 14-montli 
component . 
. 
R 

0.130 . 162 . 110 . 142 . 136 

. 122 . 107 . 210 . 240 

0.21R . 245 . 262 . 201 . 180 

0.170 . 141 . 145 

o . n8o 

.. 
n . 144 . 170 . 130 . l.L9 . 143 

0.003 . 137 . 180 . 2.19 . 2M 

0.217 . 24.5 
* 2m . In4 . 172 

CINCINNATI . OIIIO . 

1800 ........................... 
1801 ........................... 
1803 ................................................. 
1904 ................................................. 
1905 ........................... 
1900 ........................... 
1807 277 174 
1m ..................... 
1808 ..................... 
1910 ..................... 19.408 n.2w 
1911 ..................... . 442 . '233 
1912 ..................... 

.................................................. . 

............. 1 0 . ~ 1  0.175 
... - _. - 

. 
f 

31 
39 
4 1  
42 
42 

41 
23 
11 
27 
30 

41 
08 
53 

52 

OG 
50 
74 

on 

. 
314 
322 
sz4 
32(\ 
Y!) 

324 
297 
w4 
293 
309 

312 
310 
327 
33 L 
X G  

. . 

Clcnr- 
nucc . 

+n . niz 

. .om 
+ . 010 

. . 015 

. . 013 

+a . 015 + . 010 
-1- * (KID 

- . 037 
- . 0.33 

Seconds 
of moan 
iotitudo 
cloorcd.' 

H . 021 
8.995 
8.030 
8.022 
R.9% 

8.903 

X . 013 
x . 021 
H . 03G 

x . 930 

+a . nzs + . 025 
- . 003 - . 0125 
. . 023 

.O . w2 

i . (127 + . 0.9 
. . 017 

. . 027 + . 021 + . (131 + . 017 

+ . io0 

-0.o3n 

-n . 01s 

19 . 313 
10.2M) 
IO . 3x9 
1U . 411 
19.420 

19 . 280 
10.335 
I9 .304 
10 . 370 
10 . 3.51 

10.372 
10 . 416 
10 . 431 
10 . 423 
I V  . 490  

10.530 
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TABLE 5.-Mcan latitude by calendar years-Continued. 
UKIAH, CALIF. 

Ymr. 

1800. ....................................... 
1801. ................................................ 
1802. ....................... .................. 
1803. ....................... .................. 
1804. ................................................ 

looo. .................................... 

1911. ................... 
1912. ............................................... 
1913. ................................................ 

1915. ................................................ 
1910. ................................................ 
1917. ................................................ 

................. 

Seconds 
of mean 
latitudo, 

cl0nrod. 
un- 

12.078 
.024 
.M8 
.115 
.142 

12.138 
.118 
.079 
.028 
. lo3 

.205 

.la5 

.127 

.182 

1 2  251 
.m 

12. in3 

.204 

H a r m o n i c  can- 
stants, 14-month 
cornponont. 

H 

,t 

0.133 
. lea 

.140 

.140 

0. ow 
.133 .. 182 
.2-93 
.280 

0.221 
.2-93 
.274 
.212 .m 

0.187 
.105 
. lo8 

. im 

__. 

t 

ma 
270 
278 
279 
270 

278 
2-93 
a35 
251 
203 

287 
204 
282 
288 
280 

283 
288 
300 

Clem- 
BnCB. 

+o. 010 + .028 + .OH - .011 - .w 
-0.011 - .006 + -013 + .M3 + .012 

-0. on - .M3 - .007 + .om + .w 
so. m5 - .01R 
- .m 

17 

jeconds 
i f  mmn 
ntltude 
fearod.’ 

12.088 
1 2  053 
12.058 
12.104 
12.118 

1 2  125 
12.112 
12.092 
12.071 
1 2  115 

12.138 
12.102 
12.178 
12.157 
12.210 

12.250 
12. ?A0 
12. w, 

A process the reverse of that set forth in Table 5 consists in takin 
the mean over a period of 14 months (more accurately 432.5 days7 
and clearin In 
Chapter I t B e menn was taken over a pefiod of exactly 14 months 

years) and the difference betwoen ths ,  and tho more accurnte 
va uo of 432.5 days, was shown to have a nearly nogligible effect. 
The same thing could be  done here, but.  the curve rendin s used 
would be the same readings. as those f o m n g  the bnsis of 1 ablo 5.  
We get, therefore, a determination more nearly independent of tlie 
preceding if we utilize tho curve reading taken independently for 
the harmonic analysis of. the 14-month (1. e., 432.5-day) component. 
The chief disadvantage 1s that, owing to the practice of beginning 
the series to be analyzed at  the beginning of a year, tho 432.5-day 
periods covered do not run consecutiyely and without overlap. 

Tablo 6 gives the rosults of the taking and clearin of means. Its 
arrangement differs only sllghtly from tlmt of Trifle 5. The f i s t  
column will be explained later. The second column, which corre 
s onds to the first column in Table 5, gives the dates in years and 
dcirnals of the beginning and endin of the period coverod. Tho 

initinl and final readin s having only half weight. The mean then 

umns contain the harmonic constants of the annual com onent 
adopted for clep.ring the mean. For lack of n. better principle o P choice 
theconstants in these columns are simply the mean of a11 available 
determinations in Table 3 that cover the period in uestion. l y l e  sixth 
column contains the clearance of the mean. I t  is given by the 
formula 

(2) 

this mean of the effects of the annual component. 

6 
‘Y 

third column is the menn- of. 13 rea 8; ings covering this period, the 

corresponds to the mi B dle of the period. The fourth and fifth col- 

Clearance-0.142 R cos ( 2 1 3 O . 1  -t+36O0f). 
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Group No . 

The R and { of formula (2) arc those in columns four and five; the 
quantity f is the fraction of a year elnpscd a t  t h o  beginning of thcperiod 
to be cleared; thus. for the first line of Mizusuwcl f=O.OOO,  for the 
second line f=0.184, for thc third 1ino1f=0.3G8, ctc . Tho seventh 
column representing tho clewed rncrm IS the sum of tho third and 
sixth columns . 

'r..inT. E 6.-iVcan lati!. udrs by pcriorls rd.i.?2.5 d m ~ s  . 
JIIZ USA\VA. JAPAN . 

I'criotl Included 

1 .................................. 
3 .................................. 2 .................................. 
4 .................................. 
5 .................................. 

ioo0.mo-ni. IR? 

iwi2.3owm.552 
1001 . IXl-O1.368 

IUIL? . 55'2-04.73O 
1001.73O-lJ~.U20 

e .................................. I 10~;.020-07.104 . e .............. ._.. ................ I 1 0 w . ~ w 0 7 .  I M  

o .................................. 
10 .................................. 
10 .................................. 
10 .................................. 
11 .................................. 
11 ....... . 
11 .................................. 
11 .................................. 

7 .................................. lW7.1WOX.36X 
A .................................. IDOX . .ulP-l)rJ . 552 
0 .................................. 1000.552-30.730 I 

i ' ~ ~ n . o o o - i ~ . i ~ . i  
IUlO.73a-11.020 
l'JI1.0(K)-12.184 
1u11.1x4-12.3aM 
1011.020-13.1@i 

1012.W3-13.1R4 
1012.184-13.308 
1U12.308-13.552 

14 .................................. 
16 .................................. 
15 .................................. 
.. 

1015.730-16.920 

1010.730-17.020 
1010.820-18.1M 

. . 
'icconds 
?I tncnn 
UlittldO 

tin- 
rlaircd . 

................. 
3 .................................. 
4 

................. 
.................................. 

......... 
0 .................................. 
0 .................................. 
7 .................................. 
8 .................................. 
0 .................................. 
o .................................. 
0 ....................... ....... 

10 ....................... ....... 
10 ....................... ....... 

............................ ....,.............. ......... 

............................ 

8 .................................. 

11 ............................. 

03.033 . 603 . .sG 0 . 6E-5 . 565 

. 507 

. 530 

.6.% 

. 57ti . 572 . 557 . 007 

03 . GI2 . eo2 . 572 . 015 . GOO 

. b(i5 . 5 0  

. GO7 . 020 

03.050 . ou5 

03.004 

. Son 

n3.012 

03 . eo2 

. a02 

~ 

I9W.lXWOl . IM 
1001 . IH~i-02.30R 
1OM 308-(w ti52 
1003 .5521b 1.730 
IOOL 730-05.020 

1W.020-07.104 
1DIM . MHJ-07.1X4 
1007.184-M-oR. 308 

1008.368--01). 562 I 

. . 

1 ~ n 4 ~ ~ 0 0 . 1 ~ 4  

1800.W3-IO.IPA I 
IVOO . ixcin.3on . 
iuin . i w i i . a o n  : 
1Y10.30K-ll. 652 . 
1010-7.u).11.020 
1011.iWX-12.G52 
1011.65%12.730 

low . m - i n  . 730 I 

L I n r n i o n I c  con- 
stunts. nnnunl 
component. 

-0.0011 + . M)8 - . 014 + . 004 - . 011 

-0.014 - -(MI7 + . 014 -.ooo 
-t . 018 

-0.w + . 014 . ooo + . 014 + . 018 

I? . 
. _ _  . 

0.100 . 100 
* 1w 
* 100 . 1oG 

. 121 

. 132 

. 120 . 121 . 121 . 121 

. 11M 

. 117 . 117 

0.117 . 117 . 117 . 117 . 117 . 117 

0 . loo . 108 

n . 117 

. 12n . izx 

n . 120 

n . i iu  

. 11n 

1O.BxB . 044 . 018 . 000 .on 
10.544 . 636 . 022 . 077 . 080 

1o.owI . 000 . 702 . 735 . 738 

IO . ao.1 . 070 . 632 . e42 . 038 

10.55R I 
a 643 

. 002 

10 . 602 . ox2 . 702 . 721 . 720 
10.750 I 

10.7Ro I 
. 741 

. 875 I . 800 I 

0.103 . 103 . 103 . 103 . 103 

0.118 . 123 . 133 . 136 

0.130 . 130 . 130 . 130 . 130 

0.130 . 130 . 130 . 130 . 137 

0.137 . 141 . 141 

. 1x1 

r . 
- 

10 
10 
10 
10 
IO 

13 
12 
10 
10 
12 

13 
13 
11 
11 
11 

12 
12 
12 
13 
13 

13 
13 
13 
13 
13 
13 

10 
10 

338 

33R 
338 
338 

33n 

330 
327 

322 
3'22 

322 

322 
322 

a22 

a21 

321 
321 
321 

___ . 

Clcnr- 
Ilnco . 

-0.014 
. . 002 

+ . 012 
. . 003 

-0.016 

. 000 + . 010 + . 014 

. . 005 

. . 001 

. . 017 

-0.010 . . on1 + . 015 
. . 001 
. . 015 

f O  . 013 + . 015 

. . Wl + . 013 . . 004 

-0.004 
. . 015 

+ . 013 

. . 010 

.o . n17 

. . nie 

+ . 013 

-- 

Seconds 
of moan 
atitlldo. 
clunrcd . 

. 
03.010 

.001 

.582 

.507 

.582 

03.688 
.681 . 339 
.508 . 800 

03.505 
.571 . 5.50 . 6% 
.500 

03.6w1 

.587 

.614 

.576 

03.015 . ooo 
*003 
.508 . 020 
.025 

03.046 . 850 

.0n1 

-- 
.. 

.n . 018 + . 018 . ooo - . 014 . ooo 

10.741 
.740 
.700 
.742 
.741 

-0.018 ' 10.702 
. . 018 I . 857 
. . 015 I . 854 
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TABLE (i.-Jfean latitudes by pa’ods of 439.5 dmy-Continued . 

CARLOFORTE. BARDTXIA . 

[I .................................. 
8 .................................. 
0 .................................. 

10 .................................. 
11 .................................. 

Oroup No . 

1800.03310.1Y4 
1WJ . lRL-lO.3BH 
1D()D.65!&10.730 
18IO.184-11.3C~ 
1011.30E-12.WL 

1 ................................. 
2 ................................. 
3 ................................. 
4 ................................. 
5 ................................. 
u ................................. 
0 ................................. 
7 ................................. 
Y ................................. 
0 ................................. 
9 ................................. 

10 ................................. 
10 ................................. 
10 ................................. 
11 ................................. 
11 ................................. 
11 ................................. 
11 ................................. 
12 ................................. 
12 ................................. 
12 ................................. 
13 ................................. 
13 ................................. 
13 ................................. 
14 ................................. 
14 ................................. 
19 ................................. 
15 ................................. . ... 

Period Included 

1m . ~ 0 1 . 1 0 4  
1901.184-02. 368 
1002.3011-03.652 
1903.552-M. 736 
1001.730-05.020 

1905.9M-07.1M 

1907.184-08.308 
100% 30849.552 
1000.552-10.730 

1010 . w 1 1 . 1 9 4  
1010.730-11.020 
1011 . m - 1 2  . 184 
1011.1R4-12.3U8 
1011.820-13.1C-i 

io00 . m 0 7 . i ~  

1012.oOO-13.1R4 
1012 184-13.308 
1012.3Ub13.582 
1013.1M-14.30X 
1013.308-14.554 

1013.652-14.730 
1014.30.5-15.552 
1014.552-15.730 
1014.736-15.820 
1016.852-10.730 

ioi5.730-ia. o m  
1010.730-17.020 
1010.020-l~104 
..... 

. . 
‘econtls 
I f  uiwn 
Rtltiido, 

un- 
:learod . 

S. 021 . 003 . 023 . 002 . 075 

. 025 . V07 . ‘J03 . xi2 

. 070 . 054 
-053 . 005 

a 027 

a n.52 

8.057 . 050 

. 097 . ooo 

. os0 

0.005 
8.084 

0.000 . 020 
a w 7  

9.031 . 073 . 053 

U n r m o n i o  con- 
stunts. onnunl 
componont . 

I2 . 

0.000 . MO 
.coo . m . OOB 

0.107 . 110 . 115 . 115 . 117 

0.112 . 112 . 107 . 107 . 107 

0.103 

. 103 . 102 
* 102 

0.102 . 102 . 102 

. 102 

0.102 . 002 . Ou2 

. lay 

. in2 

1 .................................. 1000.w11.15 
2 .................................. 1001.184-0?.361. 

4 .................................. 1 m 3 . m .  184 
3 ................................... I ton2 3017-03.552 . 
4 .................................. ! 19% . 652-04.736 

I 
t .................................. IDM . 1M-lX.368 

0 ........................ . . . . . . . . . . I  1 W  . 020-07.104 

7 .................................. ) lwO.65207.730 

0 .................................. 1 W5 . 36843.552 

0 .................................. ~ 1 0 0 0 . ~ 7 . 1 8 4  
, 

7 ................................... 1907.184-08.3GH 

8 .................................. 1009.000-08.1H4 
R .................................. 10115.3GW. 652 

8 .................................. i lUO7.73M)11.020 

9 ................................... l W . f f ~ 1 0 . 1 M  

11 .................................. ’ 3011.552-12.736 
12 .................................. lUI1.0W-13.101 
12 .................................. 1012.652-13.730 
12 .................................. 1012.73&13.020 
13 .................................. l!I13.730-1~1.020 
i a  .................................. ) 1913.omi~.  ioi 

13 . 1.13 
. 2% . 244 
-214 

13 . IO2 . 225 . 228 . 232 . 233 

13.200 . 252 . 245 . 205 . 252 

. . 201 

13.253 . 2.5 7 . 203 . ?58 . 307 

I9 . 307 . :io2 
* 3B . 300 . 325 . 331 

0.02( . ox . 010 . 010 . 019 

0.010 . 031 . 031 . 033 . 033 

0.039 . 039 . 014 . 0.14 . 014 

0.051 . 051 . 051 . m o  . 000 
0 . ooo 

. N O  . on1 . 0Ol . 0nu . ooo 

I . 

.. 

... 

277 
277 
277 
277 
277 

277 
2i7 
3iu 
2iF 
274 

274 
274 
274 
274 
274 

272 
272 
272 
27 1 
271 

271 
27 I 
271 
27 1 
271 

27 1 
273 
273 

... 

..... 

2111 
201 
2oD 
200 
200 

209 
201 
20 1 
202 
202 

200 
200 
194 
10 1 
1M 

1R1 
181 

142 
1 H2 

1x2 
1Nl 
1 x0 
170 
179 

in1 

1 n2 

. 

Clortr- 
oncu . 

4.0 . MIG + . 014 + . 005 

- . 013 

-0.001 + . Ix)7 

+ . rux 
- . 012 

+o . 005 - . 014 + . 007 + . 015 . Mx) 

+o . 00s + . 014 + . 001 + . 014 
+.m 

+ . 004 
- . 011 - . 013 
- . 011 

-0.013 - . 012 . MK) 

- . 010 

+ . 010 

-a 011 

.___ 

+O . oh + .00 . - . 002 + . 003 - . 003 
+o . 001 
- . w-1 + . 001 + . w 5  
- . 001 

+o . 001 . Mw) + . ooo - . MM + . 008 

-1.0 . OOG - . 001 - . 005 - . 001 - . wx 
-0.00s + . (UO - . 00s + . 001 
1 . . 005 + .ODD 

19 

. . 
h a n d s  
)I i n m  
%tittido, 
:lonrcd . 

OR 027 
.017 . OB 
.952 
.002 

08.920 
.932 . 023 
.900 . 050 

05900 . 050 
.w1 

OR 966 
.073 . 984 

09.001 . ooo 
09.094 
.988 . 980 . Qgl 

09.015 

00.01 8 . 061 . 063 

. 
13.147 . 202 

.252 

.241 

.211 

13.103 
.221 
.233 
*237 
.228 

13.261 

.251 

.259 

.258 

13.250 
.250 
.258 
.259 . 209 

13.302 
.311 
.324 
.313 . 330 
.340 

. 251 

.-- 
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TABLE G.-Mean latitudes by perioda of 496.5 days-Continued . 

CINCINNATI. OHIO . 

Porlod included . Group No . 
k o n d s  
of mean 
latitudc. 

UO- 
cloarod . 

1 .................................. 
3 .................................. 
4 .................................. 
6 .................................. s .................................. 
6 .................................. 
6 .................................. 
6 .................................. 
7 .................................. 
7 .................................. 
8 .................................. 
8 .................................. 
8 .................................. 
9 .................................. 
9 .................................. 
10 .................................. 
10 .................................. 
10 .................................. 
11 .................................. 
11 .................................. 
12 .................................. 
12 .................................. 
12 .................................. 
13 .................................. 
14 .................................. 

2 .................................. 
4 .................................. 

1800.000-01.184 

1802.38803.652 

1w)3 . 55m . 730 

1W . 18445.366 
1804.730-05.820 
lW.5.30808.652 
1805.92Mn.104 
18oo.oaM7.184 

1808,652-07.736 
lm7.le4-os,aes 
1807.736-08.820 
1808.cKvMe.184 
1908.368-09. W2 

1806.1R4-10.388 
1806.652-10.736 
191o.Mx)-11.184 
191O.asS-11.652 
1910.736-11.820 

1911.184-12.368 
1911.652-12.738 
1911.920-13.104 
1912.38813.652 
1912.736-13.820 

1913 . Ii52-14.738 
1914.72&16.92O 

imi. 1 ~ 1 2 . 3 0 8  

1903 . m-04 . 184 

.. 
19.340 . 287 . 325 . 419 . 423 
19.371 . 316 . 299 . 332 . 328 

19.316 . 323 . 348 . 380 . 301 

19.360 . a52 . 371 . 408 . 400 

19.371 . 4ao . 410 . 457 . 424 

19.4H8 . 613 

1 .................................. 

4 .................................. 
6 .................................. 
6 .................................. 
e .................................. 
7 .................................. 
8 .................................. 
9 .................................. 
9 .................................. 

........................... ........................... 

UKIAH. CALIF . 
1m . lm-ol.184 
1801.184-02.388 
1802.asgo3.652 
1 8 a 3 . 6 5 m . m  
1804.738-05.820 

1905.82Mn. 104 
lwxI.000-07. 184 
1807.184-08.388 
l ~ , ~ . b 5 2  
1gOB 6552.10.730 

1910 . Mkl-11.184 

. 

88 
89 
89 
89 
69 

81 
79 
72 
72 
80 
86 
86 
86 
86 
69 

92 
82 
92 

100 
100 

12.0239 . 050 . 085 . 116 

12.116 . 11s . 092 . 1M . 127 

E?. 149 . 149 
-176 . 176 
180 

12.186 . 186 . 173 . 176 . 182 

12.195 . 257 . 256 

. 239 

12 229 . 212 . 220 

. im 

. ng 

-0.003 
. . 006 
. . 001 + . 004 +.m 
-0.002 - . 005 . . 007 . OOO 
+ . a l a  
-0.006 
+ . 0 0 5  
--.CHI6 
- .m 
- .001 

-0.006 
- .m 
-.003 . . 010 -.m 

Harmonlc  con- 
stants. nnnunl 
component . 

10 .................................. 
10 .................................. 
11 .................................. 
11 .................................. 
11 .................................. 
11 .................................. 
12 .................................. 
12 .................................. 
12 .................................. 
13 .................................. 
13 .................................. 
13 .................................. 
14 .................................. 
14 .................................. 
16 .................................. 
is ................................... 

H . 

1911.ooO-12.1f!4 
1911.184-12. 366 
1911.92&13.1~ 

1912.ooO-13.1@4 
1912.184-13.388 
1912 368-13.6152 
1913.184-14. a08 
1013.38&14.662 

1913.65%14.738 
1914, W-lfi 652 
1914.662-16.738 
1914,7aA-16.820 
1816.652-16.738 

1915.738-16.820 
1910.736-17.820 
19113.mia io4 

0.010 . 010 . 020 . 020 . 020 
0.020 . 020 . 038 

so42 

0.042 . 049 . 049 . 049 . 049 

0.087 . 067 . 007 . 087 . w7 

0.007 . 067 . 067 . w9 . 089 

0.076 . 099 

. 038 

100 
I00 
loo 
100 
100 

0.038 . 038 . 038 . 030 . 038 
0.046 . 048 . 054 . 054 . w 3  

0.082 . 002 . w2 . 002 . 082 

0.084 . 004 . 064 . 088 . 008 

0.008 

. 088 . 008 . 008 

0.008 . 080 . OB0 

. 088 

- 

+0.008 -.w 
+.OM 
+.m + . m  

. 
1 . 

216 
210 
233 
233 
233 

233 
233 
220 
220 
220 

220 
211 
211 
211 
211 

187 
187 
1R7 
187 

1 67 
187 
1R7 
1m 

172 
172 

im 

in2 

. 

Clenr- 
nnco . 

+o . 003 + . 001 - . 001 + . 003 . ooo 
+O . w2 - . 001 - . 003 + . 004 
+ . O M  

-0.008 + . 003 . ooo + . 007 - . 005 

-0.001 - . 007 + . 008 - . 008 - . 003 

-0.001 - . 007 + . 010 - . OOO 
- . m  
-0.005 + .ma - 

DI $O:E 
100 + . 001 

. 
3econds 
if mean 
at1 tude. 
.loarod . 

I 

10.343 

.324 

.422 

.423 

. 288 

19.313 
.315 
.280 
.336 . 335 

19.310 
.328 
.348 
.307 . 288 

19.349 . 346 
.380 . so8 . 4a3 

1% 370 
.423  
*428 
.448 
.410 

19.483 
.621 

12.088 . 046 

12 114 
.110 . 086 
.104 
.136 

12 144 . 1654 
.170 
.167 
.179 

12.180 

.170 . 106 

.178 

.2b3 

.288 

.246 

.in 

12. mi 
. %a 

12.238 
.220 
.221 
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SECTION 4. RATES OF CHANGE 01" THE LATITUDES. 

The results in thc last column of Table 5 are plotted in figures 4a, 
5aJ 6a, 7aZJ 8a, and 9a. An ins ection of these suggests that there is a 

{urg, Cincinnati, and Ukiah, and that in the latter part of the period 
rogressive increase in latitu 1 (3 a t  the American stations, Gaithers- 

Fro. 4a.--Progmssive change Oflatitude at Mizusawa-moans by calendar yenra. 

n o ,  db.-l?rogrosslvo chnugu oflatltudo at Mbusawa-moons by 14-mouth porlml9. 

covered !his, increase becomes more rapid. Carloforte shows no 
clear indications of either an increase or a decrense dur most of 

.tendency to incroaso. Mizusawa shows a slight decrease, if anything, 
at  the beginning followed by an increase at  the end. Tschardjui is 
very irregular with a sharp increase toward the end. 

the time, but toward the end of the time there is a fairly we "i 1-defined 



22 IJ. S. COAST AND GEODETIC BURVEY. 

This changing rute of increase,. which in the case of Mizusawa oven 
reverses the sign of the progressivo change of latitude, suggests that 
i t  may bo desirable to modify the mathematicd process used in 
Chapter I for determining rnathematicnlly theso rates of change. 
After some consideration it was decided to  assume the following form 
of observation equation: 

A@= X f t l y  + &z* (3) 

wao 

10.76 

10.65, 

ia60 

10.66 

10.5.0 
I 

Fxo. La.--Prograuuivo chsiigo oflstltudo fit Tschardjul-moansby cnlondar yonrs. 

In  this equation A 4  is the difference, observed latitudo minus some 
fixed arbitrary latitude; tho quantity x is the adjusted value of A 4  
for tho timo 1912.00; y is the progressive rate of chango of lntitudo 
before 1912.00; z is tho rate after 1912.00; ti is the time reckonod 
from 1912.00 for dates before that time und is to be takcn as zero 
after that time; t ,  is the timo reckoned from 1912.00 for dates after 
that time and is to be taken aa zero before then. Theso assumptions 
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mean that the endeavor is made to fit the observed latitudes to two 
straight lines intersecting on the ordinate for 1912.00, the slopes of 
these lines being determined to fit the observations as closely as 
possible. The articular date 1912.00 was k e d  on because that is the 

trite to the provisional results of the Nachrichten. The observed 
time when the c E ange is made from the definitive results of the Resul- 

10.85 

iaeo 

10.75 

10.70 

10.06 

1O.BO 

10,65 

1' 

~~~~.5b,Prograsslvochnxlgo of latitude nt TschnrdJul-means by 14-month porlods. 

lntitude depend? on tho declinations and these depend on tho assuined 
pro O r  motions in dcclmation, which are not absolutely known. 

! t ie  dropping out of some of the stars after 1912.00, already noted 
at the be mnhg of this chapter, involves a change in the mean 
error in t R e proper inotions l1 and lienco a change in the observed 

11 This oxpmWon Is not to bo tnkon in m y  sons0 88 connoctod wllh the thoory of leost squaros; whnt Is 
m a t  1s tho mcnn of tho nctunl orrors Fn tho propor motions. 
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latitudes. This change should affect all stations alike, barring 
errors of observations and the effect of the weather in causing some 
pairs to be missed a t  certain stations and other pairs a t  other stations. 
An ins ection of the plotted observations suggests also that 1912.00 

latitude seems to undergo a chunge, though if this time were to be 

8.10 

is not P ar from the time when the progressive rate of variation of the 

9.05 

0.00 

a80 
11 

F1o. Oa.--Prcgresslvo chsngo of latltude st Carlofortemeans by cn~endor years. 

Fro. Bb.-I’rogr&vo cli:uijio oflntltudo nt Carloforto-means by 14-month poriodtl. 

determined by inspection of the lotted observations done, it would 

#his may also be due to changes in the star ro ram, for although 

not identical with that used in 1900 nnd in introducing new pairs to 
rcplace those dropping out on account of precession, the reduction 
of the new pairs to  the original declination systcm may not have been 
as accurate 8s was supposed. 

be laced before 1912.00 rather t R an after it. 

all observed stars were used up to 1912.00, t R P  e ater program was 



STATIONS OF THE INTERNATIOKAL LATITUDE SERVICE. 25 

pro. 7o.-prqr&vo chango oflatltudo at Gnithorsbnrg-means by cnloiidar yoars. 

no. 7b.-Progros8ivo chnngo oflatitudo at Oaltllorsburg-mennsby 14-month p c r i a .  
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On account of the small number of observations in which z is 
involved, it is not very well determined, If i t  is desired to disregard 
any possible.change in the rate after 1912.00, it is easy to make 
y = z  in the observation equations and the normal equations, thus 
making all observations contribute to determinin a single average 
rate for the whole period, as was done in Chapter f 

Normal equations for each station, bused on observation o uations 

and z. The qurtntit 2 was also made equal to y and tho resulting 

probable errors, also the adjusted latitude of each station for 1912.00, 

of the form given by equation (3), were.fonned and solved 1 or 2, y, 

normal equations so 9 ved. The values of y and z, together with the 

FIO. sa.-Prograsalve ohsngo of lstlludc et Clnclunntl-mesne by calcnder ycnrs. 

which depends directly on the value of 2, are iven in Tablo 8. The 
observations at  all stations do not cover t io  f; sumo period, .some 
stopping as early as the end of 1014. Since there may be soino 
advantage in dealing with the same period for all stations, another 
set of solutions was made based on tho observations from 1900 to 
1914, inclusive. The results of these solutions are also given in 
Table 8. The discussion of all these results is deferred until some- 
thing has been said about tho ando ous observations and normal 
equations bawd on means by 14-mont % periods. 

The cleared means by 14-month periods in the last column of 
Table 6 correspond to a number of overlapping periods not indo- 
pendent of one another, so that it would not bo proper to us0 each 
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period as the observcd uantity in formation of observation equa- 
tions of equal wcight. T?le procedure adopted WRS to take the means 
by groups as indicated in the first column of the table; many of the 
groups contain only R single 14-month period. These roups were 
chosen so that the time interval between tho middle 07 ono group 
and the middle of an ad'acent roup should be as nearly 1.184 years 
(432.5 days) as practicahe. &ere is stdl some overlapping, but it 
was not considered worth while to go deeply into the question of 
weights. Tho mean WRS taken for oach grou , both with rcspect to 
times and latitudes. Tho mean latitudes o P the groups furnished 
the ltnown quantities for the observation equations, to each of which 

0 

no. &.-Progresslvo change ollatitude at Chclnnatl-meolie by 14-mouth p d e .  

waa attributed.e urd weight. In  taldng tho means two very nearly 

Carloforte, or Ukiah,with dates 1911.920-13.104 and 1912.000-13.184 
are averaged togethe! to form R single mean and this mean is treated 
as of e ual wci h t  wlth the other members of the grou 

and the corres onding mean atitudos aro givon in Table 7. I?, wifi 
be seen that dsusawa, Carloforte, and Uluah have idelltical groups. 
The mean latitudes in Table 7 are shown graphically in Figures 4b 
to 96. 

coincident porio. 8 s, such as are found in group 11 for MIZUSRW~, 

r! in forming the fin 9 P  mean or the entire roup. The mean datos o oach rou f 
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Fro. Oa.--Progrqlve change oflntltudo at  Uklah-means by calendflr ycnra. 

Fro. Ob.-Progreaslvo chango of latitude ut Uklali-mains by 14-month gcrlods. 
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TABLE 7.-Data for obrervation equalwna lo determine progressive variation of latitude- 

meam by 14-month periods. 

-. 

12.088 
.046 
.OM 
.119 
.124 

12.112 
.OH6 
.lo1 

* 104 

12.170 
.181 
.u18 
.242 

,140 

No. of group. 

~. __ 
1800.59 10.0R0 
1801.78 .OM 
1802.96 .018 
1904.14 .oGO 
1905.33 .02i 

1oW.55 10.540 
1007.78 .On 
1908.78 .G78 

1u11.02 .138 

101221 10.7Xl 
1913.24 .752 
1914.42 . S O  
......... :. ...... 

I ~ . M  .no$ 

1. ............. 
2. ............. 
3. ............. 
I .  ............. 
5. ............. 
0. ............. 
7. ............. 
8.  ............. 
9. ............. 
10.. ............ 
11 .............. 
12.. ............ 
13.. ............ 
14.. ............ 
15.. ............ 
- ..___ 

- - 

nato of 
middlo 
31 group 

....... 

1900.59 
1801.7R 
1002.88 
1804.14 
1805.33 

1008.55 

1808. 96 
1910.37 
1911.50 

1912.70 
1013.00 
1015.1 I 
1016.2L 
1917.12 

1807. ia 

_ _  
Mlzu- 
wwn. 

__ .. 

13.019 
.001 
.582 
.507 
.w12 

13.581 . €49 

.SUR 

.%1 

13.591 
.001 . GOO . on 
.OI8 

.Son 

__ _.- 

Carlo- 
forto. 

09.027 
.077 
.928 
.952 
.902 

OR. 928 
.e23 .w . OS5 
.Qo2 

08.974 
.WE .om 

09.010 
.057 

01 group. 

-- 
Gdthorsburg. 
- 
Data of 
mlddlo 
31 group 

1800.59 
1001.78 

1803.87 
1004.78 

looo. ?B 

1ms. 03 
1ooo. R2 
1010.78 

1012.05 
1913.00 
1914.42 

1002. 96 

1007.40 

........ 
- 

- 
jocond 
11 nimi 

Inti- 
tudo. 

13.147 
.m2 
.252 
.m, 
.lo3 

13.228 
.245 
.254 
.25S 
.258 

13. Roo 
.3lG 
.335 ...... 

...... 
- 

Cincinnnti. 

nuto 01 
middlc 
nf group 

looo. 59 
1001.78 
1802.90 
1903.87 
1805.05 

1808.20 
1007.40 
108.03 
1009.90 
1010.90 

1011.BG 
1912.93 
1814.14 
1015.33 ........ - 

- 
econds 
1 monn 
Inti- 
tudo. 

19.343 
.285 
.324 
.422 
.344 

19.310 
.318 
.337 
1347 . 894 

19.306 
.431 
.483 
.521 ....... 

Tho observation equations basod on Tablo 7 arc, as before, in tho 
A+ = 2 + t,y + t , ~ .  (3) 

gencral form : 

The only difference in moaning of tho symbols is duo to a difference 
in tho epoch nt which tho rato changes from ?/ to 2,  from which t ,  and 
t, are thoroforo reckoned, al?d to w h h  x refcrs. It would hiivo beon 
dosirablo, for tho sake of uniformity, to have taken this cpoch 1912.00 
as before. B inndvortonce thls was not doiie and different opochs 
were Used, alfslightly o d o r  than 1912.000. Tho uso of n'n earlier 

och ma not be in itself a disadvanta e, for i t  has heen noticed 
t K a t  the ciange 9 of rate may really occur %ofore 1912.000, and as tho 
difference betwoen 1912.000 and the epochs used was not great, tho 
original computations wore adhered to. The epochs whoii tho rate 
changes, as used in tho o!>servation equations and tho normal equa- 
tions, were 1911.56 for Mizusawa, Carloforto, and Ukinh; 1911.02 for 
Tsahardjui; 1910.78 for Gaithersburg; and 1910.9G for Cincinnati. 
Tho times are reckoned from these e ochs; t ,  is zero after the epoch 

normal equations wcro formed as they were when tho means wore 
taken by calendar p a r s  and tho corresponding solutions were made, 
name1 : (1) y and z ullequal, d l  observations used; (2) y and z unoqual, 
only o$sorvation for ycnrs 1900 to 1914, inclusive uscd; (3) y and z 
equal, all obsorvntl0.m u y d ;  (4) y and z equal, ordy ohscrvntions for 
years 1900 to 1914, inclusive, used. Tho results aro given in Table 9 
for  comparison wlth tho comes onding results in Table 8. Tho 

as that  is not the epoch of the chango of rate. For convonicnce in 
comparison, however, tho latitudo in 1912 is iven, by applying a 
correction for tho chango betwoen tho opoch o f tho adjustment nnd 
191 2 .OOO. 

stated for the station in question an B t2 zero before that time. Tho 

value of 2 does notgivo immediate Y y the adjusted latitudo in 1912.000, 
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39 08 08.677 
08.575 
10.086 
08.048 
08.946 

TAULE 8.-Progressive change of latitude, b calendar years with rcaulti of the adjwtment 

[Tholetter A nrtcrthcnamo of natntlonlndlcntcs thnt nil obscrvatlons (secpp. 26 nnd 31) hnvo b w u s o d .  
thelottor U thnt the obscrvntlons covcr only tho ycnrs 1800 to 1914 lnclusivo. Whcn - z tho value of 
gives nn nverngo unnunl rnto for tho period covered nnd thero 1; n o  epoch of ohnngo of ratn. Probnblo 
crrors (indicntcd by n f slgn) arc i n  units of tho fourth declmni plncc ofscconds. J 

and probabk errors. 

-0.wni8 +o.wia - .0025*7 + . o i ~ i t 4 0  + .0012iZQ + .0892f1OiI + .CHXXlfll + .0101f20 + .0003fU + .0204&09 

y AND z UNEQUAL. 

39 08 13.284 
18.378 
19.378 
12.147 

Matlon. 

+0.0090f.11 + .Oa31itn + .0031f23 + . W70f12 

Epoch. 

39 08 03.670 i-0.0027f 7 

08,dsl - .oooOf12 

0a.w 1- .coni 8 
l0.720i+ .0030i32 

011Qj3 - .0001f16 

89 08 13.283 ,+0.0083f14 
19:3U6 I+ :0020f21 

12.164 '+ .0072f14 I 

1U 307 + 0020i20 

12.158 + .0076f15 

Mlzusnwn A . .  ...................... 1912. OOO 
Mlzusawa B.. ...................... 
Tschnrd ui A I3 

Cnriororto B.. ...................... 1912. oOo 
Ontthcrsbwi! AD.. ................. i 1912. OOO 

Cariororio A . .  .::: ::::::::::: 1:: 1::: 

+ O . O l i l i  14 f 86 + .ami 48 f 91 + .0502f112 f368  + .0174* 23 f 140 + .0241i 88 fin1 

+O.O193f 45 *I# + 03781: 54 *228 + :Od8Uf 79 f a 2  + .0178f 31 f 185 + .OIfflf 72 f 163 

CincinnntfX ........................ 1912. OOo 
Cincinnati I1 ........................ 1912.oOo 
Uklah A ............................ 1912.OOO 
ukinh I3 ...................... . . . . . . I  1912.OOO 

Annunl roto 
Latttude oflncronso 

orlntitudo 
1iJ12* OoO 1 boforo y c h  

I I 
". I *. 

Aniwnl rnte 
iillncromo 
oriatttudo 

artor opoch, 
2. 

+0.0218f(W + .0431fRI + .0420f130 + .0209*28 + .02Bo;t73 

MImsnwnA ................................................... 313 08 03.596 

10.736 
Mlzusnwn B... 
Tschnrd nl A 13.. ............................................... 

08. m1 
................................................ 1 03.569 

cnrlororle A . .  ................................................ .i 
Carloforlo D... ................................................. I 08.905 

Oaltbcraburff, A D .............................................. 39 08 13.294 

Clndnnntl  U ................................................... 19.408 
Uldah A ....................................................... 12.172 
ukinh u... .................................................... 12.167 

Clnclnnntl ................................................. 1 10.423 

-- 
Annual 
rnl o of  

incrou~o 
of 

Intltiido, 
Y (-2) 

$.0.0004i6 - .m*7 + .0109i28 + .0054*9 + .M)30f11 

+ 0.0 103 f 9 + .0003*113 + .MI72f'ZO + .OlOUf u + .0084fll 

Probnblo 
error of 
a singio 

bservntlon, 
E .  

i i i e  

mi 

i 04 
*370 
f163  

f147 
f.288 
i300  
i 1 7 1  * 108 

Probnhlo 
orror of 
n s i i i ~ l o  
obsorvn- 

tlOIl, 
C. 

f 138 
i l l 4  
f437 
f 2 0 6  
f 180 

* 160 
f 3 M )  
i 8 2 1  
i 180 
f 179 

TABLE O.--Progresaive change of latit& by 14-month periods, with results of the adjust- 

[For explanatlon 808 Tnblo 8.1 

I/ AND z UNEQUAL. 

mcnt aidprobable  errors. 

Htntlon. Xpoch. 
I 

....................... i lgll. 56 
Mlzusnwa B ........................ 1911. Ed 
Tschnrd ui AB.. .................. .I 1911.02 
Cnrlofok A. ....................... i 1911.56 
Cnrloforto B.. ..................... .I 1V11.60 

Galthornburg AD.. ................ .! 1910.78 
Ctnclnnnti A... ..................... 1010.90 
Clnclnnntl U ........................ 1910.00 
Ukleh A ........................ ....I 1911.56 
Uki8hU ............................ I 1011.66 

! Annunl rnte ! Anniinlrnle 1 Probnbln 
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Tame 9.-IJrogree8ivc change of latitude, by 14-month periods, with r w l t s  of the adjut 

menl and probable errore-Continued. 
y AND L EQUAL. 

--- 
hflzusan.aA ................................................... 
Mizusawn U . .  ................................................. 
TschardJul A B . .  .............................................. 
Carloforto A . .  ................................................. 
Carloforto u.. ............................. .:. ................. 
Gaithenburg AB. .  ............................................ 
Clnclrlnntl A ................................................... 
Cfnclnnati B ................................................... 
UUah A... .................................................... 
VU& 1) ....................................................... 

Station. 

. , I ,  I1  

39 08 03.1301 +0.0013& 7 
03.68.5 -.0011* 7 
10.736 + .0112i28 
08.978 + .0052*10 
00.882 + . m i 1 2  

18.419 + .0106ii8 
18.403 + .0081~19 
12.175 + .OlOOiiO 
12.167 + .o080&10 

39 08 13,296 +0.0103*]0 

1 Annual Probable 
retool I orrorof 

i 1 4 2  
i 105 i tn 
i 188 
f 172 

A 187 
f316 

i 197 
i 131 

The agreement between the corresponding items of Tables 8 and g 
s o a s  to bo entirely satisfactory. ww to be expected, Cincinnati 
and Tschardjui have probable errors considerably larger than thoso of 
the other stations. The fact that at all stations the increase in 
latitude is more rapid towurd tho end of the period than toward 
the bqinning appears in two wa s: First, the values of z are, without 

usus P ly, much greater. second, when Z =  y, tho “ A ”  values of y are 
always smaller than the “B” values, or in other words, the longer 
tho period covered the greater the pverage rate of increase, so that 
the rate must itself be increayng as tune goes on. This state of affairs 
requires that, when the stations are takon together and y and z are 
equal, the same period of t F e  should be involved for all stations. 
this means that either the B” values should be taken when ali 
stations are included or that if the “ A ”  valuw are taken, onl‘y tho 
throe stations, Mizusawa, Carloforte, and Ukiah, should bo used, M 
these three alone run from 1900 to 1917, inclusive, Cincinnati stop ing 
with 1915. When y and.2 are unequal the “ A ”  and the “13” va P U ~ S  
of y are practically identical. This is it should be, for the addition 
of a few more observahons after 1914 should have little effect on the 
fitting of a strai ht  line to the observations between 1900 and 1911 

in which y occurs and those in whch z occurs is the common value 
of 2. The values of z are too poorly determined, as appears from their 
probable orrors, to afford any very definite information. 

exce tion, greater than the v J urn of y for the s m e  station and, 

or 1912; tho on B y mathematical cpnnoction between the equations 

SECTION 5. EXPLANATION OF THE CHANGE OF LATITUDE BY A MOTION 
OF THE POLE. 

It ap ears a t  once froin Tables 8 and 9 that the size of the increase 

or tho rate of 0!’0081. found by a better method from Lawson’s ata, 
is in no way exceptional. 

If we adopt Lawson’s explanation,. namely a creep of tho surface 
strata, and apply it to all stations, it is evldent that the accurate 

i which 8 rof. Lawson found in the latitude of Ukiah, 0!’0094 a our, 

89018’-22-3 
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determination of astronomical quantities will be attended with very 
reat difiicultiw; it is hardly likely, moreover, that all stations except 

bizusawa should show a tendency to creep toward the pole, and 
that even Mizusawa should promise to develop such a tendenc . 
in the astronomical uantities that enter into the computed declina- 

The reductions of a star from mean to apparent place includo 
corrections for precession, nutation, aberration, and proper motion. 
Tho annual precession of a star in declination is of tho form n cos a, 
n boin practically constant and equal to about 20 seconds and a 
being t e right nscension. Since the star pro ram of the International 
Latitude Service is pretty uniformly distri uted in right ascension 
and since the right ascension of the stars observed deponds upon the 
season of the year, the effect of an error in n would ap ear as a term 

with other eifects having tho samo period. The annual part of tho 
variation of latitude has, however, been eliminated. The effect of an 
erroneous constant of aberration would be to ivo rise to an annual 
term with a smaller term of a six-month periof, which would go out 
along with annual terms when means were taken by calendar ears. 

It is more natural to seek an astronomical explanation, particular 9 y 

tions on which the o B served latitudes are based. 

$ Yl 

of annual period with an increasing amplitude and wou P d be combined 

An error in the constant of nutation ives rise to something 11 % e an 
annual term, thou h ono varyin slow I! y in amplitude and phase with 
tho revolution of t a e moon's no c f  e. The effect of such an error should 

of tho sma P 1 residual effect should 
nearly disa pear whon tho mean over a 

Tho effects of errors in the precession, aberration, and nutation 
aro then practically periodic and are eliminated from the y's and z's 
of Tubles 8 and 9. An error in tho roper motion in declination would 
entor diroctly into tho observed P atitudes for its full amount. If 
tho dverrge annual proper motion usod in computing the declinations 

oat, the observcd latitudes would show an annual increase 
e ual to t e error. Since the star ro ram is tho same for all stations, 

motion, and indeod b any error in the star positions which may have 

weather may cause the stars actually observed to  be different a t  the 
different stations. 

The values of y, however, are far from being aliko, but show si 
of bcing dependent on the longitude. When y and z are unequa , y 
starts with a negative value at  Mizusnwa and becomes nearly zero 
a t  Carloforte, the value for Tschardjui with its big probable 0mor 
counting for little either one wa or the other; on the American 
continent y is clearly positive. $he same algebraic increase from 
J a  an through Europe to America appears when we consider the 

R E :  Were too %? 
al P stations would bo affected ali e y such an crror in the proper 

been overlookod in t i e previous discussion, except in so far as the 

$" 

va f ues of y for the case when y and z are equal, though tho value of y 
- 

1' The litorature of tho vnriatlm of latltudo abounds In nrtldos doelln wlth the detcrmlnatlon of the 
constant olnborrullon from obsorvntloiis for tho vurlatlon or Intltude, a 8u&Jwt closely connwtod wlth that 
of tho Kimirra torm. Tho nutation constant hna been dodiicod from tho obsorvatlons of tho intornational 
Latitude 6orvlco by Przbyllok In n work entltlcd: "Dle Nutatlonakonetante ab eloltet aua den8oobech- 
tungeo doa Internntlonalen Broltondionstes" (publlcatlon No. 2.8, new aeries, of the Zentral-burosu der 
Internetionslon Erdmessung). Berlin, 1820. 
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starts from R different value a t  Mizusawa. From n purely geometrical 
point of viow the simplest WRY to make y a function of tho longitudo 
1s to attributo i t  to a.motion of the pole. 

To formulate this idea mathematically let us considor tho North 
Pole and take as origin of coordinates somo mcnn position of tho 
pole and as axes of x and two lines in a plane tangont to tho earth’s 

and of 90° west longitude, rospectivel .Is Let u und v bo the annual 

rospectivoly; let w bo tho annual mc!oaso of latitudo common to ili 
stations alike and due preSumably, !n groat part, to errors in tllo 
assumed proper motions, but including any other effects that may 
produce such a chnn e common to all stations; further lot  h denoto 

station is equal to w, tho portion common to all stations, plus the 
component of polar motion toward tho particular station. Stating 
this in an oquation we got 

(4) 
Th& is the typo of obsorvation oquation which may bo usod to dotor- 
mino values of u v, and w SO as to reprosent, as nearly as possiblo, 
tho observed vaiuos of y. The quantity z might be substituted 
for ; it  is evident that 2 corresponds to a different pro lam of stars 
so tXat tho w obtninod from the 2’s should differ from t 8‘ n t  obtained 

surface n t  the origin and ’i/ ying in the meridian planes of Greenwich 

rates of displacernont of tho pole reso 9 ved along tho axes of x and 

the west longitude o f a station. Then the increnso in latitude a t  a 

u cos x i - v  sin h+w=y. 

- ~ _ _  
18Those are tho axes mod 111 the publlcatlona of tho IntorneLIonnl Lntltudo Sor\.lco. 
14 That ia, npprodmatoly. Calvotilent round numbers thut satisnod thb aandltlou. falrly woU WOTO 

mod for tho wolghts. 
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TABLE 10.2Mot ion of North Pole. 
[Probablo errore (Indlcatod by n i slgn) nre In unlts of tho fourth doclmal plnco of soconds.] 

Solutlon No. 

1.. .............................................. 
2.. .............................................. 
3.. .............................................. 
4 ................................................ 
5.. .............................................. 
(I ................................................ 
7.. .............................................. a ................................................ 

Annualcomponent ofsouth 
wnrd motion of NorLh 
1'010 nlong- 

Morldlan of 
Oroonwlcb. 

U 

. - - 
,, 

+0.0003f 9 + .0014fl8 
+ . m * 1 1  + .0010f10 
+ .00Mi10 + .0015f20 
+ .mi15 + .00111*21 
-~ 

Worldlan of 
80" wwt. 

V 

,, 
+0.005Qf 9 + .00jOfl3 

+ .0055*11 + .0053*13 

+ .0043f14 + .OW4f17 
+ .OM7*13 + . m i l a  

Corroctlon t c  
avorage an- 
nual roper 
motPon of 

;tars In decll. 
natlon. 

W 

-- 
, 

+0.0019& 7 + .0043f10 

+ .0040f10 
+ .0020fll 

+ . m i 1 0  + .003&14 

+ .Mia& a 

+ .0052&1a 

Probablo 
srror of sta- 
Ion of unlt 
wolght. 

C 

f12 fa 
f21 
f20 

f23 
f2Q 

f22 
f30 

CONDI"XON8. 

Soluffon No. I.-Welghts accordlng to probablo orrom in Table 8, y and z unequal, moans by calendar 

boZ&on No. r.-Welghts according to probablo orrorsln Tablo 8, y and z oqual moans by calondar yoars. 
Solullon No. 3.-Wolghts Becordlng to probable orrors In Tablo 9, y and z uniqual, moans by 14-month 

dolulfon No. I.-Wolghts Bccordlng to probable orrors In Tablo 9, fl and z oqual, means by 14-month 
Soluflon No. d.-Tschard)ul and Clnclnnatl hnlf wolght, othors unlt wolght, y arid z unoqunl, means by 

Solullon No. B.-TschardJul and Clnclnnatl half welght, othor unlt wolght, y arid z oqual, moans by 
SoZuUon No. 7.-T~cha<dJul sild Clnclnnatl half wolght, othors nlt welght, y and z unoqual, means by 

dolullon No. b.-T8chard]ul and Chclnnatl half wolght, others unlt wolght, y and z equal, means by 

yoam 

periods. 

perlods. 

calondar years. 

calendar yoan. 

14-month porlds. 

14-month perlods. 

The value of e is given in Tablo 10 in order to afford some idea of 
how well the yJs of the individual stations are represented. In  all 
solutions either Gaithersburg or Ukiah, or both, had unit weight and 
the probable error of their y's may be compared with e. It is seen 
that the e's in Table 10 are, rn eneral, larger than the probable errom 
of the y's in Tables 8 and 9. Tfis is to be expected, since the probable 
errors of the y's come sim ly from the failure of the latitudes to con- 

b itself a n i n o t  being tied up with other stations by the hypothesia 

are Tschard'ui and Cincinnati. 

into line with the other stations, and 
by the enforced change in the position of the station and the com- 
paratively weak connection between the old and the now stations. 
Although Cincinnati shows an increase in latitude between 1900 
and 1912, it is noticeably smaller than its nei hbora Gaithersburg 
and Ukiah. A n  examination of figures 7a an% 7 b  shows that the 
latitudes of Cincinnati for the years 1902, 1903, and 1904 seem abnor- 
mally hi h, and these years bein near the beginning of the period 

in latitude to its ap arently low fi re in %abies 8 and 9. A similar 

form exact1 to a linear P aw of increase, each station being treated 

o 9 a polar nption. 

that i t  is di kl cult to make any 

The stations that show large 

treated t % e high values would ten 2 to brin down the rate of increase 

phenomenon, thoug R not so mar f l  ed, occurs at Gaithersburg and 
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Ukiah, as appears from fi ures sa and 9a, but it is not easy to see 

if it were due to tho motion of the pole. It may then be ventured 
that tho phenomenon is due to variations in refraction, stronger at 
Cincinnati than a t  Ukiah or Gaitheisbur because the climate a t  the 

the sea coast. The suggestion of refraction is only a guess and does 
not justif any arbitrary emendation of the observed results at  Cin- 
cinnati. Pt scorns, however, appropriate to call attention a t  this 
point to the importance of refraction when dealing with such minute 
quantities RS we are here concerned with and to, the existence of largo 
and persistent anomalies in the latitude which it is difficult to attribute 
to an thing exce t refraction, however the latter may hnve been 
broug 1 t about. $rzbyllok, a careful student of the subject, says:’* 

The o&bnco and behavior of the zenithal refraction iS of p a t  significance in  the 
dekrmination of fundamental astronormcal comtnnta. Tho obscrvntious of tho 
Inbrnntioml, Latitude Service hnve shown that the mean latitride of an ovenin 
m y  be i n  error by nearly a second of nrc. From the figures i n  colrimn 6 of Table ! 
it m y  be Been that latitude determined b month’s observations may be affoctd 
by an error of nearly if /;  oven tho mean ora )’a’s work may give values erroneou~ 
by about 0!1. 

Since we are especially interested in the latitude of Ukiah, i t  may 
be remarked that the vltluos of u, V, and W, in Table 10, always re - 
resent the value of y satisfactordy, th: d!fforence between the 
served” in Tablos 8 and 9 and the a d p t o d ”  value baing ofton 
less than the robable error in Tables 8 and 9 and nevor oroatly 
exceeding it. $he ad’usted rate of incrense at Ukiuh deduce3 from 

This is duo to the mfluence of 1t.a neighbor, Chcinnati, which has a 
small riito of increase. 

It is not easy to choose among d l  the solutions in Table 10, but in 
order to rment a single d e h t e  statement u8 the outcome of this 
part of t R e investigation, w0 may arbitrarily take the mean vnlues 
of u a11d v from ull eight solutions. These means are: 

any counterpart for it  in 5 t e old-world stations such as would exist 

former place is more markedly continent? 7 than a t  the stations nenror 

u, 9, and w is always 1 uss than tho okserved rate, except in one cnse. 

u = + 0?0010 
V =  +0!‘0047 

The resultant of those two component motions is in magnitude 
J(opoolo>z-$-(O!0047)2 = 0!’0048, or 

in round numbers, 01’0050 = 1/200”. 
Tho direction of the rmultant motion is southward along tho meridian 

= 7 8 O  west of Greenwich. Tho North Polo then 
toward the North American Continent in tho 

b t y ,  at the rate of 0!’0050 (or in linear units, 6 inches or 15 conti- 
meters) a year. A mean value of w would have no general intorost 

ificance, since i t  depends on the particular stnrs in tho program 

dec~inations. 

tion of the Kimura or z torm, as obtained by tho Intornational ati- 

a e east coast of Hudson Bay, or of. Washington 

of Or o servation and the proper motions assumed in calculating their 

The valuos~of w correspond to tho increase in tho iionporiodic for -  

Tmnslatod from Astronomisclio h’nchrlchten No. 4840-1, vol. 202 (lQla), pp. 280-287. 
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Yonr.  1 lfcnnz. (1 Yonr. Monn 2. 

loo0 ...................................... ..................................... 
1905 ...................................... ..................................... + .081 
1010 ...................................... ..................................... -t .114 

It is, of course, evident that the rates of change a t  Gaithersburg are 
the main support of a conclusion of this sort. Ukiah is suspected 
of bcing on unstable ground and unless the deduccd motion of the 
pole has the same general character regardlcss of whethur Ukiah is 
included or not, the conclusion rests on a questionablo basis. An 
inspcction of the values of y in Tables 8 and 9 suggests that, in ordor 
to account for the change in latitude a t  Gaithersburg, even when 
Ukiah is omitted, the values of u, v, and w must in general be similar 
to those in Table 10. 

I n  order to  use only tho snme eriods of timo a t  all stations tho 

When? and z are assumed to whcn y and z are assumed to be equal. 
be unequal i t  is almost indifferent whether the ‘A” values or the ‘(B” 
valucs are uscd. The results in Table 10 are, therefore, averago 
results for the yenrs 1900-14, inclusive, the period corresponding to 
the ‘‘B” values. Since Cincinnnti extends only through 1915, the 
only considernble extension of tho period covered will depend on the 
results a t  the thrco stations, Mizusawa, Carloforte, and Ukiah. These 
three aro ‘ust sufficicnt to determine u, v, and w. 

means of tho “A” values of y €rom Tables 8 and 9, where y nnd z are 
nssurhcd equal; the other using the mean of the “A” values of z 
from Tables 8 and 9. 

The first result is then a mean onc for the years 1900-17, inclusive. 
It is 

Actual calculation confirms this view. 

results in Tablo 10 aro based on t R o “ B ”  values in Tnbles 8 and 9, 

Two so I utions were made with these three stations; ono using the 

U =  +0!‘0007, 
2) = + OI’OOGG, 
W =  +O!’OO65. 

1915-17 and may be considered ns an extension of the resu Tars ts of 
The second solution from the z’s evidently applics to tho 

Table 10; it is u = + 0!’0032, 

W =  f01’0160. 
v = + 010062, 

Tho resemblance of the two sets of values of u and v to each other 
and to the corresponding quantities in Table 10, su gests that  tho 

same direction during tho years 1915-17 as durin the years 1900-14. 

in the programs of stars observed. The two scts of values just 
given have, of course, the weakness of depending on the suspected 

polar motion continued at about tho same rate an 2 in about tho 

The values of w are different, as might be expecte 8; from tho diflerenco 

14 Tho z does not havo tho snmo monnlirg iioro as In Talilas 8 and 9. 
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station of Ukinh. This is unnvoidablo if tho results are to bo cx- 
tended throumh the year 1917, nnd the cliiof valuo of tho values just 
iven lies in t h i r  resemblance to correspondin quantitics in Table 10 

k a t  are not essential1 dependent upon UkiA. 

paragraph at  end of introduction (p. 2) added while the publication 
was in press. 

For a revision of t E o polar motion deduced in this section seo 

SEOTION 6. THE SIQNIFICANCE OF THE POLAR MOTION. 

The rate and direction of the polar motion, ns just determinod, 
a roughly with Wnnach’s I7 determination. Ho found from the 
ogervations of 1900-1911 a motion robably not exccoding 01’0030 a 

determined is moro than half a? 1a:go a ain as that of Wanach and 

included in the present discussion and tho groat diffcrenco in the 
method of treatment, the difference in the results for so small a 
quantity is not particularly sur rising.1e 

combination of oscillations of long period as satisfactorily as by a 
secular ( regressive) change. In  astronomy secular changes are, 
in generaf, meroly small par,ts of periodic changes whoso periods are 
vor long; thus the distinction between socular and eriodic motion 
is ctiefl one of conve+ence. Probably, howover %anach moans 
to say tzat the polar motion could beeaccounted for ky a combination 
of periodic motions whos? eriods mght  bo long in com arison with 
a e m  or a 14-month por?o8 but short in comparison wit R the periods 
o ry the secular perturbations of astronomy, periods of perhaps from 
10 to 50 years. Even with the larger motion here found and the 
longer period covered, we can not be sure that the suggested combinn- 
tion of motions of moderate period 1s n o t  the true explanation. The 

uestion would then arise as to the origin.of theso poriodic changes; 
$e answer might be that the forces causing thoso changes were of 
meteoroIogical origin and tho periods were tho rather indefinite 
periods, such as those of 6, 11, or 30 years, that climatologists aro 
studying. With our present knowlodge , the representation of the 
polar motion, as proportional to the time, dnd m one direction, is 
simply an *empirical formula; extrapolation from such a formula is 
an uncertain process. The geophysical significance of such a motion 
will be touched on shortly. 

It would be quite possible, however, for a polar motion of this 
m nitude to hrqvo been going on since the beginning of historic time 
wixout producmg any perceptible change in climate. In  IO,OOO 
years tho chango in .latitude would bo at most 50 seconds, or about 1 
statute mile, and this only in the regions like oastern North America 
and Mon olia, which are near the meridian of maximum chanao, the 

year and in the general direction of Rr ewfoundland.x8 The rnto liero 

the direction differs by 2 2 O J  but in view 0 9 tho additional observntions 

Wanach remarks that the PO P ar motion could be accounted for by a 

meridian fJ eing considercd as a complete circle. In  western Surope, 
17 Resultato des Intornatlonalon Droltendlenstea Vol V, pp. 21940. 
1’ Thls Is Wanach’s formofstatement. Tho longkudo’ofwlltral Newfoundland m a y b  takonas W’woat. 

Tho dotab of Wauach’a niothod for obtalnlig tho dlrection and voloclty of tho nr motlon nm not glvon 
19 Wnnnch oonnwts the stations wIth on0 anothor from tho start in orclor to o&i tho coordlnatca of thi 

polo and thon studies the varlatlone of them owrdlnatea. In thls lnvestlgntlon, oech statlon Is treatod 
separately to obtaln Ita roto of chango oflatltudo and tho stations nre oomblnod onlyat tho last in ordor to 
obtaln tho motlon of tho ole Wnnaoh’e troetment gives 1ullw-d t to TaohardJul and Cinclnnatl, hstead 
Ofhrtlf wdght or loss, a dUor&co that results in deoreaslngthe &uc& motlon of the pdo. 
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wbicki lies a t  nearlyright angles to this meridian, the change inlatitude 
would be nearly zero. It is, however, precisely in wcstern Europe 
that we have nearly all our lon series of accurate astronomical 

would have sufficed to bring to light such a motion of the pole as thc 
one here supposed had they been taken somewhere else, but being 
where they are, they have been insufficicnt. 

lace to give the formulas for tho change in 
latitude of a point a n 8  the change in the difference of longitude 
between two oints, due to the motion of the pole. Sup ose that in a 

r y  a small amount e and along the meridian whose longitude is a. 
Let 4 and 4' denote the latitudes of a place a t  the beginnin and end 

change of latitude is giventy 

+'+=e COS ( A - ~ ) .  (5 )  
Let X, and A, denote the longitudes of two places a t  tho beginning of 
the motion, +2 and 4 the correspondin latitudes and A', and A',, tho 
longitudes at the enA of the motion. %hen tho change u3 difference 
of longitude is g i v p  by 
(A'2 - X'J - (A, - A,) = 8 [tan & sin (A, - a) -tan & sin (Xi- a) 3. , (6) 
E uations (5 )  and (6) come from tho differential variations of sphori- 

observations. It is not improbab f: e, therefore, that thcse long scries 

'ven interva Y of time the North Polo has moved towar B the Equator 

of the motion, rcspectivel and let X bo the longitude. Eir hen tho 

This is a convenient 

primed 
ca 't triangles and appl e is a small quantity and when the 
distances from the aro v large aa com- 
pared with 8. In  
quantities may be unprimed. The le t-hand 

of (6) and?) the 

side is ex ressed in tho same unit as 8. 
Prof. & e r , i o  of Marburg, has suggested that a comparison 

of older an more recent observations on differences of Ion itude 
shows the difference of longitudez0 betweon Europe and %orth 
America to  bo increasing. Formula (6)  shows that a motion of the 

ole along the meridian of 78' wost would have an effect of this sort. 
"he magnitude of the effect for a motion of 01'0050 a year is, how- 
ever, much smaller than the difforenco that Wegonor finds, being 
on1 about one-thirtieth as much. & order to soo whether the motion of the polo from 1900 to 1917 
is a continuing phenomonon or not, it would be doairable to have a 
careful invostigntion made of oxistin lonp sorios of latitude observa- 

shouid not bo expected from such series, as thd periodic variations 
are large enou h to mask the secular variation unloss the former 

observatory, unless obtained from circumpolar stars observed at 
both culminations, are so dependont on tho declinations and on the 

tions paxticularly those made in A morica and India. Too much 

have boen care Ei ully studied and oliminatod. Tho rosults at a single 

~ -~ ~ ~ ~~~ ~~ ~ 

Potormsnn's Mlttollun on, vol. 68 1912) . 307. Thls Is n opor runnfn through sovoral numbore 
of Petarmann whlcb was aftorwards olaborat&ln book form unfbr tho tltlo &e EnQtohung der Kontl- 
nonta mid Ozknno, of whlch a s m u d  edltlon llasmcontlyappmd, but whlch the author of this investf- 
W o n  hns not m n .  

"The dlfforonw of lon ltudo Weshlngton-Parls doterminad by wireleas in 1913-14 is WC9 greator than 
the one depondont upon h e  trans-Atlnntlc cable determlnatlon of leBB and 0!05 loss than'the ono In 1882. 
(Sea Publlcatlons of tho U. S. Naval Obwrvatory, second sorlos, Val. IX, p E 98, E 99 and U. 8. Coast 
and Oeodetio tlurvey Ibport for 1887 Ap . 2, The AdJustment of tho Longgude Net of the UnlW Btotos 
In Conneotlon with thnt of Kurop, 1)888-I)Bw. A study of tho vatlous tmns-Atlantlo longltudo rosults na 
glvonln tho abwere ortsseoms toshow that~l~tlelnformstlonofvaluecon be obtainedfmmthemwhlch 
Wfllthrow llght on & matlon of tho pole or tho creep of the continental b i d .  
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values adopted-for the fundamental constants of astronomy, that 
thair value is doubtful unless discussod with oxtromo care and there 
is always tho possibility of reasoning in a circle-from the latitude 
to the declination and from the dcclination back to tho latitude. 
A strong plea for obsorvations on circumpolar stars at both culmina- 
tions is made by Prof. Cholli,ll of Turin Observatory. 

It is unfortunate that the number of observatories of the Inter- 
national Latitude Service should now be reduced to throe. This is 
just enough to determine the quantities u, v, and w, but there is no 
chock from any supernumerary station. At loast four stations are 
essential to any satisfactory determination and tho original number 
of six, or an even lar er numbor, would bo highly desirable. 

has boon put forward from time to time to explain the observed 
facts of oology and paleonto!ogy. Often the hypothesis has 
assumed krms that appear decidodly extravagant to astronomers 
and mathematicians.2a It is, therefore, appropriate to call atten- 
tion to the hysical consoyuonces of even tho comparativoly moderato 
polar dis acoment of 01'0050 that has ust beon deduced. Tllo 
subject op& possible displacemnt of the PO has bepn troatod matho- 
matically by sovoral writers, and most satisfactorily porhaps as re- 
gards secular chanaos of the polo, by Darwin.as 

The effect of s u a  a progressive motion of the pole on its pcriodic 
motion is small, amountii?g at most t o  a change in tho amplitude and 
phase of tho poriodic motion necessar to  produce a change of aboiit 
0!'001 in the position of the,p~le .~ '  J i t h  obsorvations of the prosent 
dogroe of accuracy, a quantity Of this size c?n not be separated from 
the other elements that entor into the poriodic motion. 

010 of n transfer 

reference to  the idea that such a transfor, duo to tho erosion and 
deposition of mattor by the rivers of €he world, might explain tho 
displacement of the pole. Suppose a m8ss m to be transforrod from 
a point on the oarth s surfam, whose latitude is and whose longi- 
tude is &,-to another oint on the surface whoso googra hic coop 
dinatos are +2 and A2;. E t  c be the earth's moan radius an s C and A 
the maximum and minimum momonts of inertia of the earth about 
~ X Q S  though its center, and.lot 8 be tho rtngular dis lacomont of the 
earth's axis of figuro, that 19, of the tis19 about w L 'ch the moment 
of inertia is a maximum, in short, ,tho displacement of the polo, due 
to tho transfor of mass m; thon 8 is givon by 26 

The hypothesis of t % e displacemont .of the pole within the earth 

i f 

Let u s  consider the effect on the position of tho 
of mattor from one portion of tho surface to the ot P ier, with especial 

-- - ._ mc2 -- e = J sina 3 +I + sin2 2 +2 - 2 sill 2 +I sin 2 +a cos (A, - A,). (7) 

But from the k n o y  ellipticity of the earth, C-A=o.oollo Mc,, 
ap roximately, M being the mass of the oarth, so that we get, numeri- 

2 ( C-A) 

ca R Y, 
455 ?n - -- e- ~ J s i n a  2 + sin3 2 +a - 2 sin 2 4, sin 2-?~~  cos (A, - A,). (8) 

11 Astronomischo Nacliriclitnn. No. 4nu. vol. 18.1 f i m h  n. rns 

-_- =. -"-. 
I' T~fornrulnlsroadilyderlvodfromseotion 11 of Darwin'sartlcloroforrod toln footnotoP, sboro. 
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Tho above valuo of 8 is in radians and must bo multiplied by 
206265 to reduce i t  to soconds of arc. The maximum valuo of the 
radical ovidently occurs when +1, XI, and d ~ ~ ,  X, are antipodal points in 
latitude &45O. This maximum value of the radical is then e ual-to 2. 

transported % y the river systems of tho world.z0 From Geikie's 
Geology (p. 589) i t  will be seen that i t  is almost certainly an 
overestimate to assume that the land, as a whole, suffers an average 
annual loss from erosion of 1/1000 foot or 0.3 millimeter; allowin 
149 million square kilometers to the land area of the earth we fin 
for the mass eroded 4.47 x 1O1O cubic meters, or 1.21 x 10" metric 
tons,27 if a density of 2.7 be assumed. Let us suppose all this mass 
to be, or1 nally, in the immediate vicinity of some point in latitude 
+45O an f l  to be transported to the antipodal point in latitude -45". 
This is certainly a very gross exaggeration of the effect of the matter 
transported by rivers, for no river carries matter an thing like half- 

ensation of tho effects of different rivers on the position of the pole. 
Even making, however, the extremo supposition just stated, and 
putting M=6.03 xlOzl metric tons, we still find for 8 a value of 
OI'0038, a value less than the one deduced €rom observations. 
The suppositions made are so extreme that i t  is probable that the 
effect of erosion and deposition is not equal to the tenth part of the 
value given. 

To the amount of matter oroded by the rivers, there might be 
added the amount o€ matter removed in mining operations without 

eatly increasing the computed displacement of the pole. From 
Kidy recent statistics tho world's output of coal amounts to about 
1,2OO,OOO,OOO inctric tons er yuar, and of iron and steel combined 
about a tenth of that. d e s e  two materials make u the bulk 01 
at 2 billion (2 xlOo) motric tons, we shall almost certainly make an 
overestimate, and those 2 billion tons are but a sxhdl part of the 
1.21 x 10" or 121 billion tons estimated to bo removed by the rivers 
of the globe. 

Although the amount of matter removed by the rivers is insuf- 
ficient, even under the most favorable conditions to account for 
the observed displacoment of tho pole, yct this displacement may be 
accounted for by a widesprend redistribution of mattor havin 
thickness of the same order of magnitude 11s the average layor t iat 
was ussumed to have been removed by the rivers. Let us consider 
the approximato expression for the radius vector, r, of the earth 
in terms of tho latitude, 4, 

(9) 
tho cquntorinl radius and f the flattening or cllipticity. 

By di orentiation, 

Putting dcp = 0!'0050 and using known values of a and f wo find for 
dr in millimeters dr= -0.51 sin 24. 

Some rou h estimate may bo made of the amount o 9 mattor 

5i 

way around tho earth and there is certainly considera { lo mutual com- 

tho mineral output, EO, if we put tho totul output o ! the minerals 

P "  

r = a - af sinz 4, 

bcinffe, dr= -ufsin 24 d4, 

~ ~~~ 

For d n b  of thlu sort a00 nrnoiil: othor WorkH of rofmcnce: aoikle Text Book of Oeology, 4th Ed., 
Vol I , 487488  end dWGb7. Rudzki, Phydk der Erdo, pp. 47Mka. 

fi  T@!M e very high e a l h t o ,  equlvelent to the ebot of about 280 MhhippL or 1,WO D a n u h .  
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If we reckon longitude ( h )  from tho mcridinn along which tlic pole 
is assumed to be approaching tho e untor nnd su  poso that n t  

variable thickness Ar, in millimeters given by 

then the ellipticity of tho earth will remain unaltered, but the position 
of the polo of fioure will shift with respect to the continents by just 
tho 0!0050 usesin building up tho equation. It is 11s if we took a 
geographic lobe flattened at  the poles and squeezed it so that the 
amount of !attenin rcmained unchanged, but the flat places were 

This simple geometrical calculntion implies other transfer of 
matter than on the surface merely; every equipotential surfttce, 
within the earth is affected in much the same wa (1s the outer surface, 

out $10 analogy of the squeezed globe, concaivod 11s solid, it is evident 
that there must bo movemenp of matter in the interior in order to 
permit the globo to take on Its now figure with respect to tho con- 
tinents painted on its surface. Tho deformation is evident1 a 
plastic one and would loave no record of itself in the rising or f d n g  
of the continents with rfspect to sea 1eVQl. 

The effect on the position of the polo of a hyer of matter of thick- 
ness given by oquation (101, and of the density of ordinary surfnco 
rock (.> may he computed and cpm wed with the foregoing result. 

rndius and simply rests on tho SU&CO as on a rigid body without 
causing movoment of mattor in tho interior. For generality, we 
n.qsume n maximum thickness of 71 iilstead of 0.51 millimeter 11s in 
(IO).  we then have, using us much of tho pruvious notation as is 
necessary, 

every point in tho earth there is ad a ed algebraica H y a layer of 

AT= -0.51 sin 2+ cos X, (10) 

no longer under the s rctic Ocean and the Antarctic Continent. 

thou h to a diminishing extent as we approach t i e centcr. To follow 

Wo Usume thnt the layer is siin P y added algebraically to tho 

8 ?r e' h u 0 = -. . _. . 
16 ( C - A )  

4 
By usillg 0- A = 0.001 1 Mc2 and ill= 3 ?r c3 P ,  whero p denotes the mean 
density tho earth, we get for 0 in radians 

or 7L = 0.00275 c e $. 
This gives the maximum thickness of tho 
and e=O.N0050 wo find h=O.S9 millimeter. 

stratum. Wit11 f-2.1 

 he full amount of tho mattor addod or removed does not npponr 
as a risin? or sinlung with respoct to soa lovel. The addition or 
romoval o matter raises or 10wo1.s tho soa levol. By a fundamental 
thoorem in tho theory of nttraction the npparene rising or sinking 
with respect to sua lovel will bo tho thickness of matter added or 

~- 
SI 8eo YW. 11 of Danvlii's nrLlclo roIorrcd to 111 tho footnote on p. 39. 
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I 
I h h .  1 Lntltudo. I Dah. Lntltudo. I Daw. Lntltudo. 

lU1H. 1010. 1820. 
Jnn. 20... . .3O0 C8’ 12% Jan. 16 ..... 39’ 08’ 12132’ 
Fob. 22.. . . 12.21 Fob. 14.. . . 12.30 
Mnr. 10.. . . 12.28 Mnr.14 .... 12.4a 

Apr. IO.. . .39” 08‘12124 Apr. 4 . .  . . . 12.12 Apr. 2 . .  . .. 12.28 
A r.27 ..._ 12.25 Apr.28 .... 12.02 A )I. 29.... 12.18 2 ay27 ..... 12.25 Mny28 ..... 12.01 d n y a  ..... 11.97 

Juno 28.. . .3QD 08’ 12.38 Juno 27.. . .30° 08’ 12.04 Juri0 17.. . .30’ 08’11.94 
July 30... . . 12.34 July X.. . . 12.11 July 25... . . 11.90 
Aug.31 ..._ 12.35 tlopt.1 _.... 12.20 Aug.31.._.  11.88 
Oct. 13 ..... 12.20 Oct. 14 ..... 12.22 Oct. 14 ..... 11.80 
Nov. 12..  . . 12.23 Nov. 17.. . . 12.24 Nov. 17 .... 12.05 
Doc. 20. _. . . 12.28 Doc.20 .... . 12.31 Doc. 21 ..... 12. n 

- 
Dah. Latltudo. 

1021. 
Jnn. 17 ..... 39’ 08’ 12117 
Fob. 10.. . . 12.28 
Mar.13. ... 12.21 
Apr. 2 . .  . . . 12. !a 

- 
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Annual component. 

Amplltudo E p a h  

,I e 

R .  r. 
__- _I_ 

0.121 03.8 

Thoso values were lotted-as explained on pago 8 and readings 

ing tho yews 1915-20, inclusive. Tho curve for t e missing period 
betwoen 1918.04, tho last result for Ukiah publishcd in the Asfro- 
nomische Nachrichten, and April 10, 1918, was drawn from values 
computed with tho harmonic constants aa iven by the series 1912-17. 

on another, but not corrected for "slope" are: 

i( were taken to obtain g armoyc constants from a 6- ear serias cover- 

Tho results of the analysis corrected for t % e effect of one component 

14month component. 

Amplltudo Epoch 
R .  

0.201 276.8 

Colondnr yoor. 

1018 ................................................................. 
1010 ................................................................. 
1020 ................................................................. 

Tho moans were taken by years and by 14-month periods and 
The harmonic 

The 
cloarod as by the process described on pago 73. 
constants used in tho clearance were those just obtained. 

Second8 
kp,$i Cloarnnco. 

unclonred. 
-.,_- 

,, , 
12.243 -n. 021 
12 174 +O. 011 
12.104 +0.034 

results aro: 

1017.&+1018.@8. ................................................... 
1 0 1 8 . ~ & 1 ~ . ~  .................................................... 
1820.03>1~)21.#37. ................................................... 

Nean latitudes of Ukiah. 

I ----, 1 +Olb17 
12.187 +0.@)7 12.104 
12 120 -@. 011 12 ~ O Q  

Swonde 
ofmonn 
Intltudo 
cloored.’ 

12.23  
12.1s 
12 138 

Porlod Included. 

The results show that t!lo latitudo of Ukiah after a lon period of 
increase is docreasing agam, but nothing conclusive can e; e infomad 
from this com aratively short eriod of observations at a sin 10 

declinations used, to a movement of the pole, or to abnormal refrac- 
tion can not evon bo plausibly guessed without tho observations a t  
other stations for comparison. 

station, WhetRer the result is cp ue to a creep of the ground, to t B e 



Chapter III.-THE LATITUDE OF LICK OBSERVATORY. 
It does not seem practicable a t  tho prcscnt time for tho U. S. 

Coast and Geodetic Survey to attempt any extended discussion of 
a possible progressive change in the latitudo of Lick Obscrvator . 
there is quoted below from Prof. Lawson’s article’ thc pnssa o in 

correctcd in accordance with n communication from the director of 
Lick Observatory, Dr. W. W. Cumpbcll, and somc remarks, chiefly 
extracts from letters writton by him, havo bccn nddcd.2 

The extract from Prof. Lawson’s article reads: 
Meridian Circle ohservarions have been maintailled a t  Idck Observator since 

1893 by Astronomer R. LI. Tucker, who haa kindly supplied me with the foylowing 
memorandum of the values for the latitude of the dation. The rwulta are based on 
observations both on circiim olar and zeiiith stnm for an average of Rixty-eight nighte 
per year during the period from 1893 to 1018, except for the interval 1‘308 to 1’312, 
when Mr. Tucker was i n  South hmorica. The valuw tabulated are the averaces by 
quarter ears, aa near aa potsihle, and the number of nighb in  each quarter aurin 
which ogservations were made avernga eeventeen. The reeulta have been corrocto 
for the revised refractions adopted a t  Idck~Observatory and for tho variation of 
latitude. 
Aserage quarlmlit valuesfor the lat2ude o t i c k  Obfimvntory bnscd on Neridian Circle 

II. Twlxrjroni 18%< to 1918. 

In ordcr, however, to  put bcfore the rcadcr the facts now availab f o 

which he deals with the. subject. Tho tiihlc of lntitudcs has B ecn 

d 

observa!wns by Astronomer 

Epoch. Lntltudo. Epoch. 
-__ - . .. . . I- 
im3 .  82 
1804.12 

.33  

.51 

.n3 
1888.11 

.a 
1 m .  11 

.40 

.87 
’ .UI 
1807.13 

.31 . ’12 

. 02  
lW. 15 

.30 

.B3 

.31 . oa 

370 2(y 25.44 . 80 
.47 
.54 
.4R 

.57  

.b2 

.M 

.72 

.43  

.62 

.41 

.47 

.02 

.07 . u4 

.OG 

.77 

. 81 

. n2 

1 m .  12 
.32 
. 03  

1ooo. RH 

.67 
.02 

1902. 13 
.37 
.02 
. w  

loo;(. I2 
.35 . ti0 
* It2 

1LNn.ll 
.30 

1 ~ . 5 0  
.77 

. nu 
im1.40 

. 02 

Latltudo. 

.In 

.(in 

.7n 

.ox 

.on 

.7u 

.3x  

.32 

.67 . b2 

.8U 

.34 . sn 

.54 . 61 .u 

I have taken them vnluou and plotted them on coordinatm i n  figure 1, J L ’ j  It ie 
ap arent from an inspection of the figure that, notwithstanding the variations in the 
varues, there is i n  general a fnirly stead inrreaao i n  the latitude from 1803 to 1003. 
This increaae is expremed i n  the mean {no 4-13. It amounb to W . 4  in  ten yosre, 
or at the rate of 0”.04 or 1.21 meters per year.‘ 

Between 1903.00 and 1903.02 thero is nn exce tionally large dro of O”.G3 in the 
value for the latitude. In this interval occi i r rd  the earthquake of August 2, 1803, 
which waa rather severe at the Lick Obmrvatory. It seems not improbable that 
the rather large drop in  the value of latitude may be due to a shift of the gmucd at‘  
the time of thip earthquake. Tho values for latitude since 1903.60 clearly fall into 
a grouping distinct from the  groupin of the values for tho eriod receding that 
date. The mean exprcwion for the v n t i w ,  aa intlicntod by t l i e f k  C-5, i R ,  ~ O W C V B ~ ,  
not 80 mtkfacbry a~ the lino A-B, owing largely to the interval of no obeervatione 

1 “The mobl1lty of the Coast Rangos of Cnllfornln, nn exploltntlon of tho oloatlc rebound theory.” U& 
9 ThesoextractEnrouscd wlth br. Campboll’s permlaslon. 
8 F1 re 10 takea the place of flgure 1, B. It contelna the correctlons communlcsted by the dlreotor 
4 Boo p. 49 of thie publlcatlon for revised flgurea obtalned by least-squaro adJustment. 

44 

verslty ofCallforiila l’ublicatlons Bullotln of tho Dopnrtmont of Cloology, vol. 12, No. 7 (Jon. 11, i w i ) .  

of LiCP0bser”atory. 
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from 1008 to 1912. This line riw from 1903 to 1916, but a t  a !ees ra id +e tha0 
the riae of the line A-B. The rate of incream of the value for lahtude $r t h s  pen& 
is 0”.022 or 0.70 meter per year.‘ Beyond 1915 the data are insufficient for the 
determination of a mean poshon. It ia interesting to note that there u no indication 
of sudden change of r t . i o n  at the time of the slip on the San Andr? fault in 1006. 

The rate of latitu e of Lick Observatory on either side of 1903.6 is much greator 
than that a t  Ukiah, and there ma be doubt as to the true value of the rato, o..ips 
to the fact that the linea A-I3 anXC-D each re resent the mean position of a Benes 
of points which dopnrt notably and h e y l a $  i!om the ado ted mean. There can, 
however, be no doubt as to the general sipdcance of the olservations, particularly 
between 1893 and 1903. They accord wit those of Ultiah in pointing to a northerlY 
creep of the region. The incream of latitude both at Ukiah and .Mount .Iiamilton, 
taken together with tho legitimate dedurtiona that may be made, in the light of the 
rebound the0 , from the rcaulte of the goodetic surve s in the intervening territory, 
m m s  to esta&b tho fact of a northerly creep of the Giddle Coaat Rangoe. 

With regard to the abrupt change in lntitudo that s e e m  to have 
occurred between 1903.60 and 1903.93, Dr. Campbell on April 29, 
1921, writes as follows: 

In  supplying the data to Prof. Lamon, Mr. Tucker endeavored to base them, aa fSr 
as practicable, upon quarterly mean values. that ia, about four latitudea per annum, 
Lle waa not aware that the date 1903.6 might be a critical one in Laweon’s problem- 
and the latitudes for 1903 were grouped unfortunately. hfr. Tucker is of tho opinion 
that the four data for the year 1903 should be regrou ed for on1 three mean epochs. 
You will see tho r w n  for this from tho following tafulntion oTMr. Tucker’s r e d @  
for that year aa grouped by months: 
January, 8 nights, mean latitude.. ......................................... 25.76 
February, 8 nights, mean latitude .......................................... 25.61 

Mean for 3 months 1903.10. .......................................... -a 
April, 6 nighta, moan latitude ............................................. -%% 
May, 11 nights, mean latitude ............................................... 25.86 

Mean for 3 months 1903.37. .......................................... .a 

,I 

March, 2 nights, mean latitude .............................................. 25.67 

June, 4 nights, mean latitude.. ............................................ 26.16 

October, 2 nights, mean latitude.. ......................................... 25.61 
Novomber, 2 nights, mean latitude.. ...................................... 25.26 
December, 8 uighta, mean latitude.. ....................................... 25.25 

J 

hlr. Tucker waa absent on the Atlantic coast from July 18 to September 18. 

Mean for 3 months 1903.92.. .......................................... a 
Again in the same letter ho writes : 
Tho plotting8 for the four data of tho year 1903 should be changed to conform 

the three substitute data. 
hlr. Tucker’s series of latitude value8 aro unfortunate1 not on a homogcneou 

system. They are mere1 by-products of his extensive o&mvations made for the 
purpoee of determining t i e  accurate poaitiom of stam widel distributed over the 
northorn sky. The bseee of fundamental stare are quite vnriei  having been selected 
to meet the requirernenta of the successive rogwme upon which he waa enmod  
and without any thought whataoever aa to the ktitudo values which could be extracted 
aa by-products. The four quoted results for 1897.72 to 1898.30 inclusive, depend 
upon circumpolar stare observed at both upper and lower culminahons. Al l  the other 
resulta are baaed upon a combination of certain so-called etandard systems and c& 
cumpolara obscrvod a t  both culminations. Them systems aro 88 follows? 
Auwera Berlincr Jahrbuch+circumpolm 1893.82-1896.40.. .............. +,,=26.67 
Boss U. S. Northern Boundary Commission circumpolara 1896.67-1807.31 

inc ................................................................. +,=26.46 
Gircumpolars exclumvely 1897.72-1898.36 inc.. ......................... + ,=26.78 
Newcomb+circumpolare 1900.89-1804.30 inc ............................. 618=26.74 

0 

Auwera 303+circumpoIara 1898.89-1000.38 inc.. ......................... + ,=26.76 
Auwera Berliner Jahrbuch+circumpolm 1906.69-1918.11 inc ............ &,=26.H 

+ 
4 8w. p. 4Q 02 this publicdon for ravisod 11 
8 Tho aubacripta of the $26 InQlmte the num& of quarter-yearly valuos In tho list on p. 44 contrlbuw 

rea obtainod by least-squoro adjustmant. 

to tho letltude. 
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Mr. Tucker ia of the opinion that the variations in his tabular latitudes m due in 
part to differences in the fundamental systems and in the remaining art to accidental 
errors. My opinion, on the contr If I h a y  venture it, is that za-n haa found 
evidence of a change in the Moun?&nilton latitudee a t  a time approximating that of 
our very severe 1903 Au mt 2 earthquake. YOU will note that while the latitudes 
for the two Auwem Berfiner Jahrbuch penods are substantially equal in the mean, 
yet the rmulta increase from 1594 to 1896 and again from 1905-8 to 1912-15. The 
results on tho Nowcomb basis are on the average large, but we can not fail to noto 
that they drop suddenly following 1003.6 and that these later values are in agreement 
with the 1905-8 Auwers ~esulta.. In my opinion, none of tho observed variations 
would call for aerious conslderahon were it not for the sudden drop in the values in 
$0 latterhalt of 1903 and the conformity of them latter to thorn of the succeed- 
mg yem. The subject at lea& merits m a t  careful consideration. 

Dr. Campbell takes up tho subject in another lotter, dated May 12, 
1921, saying: 

Perhaps 1 ought to repeat, in order to avoid any misunderstanding of inkrpreh- 
tion, that my belief in a variation of the latitude of Mount Hamilton refcm only to 
the 1903 epoch, rha 8 88 an WCOmPhenf, of our severe local earthquake of 
Augmt 2 1903. &e ogaerved latitudes precedmg and more immediately following 
that date) all depend u o n  Olte and the s a m f u ~ p m F @  basis, Newcomb 8. I think 
you may find value in %of. Tucker's rWUlt8 for mdmdual nights of 1903, and they 
me m in the following table-" 

Mount nami l ton  (Lick Observatory) latitudes in 190.9 by ind i t i dwl  nigh&. 

Jan., 6 
8 

10 
12 
13 
14 
15 
10 

+a72024.w 
25. 97 
25.48 
20.45 
25.98 

28.00 

25.48 
m. 25 

Feb. 10 
10 
17 

34 
25 
28 n 

m 

1843.14 I 

25.m 
25.83 
25.59 
25.20 
!&. 36 
25.99 
26.87 
26. a 
25.78 - 0.17 

lW.l0 I a I 

Apr. 22 

29 

1003.32 

ao 

June 2 
8 

25.57 10 
11 

26.07 
1903.43 

1003.37 

- 

observed lati- 
tude, 9. 

e , ,, 
+ a7 m 25.w 

25.98 
26.28 
25.97 
25.99 
m. 45 

25.88 

28.17 
25.77 
25.92 
28.28 

28.00 
25. 47 

25.98 
25.92 
25. w 

m. 44 

m. 44 

m. 01 

28.30 
28. €4 
28.28 
28.19 

28.32 

- 
9-9. 
corroo- 
tlon. 
- 

- 0.20 

- 0.10 

- 0.10 - 

Mean 
atltudo 
If group 

9. * 

25.68 

25.85 

28.10 

25.80 
- 
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Mount Uamilton (Lick Observatory) latitudes in 1908 by individual niglits-Continued. 

Obsorvedlati- 1 Dah. I tud0,rp. I 
1 act: 0" // 3; ,s,l 25.4R 

Dah. 

Oct. G 
0 

. -  
Obsorvedlati- 

tudo, rp.  

0 , ,, 
+ 37 20 26.54 

25.4R 

I 

14 
21 
22 
24 
28 
20 

103.97 

I 1803.881 25.13 I 
24.00 
25.18 
25.59 
25. OR 
26.46 
25.02 
25.30 
24.80 

25.18 

6-4. 
cot?* 
tlou. 

+ 0.10 

+ 0.13 

+ 0.07 
i 1803.92 j i- 
I I I 

MhUl 
lntltudo 
orgroup 
6. * 

25.01 

25.28 

25.25 

25.31 

The dnta by nights are not corrected for the variation of lntitude ns determined 
simultaneously a t  tho international latitude stations. 
corrections for the several months on this nccount, and the corrected latitudes as aet 
down for the several months in  the last column are thom quoted in my recent lettor 
to you. You may want to npply sli htl different corrections for the latitude varia- 
tions. It is of interest to note that &e Ztitudes for a considerable proportion of the 
nighta i n  the quarter precedin the earthquake are above 26 seconds, and for several 
ni hts following the earthqua&e a nuinber of the results aro below 25 seconds 

Srof. Tucker searched for a refraction or other similar effect, which would be  re- 
sponsible for smaller observed lntitudesin tho fall months than in the first two quartore 
of the year, on the  basis of his obaervations running through about twenty-five years, 
and 0s a result he  has no reaaon to suspect that such an effect exisb. 

There is nothing improbable in a sudden change of latitude as the 
result of an earthquake. Such chan es aro known to have occurred 

face strata due to that earth uake is, however, rather smaller than 
the chango of lntitudo of Lic R Observatory apparcntly accoptod by 
Prof. Lawson as not improbable. The greatest of tho dislocations of 
strata dcduccd for the earthquake of 1906 is about 6 meters or 01'20 
and most of them are considerably less, while tho chango of latitude o! 
Lick Observatory lato in 1903 seems to have been from 0?40 to Or60. 
Moreover, tho triangulation of tho Coast and Geodetic Survey gives 
little evidence of such a displacement of Lick Observatory. Between 
1887 and the time of tho resurvey, shortly after the earthquake, tho' 
latitude of Lick Observatory appears from tho surveys to bo un- 
changed, while the longitude has changed but 01'005 or 0.12 motor. 
Even this chango is considered doubtful by Hayford and Baldwing 

Tho main object of this report is not, howovor, the discussion of 
sudden changes of latitude duo to the dislocation of surface strata, 
nor of tho geolo ical ucstions involved in a gradual croep of the 
surfnce strata; t R 9  e objcct is rather the oxamination of the astro- 

hlr. Tuckor has coinputed tho 8 

in California during the earthquake o f 1906.' Tho dislocation of sur- 

Convt and 0oodot.k Riirvoy Report for 1697 A pondlx 3, Earth Movoments In Callfmia Earthqueke 
Of loo0 b nayford and Bnldwln; also Rcport lor 810 Appcndix 5 Trlangulatlon In Colifornlo, by DuvaU 
and Baldrwln. Othcr roleronccs nro filvon In Prof. Ldw8011'8 pa &. 

8 Yeo roforcnccs 111 tho procodlrig footnoto; p. 70 of tho Itoport ror 1807, end p. 195 of the Report for 1910. 
8co nLso oddondum on p. 108. 
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nomical evidence for or If 

deduced in the preceding chapter is due m a d y  to a secular shifting 
of the pole, the latitude of Lick Observator should show a similar 
increase practically identical with that of &ah. In  the extract 
quoted at the beginning of the cha ter Prof. Lawson presents the 

Instead of drawing tho lincs A B  a n i  CD by eye we may make a 
least-squares adjustment, using obsorvation oquations of the form pro- 
viously adopted, namely, 

A 4  = Z  + yt, 

in which A+ is the diffcrencc botweon the obscrvod latitude and some 
convenient but arbitrary initial latitude, z is the adjusted latitude 
at  some arbitrary epoch, t the time. reckoned from the  e ocli, and y 
the adjusted rate of change of latitude. I n  makuig t I! me adjust- 
menta the observations of 1903 were regrou ed as suggested by Dr. 

omitted in accordance wit% a further suggestion from him. The 
values of y deduced from the adp tmen t  are- 

$'or the period 1893.82 to 1903.37, y=  +0?0361 f0!'0052 per year. 
And for the period 1903.92 to 1 9 1 8 . 1 1 , ~ =  +0!'0040~0!'0045 per year. 

Those lines AB and CD are shown with these rates of change or 
slo es in figwe 10, which takes the place of Prof. Lawson's fi ure 1, B. 

$heso rates of increase are not very dfferent from those !i ound by 
Prof. Lawson in the passage quoted and are of the same order of mag- 
nitude &S the rate for Ukiah.. Unfortunatol , howcver, calculations 

and this is so because, as Dr. Jampbell states on pa e 4G, t e obser- 

the period covored were long, tho regressive chan e of latitude would 

nation system gut this IS hardly truo of the Lick ofservations. It 
may be noted, however, that the 11 quarter-yearly mcans from 1593.82 
to 1896.40 and the 21 means from 1905.59 to 1918.11 are both on 
the Berliner Jahrbuch system and both give practically the same 
latitude, the mean scconds of the earlier value boing 25'57 and of 
the later ones 26?53 or 25?55 when the suspocted value for 1908.33 
is omitted. 

If we accept a sudden decrease of the latitude due to tho onrth- 
quake in tho autumn of 1903, then the fact that the latitudes have 
become equal again must mean that the sudden decrease has been 
compensated by a gradual increase, which would, on Prof. Lawson's 
theory, be due to a creep of tho surface strnta, or might, on tho ten- 
tative hypothesis in the receding chapter, bo duo to a shiftin 

about Of02 a year, provided we assume a sudden decrease of OF4 
in 1903; the rate, of course, would be subject to nll uncertainties due 
to errors in the assumed suddcn decrease, observatign errors, and 
errom due to incomplete identity of the declination systems which 
haw been tnkcn as absolutely identical. Perhaps al l  that may bo 
safely asserted is that i t  would bo difficult to disprove the existence 
a t  Lick Observatory of II progressive rato of incream of latitude of 
the eame order of magnitude as the rate for Ukiah. 

ainst a progressive change of latitude. 
tho increase in the latitu T os of Gaithersburg, Cincmnati, and Ukiah 

evidence for such an increaso even ? ar er than the one a t  Ukiah. 

Campbell (see extract on. 46), and the f atitude for 1908.33 W- 

a of this sort are nearly meanin less unless t l oy cover alon period, 

vations are not based on a homogeneous system of (f cclinations. If 

then presumabl be too pent to \ 0 masked b c a an es in the decli- 

the polo. In round num % ers, this rate of gradual increase woul t be Of 
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It is questionable whether it would be worth while to try further 
refinoments by reducing the Lick Observatory results as nearly aS 
possible to a common system. Dr. Campbell writes on May 16,1921 : 

I do not think it is practicable to determino n set of Bystomatic corrections which 
will reduce the observed latitudes baaed iipon the various fundamental system to 
homogencons system. Prof. Tucker’s work &B published seems to show the following 
diffcrerlcea in  tho declination systems: 
Publications Zirk Observntory, VI, p. 13; Borliner lnhrbuch-Boss, U. 8. Northern Boundary Corn' 

mission  OW. 
Publlcatl~ns, Lirk Obqervato V I  p. 14R; Borliner Jahrbuch-Auwers a(T3--0:34 at--13. dcc. 
Lick Ohsorvntoq Bullotin, z p .  A; Borlinor Jnhrbuch--Newcomb--O:10 at equator - +n:nn at+= dec. 
Ltck Obscrvstory Bulletin, X, p. 42; Berliner Jahrbuch-Boss Preliminary Oenernl Cntnlog~ic - +OP11 at equator. 
Mr. Tucker’s reeult for tho quantity (Auwers new Borlinor Jnhrbuch systom mini18 

old Berliner Jnhrbuch syetom) equals -WO2 at the E uator for 110 stars observedl 
The two declination systems aro sufficiently idcnticnl lor present purposes 

The observed latitiidea obtained by giving equal weighta to the circumpolnrs nnd 
fundamental stars cltn be reduced to approximate homo oneity-that i R ,  to the enrly 
Berliner Jahrbuch syshn-by applying one-half the digrences as quoted above t6 
them. 

Tho Lick results for individual nights throu h May, 1904, have 

publications of the Lick Observatory. 
The difficulties arising from tho declinations and proper motions 

of the stars suggest that the two most practicable ways of studying 
the secular variation of latitude, where the ,changes involved are 
necessarily very small, are (1) a plan substantially the same as that 
of the International Latitude Service, In which all observatories have 
the sume latitude within a few seconds pnd use the same program 
of stars and the same methods of obsemng and (2) the systemtrtict 
long-continued observation of circumpolar stars a t  both culminntionet 
It is to be hoped thnt the work of tho Internutional Latitude Service 
will be extended, rather than restricted, and that the observatories 
will bo mnintaincd without interruption for long periods. If it 
should appear that tho crce of surfpce strata is a common occurrence 
siderations, little or no such creep is to bo expected. At worst, d 
this wcre impsiblo,  i t  might bo necessary to greatly multiply the 
number of stations in the ho e that, in the long run, the northward 

of othcrs. The plan of observing circumpolar stars a t  both culminsr 
tions does not requiro intcrnational cooperation, as the other plrtn 
docs. Any o1)scrvatory with a good meridian circle can do the work. 
I t  would be iicccssirry to obsorvo on overy cloar day in order to get 
a good hold on the periodic or approximately poriodic, portion of 
the vmintion of lutitudo. Tilo annual torm in particular is almost 
ccrttiin to bo pcculiar to tho station in quostion. Part of the annud 
term is no doubt duo to tho seasonal changes in refraction. Effoots 
of this sort might bo expcctcd to bo lar e, since one culmination 
would almost always bo observed b dayli f t  when tho othor culmina. 

cumpolar would be different from the term of another circumpolar 
culminating at different altitudes so each star would have to be 
analyzed separate1 Sinco avadable circumpolar stars are not 

at both culminations in order to increase the number of pointinge. 

been published and will be found in volumes I 6 , VI, and X of the 

it will be ncccssary to sc P ect stations whore, from goological con- 

creep of some stations woul B nearly neutralize tho southward creep 

tion occurred at night. Very pro l f l  ably t o annual torm for one cird 

numerous, it might t o dosirablo to take circum-moridian obsorvations 



Chapter rV.-ADDITIONAL RESULTS OF THE DISCUSSION. 

The rosults that form tho prjncipnl object of this publication have 
already been @vcn in proctding cha teiv. It wns prncticiiblo to 

this chu tor. 'fhoir chiof interest is that, in gcnoral, they coniirm 
results oitained by other methods of discussion or from observations 
covering a shorter t h e .  A bricf summary of thls chnpter and of 
d l  proceding chapters will be found in Chapter V, pngo 67. 

obtain also, with cornparatlvel litt P e extra labor, certain other 
results regardin the variation o P latitude, and these are set forth in 

SECTION 1. TIIE IiAIlMONIC CONSTANTS. 

TABLE ll.-Ifarmanic constants, pnal valucs. 

[Epochs of 14-month aomponont r d u c o d  to looO.CX).] 

Mlzusawn, ~ - - i 4 1 0  05'. .................. 

TschnrdJul, A- -030 20'. .................. 

Carloforto, &---(10 10'. .................... 

- 
Oakhersburg, A- +77" 12'. ................ 

Clnclnnatl, A- +&No 25' .................... 

Uklnh, X- +lao 13' ....................... 

- - 

roars of 
sorlus 
lnclu- 
slro.. 

- 
1900-05 
1800-00 
16uo-11 
1000-12 
1810-15 
1011-17 
1012-17 

1W-05 
1800-W 
1900-11 
1800-12 
1808-14 
1wo-14 
19CO-05 
lwx)-OO 
1 w 1 1  
leou-12 
1010-15 
1011-17 
1012-17 

1 W 0 5  
lW3-00 
1 W o H  
1003-00 
1800-11 
1006-12 
1 W 1 4  
1809-14 

1800-05 
1WO-08 
19W-08 
lwx)-ll 
lQ(Y3-12 
1008-13 
1010-15 

looo-05 
lDNl-00 
1800-11 
100512 
1010-15 
1811-17 
1012-17 

Jlopo I n  
socollds 
lor ycnr. 

nr 

I ,  

-0.0007 - .ooo7 .oooo .m +.ow + .o001 + s o 0 8 3  
.oooo .oooo + .oa3 + .0228 + .0180 + ,0207 

- .wo - .wo + .01W + . o m  + .01w + ,0167 + .0187 

.m .oooo + .0117 + .0107 + ,0117 + .01m + .0140 + .0150 

.m .oooo + .om37 + . o m  + .01M + *OM3 

+ .0142 + . o m  + .01u + .0121 + . 0 1 a  + .0171 + ,0102 

+, .m 

Harinonlc constants. 

Annual compo- 
110111. 

I1 

0.105 
-100 
.132 
.123 
.142 . 113 
,101 

,101 
. lo5 . 130 
.128 
.132 
.144 

,089 
.lo2 
. l l 8  .1w 
.117 
e 003 
.079 

.023 

.02(1 

.012 .w 

.051 
.057 
.072 

.ooQ . on 
,027 
.057 .w .a; 
.m 
. CM: 
.031 
-0s 
.05; 
.08i . 00: . W( 

. oia 

__ 
Epoch. r 

0 

14.7 
14. 8 

0. 2 

14.4 

340.0 
335.8 
325.3 
320.7 
323.8 
322.8 

275.7 
27a 0 
a77.3 
270. 0 
289. 3 
274.4 
279.4 

106.0 !mi.( 
2s. 2 
103. G 
182.4 
178 5 
191.4 
158.2 

210.4 

281.7 
loo. 3 
lBR 4 
171.0 
180.2 

84.5 
91.1 
7h B 
0 9 4  
OG. I 
99.3 

io. 4 

ia 3 

a 7  

217. a 

9 s  a 

14-iuonth conrpc- 
110111. 

Ain U- 
R 

tlIJ0. 

,, 
0.136 
.136 
.213 .a 
.I78 
.I70 

.I32 

.1w 

.217 

.m 

.231 .a2 

.I27 
,128 .m .m 
.218 
.IN .1w 
.la 
.144 . la 
,222 .m 
.211 
.P( 

.151 

.1M . 1Gf .m 
.201 
.18( 
.21i 

. la 

.13( 
* 21; 
.21( 
,211 
.!a 
,211 

. ai4 

. in 

- 
Epoah. r 

17R 0 

103.2 
165.3 
176.4 
178. 4 
184.2 

103.0 
102 3 
07.4 
87.9 

1M. 7 
1w. 8 

so. 0 
35.9 
32 1 
35. 0 
52  0 
67.2 
0% 1 

321.4 
318.0 
308.5 

304.2 
507.0 
810.2 

317.1 
311.3 
29&8 
2w.8 
208.3 
304.0 
320.0 

270.0 
273.5 
254.0 
258.0 

285.0 

in. 8 

310. s 

sia 7 

n a  4 
2828 

61 



52 U. S. COAST A N D  GEODETIC SURVEY. 

The harmonic constants in Table 3 are not tho fmal valuos, though 
they are evidently amply accurate for the purposes for which they 
are used. The €act that there is in cneral a progressive increase in 

tho ordinnry way, and these re uire 1% correction, as explained in 

of 'fable 3 corrected in this way and aro to be considered as the 
definitive vnlucs of these constants resulting from this investigation. 
The quantity m, in the notation of Chapter VI, section 3, which 
was used in deducing the harmonic constants of Table 11 from those 
of Table 3, is also given. The uantity m is given for tho year n~ 

each series by a raphic adjustment of tho dnta plotted in figures 4a 

plotted points of the six or seven years of the series as nearly as possible 
and the slope of this line com uted; this ave the value of m for the 

the latitude of a station affects the 5 armonic constants deduced in 

Cha tcr VI, section 3, page 80. ?r he constants of Tablo 11 aro those 

unit ol time and is tho slo o of B t e lino of mean latitudes or annunl 
rate of incrense of mcnn P atitude. It wns obtaincd sepnrntely for 

to 9a and 4b to 9 % . A straight line was drawn by eye that fitted the 

annual corn onent. This va P ue was mu k tiplied by 1.184, the ratio 
of the erio a s, to obtain the vduo of m for tho 14-month component. 
The va P ucs of m should resemble in a general way the values of y or z 
in Tables 8 and 9. 
the resemblance is far from close in many cases. 

On account of the character of the obscrvations 

SECTION 2. THE ANNUAL COMPONENT OF THE MOTION O F  TIIS POLE 
AND THE KIMURA TERM. 

It is of interest to determino how far the annual variations are due 
to a motion of tho pole and how far to causes peculiar to each station. 
For this purposo wo ma subject the constants to the adjustment 

uals of the separate stations. Since the harmonic constants are 
valid only as average values for a given period, only those series 
should be used that cover identical periods of time for all statio- 
concerned. 

present the discussion applies only to the portion of the table above 
the double horizontnl line; the portion below will bo treated later. 
This table gives tho constants for two methods of representing the 
motion. For the first method there are ivcn tho uantities a, b 

described in section 4 of J hnpter VI (p. 82), and then study the resid- 

deduced i rom all available series, aro given in Tab P e 12. For the 

a, and 8, in the notation of Section 4 of 5 hapter V?. Tho annuaf 

b cos ( ~ t -  p ) ,  The quantities a and p are tho va 9 ucs of ~t a t  the time 

The ad'ustod values of tho constants of the north olar motion, 

component along the meridian of Greonwich is 
a cos ( ~ t  - a), whero 1 is the t h o  reckoned from 

The quantity K depends on the unit of year. 
annual component d=360°, when t is put equal to the number of 
timo units in a year. Tho annual component dong tho meridian of 
90' west of Greenwich is similnrly representod b a term of tho form 

of the maximum excursion of the pole away from its mean position 
toward tho equator along the meridians of Greenwich and 90' west, 
respectively. For example the value of a being on tho average 
somewhat greater than 240d, the maximum southward excursion of 
the pole along tho maridian of Groenwich occurs aftor 240/30 or 8 
months have elapsed; that is, in September. The maximum south- 
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0.047 

.ow 

.052 

.070 

.072 

ward excursion along the ninetieth meridian west occuis after 8/30 
months have elapsed; that is, in June. The annual motion of the 
North Polo about its mcan position is thus seen to be from west to 
east. 

As is well known, a harmonic motion of the kind just s ecXed means 

motion are given in tho righehand portion bf the table. The columns 
for the lengths of the ssmiaxes and for the eccentricity are sclf- 
explanatory. Tho direction, 8, of the major axis givcs tho longitude 
of the meridian along which the equatornard excursion has its maxi- 
mum numerical va!up, A.  In longitudes Bf9O0 tho cquatorwnrd 
excursion has its mmimum numeriqal valuo, U .  Tho cpoch, p, gives 
tho time of year at which tho maximum oxcursion takcs plncc, p/30 
being tho number of months ela sed from tho beginning of tho your 

and p are not very accurntcly detormined, and sm!L11 chnnges in a, 6, 
a, and p will make thom va The quantlty 8 + p, howevor, 
remains nearly constant anrnearly equal to a, approaching equality 
with a as the ellipse approaches a ciycle. An example of this is the 
series for 1912-17. Ths is an sxceptiqnal series, for the dircctiolls of 
the major and minor axes aro nearly mterchmged as comparcd with 
their directions for tho other series. The vduo of 8 + p  is, however, 
almost 

that tho pole describes. an ellipse. The elements o r this elliptic 

to this m&mum. Whcn tho 01 F ipso IS nearly circular tho vdues of 8' 

mdcly. 

Same as for the other series. 

TABLE 12.--Hamonic constants of the annual motion of the p o b .  

I =-onlo COnStnntS formorid- I I.:lomonts of tlic oluptic motion. Inn of- 

l e a 3  ao7s 

1m.a . I N  

172.1 .079 
104.9 . lo0 
163.2 .081 

Oroonwich. 
Yeen of sorfw inoluslve. L 

0.047 
.052 
.075 
.070 .om 

1eOMw o... .................. 0.075 
1- as.. ................. 
1006-11 a .................... 
1806-12 0 . .  .................. 
1910-15 b . .  .................. 

0.78 + 4.1 
.78 + 6.8 
.M + 1 2 1  
.03 + 1 2 7  .w + a 4  

1911-17 e.. .................. 
181%17 e.. ................... 
1 W 1 1 d  .................... 
1-17 e .................... 
1 W 1 1  I . .  .................. 
1800-17 0. .  .................. 

- 
epoch. 

a 
- 

e 

254.3 
268.2 
248.1 
247.0 
240.0 

240.6 
238.3 
250.8 
238.8 

243.7 
__ -- 

24s. a - 

.087 
076 

.087 
a087 

.088 
,086 

- 
I I 

0 

161.7 
251.8 
p a 0  
237. 1 
233.0 

217.7 
133.6 
245.5 
230.0 

221.7 
247.8 

- 
- 

a o stations usod. 
b 4 stetlons usd. 
d estatlons used. Monn harmonlo constants for serios 1800-06 and 1906-12. 
8 8 & ~ t l o n s  usod. Mean hnrmonlo constants for sorfea 19W-05' 1006-12 and 1812-17. 
f 6 stntions mod. Mcnn harmdo oonstanta for sodes l&, and' 1W-12, wlth tho lilmrim tom 
u 3 stntlona A Mean hnrmonlo oonstanta for serlea l~WO-O5,1006-11, and 1012-17, with tho Klmurn 

C 3 S U b ~ O n S  usod. 

included In tho 13 ustmont. 

tom lncludod In &o ndjustmout. 

The olliptic clomonts in Table 12 are far from representing the 
annual components of the several stations, m d  the outstanding 
residuals have enough interest to bo given.in detuil. This is done in 
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Tablo 13, which contains tho diIferences between tho observed and the- 
adjusted valuos of It cos { and R sin {, the residuals being taken in the 
sense “observed” minus ‘Lad’ustod.” Only the rosiduals for theserie8 
in Tablo 12 abovo the double i ino aro given m Table 13. The adjusted 
value of R cos { is givon by R cos l =  m cosh+p sinh, the notation 
being that of page 87, and the values of m and p being from the 
equations on pa e 90. The “observed” value of R cos t and B sin 1 
the adjusted value of R sin r is given by: R sin {=n cos X + q  sin X. 

For brevity the residual in R cos c, with sign as noted above, will 
be here dunotod by o, and the residual in R sin { by v,. 

TABLE 13.--Rdduals of the indiddm1 stations for  the elliptic elemmta of the annu$ 
motion given in prewioua @le. 

[Units In tho fourth doelmnl of scconds.] 

are readily foun % from tho harmonic constants of Tablo 11. Similarly 

- 

1m-05.. ....... 
1m0-06.. ....... 
1808-11.. ....... 
18)8-12.. ....... 
1910-16.. ....... 
1911-17.. ....... 
191S17.. ....... 
1LXO-17.. ....... 

+m 
+m +w + 610 
+XI2 + 2Lc( 
+m 
+338 

+232 +m + 408 
+37s 
+444 +m 
+344 
+460 

Yonrs of ~crics  
illClUSlV0. 

- 73 - w  
-60 
-144 

I I 

-246 
-244 
-231 

- 91 
-1% - 7u 

-207 

- im 

.............. I .............. +287 ............................ +m I I i I I l  ............................ +331 
I 

Tho pairs of residuals are seon to have a general resomblmce to 
one anothor at all stations. Ths residuals for a givon station would 
naturully be expected to vary accordin to the stations used; the table, 

latter is not separated from the changes in residuals due to the varia- 
tion in the harmonic constants from one eriod to another. The effect 
could be brought out, howevor, for the R rst four series in the table by 
using less than the 6 stations and detsrmi the elements of the 

#he Kimura term, or the z term in the discussion of the motion of 
the pole, is a term common to all stations.’ This term consists of 
several parts one of which has beon found to have an annual period; 
in so far as the values of vi andu, for a given series remain constant 
in passing from station to station thew constant valuea may be 
used in forming the expression for tL annual portion of the Kimurs 
term. It is seen from the table that the assumption of a Kimura 
term constant from station to station, even when on1 a single period 
ia considered, is only roughly approximate. The e J ect represented 
by the Kimura term is now supposed to be chiefly due to refraction,p 
and there is no reason for supposing such an effect to be constant a t  
all stations, except in 80 far aa the climate the local topography, 
and the structure of the observatory are alike a t  all stations. 

however, does not immediately rovea P an effect of this sort, for the 

elli tic motion with the resulting residuals for -i t e now elements.’ 

* Thovarlntlon oltholatltudoofastatlonfromItslnltlalvaluoIs wrltton t coaX+y8lnX+r; heretand y 
sretherectangularcoordlriateu of tho nolo (In seconda) and L Is tho Klmuratom. * Resultate-Vol. V 189. 

IThorofrac’tlon to &ch the K h u r a  term is attrlbuted Io Drobablv for the most nart room refrwtlon: 
that ls,reltactlon between the alr within tho obvorvatory and tho alfoutaldo. pThok&mptlon thetche 
dlepl&ement of tho apparent zenlth implied 111 tho Klaiura oflect Is duo ontlroly to tho ilonhorltoutnlitp 
onalar8escaloofthosurIaoes ofequalalrcleualty,leads togultOImprobsbl0 bsrometrlugradlents. 
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Table 13 is then presented for its possible uso in studying, for tho 
individual stations, the annual ortions of the latitude variation not 

from i t  a Kimura torm common to all stations. f wo wish such a 
term, we may take aa representativc the data on tho lust line which 
represents the mean of 18 years at the three stations which have 
observations ovor the entire poriod. The mean is +373 and the 
moan u, is -158. This indicates that the mean annual portion of 
the term for tho  18 years and tho thrco stcltious may bc 
written in the form 

9 duo to the motion of the pole rat % er than for the pur ose of extracting 

2 = + OH0373 COS ~t - 0!’0158 sin ~ 1 ,  

Hore ~t has the same meaning as .on. p a g ~  52 ; that is, if the time t 
be reckoned in days from the b- of the year, then, for t he  
de eo 8s unit, ~=360/365.25. For comparison with this qalue WB haye W a n d ’ s  determination 4 

for the yeam 1900-11, inclusive, determmed from all six stations b 

part Wmlach gots a result eqwvdont to 

or ~ = 0 ! ‘ 0 4 0 5 . ~ 0 ~  (Kt-337:O). 

quite another mothod than one here used. For the annu 3 

the mean values o€ v1 and Va from the et and third lines of 4 able 13, 

z=0?047 COS (~ t -336?8) ,  
or z = + Of0432 COS rd- OP0185 rd. 

A result more proporly compmablo with (2) may be had b taking 

thus coverinm exactly the same statlorn and the same period as 
Wanach. T&e moan o1 is f415 and the mean u, is - 117 so that the 
Kimua term in this case 19 given by 

z= +Of0415 cos rd-OI’Ol17 sin Kt, 

&pression (3) is almost identical with that used by Dyson 6 which 
‘roads 

or Z =  +0?0431 COS (Kt-34403). 

z - + Of041 cos Kt - O?Ol 1 sin ~ t ,  
or 2-0?0424 COS (Kt-344?5). 

The source of Dyson’s expression is not given - i t  presumably C O V ~  
the years 1900-11. The agreement betweon (2) and (3) is oiitiroly 
satisfactory when the differonce between the methods of treatrnont 
is considered, and the agreement botwoen J2) or (3) and (1) may be 
cousiderod good in view Of the ddferenco in the period covered and 
in the stations used. 

We might determine from the adjustment in addition to tho 
constants of the annual motion of the pole tho constants of the annual 

ortion of the Kmura term assumed to bo tho s m o  a t  all stations. 
$he formulas for this case are given on page -. This has been doll0 
for two of the more. comprehensive sones and the results me iven 
bclow the double h e  in Table 12. The Kimura t e r m  dofuced 
from the ad’ustmont resemble the expressions (1) and (3). Corres- 
ponding to 131, we have for the series 1900-11 

Z== +0!’0448 cos ~t-0!’0153 sin ~ t ,  
or Z-0!’0473 COS (~t-341?1), 

4 Resultato Vol. V .is. 
b M o n W  fiotioes,’l!oyal Astronomlcal Socloty, Vol. 78 (isle), p. 457. 
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DBlgMtlon 01 constnnt. 

................................................................... 
a b ................................................................... 
a ................................................................... 
0 ................................................................... 

and corresponding to (1) we have for the series 1900-17, 

Wnnnch. 
Dyson. 

(1) (2) -- 
Of0769 0:0780 :;% O?W1 O?W7 

255% 24590 242% 
105% 10490 16.5~ 

or 
z= +0!’0381 cos ~t-0010162 sin Kt, 
~=0!’0414 COS ( ~ t - 3 3 7 ? 0 ) .  

The a cement between tho results for 1900-1 1 below tho line with 

latter among themselves; the chief discre ancy is in the value of 8. 
The results for the two series balow the {ne are presumed to repre- 

sent average conditions better than any of the other results in Table 
12 * they are, therefore, used in deducin the motion of the undisturbed 
goie of inertia in section 5 of Chapter $1 (p. 104). One conclusion to 

e drawn from this discussion of the annual motion is that the 
elements of the annual path of the pole depend considerably on the 
method of treatment used, and that i t  is ver desirable to have 8 
sufficient number of stations to get a good hol B on tho Kimura term. 
The 3 stations now maintained are just sufficient to determine the 
constants of the annual polar motion and the annual portion of the 
Kimura term, thelatter being assumed to be the same a t  all 3 stations. 
There is no station to furnish a check on this assumption, a condition 
of affairs which it is hoped will soon be remedied; the original 0 
stations were none too many. 

The semiannual portion of the variation of latitude has beea 
included with the annual as being a men3 harmonic of it. The same 
harmonic analysis that gives the annual terms gives the semiannud 

the resu Y ts of Dyson and Wanach is as good as tho agreement of the 

d 

Rssultato Vol. V 211 and 217. 
7 Monlhly kotlcss Boyd Aslronodcal Socloty, vol. 78, 11118, p. 458. 
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terms also. Material for forming these terms is given in Table 14. 
Its form is somewhat different from that of other tables of harmonic 
constants. Only the s’s and c’s are given, not tho amplitudes and 
e ochs (R’s and {’s). This is because the amplitudes and epochs for 
t E e same stiltion diner widely for different series, as indeed the s’s 
and c’s do also, but in such a case i t  is not correct to take the arith- 
metic mean of the amplitudes and epochs for different series to get a 
metin amplitude and a mean epoch for the entire period, while such 
a taking of means is entirely pro er for the s’s and c’s. When a 

ma bo found in the usual way. (see p. 74.) 
qhe quantities in the table aro not the immediate results of the 

harmonic antilysis, but have been corrected for “slo e”  (see p 
and 80) in the sume manner as the uantities in Ta P, le 11, an 1- the 51 

component, bein nearer in period to the somiannual component 
than the ll-monL%, would have 8 much larger effect if i t  existed, but 
as its existence is quite doubtful (see p. 61) no attempt has been made 
to correct for it. 
TABLE 14.-namonic constants f o r  the sem2annual portion of the variations of latitude. 

mean s and a mean c have been P ound, the corresponding R and 5 

effect of the 14-month component hns B con eliminated. The 7-month 

< e i l l 3 O I  
oricsin- 
:lU3k0. 

18o0-05 
Io(xMB-.oo3 
1800-11 
1800-12 
1910-15 
1911-17 
1912-17 

1cm0-06 
1 m o  
1800-11 
1wB-12 
I S 1 4  
1909-14 

18o0-05 
lwxHw 
1800-11 
1800-12 
1010-1s 
1011-17 
1012-17 

Glntion und longitude. sa CY --- 
,I ,, 

-0.m 0 . m  .m + .004 - . o n  + .004 - .013 + .012 - .019 + .017 - .018 + .014 - .020 
+ .008 + .005 + .M7 + .oo - .m - .on2 + .M1 + .Mu - .008 - .005 - .M7 - .Ow 
-.003 -.004 
- .003 -.ow + .M1 - .OO0 + .cot - .M5 + .m - .m + .012 - .a5 + .018 - .003 

Mlzusawa Japan, 
A--14fi 0!3 . 

18oo-05 
1- 
1803-08 
1803-00 
1m-11 
lwxi-12 
1Dox-14 
1OOQ-14 

TschmlJoI Turkestm, 
A---1w’ 60’. 

--_- 
,, ,, 

-0.m 0.m - .008 - .m + .M2 + .001 + .m + .001 + .003 - .012 + .M7 - .008 + .011 - .011 + .013 - .011 

Carloforto Rardlnln, 
A- -8’ iU’. 

1003-05 
1800-00 
1m-W 
1800-11 
1800-12 
1008-13 
1010-16 

+ . M l  - .003 - . D O L  - .Mn + . M 1  - .M1 - ,002 - .007 + .M1 - .ooa + .CKB - .005 + .013 - .010 

Station nnd longltudo. 

loo045 
looO-ml+ 
1ooc-11 
1ooc-12 
1910-15 
1011-17 
1912-17 

Oaithmburfi, Mnryland, 
A-+77’ 12. 

+ .m -.an 
.004 - .oos 
.Ooo - .010 + .001 - .Cia + .012 - .oOa + .008 - .008 + .010 - .008 

Ukiah, Callfomln, 
A-+123O 13. 

The values of s, and c in Table 14 are evidently small and their 
significance is therefore lkely to be obscured by accidental errors of 
one sort or another. Thore appears to be in general a numerical 
increase in these quantities between the first and the last series for 
each station. The values of s, and c, for the lRter series a t  different 
stations somewhat resemble one another .and do not definitely re- 
verso in sign on op osite sides of the pole, a8 they would if the semi- 

As the re_sults in this chapter are incidental to the main purpose of 
this report, it has not seemed worth while to undertake any very 
elaborate discussion of the semiannual component. Elements of 

annual term were B uo chiefly to the motion of the pole. 
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the elliptic motion might be com uted from Table 14, for the same 
series of years as are shown in $able 12, but the only scrios ac- 
tually considered are two representativo ones; tho first is the 
mean result, for all stations, for the years 1900-11, inclusive; the 
second is the mean result, €or threo stations, for the ears 1900-17, 

mulas on pa es 82 and 86, we may write for the semiannual terms in 

from the series 1900-11 

inclusive. From the values of a, b,  cy, and fl as €oun dr from the for- 

tho motion o F the North Polo along tho axes previously specifiod (p, 331 

motion along z axis=0!'0016 cos (2~t-311? 6), 
motion along y a~is=04/0038 cos (2d- 174: 0), 

motion along z axis=O!'OO46 cos (2Kt-351: 2), 
motion along y axis=O!'0010 cos (2K1-45: 4). 

from the series 1900-17 

In these oquations, K and t have the meanings already specified for 
the annual component (p. 52). A result that should be compttrable 
with (7) is that found by Wanach," which covers also the yeam 
1900-11 and is equivalent to 

motion along z axis = O!' 0032 cos (2Kt - 2 3 O ) ,  
motion along y axis = O!' 0031 cos (2d- 175'). 

Equations (7) and (9) agree satisfactorily, difference in methods 
considered, for the motion d o  
the motion along the z axis. %e residuals of (7 and &?):AT ::i 
in Table 16. 

the y axis, but rather 

separate stations m the sense "observed" minus " J justed" are given 

-- 

e 
Rcsldunl by for- I<csldual by for- 

mula (7) - I muln (8)- 
Stntlon. 

Miru.snwa ...................................................... 
Tschnrd ul ..................................................... 
OalthWsburg.. ................................................. 
Clncinnatl. .................................................... 
uldah... ....................................................... 
Mean .......................................................... 

Carlofors ...................................................... 
-73 -11 -85 +1( 
-22 + a .................... 
-08 + 3 -88 +Kg 
-22 --IS .................... 
-10 - 6 .................... 
-413 +zo -a4 +43 
-41 + 0 - i 2  +49 - 

4 Reuultute, VoI. V, p. 217. 



ADDITIONAL RESULTS OF THE DISCUSSIOK. 59 

themean values of v, and v2 bein found as in Table 13. Such a term 
might, like the annual portion o f the Kimura term, bo chiefly due to 
some pcculinrit of the seasonal climatic c cle common to all stations, 

altorationwith tho timo of tho values of s2 and c,, to which attention hns 
been called and which is reflected in the difference between the two 
sets of residuals in Table 1.5, suggost periodic errors in the declina- 
tion as a more probable cause] for the star program necessnrily 
chnn es with the time,and criodio errors may not havo been so 

The magnitude of such period errors, as judged by the systematic cor- 
rections necessary to reduce from one star catnlogue to another,' is 
in general considerably larger than would be given by nn oxpression 
like (8) with vi and v2 of the order of magmtudo of the values in 
Tablo 15. No investigation, howovor, of such periodic errors in t h e  
declinations used by the International Latitude Service has here 
boon attempted. 

It does not seem practicable to formulate in a few words the 
results of this investigation in SO far as they concern tho somiannual 
term, t&s term being small and l d d y  to be-obscurcd by accidental 
o m 0 ~ .  The numerical rosults are rosentod 111 Tablcs 14 and 15 and 

worth. 
Formulas (7) and (8) do not a g o e  a t  nU woll with cach other, and 

the discre nncy would lead one to doubt the reality of a semiannual 
term in t{e polar motion givon by eithcr one of them. Wanach * 
discusses the two hnlves of tho series 1900-11 so arately (by a 
mothod quit0 difFcrcnt from the one here used) and {nds, as regnrds 
the semiannual term, a pasable agroemcnt botwoen tho two halvos. 
No thence infors that tho somiannual tcrm is rcnl and ap roximntoly 
of tho value found for the series 1900-11. To bo surc, t P i o  rcsult for 
tho 24-ycar criod, 1890.5-1914.5, docs not agrco well with tho 
other result, {ut he attributes tho discordanco to tho nuturo of tho 
matorid available before !goo. 

The change with time in tBe spmiannual terms for the individual 
stations soems protty wcll estnblished by an ins cction of Table 14, 

thoro is a semiannual portion in tho Kimura term. !&e mcan vnluo 
of the somiannual portion may bo reproscntod by cs ression (IO), 
with the moan values of v, and v2 from Table 15, or as F ollows: 
Somi-annual portion of Kimura term = + 0!'0072 cos2 til + Of0049 sin2 ~t 

or i t  might be d uo to periodic errors in t ll e declinations used. The 

com#etcly eliminated from t K (3 later star places as from the earlier. 

in formulas (7), (8), and (lo), whic B. are given for what they may be 

also tho fact that, particularly for thelattor part o F tho criod 1900-17, 

=0!'0087 COS (2 ~ t -  145'23). 

BEGTION 3. THE 14-NONTII COMI'ON&;NT OF TIIE MOTION OF TlIE POLE. 

From tho harmonic constants of tho 14-month com onent of the 
SGPWUte stations wo may doduco b a least-squarcs a i justmont the 

motion of the 010. This has been done and the result is set forth 
in Table 1 G .  #his table has tho samo form as Table 12, except that 
the probable error of 0 (indicated by the f sign) is shown in connec- 
tion with 8. This matter will be considered later. 

harmonic constants for so much o 9 the variation as is duo to tho 

1 See for oTampla Boss's Prellmlnery Qeneral Catalogue of 0188 Stars, etc., Wdington  (Carnogle Instl- 

8 Resulteto, df. V, pp. 218-210. 
tutlon), 1810, A eridlx 111. 
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337.4 

203.7 
291.0 

336.7 

320.8 
m3.2 
200.4 
308.6 
283.9 
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0 

38.8 
34.0 
ma 
26.8 
41.4 
43.3 
47.0 
30.0 
34.2 

TABLE 16.-Harmonic wmhnbfor the 14-monthly motion of the I'olc. 
[For notatlon sce pp. 82-88. Epochs roduced to 1ooO. 00.1 

1800-06 0 . .  ..... 
1wM-ooa ....... 
1906-11 0 . .  ..... 
1908-120 ....... 
1910-1s 1).  ...... 
1911-17 e .  ...... 
1912-17 r . .  ..... 
1800-11 d . . .  .... 
1800-17 e. .  ..... 

Ilarmonlc constants for 
moridian of - 

0.131 
.I31 
.200 
.210 
,210 
.179 
.I79 
.I73 
.170 

tule.'  K " 
17- 

Epoch 

P 

- 
0 

32.7 
30.1 
B. 3 
2.5.9 
40.0 
47.1 
62. 8 
20.8 
35.9 

900 \v. 

km )I1 

b 

tudo.' 

- 
,, 

0.141 
.130 
.217 
* 218 
.210 .m 
.170 
.170 

. m5 

Epoch 

B 

310.0 
307.7 
293. 4 
203. 0 
312.2 
310.0 
312 0 
300.2 
303.0 - 

Elomonls of clliptic motion. 
.- 

Scmi-axas. 
-_ 

b l  J o r  . 
A 

0.140 
.l45 
.217 
.210 

.212 

.213 

.177 .1m 

.22n 

- 

__ 
Minor. 

' 1  

0.125 
.125 
.208 

.m 

.178 
,108 . 173 
.le8 

.210 

- 

Ercon- 
ricity. 

15 

0.62 
.KO 
.31 
.28 
.32 
.87 
.O1 
.21 
-30  - 

- 
For major axis. 

- ........ 

Dlrwtlon. 

0 

D O  

59.4 f 4.0 
57.3 f 4.8 
88.0 f1R.6 
04.2 ,tZ. 2 
74.0 f 10.3 
10.1 f 2 7  
10.0 f 1.5 
w. 5 
10.3 

0 0 stations nsd. 
b 4 stations used. 
c 3 statlorls used. 
d Bstntions us&. Monn hnrmonic constants of sopflrato stations found from sorios for 1ooO-05 nnd 1wO-11 

e 3 slations usod. Moan harmonic constants of soparnto stations fonnd from soriw for 10oo-05, 1808;11 
and elomonts of olliptic motlon detormincd from mean constnnlr. 

and 1012-17 and olomonts of olliptic motion dotorminod from mcaii colislants. 

For comparison with these rosults thoro is available the results 
deduced by Dyson and Wannch? Wanach's rosult is deduced on 
tho assumption of circular motion. Tho radius and epoch for a motion 
of this sort aro given under a and a, rospectivcly, and theso should 
bo a proximatoly equal to tho quantities 3 (a+b) and 3 (cr+@-270°) 

Ihrmonic conatants. 

of t rl o elliptic motion for a corresponding period. 

Dmignntlon of coustnnt. 

I 
Wannch, 1900-11. I Dyson. 

- -*  - __-- 
(1) I (2) I Iwo-05 I 1w3-11 

....................................................... ...................................................... ............ ..... 
25?4 

n 
I 

..................................................... ............ 

D son's results W C ~ G  trnnslntcd into the notation of this report 
by t i e  use of his own valuo for tho froe period, 432.2 days. Part of 
tho slight difforenco between tho epochs €or correspondin periods 
may bo due to  tho difforenco in tho freo periods assurncd, fv much's 
value being 432.8 days and for this report 432.5 days. Tho results 
obtained in this report agreo satisfactorily with the results of Dyson 
and Wanach for corres onding periods of time. Tho ellipses dedueod 

general character and to havo thoir axes in tho same genoral direction 
as thoso for like periods in Tublo 16. 

I t  is of interest in this connection to mantion a verification of the 
a and CY for the series 1912-17 coming from outsido tho International 

from Dyson's values o P a 6, a, and @, will be found to bo of the same' 

0 See rcfcroncos in footnotas 0 and 7 ou p. 86. 
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Latitude Service. Obsorvations a t  Greenwich with the Cookson 
floating zenith telescope give a curve of latitude which, whon analyzed, 
yidds tho following expression for tho 14-month term for 1912-17, 

The amplitude differs only O?O12 from tho corresponding a in Table 
16 and tho opoch differs 209, a satisfactory reoment for both. The 

14-monthly polar motion, but, as might be expected, their introduc- 
tion does not chan e substantially the fi ures in Table 16. 

earth's axis and on the direction of the plumb line a t  the place, it  is 
conceivable that tho plumb line of each station may hnvo an individual 
oscillation of its own in a 14-month period, thus causing variation in 
latitude independent of the polar motion. The observations here 
discussed, however, lend little or no support to this idea. An cxnmina- 
tion was made of the residuals from the,adjustmont that furnished 
the data for Table 16; that is, of the residuals from tho 14-month 
components of polar motion andagous to those that furnish the 
E(imura term for the annual variation. The residuals were found 
to be much smaller than for the annual componont and to vary 
y a t l y  from one series to another, iving evidence of being mainly 

detail. The magnitude of the residuals was such that tho probable 
error of s = R sin j- or of c = R cos I, as obtained from the adjustment 
of tho harmonic constants of the 14-month component, may be 
estimated at  f 0!'006 or f 0?007. 

There is one reason for the existence of a 14-month oscillation 
peculiar to each station that may present itself to one considering 
the subject. The motion of the pole changes tho centrifugal force 
over the earth's surface, and the ocoan endeavors to conform to the 
resultin changes in the equipotontial surface, thus producing a 
14-monby latitude-variation tide which has beon investigated and 
detected. If the earth woro covered with water, this tide would 
have the same character a t  all stations in tho same latitude; but the 
earth, not being so covered, the plumb lines of all such stations are 
not equally affected. by the ravitdtional action of the tidal load. 

due to an effect of this sort can not exceed 0!'0001 or O?OOO2 and 
ma thorefore-be ne lo!ted.l0 

enough the data for a possible torm in the latitude variation wi$ 
a 7-month period. The theory of tho variation of latitude does not 
indicah the existence of such a term in the motion of the polo, and 
since, as regards the local periodic dofiections of the lumb line, we 

greater reason tho 7-month term, which would bo merely a%armonic 

O"91 cos ( K t -  4909). ' 

Groonwich results may be introduced into 3 t e dotermination of the 

Since the latitufe of a place depends % 0th on the direction of the 

ue to accidental orrors. Tho resu 7 ts are, therefore, not given in 

A little calculation wll show, % owever, that the difference of latitude 

'&e harmomc anaysis k of the 14-month componont givos readil 

have neglected the 14-month term we should natural P y ne lect with 

~~TholatltudoofnplncoIssu~~,jocttoniil i i~rect Infliicncc duo tothoolTcrt ofthcdlsplncomout oftho polo 
on tho dlrectlon Of tho plumb Uno. T h o  displacomeiit of h o  polo cnusos oqusl chnngos hi tho ooccntrlc 
latltudas of all poliits 111 thosnino morliliuii, but tlmq not cause uc~iiul cbannw I n  tlia pooaranhlc%itltudeu. 
which nro thoquatitltlosdlroctly mcawrd.  Prom 0110 point of %ow thls~llght Inq-uulitflii tho d!engo 
ofgeogra hloletltirdonlong thorruino morldinii mu bo colisldorcd as diio to thuelTuct oii tho lumb liiio of 
the swoliu!!  and denrossions of tho onrtli tldos nrduccd bv  tho dlsnlncomcnt of llic uolo and tyio attendant 
chnn cslntho contrhgal fnrco. A corrwuon I& t h i ~ f ~ t & o u l d - ~ t i o c a 6 a r y  on1 If tho motlon of thopole 
tvorofo bodcduccd from two sots oflulltudostutloiissitualod oiiwldoly soDtrratallpnrellols oflntltudo the 
amount of tho corrwtlon nocossuary toroduco statlolls to latitudo 4.5. as a standard Is ol thoordorof hp.8- 
nItude of O W N 3  and therefore unlmportmt with observations of the praent dogreo of ammcy. 
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of the 14-month term. The 7-month torms deduced from the analy- 
sis give every indication, in spite of all refinements of computation, 
of being due merely to accidental errors. The results of tho compu- 
tation of the 7-month terms are tliereforo not given here. 

The mathematical theory of tho variation of latitude (see p .  93) 
assumes that small changes occur in the position of the earth s axis 
of figure; that is, the axis about which the moment of inertia is 
greatest.I1 Changes of this sort of a roughly periodic character 
would occur because of tho unsymmetrical annual distribution of 
snowfall, barometric ressure, etc. These periodic changes cause 

the period being a ear. T!e polo of rotation does not in 
coincide with the PO T e of figure, but is subject to a forced osci lation 
in an orbit of its own, different from the orbit of tho pole of figure, 
but havin Tho polo of rotation will have in 

the earth were a rigid body, merely by its moments of inertia and 
the angular vclocity of its rotation, or detcrmined for our actual 
earth by tho forcgomg uantities und, in addition, the moan elastic 
moduli of the earth. %his free period is the 14-month period, 
or more definitely 432.5 days. 

Furthermore, theory shows that if tho forced oscillation of tho 

{ein unimportant provided none of them coincidos too near y with 
the Tree period, and if the two rincipal equatorial moments of 

tion, simplo or complex, the frco oscillation would always consist of a 
uniform circular motion of the pole of rotation. If, on the other 
hand, the principal equatorial moments of inertia were unequal, the 
forced oscdlation bein still strictly periodic,. tho free oscillation 

of that equatorial axis about which the principal moment of inertia is 
tho larger; that is, in the meridian of the shorter e uatorial &xis of 

$th a view to detecting a possible inequality in the equatorial 
moments of inertia tho assumption of uniform circular motion was 
avoided in making tho ad'ustment to dotermine t he  elements of the 

motion, even Fexactly circular and uniform, would come out elliptic 
owing to the presence of accidental errors.18 In such a cnse, how- 
ever, there would be no evidence of even approximate constancy in 
tho direction of tho major axis of the cllipso, represented by e in 
Table 16. The variability of 0 in this tabla, and tho sizo of somo of 
the probable CITOI-S,~~ show tho presonco of considerable accidental 

what may bo called a P orced oriodic oscillation of tho pole of figuro, 

Y e r a 1  

addition w B at is called a froo oscillation in a period determined, if 
the same' period. 

periods 
inertia were equal, then, whatever t ?l e character of tho forced oscilla- 

would take place in an e s lipso with its major axis lying in the meridian 

the eoid considered as an ellipsoid of three unoqua 1 axes." 

polar motion 'ven in Ta A lo 16. By such a process, of course, tho 

ole of figure were strictly periodic, the exact period or 

11 This axln may also bo called LAe axh olinortla, and a polo of thls axla may bo tonnod lndifforontly 

1% For thorelatlon botwoon moments ofliiortle lnc ualltlos In tho rad11 of tho goold, and lnequalltlw 
If Dopartuns from nerloct mr%YUcfty in tho froeand forced oscillations aro necoasarUy trontod es accl- 

olthor tho polo of flguro or tho polo oflnortla. 

In ravlty on tho surreco ortho eold ROO IIolmori, IIdhoro (Icndiislo, Vol. 11, chsp. 2. 

dontalerrors. 
*(The larner niobabla errors should not be takon as anvthlnn mare then rndo 8nnTOXimatlonn: thnir 

alzeia due &tho small m n t d c l t y  of tho olllpso, whlch n ~ d l y  rcudera uncortalii tho lccntion o l i i s  
malor exkj rather than to  the greator Inuccuracy of the undorlylnfi obsewatlons. For theno lor cr orrors 
thoassumrhlon madoln derlvlng tho formulos, iiemely. that chanpnsln 0 may botrrstcd 8.9 dlfhontlals. 
nolon or glvoa a good 81) roxlmatlon lor a changeln 0-of tho slao ol tho lnrgor probablo crrors In connc& 
tlon wkh all theso nrob&lo errnrs. largo and small. It should bo rommborod that thov lniludo nolthor 
the orrora oltho asehptlon that tho varlatlon ollatltudo liroprcsont8blo by hnrmonic torm8-d tho ldnd 
hereused nor tho orrow of tho conventions by whlch tho nctllloua observation OquoUons waromtroduccd. 
(8eep. 87.) 
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an eccentricity like 0.3G in Table 16, which is just twice Schweydar’s 
value deduced from Helmert, implics a ddl’erence between the 
semiaxes of the earth of four times that found by Helmert, or 920 
meters. Second, there seems to be a tendency as series are made 
longer for the eccentricities to decrease, indicating that the larger 
eccentricities are at least partly duo to accitlontal errors. Of course, 
if all eccentricity were due to error of this sort, we should expect 
the directions of the major axes to be scattered all o ~ e r  a semicircle, 
but this is not tho ctise. This tendency towtird eccentricities dimm- 
ishing as the length of series increases may be noted in the series for 
1900-1 1 which gives the smallcst ccccntricity in the table, smaller 

l7 thc series for 1900-05 and 
1906-11. The series 1900-17 s rts, ows the surne tendency, yielding an 
than either of its component 

eccentricity less than the eccentricities of two of its three component 
parts,’8 the series for 1900-05, 1906-11, and 1912-17. 

By balqncin these two opposite tendencies we are led to see in 
the figures of %able 16 a rough confirmation of Helmert’s goneral 
result, which is all that the data now available will ield. Porha s, 

equatorial semiaxes rather router than Ilelmert’s adopted result, say 

90’ west longitude for the direction of the axis o the ellipse of free 
polar motion are both subject to  a correction for the unsymmetrical 
distribution of land and writer and its effect on tho yielding of the 
ocean waters to the ccntrifu ul forces arising from the dis lacement 

until Of the t Clem ‘s corroction has been further.investigntet1. It appears t o  
bo rather small. If tho number of latitude stations could be rnnin- 
tained a t  six or more over a consiclorablo period, i t  should bo possible 
to get a result for t h o  fi uz‘o of tho oarth having as groat an appurcnt 

the SUE icion of systematic error i u e  to the fact that gravity observa- 
tions, feing a t  present confjned to land, covor only one-fourth of 
tho earth’s surface and arc much affcctcd by local topography and 
geology. 

on the whole, the latitude observations indicate a &Terence in t R e 

300 meters or even more, rat % er than 200. These fi ures and the figure 

(Seo p. 101.) % o definitive results aro thoro P oro stated 

dcgroe of accuracy as t a o gravit observations give, and free from 

f 

SECTION 4. CONPONENTS OF LONGER PERIOD. 

The annual climatic cycle appears to be the fundamental cause of 
the forced annual oscillation of tho pole, though there are difficulties 
in obtaining an accurate evaluation of all tho effects involved.l0 
Other climatic cycles are known or suspected and it is natural to look 
for their effects on thc motion of the pole. An extended study of 
tho subject would be Yuite be ond the scope of this report. All 

by extending slightly somo work done by Wanach.20 Attention was 
that is here attempted is to uti P ize a pcriod of observation available 

~- ~ 

17 Thls rasult Is not unreaeonnblo but arism partly from tho dlflorence In dlrectlon of the ma or axps. 
A slmplo extremo caw will illuutraie. s u p  ose two q u a l  conaontric elli sc9 ot smell eccantrdiw with 
major axes at rlght angles to onennother an8 let a curvo bo drawn wlth rdusvector equ111 to tho mean of 
tho two radiivectores. XcglectIng the fdurtll powers of tlioeccmtrlclty, thenew curvowilllwaclrcle,l. o., 
nnelllpseofeccentricit rero. 

]#The eocontrlcitlea &om tho flrst two component parts a8 sot down In the same table come froin SIX 
statlona not from t&o and nro thoroforo not strictly com’pernble wlth tho scdcs leoO-l?. 

1P BchAeydar: Zur Erlhrunbdcr Dewepn dor Rotstlonspolo der Erdc: Bltrungnherlehte der Preussl- 
whon Akadedo dor Wlqgonschftoo 1010, p. !S7. JoRra s: CaUm oontrlbutory to tho annual varlntlon 
of latltudo: Month1 Notlcos of thohoynl Aslronomlea~80cloty, Vol. 76 (lOlO), p. 409. 
10 Reaultate, V o l . t ,  p. 217. 
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drawn by hgenheister 21 t o  periods of 3 and 6 years which he found 
in the hei hts of the barometer at  a chain of 9 stations encirclin the 
globe. I&I gave also some estimates to show that these inequafities 
in barometric ressure might roduce sensible effects in the motidn 
of the pole. $here is a perioi of about 3 years in the behavior of 
sunspots with which the 3-year barometric mequality is presumably 
connected. 

It is not difficult to utilize the monthly readin? of the latitude, 
already used in obtaining the annual component, or the UT ose of 
obtainino terms in the latitude whose period is some mu P P  tip e of a 
year. 15 study n possible 6-year term the readings of three consec- 
utive months were grouped together and the mean treated m a 
single reading; this gives 24 readings in a 6-year period, and at  
Mizusawa, Carloforte, and Uluah, the 18 years of observation gave 
just throe such periods. The second harmonic of the 6-yearterm 
gives a &year and the third harmonic a 2-year term, which was 
also derived, although no 2-year period was sug ested b. An - 
heister. The augmontin factors for the amplitu d es and t K f i " "  e re uc- 

necessary b the uso of 3-month groups as single observations, are 
easily founi! (see p. 79). 

From the harmonic constants of the 3 stations the corresponding 
motion of the polo was then deduced. Let x, ,  x2, and x3, denote the 
resolved portion of tho polar motion on the x axis (Meridian of Green- 
wich) duo to tho 6- ear, 3-yoar and 2-year terms, respectively; the 
subscripts denote t l o harmonic order of the term with the 6-year 
term as fundamental; let yl, y,,. and YS denote the resolving portions 
of alar motion of tho same periodson the j j  axis; for theso terms tho 
f o l ~ w ~ g  were deduced w t h  whch are shown Wanach's 
viilucs for cornpiirison. 

ADDITIONAL RIESULTS OF THB DISCUSSION. 

tion of the epochs to the % eginning of the year 1900, both being made 

m o d .  This iuv65tlgation. Wanach. 

.............................. -n:o223cos Xf /O  100. . 
........................... =0!@33R COS ~t/3-126'). 

............ ........................... - 0 . m  COS [ K f / o - a @ ' ] .  

.............................. -0!0170COS [rt/3--8'). 

I 
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set of ex ressions is another question. The %year terms seem to be 
merely t E e result of manipulating figures. The 3-year terms in the 
expressions for the polar motion reproduce better the terms of like 
period a t  the several stations from which the formor wore derived 
than do the terms in the polar motion with periods of ‘2 or 6 years. 
The mean residual (without regard to sign) in the 6’s and c’s of the 3 
stations is 000058 for the 6-year terms, OI’0027 for the 3-year terms, 
and O.UO088 for the 2-year terms. 

The summation for the 6-year componont afforded a partial check 
on the numerical work. The sixth harmonic is, of course, the annual 
componont. The annual term so obtained, when all corrections have 
been applied, should be equal to the mean result of the three con- 
secutive 6-year series already obtained, namely, 1900-05, 1906-11, 
and 1912-17. In  takin the mean of the three it is more accurate to 

of this check were entirely satisfactory;, tho epoc s agreed within a 
fraction of a de ee and the amplitudes withm EL few units of the 

in the computations. 
The fifth harmonic of tho 6-year component comes out very large; 

it is explained by the fact that the eriod of this hnrmomc, 1.20 

the two periods c f  o not separate much in the course of 18 years. The 
fifth harmonic can, in fact, bo made to furnish an approxunate value 
of the 14-month term, thus ailording a rough check. 

R average the c’s and s’s t % nn the amplitudes and e ochs. The results 

fourth decimal o !? a second, that being the last decimal placo retained 

years, is so near1 that of the 14-mont E term, or 1.184 years, so that 



Chapter V.-SUMMAKY AND CONCLUSIONS. 
The rate of apparent increase in the latitude of Ukiah found by 

Prof. Lawson, 0?0094 per year, is reduced to 0?0081 per year by 
-the ap lication of a more accurate method to the same material as 
Prof. Eawson used. Neither rate is tg  be further increased on 
account of any supposed change in the zero from which changes in 
latitude were reckoned. 

To make sure that the apparent increase is not due to the star 
plams used, the other stations of the International Latitude Service 
wore examined for possible changes of latitude similar to those at 
Ukiah. The definitive latitudes of the International Latitude 
Service from 1900.00 on mere used so far as available and then the 
provisional latitudes thou  h the year 1917. The details of the 
methods used am given in b a p t e r  11, p es 8 to 30. The results 
for all stations are given in Tables 8 and 9. %hese tables indicate that 
the increase in latitude at U k i h  is in no wa 
stations exce t Mizusawa showt on the who 
in latitude t oughout the eriod covered, 
latter part of that period The 
aver e rate of increase of Gaithersburg usually exceeds the average 
rate 9 o Ukiah over liko periods of time. The rate of increase of lati- 

method used and the period covered. The rate a t  Gait E emburg to the 
tude at  Ukiah varies from Oi’OOG3 to O.UO260 a year accordin 

varies from 0!/0083 to OYO218 a year. The larger values just men- 
tioned for the two stations are too uncertain to be used as a bagis 
for any trustworthy conclusion. The more reliable rates are not 
far from the rate of O.UO081 already found. (For particulars, see 
Tables 8 and 9.) 

2 L 
izusawa also shows an increase. 

e7 
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mination of the polar displacement. The effect of the re'ection is 

period 1900-1917 to about 0?0062. The direction of the displaco- 
ment is a few degrees nearer to tho meridian of 90' west than the 78' 
just mentioned, the direction apparently varying somewhat during. 
the period tested. For wference to  the article containing the 
revised calculation see the last paragraph of the introduction, page 2. 

In regions situated on meridians near1 at  ri ht angles to the 
meridian of 78' west the shifting of the PO i e wo 2 d have Qracticdy 
no effect on the latitude. One such region is evident y western 
Europe, which ie just the region where the longest series of accurate 
observations have been made. These observations would then be of 
little use in deciding whether or not a polar displacomont of the 
general nature of the one here deduced has been going on for some 
time in the past and might therefore be expected to continue for 
some time in the future. The shifting of the pole during the years 
in question may be due to a combination of periodic torms having 
periods of a few years or a few decades, terms whose existence has 

to meteoro- 

to increase the annual rate of displacement of tho NorthPo 1 e for the 

not yet been established but which 
lo ical cycles of one sort or 

and might even be reversiq 
&ah might indicato that 

tude a t  d i a h ,  and at all other stations of the f ntcrnational Latitude 

Prof. Lawson's h pothesis in general; t R e question in this intesti- 
gation is simply t K e interpretation of the astronomical ovidenco with 

Skiah is not absolutely excluded, But if a creep exists, its e 8 ect ? 

Lick 0 g servatory is reproduced on page 44. A rate of change of 

value of the entire result is rendered doubt Pi3 ul y a P ack of homoge- 

on this oint is not conclusive. 
This si f t ing of the pole toward the American continent combined 

with a change in the average proper motion of the stara used of 
about the same magnitude (see values of w in Table. 10) appears to 
be a fairl satisfactory explanation of the ap arent increase in lati- 

Service during the period in uestion, without invoking tho effects 
of II creep of surface strata. ?So attem t is made to pronounce on 

s ecial reference to Ukiah. 

appears to be subordinate to the effects of polar motion and of errors 
in the assumed proper motions of the stars. A brief discussion is 
given of the geophysical questions involved in a possiblo progressive 
shifting of the pole (p . 39 to 42). 

The assage in Prof Lawson's article dealing with the latitude of 

latitude of Lick Observatory before and after September, 1903, is 
deduced b least-squares adjustments from the data used by Prof. 
Lawson. 5ates of mcrease as found from these adjustments resem- 
blo those deduced by Prof. Lawson by a a hic rocoss, but the 

neity of the declinations used. There is some evidence in the lati- 
tudes themselves of a sudden docrease in the latitude of Lick Obser- 
vatory in Septomber, 1903, about the time of asevero local earthquake. 
Some decrease of this general nature is accepted as fairl plausible 
by the director, Dr. Campbell, but is doubted b Mr. Jucker, the 
astronomer who made the latitude observations. &angulation exe- 
cuted both before and aftor 1803 gives no clear evidence of a shift 
in the If this sudden decrease be 
accepte8 there is then evidence, based solely on star$ belonging to 
a single dechation system, that the latitude of Lick Observatory may 

The h pothesis of a surface Cree 

osition of Lick Observatory. 
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have increased rogressively at  about the rate due to the motion of 

for any extended eriod renders any very definite conclusion on the 
sub’ect rather &cult. 

d e  harmonic constants derived in the course of the work to re re- 
sont the variation of latitude a t  the various stations are correcte c f )  for ,  
dl known sources of error and the dehitive results are given in 
Tables 11 and 14 ( p. 51 and 57). 

composed of the motion of the ole with an m n u d  porioi and to 
various other effects not due to t R e motion of the pole and to a Np 
tain extent different from station to station. These other effects are 
lumped together as the annual part of tho Kimura term. The annual 
portion of the motion of the ole, as deducod from an adjustment of 

the way in which the Kimura term is treated. The results for thb  
annual motion considered to be on the whole the most satisfactory 
are given in the two lower lines of Table 12, on page 53. They wee 
satisfactoril with results deduced by other mothods by Dpon and 
Wanach. &pressions for the annual portion of tho Kimura term itself 
are given b equtitions (11, (31, (51, and (f.3, ( p. 55 and 56), agreeing 
satisfactor& with Wansch’s and Dyson’s resull)ts, equations (2) and (4). 

Harmonic constants for the semiannual term are given in Table 14 
(p. 57). Attention is called to an mcrease m the amplitude of this 
term toward the end of the period treated. It is suggested that some 
of the semiannual effect may be part of the Kimura term and may 
be due to s stomatic errors m the dechnations having a period of 12 
hours of rig % t ascension. Tho annual motion of the pole is shown in 
figures 14 and 15. 

The motion of the pole in its “€reo’.’ period of 432.5 days is deduced 
from the harmonic constants for ths term n t  the several stations. 
There is no evidence from tho obs,erqations of any effect of this period 
in the Kimura term and no a priori reason for an effect of ths sort 
large onough to bo considered. Hnrmonic constants for tho motion 
of tho pole in the free criod are given in Table 16 (p. 60). Tho 
results of Dyson and d n a c h  deduced by other methods are iyen 
for com]pmison; they agree satisfactorily Bs ftlr &9 they go wit the 
results in Table 16. 

The chief point of interest in Tnble 16 is the direction of the major 
axis of tho elli SO of polnr motion. Tho results rnry considerably 
and are affectefby large probable errors, but a direction not far from 
tho meridian of goo west of Greenwich ~ s ~ p r e t t y  clearly indicated. 
This longitude is the longitude of tho a m  of the.large;r principal 
equatorid moment of inertia, if there is an pcrcoptiblo. dlfforenco in 

correspon& to the shorter axis of the ge+d considered t\S QII ellipsoid 
of three unequal axes. Tho eccontiwty. of tho OfllPSO of polar 
motion affords a means for doriving the d 8 e r t ~ ~ e  betwee? the two 
equatorial moments of inertia or betwen the corrosponhg e ua- 

ably but geem to indicate, on the whole, a difference between the two 
equatorial radii of the order of mapltudo of 200 O r  300 meters.‘ 

the pole given a g ove. The lack of homogenoity of the declinations 

The portion of t R e variation of latitude having a annual eriod is 

the harmonic constants of t K e several statlons, rvaries according to 

the princi a1 equatorial moments. The 9 a q p  principal moment 

torial radii of the geoid. The eccentricity of Table 16 vary consi 5 er- 
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These results (radius of the equatorial ellipse in lon tude 90’ W., 

a ree rough1 with the results of I-Iclmert from rnvity observations 

determination of these quantities from the latitude observations is 
necessarily rough, and an accurate rosult  would rcquire a lbn series 

lausibility to Helmert’s conclusions because the latter a pear to con- 

to be erhaps open to suspiciou on account of systematic topographic 

&e oiservations were exarmned with a view of detecting possible 
terms in the motion of the pole having periods of 3 or 6 years, there 
bein some a priori reasons for expe.ctin,a terms of this sort. The 

They are compared with results obtained by a different method by 
Wanach from a 12-year interval but based on all 6 stations. The 
two results of the two discussions are compared on aoe 65. Some 
little resemblance between the two has survived the &#erence in the 
stations used, in the method, and in the period covered. This resem- 
blance, combined with a priori considorations, appears to be ust about 

but the values of their amplitudes-and epochs are far from certain. 
The motion of the undisturbed pole of figure as deduced from the 

annual motion of the ole of rotation is given on p es 105 and 106, 
figures 14 and 15. “&e amplitude of the motion o the undisturbed 

ole is much smaller than that of the pole of rotation, and its motion 
fess accurately determined. 

It a pears to the writer, as a result of this investi ation, that it 

tive latitudes become available for the years after 1912.000. 
It also ap ears unfortunate that the number of latitude stations 

a region where the ground is supposed to be unstable. Three stations 
are just enough to determine the harmonic constants of the annual 
motion of the ole with the annual part of the Kimura term included, 

rogressive 

proper motion in declination (the w of Chap. 11, p. 33). Again, 8% 
tional stations to serve as a check me impcrativo if the results are to 
be considered aa reully certain. 

The complications introduced by the declinations in delicate 
researches on the motion of tho pole are such that it is desirable to 
be independent of declinations if possible, even at  the expense of the 
inaccuracy of dayhght observations. I t ,  therefore, appears desir- 
ablo to determine latitude from observations on circum olar stars 

aticall and as frequent1 as possible, and the results for each star 

have a chain of latitude observatories all on the 
well-equip ed and well-staffed observator out- 

variation of latitude. 

200 or 300 meters shorter than tho radius in longitu 9 e 0’ or 180’) 

(%ortest ra B ius a t  107’ W., difference in radii o f 230 mcters). The 

of observations, but even the rough result is of value as f ending 

k c t  with our ideas about conditions in the interior of t P ie earth and 

or PO P o ic effects in the gravity observations. 

resu k ts are obtained from thrce stations over an 18-year interval. 

sufficient to  render fairly probable the existence of terms o t‘ this sort, 

would 7l e desirable to repeat some of the calculations w en the defini- 

should have g een reduced to t h e e  and that one of these should be in 

and additiona P stations to serve as a check are highly desirable. 

shift of tho pole combined with a constant correction to t R e aver 
Throe stations are just enough also to dctcrmine a 

at both culminations. The observations should be ma f; e system- 

at eac i observatory sho 9 d be discussed separately. In  this way it 

Zone wo ;P d be able to contribute results o P value 



Chapter VI.--MISCELLANEOUS MATHEMATICAL DEVELOP- 
MENTS. 

This chapter contains various mathematical developments regard- 
ing the details of the calculations previously referred to. The mathe- 
matical notation of each section of the chapter is independent of 
that of the other sections. 

BECTION 1. B U M S  OF OERTAIN TRIGONOMETRIU BERIES+LEARAN~~ 

The following formulas for the summation of a series of sines or 
cosines of angles in arithmetical progression are continuall needed 
in the developments of the harmonic snalysis. The prooi  will be 
found in almost any work on analytical trigonometry. 
sin a+ sin ( c r + ~ )  +sin (a+ 2/31 +sin (a+ 3/31 

FORMULAS. 

+sin [a+ (n- 1)8] 
B 
2- (1) 

COS a+cos (a+B) +COS (a+28) +COS (a+3@) * * - +COS [a+ (n- 
(2) 

When np equals 27r or a multiple of 27r the sum of the terms of the 
left-hand members of (1) and (2) is evidently zero. 

Let us multiply equation (1) by 3, then in (1) replace a by a+ 8, 
multiply the equation after theere lacement by 3 and add to the first 

it except tho l r s t  term of tho first senos and the lust one of the second 
series; by combining like terms we find 

result. Evor term in each series K as a term in the other exactly like 
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Formulas (3) and (4) apply to the case fre uent in ractice where 

On 

a set of ordinates is to be summed with only ll alf weig R t assigned to  
the ordinates a t  the beginning and end. 

nge 5 formula (4) is applied to an expression of the form 
A cos ?&-cy). Fifteen ordinates are used, or n= 14. It is assumed 
that K t  = 2a when t = 432.5 days, this being taken as the length of the 
free period of the latitude variation. Then dividing this period into 13 

432.5, 2 x - 9 etc., days, we find parts, corresponding to t = 0, - 432.5 
14 14 

+ A  cos (0 -LY) fA  cos ($-a)+n cos ( 2 X Z - a )  * * * 

2n 

B the 
Again we use the same value of K but instead of extendin 

ordinates over 432.5 days we extend them over exactly 14 mont s or 
rather 14/12 of a Julian year, that is, 426.125 days. Then putting 

426.125 21  
432.5 14 

for brevity 

we find 
Y = - x -a 0.14075 l~ = 26 ?3353 

+ A  COS (0 -a )  + A  COS (7-a) + A  COS (2 7-a) * . * * + A  COS (137-CY) 
++ A cos (147-4 = A  cos ( 7 7 - 4  sin 77 cot 

Y The numerical value of sin 77 cot comes out 0.206; therefore, since 
cos ( 7 ~  - a) is never numerically greater than unity, the mean of the 

0 2064  fifteen ordinates (end ordinates half weight) cannot exceed + 
=0.015 A ,  as stated on page 5. 

a os 14  and 17 for clearing the mean latitude 
over a given per iof8om the effect of one component are easily 
derived from formula (4). Let us consider fist the formula on 
pa e 14. 

f e t  us represent the 14-month component whose effect is to be 
removed from the mean over a year b R cos (~t-l') where f' 

If the time is reckoned in months ~=25?33526,  and t takos on the 
values 0, 1, 2, 3, . . . 11, 12. 

CY= -[', /3=25?33526, n= 12, 

The formulas on 

is the when the time is reckoned from t z e beginning of the year. 

We have therefore in (4), 

and the mean of the 13 terms (first and last half weight) is 
& R cos ( 6 ~  - c') sin 6~ cot +K.  ( 5 )  

The product sin 6~ cot + K  is independent of the harmonic con- 
stants of the 14-month com onent; its vnlue is 0.174, of which the 

1900.00, the latter being indicated by the absence of n prime, wc 
have for the change of phase in one year 12K= 304.023. Therefore tho 
phase falls behind in one year by 360'- 304?023 = 556977, which is 
the amount by which the 5 reckoned from the beginning of any ycar 
exceeds the [ reckoned from the beginning of the previous year, or 

{' = 5 + 55?977 n, (6) 

logarithm is 9.2405- 10. l! o connect the f' with the { reduced to 
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where n is the number of years elapsed since 1900.00. Since 6 K =  

l52'?0, expression (5) becomes 0.174 R cos(152?0-S.-55'?977n). 
This expression is contained in the mean as taken; to clear thc mean 
it must be subtracted, or the an le may be increased by 180' and 
the resultin oxpression added. h i s  process gives for  the quantity 
to be adde! algebraically to clear the mean over a year from the 
effect of the 14-month component the expression: 

MISCELLANEOUS MATHEMATICAL DEVELOPMEKTS. 

+0.174 R cos (33200-{-55?977 n). (7) 
A similar process is used for deriving the expression to clcnr tho 

mean over a 14-month (432.5 da ) period from the.effects of the 
annual component. The result w K en 13 values enter into tho mean, 
with half weight to the first and last, is 

In  (8), R and are the amplitude and epoch of the annual compo- 
nent;f is tho interval expressed as a fraction.of a year from the begin- 
ninv of the year to the beginning of the series; that IS, to the time 
of &e first value of the set of which the mean is taken. 

+0.142 R C ~ S  (213'?1-f+360°f). (8)  

B E C ~ O N  2. IIARMONIO AKALYSIR-ELIMINATION OF THE EFFECT OF 
OXE COMPONENT ON ANOTHER 

I t  ma be well at  this point to call attention to the two-fold use of 
the wor8 '' componont." The context will show which use is meant. 
There is the ordinary use according to which we speak of tho com- 
ponent of any vector quantity in a given direction and there is another 
use, very fre uent in this report, borrowed from tho theory of the 
harmonic ant&& of the tides; in this sense a component is simply 
ono of tho eriodic terms inlo whch tho mathematical exprcssion 
for a perio c r  ic phenomenon may bo sc arated. One component is 
distin uishcd from another by its perlog and a component of given 
perio lnay comprise all arts of the muthem.atica1 OX ression having 
that period or its submu tiples but not multiples of t e period.' In  
practicc, howover, those periodic terms or componentp aro limitod 
to harmonic terms, and, therefore, are not soparuble Into terms of 
shorter period. 

In thls report, in conformity with the practice adopted in the bar- 
monic analysis of tides, these components are assumod to be of the . 
general form R COS (at- c). The quantities R, a, and c, are constants; 
t is the time. R is c&d the amplitude of the component, and is 
always taken positive; its hysicai dimensions are the same as those 
pf the quantit ropresentod: ' The quantity a is cnllad the spcod and 
1s related to t{e period P of the component by the equation a P = h  
or 3600 according 8s radians or do rees ?re usad in. the computation. 
The speed of 0110 
tho two s eeds 

P R CF 

f e  a simple multiple of another, or 
incommensurable. ,The quantity 

on the origin from which 
the orwn-of time to the 

the mtervd bclng of coume 
degrees or radians of which there are respeotlvely 360° or 27r to a 

o s & ~ ~ y  e r a l u d ~  , v i a  porlods of 8 months. 4 month% 8 month eb. A term hth a 
Pot Oxamplo @Mw] con  onont b88 8 tom d t h  8 Period Of 1 Ym* 8nd m y  have toms if tho 

latter 
period of two or t b  yoam wodd not bo 8 part of the annual oo*ponent* 
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period. The quantity 360’-t represents the phase at the origin of 
time of the periodic variation represented. 

The quantities R and f are called the harmonic constants of the 
particular component in question. In  this report all t ’ s  as finally 
given are reduced to the be inning of the year 1900 as origin of time, 
regardless of whether the o f servations from which they are deduced 
include the yew 1900 or not; the a plication of this reduction to 

itself indefinitely. The expression Rcos(at-()  may be ex anded 
into R cos t cos at +R sin I: sin at= c cos ut + s sin ut, where c=$ cos f 
and s=Rs in r .  The quantities c and 8 are also sometimes called 
harmonic constants. 

The relations among these four quantities R, t, c, and 8,  may be 
represented gra hically. Take rectangular axes OC and OS (fi . 11). 

R and f will be its polar coordinates, the pole being 0 and the initial 

1900.00 assumes of coursso that the p ?I enomenon represented repeats 

If c and s be ta K en as the rectangular coordinates of a point 8 then 

FIO. 11.--Relation among various sots of harmodic constants. 

Tho r’8 in tho flguro ropreeent the R of tho text. 

h o  OC. A change in the origin time chan ea the t by an amount 
roportional to the interval between the o k d and new origins, but 

.Eaves the R unchanged. If the quantities reckoned from a new 
origin of time be given primed letters to distinguish tho corresponding 
quantities reckoned from the old origin and written without prunes, 
we have for 8 the difference between the s’s, 

e =  I;- .r’ = a( t -  t ‘ )  = (1) 
We have also, 

c’-R COS f - R  COS ( l - e )  
= R cos 
==c COS e+s sin 0. 

s t =  - c  sin o + g  cos 8. 

coa e+  R sin 5 sin 8 
(2) 

(3) 
Other writers sometimes assume as standard forms for the har- 

The 23’s 

Similarly, 

monic terms, R cos @+a), R sin (at-?), R sin (ut+a). 
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are of come  the same in a.ll four forms. Wanach uses the last- 
named form in the Resultate des Internationalen Breitendienstes, 
Volume V. The relation betweon the Z used in this report and 
Wanach’s 7, is 

(4) { + q = 90’ or 450’. 

Let us now suppose for simplicity that the effect to bo analyzed 
has two components only; that is, we are given a number of values 
Yo, yI, yz, y3, etc., of the expression 

(5)  

The object is to determine the 
values of the amplitudos A and B and the epoch’s t1, and la, or else 
the c’s and $6, from which the former set of quantities may be 
deduced. In theory four vdues of y would suffice to detarmine the 
four quantities required, but in practical ap lications of the harmonic 

tion from four values of y would be of little use,. particularly if the 
corresponding times were near to  ether: In practice either the values 
of 7~ are given a t  uniform interva 7 s of time or else a curvo is available 
f rom whlch may be road the value of y a t  any time. The latter case 
1s tho one treated here. 

To find c, and S, (or A and rl) it is convenient to tRke a uniform 
interval betweon the values of equal to some submultiplo of the 
period of the first term. For do & iteness wo shall carry tho reasoning 
through with the number most frequently used for the purpose in 
this report namely, 12; that is, we take curre readings at  intervals 
of one-twekth of the period of the first term. 

we denote these readiny in order by YO) YU Yaj  etc., and arrange 
them in 12 groiips as fo lows: 

MISOELUNEOUS MATHEMATICAL DEVELOPMENTS. 

y = A  cos (mt-ZJ + B  cos (+-rJ 
= c, cos mt +am sin mt + c,, cos nt + sn sin nt. 

The speeds m and n aro known. 

analysis the yls  are 80 affected by accidenta P errors that a determina- 

For ths interval 
mt= 360’/12=30’. 

VaIUO. Group nomlm. I Vduo of mf. 1 Rendlry. 1 
-----------.-.--___ 

.............................................. ................................................ . . . .  o . - -  
............................................ . . .  . . . .  
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Yo=cm COS Oo+sm sin O', 
Y ,  =Cm COS 30' + s m  sin 30°, 
Y,=c, cos 6Oo+sm sin 60°, 
- -  _ - - - _ _ _ - - - _ _ - - - -  - -  - - - - - -  - -  

' (7) 

The values of i in the summations range from 0 to 12 p -  1. Equa- 
tions (11) do not give the true value of Cm and 8 m  but tho valuos of 
certain approximations to them; let us denoto those approximatiom 
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8s computed from (1 1) by cm' and gm' and reserve the symbols without 
the prime for the true values. From the second form of ( 5 ) ,  by 
writing 2 for 30' 

'y, = c, COS (i 30') + sm sin (i 30') + cn cos (k) cos (i 30') 
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that terms in F are dropped entirely. With sin @-0 and terms in 
Fdropped the approximation (17) still holds good. 

Even when these conditions do not hold, equations (15) and (16) 
are still useful. Let us evaluate known portions for a case needed in 
the variation of latitude, namely, when the first term of (5 )  repre- 
sents the annual component and the second term the 14-month com- 
ponent and when p = 7. .The value of x is 25?33526. We find 

e =  136041, 
@ =  166?41, 
F-  0.591, 
f = 6.740. 

If the 14-month component had n period of precisely 14 months 
(14/12 years) instead of 432.5 days, the 7 years would represent 
exactly 6 periods of 14 mohths tho value of @ would have been 180” 
and terms in sin 4, instead of being meroly small, would have been 
zero. With theso values using the subscript a instead of m for the 
annual component and tho subscript b instead of 7~ for the 14-month 
component, we got from (15) and (16) 

6 ~ 8  f0.4374 ~b-0.0840 Sb=&‘, 
65,+0.1422 Cb-t 0.4085 Sb=6sa’. 

The right-hand sides of (18) represent the results of the ordinary 
uncorrected means of tho groups shown in array (6). 

Let cm and sm now rcfor to  tho 14-month component and c,, and 
s,, to the annual and let us suppose curve-readings taken a t  inter- 
vals of one-twelfth of the 14-month period, tho first reading, 
coincidingwith the first readingfor tho annual componont. If we ma e 
p -  6, we are covFrin an interval of 6 ~ 4 3 2 . 5  days, or a little over 7 
ycurs. We find in t P lis way, rememberin that wo must use b for m 
and a for n in tho subscripts of (15) und 66)  

6Cb+0.5852 C,+O.1429 Sa=6Cb:, 
6~b-0,1668 ~,+0.4886 Sa=6Sb . 

The right-hand sides of (19) are known from the uncorrected results. 
of the usual process of forming roups and means and anhlyzing them 
for the 14-month component. %quatiow (18) and (19) give fourlin- 
ear equations for deducing the true values of ca, cb, sa, and sbfrom their 
uncorrected values co’, c b  , 8,’) and 8b’. The solution of them gives 

Ca = + 0.1679(6~,’) +0.0001(68,’)- 0.0122 ( O C ~ ’ )  +0.0023 (69b’), 
88 = + 0.0000 ( 6 ~ ~ ’ )  + 0.1679 (65,’)- 0.0040 (6Cb‘) - 0.0139 (6~b’), 
cbE:  - 0.0164(6~,’)- 0.0040(65,’) +0.1680(6~b’) +O.o001(6Sb’), 
8 b E  +0.0047(6~~’)-0~0137(6~~‘)- O.OOOO(6Cb’)+O.1679(6Sb’). 

These are equations used in clearing ono component from tho effect of 
another for n so-called 7- ear series, which means that betwoen the 

11 months (6.917 years) and between the first and the last rending for 
the 14-month component 7.005 years. The results aro writton in 
terms of tk,’, 6cb’, etc. , rather thun in t e i m  of plain ca‘, cb‘, because 
the former quantities appear on tho forms for harmonic analysis, 
and the form adopted saves a division by 6. 

The ap roximato o uality obtained in this way betwoen the 

first and the last reading P or  tho annual component thero aro 6 yearn, 

periods o P time coverel in tho two sets of readings is desirable in 
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piew of tho fact that tho so-called harmonic constants are, in fact, 
somewhat variable and that tho valuos obtained foy them should bo 
considered merely as moan values for tho periods in quostion. 
equality holding to about tho same degreo of approximation as the 
One just considored is G yoars -five 14-month periods. The interval 
betwoen the first and last curve readingsis 5 yoars 11 months (5.917 
pars)  for tho mnual component and 4H X 432.5 days = 5.821 years 
or the 1Pmonth cornponont. This is tho so-cahd G-year series. 

Th? oquations for deducing the corrected values of c,, cb, etc., from 
their uncorrocted values aro found for the G-year series to bo 

MISCELLASEOUS MATHEMATICAL DEVELOPMENTS. 

ca= f O.~G~G(GC,’) - 0.0001 68,’) + O.O106(6~b’) f O.o032(6Sb’), 
%I $0.0000(G~,’) +0.1677 68,’) -O.O027(6cb’) fo.o126(6Sb’), 
cb‘ -I- 0.014G(Gca’) - 0.0051 (68,’) +0.1677(6Cb’) - 0.0001 (68b‘), 
8b‘ +0.0033(6~,’)  +0.0128(G~,’) f0.0000(6Cb’) +0.1677(G~h’). 

inssing from 
Equations (20) and (21) are the formulas used in 

columns 3 and 4 of Table 3, 
I n  ordinary tidal work wltK short-period compononts tho procoss 

of eliminating effects of compononts, other than. tho ono anal zod, 
cprrosponds a proximately to setting F= 0 and uslng on tho loft- 3I and 
sldo of (18) $10 uncorroctod valuos of cb and s b  instoad of tho truo 
vpluos cb and sb. Tllis procoss is not sufficiontly nccurnto in tho 
discussion of a Yoar’S obsorvations on the long-poriod compononts 
and a procoss ;S used duo to DarwinZ that rosomblos tho on0 
horo doscribotj down to the dorivation of equations (18) and (19). 
Tho oquntions, ho\vevor, contain 10 u i h o w n s ,  tho s’s and c’s of the 5 
long-period ti({os. It js suggostod that those equations bo solved 
by S U C C o s s i r o  npproxiln&tions, sinco On0 COofIiCiont In oRCh is much 
lar or  than the others. It would bo entirely foasiblo to givo a.gpn- 

lh lch  aro analogous to Gc,’, Gs,’, Gcb’, Gs$, as was dono for oquations 
(20). onoral solution 

the equations by successive appromation !S considorablo a!so, a? 
has to bo re oatad for each year of observation discussed, wlulo m t h  
a onera1 sofution avajlnble the corn utatlon 1s r o h v o l y  brief. 

f n  tho analysis to obtain possible f - p r ,  3-Yoar, and 2- ear terms 

In treating the &year component tho mean Of three r o a h  9 a 
month apart was talcon and the result used as a slnglo rending. %he 
necessary correction may bo doduced LS follows: For any component 
let at, bo tho of for the middle ropdmg. Let readings bo 
talcon a t  intorvfils boforo and after tho tlmo 4. Then the three 
Paluo~ of tho term R cos (at - l) are: 

ago 10, to columns 5 an ‘ 6. 

ora. T solution of thoso equations in torms of tho known quantities, 

Would be considorablo, which is porha s the renson w Ei ly Darwin doos 
not givo such sol11tion. However, t P io, amount Of work in solrill 

tho &year period was &v&d into 24 arts instoad o P 12. The 
corresponding changw in formulas (9) an cp (10) aro easily mado. 

The alnount of work in calculating such a 

2 

12 cos [ a ( t , - ~ ) - { ] ,  R COS [al!~- l]!  cos [ a ( t l + T ) - f l  

B B ~  combining tho first and third tho may bo mitten 

89016 ‘ - 2 2 4  
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which differs from the true quantity desired, namely, the middle 
reading, by the factor 9 which for small values of T is 
nearly unit This factor reduces all the values of tho y's that 

therefore unaffected, but the am 1itudoRis reduced from its true value 
in the ratio (1 +2 cos U T )  :3. 'fhe amplitude deduced from compu- 
tations where EL mean of three readings is treated ns a single reading 
must be multiplied by + 2  cos ar. This qunntity may be called an 
aupentingfactor, which is the name applied in the harmonic analysis 
of tides where factors of this same general nature are used. With a 
6-year component and R month's interval ar=5 ' .  For a 3-year 
component a ~ = l O ' ,  and for R 2-year component ar=15' .  Tho 
common logarithms of tho augmentin factors for the G-year,3-yenr, 

1 +2 cos (17 

3 

enter into t %' e harmonic analysis in the same ratio; tho epoch .( is 

and 2-year components are, respective T y, 0.0011, 0.0044, and 0.0100. 

EJECTION 3. THE CORRECTION FOR "SLOPE" IN THE HARMONIC 
ASALYSIS. 

The expression for a function by a Fourier series takes tho form 

where 

and 

f ( x ,  =$co+cl cos x+c, cos 2s * * 
* * 

+s, sinx+s, sin2x . . . 

No provision is mado in (1) for n term 7cx proportional to x. Such a 
term, if present, would mean that the sine curves of the various 
harmonics instead of being Inid off upward or downward from tho 
lcvel base line y = 4 c,, according to the usuul grnphic rcpresentation, 
would bo laid off from an inclined base linc having the slope lc. In  
discussing the vuriation of latitudo thcrc wtis found, besides tho 
expected periodic terms, an apparent rogressive change of latitude, 
roughly proportional to the time a n 8  rcpresentcd ruphically by R 
line inclined to the axis of abscissas (the time-axis7; that is, there 
waa found something analagous to tho term kx, wliich w e  havo sup- 
posed to bo introduced into (1). 

A great variety of functions in no way periodic can be re resented 

suppose tho function represented to bo in fact essentially periodic 
except for a term kx and if wo apply tho ordinary formulas (2) to 
determine tho coefficients in the ex ansion of such II function, ncglect- 

terms will bo falsified by this neglect. These coeficionts, in addition 
to their proper values, will contain quantities which may bo found 
for any harmonic term of ordcr n by putting kz forf (z) in (2).  Donot- 
ing by rn and vn tho additional quantities introduced into c,, and 
sn wc have 

by a Fourier serios within tho range from x=O to x = 2 ~ ,  E ut if we 

ing tho presence of the term kx, t % en the cooficients of the periodic 

1 k Y n  = I r'" 2 cos nxdx = 0, 
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These are tho quantities already in the coefficients as determined 
by the ordinary process; therefore, by reversing the signs we have as 
corrections to cn and sn the quantities +O and +zt 2k respectively. 

If f(z) is given only by its numerical values at  uniform intervals 
from 0 to 2 ~ ,  the coefficients are then deduced by tho methods of 
the h w o n i c  analysis, the integrations in (2) bein re laced by 

methods of the calculus of Finite Differencos, or simply by using the 
nmnerical values of kx in tlieir a ropriate places in any of the usual 
forms for harmonic analysis anB& working the form through, that 
whon the period is divided into 12 parts we have in place of (3) 
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fimte summations. I t  can beshown without much d &up c ty by the 

rk 
6 '  
akcot (15OX n) 

6 

Yo== -- 

un= - -. 
For a period divided into 24 parts 

ak 
Yo' - 3 1  

&cot (73O x nY 
12 un= - 

It is easily seen that for small values of n the value of cn from (4) 
?r (5) is not ver difforont from that given by (3). The differonce 

the corrcs o J &  values of y is somewhat largpr. . I t  is ex lainod 
by the well-known fact that n t  points of discontinuity .Of jg), say 
for z=z,, the Fourier series obtained from (2) gives the mean of the 
two values off(z,) or more precisely givm 
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Correction to Fourier coeJTcients for inclination of base line. 
[The quantity m Is to be taken posltlvo If tho hnso llno risas BS s incroasas, and nogntlvo If tho baso llno fnlls.] 

InAnlto 
numbor of 
ordlnatas. 

BECTIOX 4. FORMULAS FOR TIIE ELEMESTS DEFINING TIIE MOTION 
OF TIIT", POLE. 

Throughout this section, except in the three concluding paragra lis 
on age 93, it  will bo assumed that tho variation of latitude is $ue 

this motion is ex ressiblo in terms of harmonic constants of the ordi- 

considered in Chapter IV .  
The assumed harmonic motion of tho North Pole is referred to 

coordinate axes passing through n mean. osition of tho pole of rota- 

Service, the positivo direction of the 2 nxis is taken southward along 
the meridian of Greenwich and the positive direction of tho y nxis 
southward along tho mcridinn of 90 west of Grocnwich. The har- 
monic motion for any given criod is specified by x and y, tho com- 

in thoform 

sole x; y to  the motion of the pole of rotation and furthermoro that 

narysort. H o w  P ar thcse assumptions are justified has been briofly 

tion. In  conformity with the practice o P tho International Latitude 

ponents along tho correspon : ing axes; thcse compononts aro taken 

2 = u  cos ( K t - a ) ,  ' 

/I 1) COS ( K t  - p)  . 
Tho time t, is reckoned from some convenient origin; tho quantity 
K is called the speed and is related to tho period, P ,  of tho harmonic 
oscillation by the relation 

360' 
K =  p) 

Or 
2n 

K = y ,  

a and /3 are the intervals from tho assumod origin of timo Tho to the ani1es rst 
according as angles are reckoned in dcgroes or radians. 

maxima of the respectivo component oscillations. Tlieso intervals 
are reckoned in parts of tho pcriod, which is then considered as 3GOo 
or as 2s according as CY and /3 are in degrees or radians. 

The e uations (1) considcred as parametric oquntions in terms of 

of the eriod in question are concerned. As is well known, tho curvo 

tion of this cllipso and formulas for tho directions of its principal nxca 
and the timcs when the pole is at  the end of such nxcs, are derived 
without difficulty by the ordinary processes of analytic geometry. 

t define % t e curve in which tho polo moves only as far as oscillations 

is an elipso P oblique, in general, to the coordinate %xes. The equn- 



83 
Tho formulas that present themselves in this way are not well adapted 
to logarithmic calculation and othor formulns will bo dorivod that 
Seem rather inoro conveniont in this r e ~ p e c t . ~  

Tho distnnco of tho polo from tho origin at any timo is A+ - dxl +yl 
and the maximum numerical vnluo o l  A 4  corrcsponds to n position 
at  tho on& of tho major axis of tho ellipse, tho minimuinnumerlcal 
Vduo to a position nt tho ends of tho minor axis. 
4’ = 2’ +y2 = (a2 cos2 a + b cos2 p )  COS’ ~t + ((L’ sin2 u +ha sin’ 8) sin’ ~t 

+ 2 (a2 cos a sin a + b’ cos fl sin 8) COS ~t sin ~ t .  
BY expressing functions of K t  in terms of 2 K t  with a corresponding 
trunsformation for CY and @ we get 

Aqja - 3 (a’ + 6’) + 3 (a’ COS 2a + ba cos 2@) cos 2 ~ 2  + 6 (as sin 2a 
+ba sin 219) sin 2 ~ t .  

MISCELLANEOUS MATHEMATICAL bEVELOPMENTS. 
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From (1) 

This may bo written in tho form 
A+’ = 3 (aa + b’) + $Ca COS 2 ( ~ t  - p )  

by assuming 
a2 cos 2a + b2 cos 2p = ca cos 2p  

a’ sin 2a + b’ sin 2@ = ca sin 211. 
] (3) 

BY dividing (5 )  by (4) 
a’ -6’ 

tan [2p -(CY +P)I=.l+l,  tnn (a -4). 
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By this criterion we exclude the values of p corresponding to P f 90’ 
in (3) and get only the values of P corresponding to maximum values 
of 

If we denote by 0 the angle which the resultant displacement 
makes with the 2 axis we have 

A+ COS 8-2, 

or 
A+ sin 0 = y, 

A+2 sin 20 = 2xy, 
~p COS 28 = ~2 --pa ] (9) 

If in the ex ressions (1) for x and y we put ~ t = p  and use the result- 

ing to maximum values of A+; that is, to the ends of the major 
axes. In this way we find 

ing values o P 2 and y in (9), we get values of A02 and 20 correspond- 

2Xy=22ab COS ( K t  -CY) COS ( K t  -@)=ab{WS [2Kt-(CY +)]+COS (a -8)). 
or from (4) on putting K ~ = P ,  

ab 
C= (10) A@ sin 20- - (a2 + b2 + c’) cos (a -8). 

Again we have for the second equation of (9) 
Zl -yz =aa cos2 ( ~ t  -a) -b2 cosa ( ~ t  -8) =$(aa -b2) + $ (a’ COS 2u 

-b2 cos 28)cos 2 ~ t +  3 (a2 sin 2a -b2 sin 28) sin 2 ~ t ,  
or by putting ~ t = p  and using (4), 

1 1 u4 COS2 2a 4 4  COS’ 28 
C2 

A+Z COS 28 = (a2 --P) + 

1 a2-b2 ==%( 7) (a’ + b2 + c?. 

From (10) and (11) 

(12) 
2ab tan 2 0 - a q 2  cos \a +I). 

The use of the auxiliary -y again simplifies the calculation and (12) 

(13) 
may be written tan 28 = tan 2y cos (CY -8). 
It will be found that (13) by itsolf gives four values of 8 less than 
360°, two corresponding to tho ends of the ma or axis and two to 

major axis is found in (10). Evidently, since ab, ca, aa+b2+c2 and 
A+2 aro all positive, for a maximum, 28 must be taken so that 
sin 28 has the same sign 

The value of A+ from (2) when K ~ = P  gives the semi-major axis of 
the ellipse, or 

the minor axis. The criterion for distinguis hi ng those for the 

cos (a -8). 

A 2 = A @ m u - ~ ( ~ z + b Z + ~ ’ ) .  (14) 
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h o r n  (3) by squarlng and adding 
c4=a4+b4+2aW cos 2(a-B) 

= (a2 P ) a -  4aaba sina (a -@) 

By using again the auxiliary angle 7, (15) may bo written 

We may introduce the further auxiliary 6 defined by 
c 4 = ( a 2 + b 2 ) a [ 1 - ~ h 2 2 ~  sina ( ~ r - p ) ] .  (16) 

sin 6- 1 sin 27 1 . 

For the semi-minor axis B=A&in it  is emy to prove 

The eccentricity of tho ollipso ( E )  is found from 
B=d sin 46. (19) 

also 

1. e., 

a and b always positive. 
Compute the awiliarios d and 7 bY 

d cos Y -a, 
a sin 7-6, 

d being always positive. 
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The time of maximum displacornent (position a t  ond of major axis) 
occurs when ~t = p,  cc boing given by 

(111) 
Tako 2 p -  (CY+@ in such u quadrant that. cos [2p -  (a+P)] has the 
same sign as cos (a - /3) . 

Tho angla which tho direction of maximum displacomcnt makos 
with 2 axis, or 8, is givon by 

(IV) 
Take 20 in such a quadrant that sin 20 has tho s m o  sign as 

Compute tho auxiliary angle 6 by 

tan [2p - (a + P I ]  =cos 2r tan (a - 8). 

tan 28- tan 27 cos (CY-@, 

cos(a - P )  . 

sin 6- I sin 2r sin (a-@ I . 0 
Take S in tho first quadrant regardloss of the algebraic sign of the 

right-hand sido of (VI. - 
The scmi-major and semi-minor axes A arid I? of tho ollipso and 

its eccentricity E aro givon by 
A = cl COS 46, 
B=d sin 36, 

E=-. cos 6 
COS2 $6 

}Wl, 

The point whoso motion is givon b (I) describes the ellipse in a posi- 
tive direction (from tho positivo B irection of the 2: axis towards the 
positive direction of tho y axis) if 

180°< a-@< 360' 
or in a negativo direction if 

0 <  CY-/^< 180'. 
There will be two values of p and two of 8 from (111) and (IV) 

each differin from the other member of the air by 180°, even after 

value of 8 which lios on t o positivo sido of tho 2 axis and affoct all 
uantities corrosponding to i t  by a subscript zero, and the times and 

jirections corresponding to the other maxima and tho mines 
by the subscri ts 1, 2, 3, according to the order of time in whch 
they occur. ?%en the value of po corres onding to 0, is choson by 
the test that cos (po-/?) is positive. & then have tho following 
correspondonces between tho p's and the 0's as they occur in order 
of time, according as the direction of rotation is positive or negative, 

R the criteria % avo been a plied. Let us ta o for definitoncss that K 

I Positlvo rotatlon Negative rotatlon o 
1 8 0 4  <U-K 3000 0 <a-@< 180. I 

I I 
oThe direction in whlch tho pole of rotation actually move9 abut  the origin 18 negative for the 8x89 h m  

used. The formulas were orlglnally devlsod for oomputations with tho harmonlo Wnetanta of tldsl ow. 
r a t a  and for these tho rotation may have elther dlrectlon. 
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The most convenient method of obtaining the elements of the 
$lipso from tho harmonic constants of the latitude variation at  the 
mdividual stations seems to be the indirect .one of finding first the 
adjusted harmonic constants of tho variation of latitude along tho 
coordinate axes, that is, by finding the quantities a,. b, (Y and /3 of 
equations (I). 

The observations a t  a station give data for obtaining that part of 
the variation of latitude with the period P = y  in tho form 

(21) 

MISCELLAhTEOUS MATHEMATICAL DEVELOPMENTS. 

A+ = R COS ( ~ t  - s-> 
= R cos ( cos K t  -I- R sin sin Kt.  

But we also have by resolving the values of z and,y.along tho meridan 
of the station (longitude h, west longitudes posltlve) 

(22) 

‘rho z and y are those of equations (1) and on substituting their 
Values in (18) we get 

A+=% cos h + y  sin A. 

A+ = u COS ( K t  - a) cos x + b cqs ( ~ t -  B) sin A, 
= (U COS (Y COS x+  b cos /3 sin A) cos K ~ S  (a sin a cos A 
+ b  sin /3 sin A) sin ~ 1 .  

Let us use the abbreviations 
(23) 

a cos a=m, 
a sin a=n, 

6 sin 8=p. 
b cos 8 = p ,  ] (24) 
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The frequency of tho errors of et of a given size at  a articular 
station does not vary a t  all according to the Gaussian aw, lar o 

smallor ones but we may assume with some dcvoe  of plausibility 
that when the valuos of tho em’s at a number 07 difforont stations 
are compared, the relative frequency of 6,’s of different sizos will 
vary according to the Gaussian law, exce t of course as regards 
sign, the em’s boin ossentially positive. $he mean square of et 
or ea2 may bo fount  by taking the mean value of E? over a period, 
or 

1 2r/* 

errors noar the limitsf e, being relatively more froquont ‘ F  than t io 

.--s -2iT 0 et2dt, (28) 

t being in radians and the value of K boing taken accordingly. 
is easy to show that 

It 

t l t Z  = 3 em2. (29) 
I n  obtaining the adjusted values of the elements of the polar motion 

that fit most nearly to tho harmonic constants of the several stations, 
the criterion used will bo 

[ce2]=minimum. 
The squaro brackets indicate summation, as is usual in the theory 

of loast squaros, and tho summation extends over all stations used 
in the adjustment. From (27) and (28) tho quantity S to be mini- 
mized may bo witton 

S = [ea2] = 3 { [ (m cos X + p sin A - c)  + (n  cos h + p sin X - s) 2] } (30) 
In ordor to havo a minimum viiluo m, n, p ,  and p must be so taken 

as to satisfy the equations 
bS &= 0, 

as- 0, &-- 
E= 0, 

m [cos2 X] + p [sin X cos XI = [c cos XI, 
m [sin X cos A] + p [sina XI = [c sin XI, 
n   COS^ A] + p [sin X cos XI = [8 cos XI, . 
n [sin cos A] + p [sina X] = [8 sin XI. 

Square brackets indicate summation extending over all tho stations 
used. 

Equations (31) would be the normal e uations that would uriso 
if we set out from observation equations o 2 tho form 

} (32) 
m cos X + p  sin X-c-0, 
n cos X + q  sin X-8-0,  
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but these equations aro not observation equations in the strict sense 
of the term. If we call the residuals of equations (32), v, and v, 
respectively, that is, if v, and v2 aro the results of substituting in tho 
left-hand sides of (32) the values of m, n,. p,. and p, dcduced from 
(32), then v1 and v2 have no particular sigmficance separately, as 
their values depend on the epoch from which t IS rockoned, but the 
s u m  of their squares is significant, for evidently 

v,2 + v,2 = e,a = 2c,a. (33) 
the probable errors of m, n, p ,  and p, as derived 

from (32), or t B e probable error of a function of these quantities, 
the following conventions will be adopted,. WIlicll are a natural 
extonsion of the convention by which tho minimum value of [ e R Z ]  was 
taken as tho criterion for obtaining values of m,. n, p ,  ?nd p. The 
probable errors of m, n, p ?  and p aro computed Just as If equations 
(32) Were proper observation equations, but the mean square error 
of a single observation is not made to dopend on V, done or v, alone, 
but the following equation is usod: 

MISCELLANEOUS MATHEMATICAL DEVELOPMEXTS. 

In  estimatin 

- -  [%)I - ha + v2al (moan-squnro error)1= -- 11-4 2n-8 ’ (34) 

n being the number of “observation o uations,” which equals twice 

The probable error, the Gaussian law being assumed, is the mean- 
equare error multiplied by 0.6745. 

The difference between the harmonic constants a t  a station obt,ained 
from the loast-squares adjustment, and those coming directly from 
observations, mny be considored as. r?prosentmg simply errors of 
observation or as representing a variat!on of tho apparent latitude 
(having tho period in question) pecuhar to  tho station, and not 
ex lainable by the motion of the pole. The oxistenco of such in& 
vi LY ual variations of latitude m t h  yourly period is wcll establishod. 
In  so far as tho residuals at  all statlons are dlko thelr common value 
may be considored as tho rcpresontatlon of the perlodlc annual por- 
tion of the Kirnura term by harmonic constants. (Soo also p. 61.) 
The normal equations (31) fall into two loups of two e utttions 

each, the groups being identical in form%ut involving %ifferont 
unkmowns. 

With the longitudes of the 6 stations of tl?e Internationnl Latitude 
Service the normal equations become nmencally 

the number of stations; the number o 4 unknowns is of course four. 

+2.1433 m-0.1995 p=Aj  
-0,1995 m+3.8567 p - B ,  
+2.1433 n-0.1995 q =  0, 
-0.1995 n+3.8567 p =  D, 

where for compactness tho following abbreviations aro usod : 
A [R COS f COS XI = [C COS XI, 
23-[R cos 1 sin hl-[C sin XI, 
0- [ R  sin 5 cos AI = [s COS XI, 
D [R sin sin h] = [s sin XI. 

Tho A ,  of C O U N ~ ,  has no conneotjon with the same letter used to 
denote the semi-major axis equ&tlons (14)) (18)) (20)) or elsowhem. 
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The solution of (35) and (36) gives 

} (38) m= +t468g  A+0.0243 B, 

n = + 0.4688 C+ 0.0243 D,  
p = + 0.0243 A + 0.2605 B, 

p= +0.0243 C+0.2605 D. 
When only tho thrcc stations Mizusawa, Carloforte, and Ukiah, aro 

used with equal weights equation (31) becomes numerically 
+1.8854 m-0.1128 p = A ,  
-0.1128 m+1.1146 p = B ,  
t 1.8854 n-0.1128 p= C, 
-0.1128 n+1.1146 q= D. 

m= +0.5336 A+0.0540 23, 

n =  + 0.5336 C+ 0.0540 D, 

The solution of (40) and (41) givcs 

p = + 0.0540 A + 0.9026 B,  

q= +0.0540 Cf0.9026 D. 
By substituting the valucs of tho individual X’s in c uations (38) 

If it  be assumed in advance that the eccontricity of the elli so is 

of this sort the uantit c +X should bo constant for all stations: and 
tho amplitudo, ’k, is cLarly constant also. Tho proccss, then, is to 
take tho arithmetic moan of tho valucs of R a t  tho several stations as 
tho adjusted value of R and the mean of tho sevcral valuas of t + X us 
tho adjustod value of f + h ,  and from it deduco tho ndjustotl valuos 
of tho c’s. If them is considorable range in the valuos of R and t + X, 
and if in spitc of this the assumption of circular motion is mado, it 
is rather bcttor to form the values of R COY ({+A) mid R sin &+A)  
at tho sovernl stations, to use tho arithmetic means of theso quantities 
as thoir adjusted values and from thoso adjusted values to doduco 
the adjusted vczluos of R and [ + A .  It is not difficult to  SOG that this 

to (43) tho values of m, , etc., may readily be oxpresso 1 in terms of 

zoro--that is, that the olo moves uniformly in a circle-tho a $ just- 
mont is oxtremely simp f o. It has bccn notod (p. 10) that for motion 

the 8)s and c’s of the in B ividual stations. 

intorost is the 

4 Thls npplle.;o the negatlvo rotntlon of the onnuol or 14-month COmWnWfS; for positive rotntlon t-A 
La constant. 
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whero Nand D stand for tho numerator and denominator of tho pro- 
ceding fraction. This D has no connection with tho D previously used 
for [s sin A]. By diil'crentiating both sides with respect to m 

b N  dD be D G -  N - -  bm 
0 2  

2 (1 + tanZ 28) -= bm 

bN bD 
be dm dln 
&Za 2 ( N z + D z )  ' 

J 

or substituting in tho Iefftrhand side for tan 28 and simplifying, 

D - - N -  

be 
bP with similar expressions for -J ctc. 

quantities already usod and turns out to bo oqunl to  d4 cos2 6. 

have - = 2p and 
the nuxilinries previously used, 60 that 

The quantity Nz + Dz may bo oxprcrssed in terms of tho auxiliary 
w ' o  

2 m  and restoring for convenience tho values of bN av 
bm 

N =  2 ab COS (CU - p) nnd D = a a  - ba, 
we get 

bo (az-bs)  p - 2  ab m cos (CU-S) - 
5n=- d' COS2 6 

or by (7) and (12) 

= IC ( p  COS 20-m sin 281, 
whom 

Tho second forni of Xniay bo derivod by considering tho sphoriciil 

In  ti similar way w o  in Fa? 85- 
trianglo mcn tioncd on 

(48) de --=If (q COS 28-n sin 281, bn, 

be = Ii (n  cos 2e + p sin 261, a!? (50) 

The independent quantities of which 0 is a function are not ulti- 
faatoly ?n, n, p ,  m d  but the values of R COS { = c  and R sin {as 
m c uations (32). $he quantitios c and s ?ro troatod ns tho indo- 
pcnjont obsorvod quantitlcs in tho observation oquations, 
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The formulas applying to such a case are given in almost any com- 
In ap lying the 

tion equations (32) must be taken as 0.6745 times the mean-square 
crror from cquation (34). If we call this probable crror E and denote 
by ee the probablc error of thc adjusted value of e, wc find in this 

rehensive work on the method of least squarcsP 
formulas, however, the probable error of one of the so-calle : observa- 

+(gyQl1+2(&j&, ae ae +(3i?z2]- 
If e is to be in degrecs instead of in radians, the factor (180°/?)’ 

must be introduced into the right-hand side of (51). The quantities 
Q,,, Q, , and Q,, are the cocfficicnts of A and B in the solution of the 
normaf equations. Thus, when all six stations are used with equal 
weight, the Q’s from equations (38) or (39) are as follows: 

l l  = + 0.4688, 

Q2, = + 0.2605. 
12= +0.0243, } (52) 

When onl  the 3 stations, Mizusawa, Carloforte, and Ukiah, are used 
with equay weight the Q’s from (42) and (43) are 

Q,, - + 0.5336, 
&,, = + 0.0540, 
QZ2 = + 0.9026. 

The probable error of 0 should not be affected by the axes chosen. 
that is, if the 2 axis were chosen in another meridian than that of 
Greenwich and if the longitudes of m, n, p ,  and q, and of tho Q’s 
were computed for the new axes, these new values used in equations 
(46) to (51) should give the same value of 0. This fact may be 
verified by direct transformation of no great intrinsic difficulty but 
of considerablc length. in fact E, is unchanged by transformation, and 
so is each line of (51) within the braces. This fact enables us to 
express EO in terms of quantities depending on the dimensions of the 
adjusted ellipso itself, and not on the axes to which i t  is referred. 
The result, after introducing tho factor ( 1 8 0 / ~ ) ~  so as to give ee in 
degrees, is 

The square brackets here have no 8 ecial si ficance as-a sign of 

quantities d and 6 are indepcndant of thepartlcular axes used, as is 
seen from c uations (18) to (Zo ) ,  for it is eas to show that dl= 

in fact, the portions [&,, +&,,] and [(Qll -&,,I COS 2e+2Q1, sin 205 
will be found lo be scparatoly invariant. 

summation but are merely the usua f F  symbo .of aggregation. The 

A2 + B2 and 8 cos6 = A2 -B2. Tho uantity wit li n the braces is nu- 
merically invariant for a rotation o 9 the axes through a given angle. 

- - ._ -- 
6 For oxamplo, Wrlght nnd IInyford’s Adjustment of Obnorvntlons (2nd dllh) P. 187, or Helmart’s Die 

Ausglelchungsrechnung nach der Methodo der Kloinslon Quadrnte (M d.1 P. WA 
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If we accept the hypothesis of a Kimurn term that i s  constant a t  

all stations, the natural procedure is then to combine tho oxpression 
for the annual ortion of tho Kimura term with tho expression for 

annual portion of the Kimura term bo re resonte by h cos ~t 

understood that only tho annual art  of the apparent variation o 
latitude is under considoration. %y a process similar to that on 
pages 87 to 89 we find, instead of the four “normal” equations (31), 
six equations 

m [cos’ A] + p [sin X cos X I  + h [cos X I  = [c cos A]  = A ,  
m [sin X cos XI  + p [sina A] + h [sin X I  = [c  sin A] = B, 
m [cos X ] + p  [sin X]+n h=[cl-E, 
n [cos2 A] + p [sin X cos A] + I  [cos A] = [s cos A] = C, 
n [sin X cos X I  + p [sin2 A] + 1 [sin X I  = [s sin A] = D, 
n [cos X]+q [sin X]+nZ=[sl=F. 
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B the variation o P latitudo due to the motion of tho 010. Let the 

9 +Z sin K t  and added to the right-hand side o P equation (23), it bein 

In (55) n is the numbor of stations and tho squaro brackets indicate 
summation, as in the theory of least squares. 

Theso equations may be solved in torms of A ,  B, E, etc. For all 
6 stations the solution, which corresponds to (38) and (39) is 

?TI= + 0.4782 A + 0.03G9 B -0.0412 E, 
= + 0.0369 A + 0.277G B -0.0554 E, 
-0.0412 A -0.0554 B+0.1801 E, 

with similar oquntions for it, q, and I ,  namely, 
n= f0.4782 C+0.0360 D -0.0412 F‘, 
= f 0.0369 Cf0.2776 D -0.0554 F, e = -0.0412 C-0.0554 D + 0.1801 F. 

When only 3 shtions arc used thoro are just suficiont conditions 
to dotermine tho unknowns, but tho  least-squurcs type of solution 
may bo rotninod for uniformity. For the stntions Jlizusawn, Carlo- 
forte, and Ukiah, wo havo corrasponding to (40) and (41) 

m= +0.5442 AS0.0510 R+O.OGOO E, 
= +0.0516 A + 0.9032 B -0.0136 E, i = + o,oGOo A -0.0136 B+ 0.3404 E, 

%= +0.0600 C-0.0136 D+0.3404 F! 
Tho values of M, n, p ,  p, h, and I in o uations (56) to (59) may 

n= +0.5442 Ci-0.0516 D+0.0600 F, 
= +0.0510 Cf0.9032 D -0.0136 F 

readily be expressed, if desired, in terms o 9 tho individual s’s and c’s. 

BECTION 6. THE MATHEMATICAL THEORY OF THE VARIATION OF 
LATITIJDE. 

An oxhaustivo treatment of tho theory of tho variation of latitude 
is not attomptod here, but merely an putline, chiefly of tho aspacts 
most important in tho prosont discussion. A number of roforcncos 
to tho literaturo of the subjact are givon and t h s o  will supply the 
omitted proofs of the various statoments here made. 
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The simplest mathematical problem that has sufficient resemblance 
to natural conditions to merit discussion is that of a rigid body s o t  
rotatin but subject to the action of no forces. This problem was 
first a c f  equably treated by Euler; e a more geometrical treatment 
was given by Poinsot.’ f i e  subject has aroused tho interest of 
many mathematicians and will be found fully treated in standard 
works on theoretical mechanics.8 It mas to this theory that astrono- 
mers looked for a possible periodic variation in latitude, and it was 
still ap ealed to after the existence of such a variation had been 

as well understood as it is now. Moreover, the simplified form of 
tho equations of this theo can be made to apply to the actual CESG 

of the constants. For present purposes tho rotation may be suffi- 
ciently s ecified by referring i t  to  roctan ular axes fixed in the body 
but not L e d  in space. The question of t a e position in space requires 
a separate treatment. Let the principal moments of inertia of the 
body be A, B, and C in ascending order of magnitudo, and let  the axes 
of 2, y, and z coincide respectively with the axes of A ,  B,  and C, and 
let p ,  p, and r denote respective1 com onents of the rotation about 
these axes. For the case of no 6rces h e r ’ s  equations arc: 

establis E ed by obsorvation but before the nature of the variation was 

of a nonrigid body merely ’% y changing the numerical values of some 

of these equations can bo oxprcssed in torins of 
sham u, cosam w,, atc., but for any condi- 
nature the modulus is 80 very small that 

the elliptic functions may be replaced by the ordinary trigonometric 
functions. It is more convonient to make the re uisite simplifying 

lose tho advantages of greater generality and of case in estimating 
the effect of omitted terms. 

In applyin equations (1) to the earth the northerly direction of 

the moment of inertia is C, the greatest of tho rincipal moments, is 

rather b its moments of mertia; it is to be distinguishcd from tho 
continu& shifting axis of rotation, the direction of which is given 
by the instantaneous value of tho resultant of the component rota- 
tions p ,  p, and T.  Since the latitudes vary but little, tho axis of 
rotation must never depart great1 from tho axis of figure; that is, 

magnitude nearly tho entire rotation of the earth and p and g must 
be small0 in comparison with r. The axes of x and y are in the 

assumptions a t  the start and this we shall do, nlt B ough we tliereby 

the z axis wil P be treated as positive. The z axis or axis about which 

the so-called axis of figure, determined by tho jP orm of the earth, or 

the component rotation T about t z e axis of figure must represent in 

0 Theorie Motns Corporum lolldorum BBU R l  dorum Greifmvald 1786; .woud Od. Grdfswald. 17W, 
Char. XIIandXIII. A poaslblo8p llcntlon ofihem8~hemailcs to thovurlabiUty ofterrcutrlnllutltiidw 
at t at tlme or courne unknown to  o&xvatlon, iu mentionod in Chap. XII, Prob. 74, Scliollum 3 (p. 298 
of the edltion or 1780) 

7 Thbrio nouvolle de la rotatlon das co s Pads, 1R51 pnrtlcularly art 2 86-122. 
8 For exam lo Routh’s Advancod 1Ugla)ljynamlc.s flfth ed 88. 8% 819; f z h w t ;  H(lhoro OcodUaie, 

vol. 11, p. 3 3  dr Appel, Trnltd de M k n l q i i o  Rat.lohlo, ard’l?d. vol. IT, P. 182. 
9 Tho rbtlos p : r or q r would he qusntltlos of tho order of madflltudo 01 A@ 111 radlnIla A6 boIng the 

variation In latitudo f r o k  tho mean, that is, quantities of tho or OT of on0 Part in a mUUod. 
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the axis about which the moment 

12.) It is conveniont to mako tho rotation about ~~ks''%~?% is tho principal portion of tho omth's rotation, 
pg t ivo ;  &at is from tho positive direction of x toward tho positive if we take tho axes of z and y accordingly, and com- 
pare thcso axes with the axos rosultin from adding a north-pointing 

(p. 33), we me that tho two sots of axos can not bo mado to coincide, 
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uator of figure, the z axis boin 
z inor t ia  is tho less or along w 8; ch tho radius of tho gooid is the 

z axis to the z and y axes of the f nternational Latitudo Sorvice 

ection of y. 

FIG. la.-Coordlnatoaxos for gmnotdcnl treatment of tho motion of tho North Pole and for the dynamlcal 
problem of tho vadatlon of latitude. 

Axe8 are of mmo nature 88 tho80 of International Latitude StTdOO exw t that the z axial8 in tho m e  
rfdlnnplnne of lonst oquatodal moment of Inertla irisload of in meridian fano of Oroenwich. In the dy- 
namic problom tbo ax@ of z and y aro parallol to thoso in flgure wlth od& at the Center of tho enrth and 
with the poaitlvo dtrwtion of the y axla rovomod as comparod with the U W O .  

F- 010 ottnortta. 
~ . & n  m y l a r  units-t-p/o.  
NE' in anylar  units-y-q/o. 

,but  that if tho positive &xes z and z coincide in tho two sets, the &xes 
pf y are o positely directed. This fact must be remombored in pass- 

Of the International Latitudo Service. 
Since and q aro so smdl we neglect their roduct in the first of equai- 

tions (lf This neglect is further.justifio8by the fact that B - A  is 
small for iho earth compared mth C-B or C -  A in the other two 
equations of the sot. If A = B ,  the rocess of dropping the torm in 
Pq h of courso rigorous. From the &t of the equations (1) we find 

dr 

r = const. = - angular velocity of earth's rotation. 

mg from t ?l e axos here usod for the problom in mechanics to tho axes 

Cdi -0, 

(2) 
or 

89016°-22---7 
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Substitute from (2) in the second of (1) and differentiate with respect 
to t, tho time; the result may be written 

(3) 

Substitute for 3 in (3) from the third of (1) and we get 

or 
_dZP + k2p 0 
dt2 (4) 

( C - A )  (CLI3)  
AB where IC2 is written for uz, a quantity necessarily 

positive. The general solution of (4) is 

p = b  cos ( k t + P ) ,  (5) 
where b and p are constants of integration, b being restricted to small 
values on account of tho assumptions made. The corrcsponding 
value of p comes from the second of (1) and is 

or 

‘l’lie direction cosines of the resultant axis of rotation are in general - 
T 21 -. . - Q- - or sinco the squares of p and q 

Jpz + 4 2  + T2’ Jp’qZ-frZ’ J p Z f I I Z Z ’  
are to be neglected the direction cosines are E ,  f ,  1. To state the 

matter otherwise, the qunntities 2,5’- are the sines of angular distances 
from the ole of rotation to the planes zy and zx, and being small 

expressed in seconds o arc and projected orthogonally on a plane 
tangent to the earth at the pole of figure, 2, ‘ are the rectangular 
components of the variation of latitude of tho same sort as aro dealt 
with in section 4, though referred to a different sot of rectangular 
axes, in that the 2 axis in section 4 is in tho meridian.plnno of Green- 
wich and not, as here, in the meridian plane of tho axis of tho smaller 
principal equatorial moment of inertia. 

From equation (5) or (6) the period of tho vai:iation of latitude is 
seen to bo 2r /k .  If we write out the value of k in full and take the 
sidereal day as unit of time, so that w = 27r, wo get for the general case 

w o  

f may be ta P, en as the an ular distances themselves in radians. When 

w w  

(See fig. 12.) 

Period in sidereal days = 

When A = B, we get 
A Period in sidereal days = = m a  

(7) 
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According to De Sitter's'' values the period from (8) is 304.1 
sidereal days or 303.3 mean solar days; that is, about 10 months. A 
table of periods deduced from (7) is given below. This corresponds 
to tho free poriod of tho variation of latitude, a period dependent 
only on the properties of tho body itself and not on any external 
forces. For a rigid earth tho more nearly spherical it is the longer 
would be the freo eriod. The difference betweon this free period 
and tho observed P reo period, 14 months (432.5 mean solnr days), 
is dealt with on page 98. 

If we consider the motion of the pole as given in roctan ular 

treated in section 4. This means that in Its free motion, the pole oj  
rotation describes in the body an ell i  se around the pole oj jgure.  The 

,/- It is easy to seo that tho second quan- tively, b and b 
tity is larger than the first. The longer axis of the ollipse of polar mo- 
tion is in the meridinn of the y nxis, that is, in the meridian of the axis 
of the larger of the two principal equatorial moments of inertia or the 
meridian of the shorter equatorial axis of the geoid. This is tho samo 
condition &s prevnils in the more general case referred to lnter in this 
discussion and also on pages 62-64. 

For definiteness let 11s assume the quantity C- $ ( A + R )  to bo 
fixod and compute the ratio of t!ie axes of the latitude varintion 
ellipse and -~ tho period of the variation for different vnlues of the 
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coordinates, x - p / w ,  y-  /o, p and q being taken from (5 )  an c f  (G), 
we seo that the motion -4 o the pole is of the harmonic elliptic variety 

semiaxes of the ellipse, which are a P ong the z and y axes, are, respec- 

qz@-B '  

13- A 
ratio - (called .f for simplicity). C - + ( A + U )  

The results are shown in the tablo that follows: 

B - A  
?-i(A+B) Or' 

Ratlo of Axe! 

( C B )  E' 
J ~ c : - A ~ A -  

1. Ooo 
1. cos 
I. 010 
1.011 
1.010 
1.051 
1.1M 
1.133 
l:lM 
1.224 

1.280 
1.361 
1.413 
1.481 
1.628 
1.728 
1.808 

2.002 
3.602 
4.346 

1.375 

-- 

Period. 

Mean Solar 
Days. 
303.3 
303.3 
303.3 
303. a 
303.3 
303.7 
304.8 
305.7 

308.5 

513.2 
317.0 
321.7 

307. a 

337.1 
330.8 
350.2 
370.1 
424.7 
5U. 6 
576.7 
696.7 
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The fourth line in the table, argument 1/46, corremonds to ’the 
deduced from constants of Helmert’s adopted 

gravity formula already referred to (p, 63). The corresponding 
ratio of the axes, 1.011, gives an ellipticity of 0.010, or an eccen- 
tricity of 0.15, wluch is less than the ellipticity deduced by Schweydar 
for a nonrigid earth, but the effect of an iriequelity in the equatorial 
moments is of the samo general nature for a rigid earth as for  a 

B- A 
value Of c- $(A  +B) 

Mr. Chandler‘s discovery fives rise to the question whether thoro can bo any defect 
in tho theory which assigns 300 days as tho time of rotation. Tho object of this paper 
is to point out that there is such a defect, namely tho failure to take nccount of the 
elasticity of the earth itself and of the mobilit of tho ocenn. 

The mathematical theory of the rotation o r a  solid body, on which conclusions 
hitherto received have been baaed, pretluppos~~ that the body ie  absolutoly ri ‘d. 
As the  earth and ocean aro not nbso utely rigid, wo have to inquiro whether &ir 
flexibility a p  rociably affects the concluaions. That i t  doos can be shown very 
a h p l y  froin tgo following consideration: 

Imagine tho earth to be a homogeneous s heroid, entirely covered by an ocean of 
the same density with itaclf. It is then eviiont that, if the  whole maas be Rot in  uni- 
form rotation around any axis whatever, the ocean will asaulne the form of an oblate 
ellipsoid of revolution, whose smaller axis coincides with that of rotation. Ilenco, tho 
axes of rotation and of figure will be i n  perfect coincidonce undor all circuptancos. 

To ap l y  a similar remoning to the ram of the earth, imagmo that the axis of rota- 
tion is &! ,laced by e120 froin that ol greatest moment of inertia, which I dial1 call 
the axia o!figtue. Then, with an ocean of tlie -me den& 08 the earth, ita equator 
would he displaced by  tho ~ K I Q  amount. Tlic! ocean leverwould cliango i n  middle 
latitudes by  about ono inch at the maximum. But this chango would havo for its 
effect a corresponding change in the axis of liguro. As tho ocean covers on1 three- 
fourths of the earth the axis would be displaced by three-fourths of tho iietance 
between the two axes were ocean and earth of equal densit . But na tho demit of 
the  earth b some five times  at^ great the actual change \r.oulghc only one-fifth of tKis. 
It would even be less than one-fifth, became the dlaplacement of the ocean CqURbr 
would be rerhted by the attraction of the earth itaclf. The exact amount of this 
reeistsnce ran not be accurately given, but  I think the displacement would thereby 

11 Forf-7/6 the Inequality I n p i t y  at tho Equator would bo ovor 1.1 wnt1motot-s nbovo or below Ita 
mean value, a varlatlon from mi mum to mnxlmum about ns grcnt 89 tho mom chiwe In gravity botwoon 
Equator und pole a art from tho offoct of tho contrlfugnl form. Tliommnxhum dolloot.lon of tho vortlcal 
would be nbout R m?nutes of nrc 

l ~ t r O ~ ~  tbo dynamlca of tho with% rotation wlth res ct to tho VarlatiOn Of latltudo,” Monthly Not lw  
of tho Royal Astronomical Bwloty, vol. 62 (1882), p. &. 
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be reduced to one-half. I tlioroforo think that one-foyjteenth would be an approxi- 
mato estimate of tho displacement of tho axis of f i n ~ r ~  i n  consequence of the move- 
ment of the ocean. .As Mr. Chandler’s oriod req&ea a displacement of two-sevenths 
the ocean displacoment onlv arcounta k r  one-fourth of the difference. 

The remainder L to bo atiributed to the clasticity of the eartli itself. It i~ evident 
$at the flexure caused by tlio noncoincidence of the two axes tenda to distort the earth 
lnto a spheroid of tho enmo form aa that which the ocean wumes, and thus to bring 
the two ax@ togother. 

We have now to show how this deformation of the earth changes the time of revolu- 
tion. Let US imagine ourselves to be looking down upon the Nor+ Pole and lot P 
be tho actual mean pole of tho eartli when the two axea are i n  coincidence and R tlie 
end of tho axis of rotation. Then, i n  consequence of tho rotation around R,  tho 
actual pole will bo displaced to a certain point, P’. Now the law of rotation of R is 
such that it constantly moves around tho instantaneous position Of P’ itself. I n  
other words, tho angular inotion of R a t  oach moment is that wluch !t would have if 
P’ had remained a t  rest. IIenco tile angular motion a8 seen from P is less than that 
from p’ in  tho ratio of P R  : PR. 

oaition and rotatea aleo, rcmahinF: 
on the straight line PR. Thus the time of revofution of R around P iS increased in 
the same ratio. . 

re 13. Let R and 
R, bo “consocutive” positions of the ole o P rotation, separated 
bv an infinitesimal interval of time dt. Lo corres onding ositions 

are P’ and P, lying on tho lines ‘oining and I? with P,, the point 
whoro the polo of figuro would b o if tlio polo 01 rotation were to 

n u t  a8 R rotatee, P’ continually changes ita 

Newcomb’s argument may be illustrated by fi 

of tho actual ,polo of figure, 89 affected by tho yiolgnq of t i e  P oarth, 

R, 
Fia. 13.-Rolntlon bolwcreii tlio iiiidsturbcd polo of f l w o ,  tho actUnlpolo OfflWro, and tho polo of rotation. 

coincide with P. Let e bo tlio angular volocity of tho point R about 
P’ and K its angular vclocity about P. Than for tho infinitesimal 
distance RIZ, we have 

or 

as stated by Newcomb. Tliero aro thus three different poles that 
appear in tho theory of tho variation of latitude: (1) Tho pole of tho 
axis of instantaneous rotation; this is tlio polo that .is located by the 
astronomical observations of the International Latitude Sarvico; in 
figure 13 it  is tho point N or R,.. (2) Tho oint that would bo the 

h?Bl = (PB) K d t  =I (P’R) edl 
K : r=P’I? :PR 

polo of figwo if tho polo of rotation should Rap 

turbcd p o e  H of inertia. Tho roquirement that 
it. This ole may bo called tho undhturbed p o  

should cohcido in imqjnation with the 
order to bo rid of the centrifugal force 
denco of the two polos. So0 undor polo (3). The 
of thie polo am duo s010ly to changes in the 
within and on the earth apart from any stress 

It is reprwenhd by P in figure tion. -_ 
1) Seep. 100. Wlthoutthodoot oftlie yloldln ofthe ~ t h o ~ r o o j p e r l ~ o ~ t h e ~ ~ t u d e v ~ b ~ ~ w o ~ d ,  

rcoordlng to tho ostlmato, bo somo 40 days loss h n  tho O b m v ~ J  V Ue. 
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the actual pole of figure, re resented by P' or PI'. 
slight centrif 

"he dis lacement 

al force resulting from the noncoincidence of the pole 

that tends to deform 

of rotation. 
The equations of motion of a slowly changing body have been 

treated by various authors." Convenient expositions and dovelop- 
ments of thoir work will be found in various textbooks and treatises.l6 
There have been several treatments with special reference to the 

of the actual pole away F rom the undisturbed pole is z ue to the 

of rotation wit Yl the undisturbed pole re and to the yielding of 

nearer to the pole 
the earth under this centrifugal force, 
the earth so aa to displace the actual 

measure the flattening, we must re lace these differences by some- 
thin smaller by about 3/10 of itself While the relative changes in 
the % ifferences of the moments are considerable, the change in any 
one moment is relatively small when compared with the moment 
itself. The smallor flattening of the equivalent ri id body corre- 
sponds to a longer free 
303/(1-0.3) =433 mean so nr days. 

A similar calculation on the ratio of the axes of the elli so of polar 
motion shows that the yielding of the oarth makes the d p s e  flatter. 
The effect of removing the centrifugal force is re resented by a 

harmonic of the second 
in the two moments A 
spherical harmonic 
neither is large, which is the supposition hore made. d o  quantity 
to bo deducted from each differonce of moments C- A and C- B is 
then the same for smnll difforonces betwoen A and B. The ri id body 

tho polar ellipse 

. The free pori0 % is thus about 

quantity proportional to P,(sin 4), where P,  is the I? e ondro's zonal 
4 is tho latitude. #he inequality 

equivalent to tho yielding body will then have for a ratio o B axes of 

lPeriod 

be reprosented by another surface 
may be supur osed when 

(6'- A - z )A 

14 Llouvillo: AddltIom h la Connalssanco des Tomps pour 110, or J O W l  dm Mathhat1 UBB purea et 
8 llqu&a vol 3 (1868 Oyldon. Iteoherchoa sur la rotationdo la Torre- Actas do 10 80~184 ro ale des 
E&- d U p h  VOI k(18il) Thornson. A ndlx C to Darwin'a artlblo on the lnUuonCe of&eologi. 
cal Chen os on thk Edrth Y Axis of Itotatiok ~ ~ l o s o p h l c n l  Translrctlons of the R O N  Society of London, 
pt 1 vof 107 (1877) p 271' or ~ e n v i n ' s  iAmtlfio I'apors vol a, p. 1. 
i kouth: Advanbi  It1 'Id D mlcs. 6th od., 17. ' &b: Mechanlca (CmMdgo Eng., 

192~) p. 171. Tissemnd: h&o Who; Vol. fi,Chap. XXX. Obne& IItihere 0eodllaie;'vol. 2, 

'*&e Dowegun dor Drohaehse der Eladlschen Erdo In Erdk6rpor und kn Raumo: Aetronomleohe 
Nechrlchten vol %I3 (1810) p 101 

u Tho relahon 61 tho earth e'freo' rimwlonal nutatlon duo to its roslstance W&Bt tidal deformation, 
Procoedlngs of the Ro a1 Sooloty of k d o n ,  m. A, vol. 82 (loOe), p. 89. 
u If the e n t h  Oendfugal force wero removed tt l a  to be presumed that tho earth would In t h o  yield 

Lhtlcally and take on a nearly ephorical form: Thls, howover, IS not what IS memt. The ylel 
be taken aa elastlc, that la, pro rtional to the force and not inm-inl W l t h  the t h o  except %! 

leldlng oitho ooeanlo watera &mentioned Tho effect of tho rearran ement of the w&r on the o UQ 
&a1 bulge or mor0 proclsely on C - A ,  must'be allowed for In &MtfW the P U d  -10 yleld 
The materld'l of the enrth being what it Is, If tho o e n t r l l u g a l ~  were m o w ,  the qudn'hl bulge wo !f d 
be r e d u d  by about all0 oflte pr-t velua 
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indead of 

The changes in A and B themselvos are neglected in comparison with 
the chango in C - A  and C-23. For the earth the quantity 5 is 
about 3/10 of the quantity 4 ( A + B ) .  If the ratio f = ( B - A ) /  
[C-+(A+B)]  is equal to 1/46 &8 deduced by H e h e r t  from gravity 
observations, then the ratio of the axis for a rigid earth is 1.011 as 
already given in the table on. page 97 and for a yielding oarth 1.016; 
the corr09 onding eccentricities are, respectively, 0.15 and 0.18. This 
result of 81.19 rough and ready calculation a rees with Schweydar’s 
result as based on a more elaborate method o B calculation. 

The reduction of 0.3 for the yielding of the earth includes the offect 
of the yielding of the ocoan wators. On account of tho irregular dis- 
tribution of land and wator on the globe this effect is not quite sym- 
metrical about the earth’s axis of rotation; this dissymmetr affects 
tho ratio, tho shapo o€ tho ellipse of polm motion, and also t K e diroc- 
tion of its major axis, so that the meridian in which tho latter lies 
would no longer coincido with the meridian of the larger principal 
equatorial momorit of inertia. Tho problem of correcting for the 
irre ular distribution of land and wator on a ri id earth is somowhat 

tides for tho distribution of land an wator, and has been practically 
solved by Darwin and Turnerlo in accordance with tho ideas of Lord 
Kelvin. Tho work of Darwin and Turnor shows that tho equilibrium 
’tides at an point in tho O C G ~  are almost tho same as if tho earth 

the analogous problem of tho effect of t e arrangamont of land and 
water on tho motion of the pole Rhows that this effect is com ara- 

y iedng of tho oarth un B or the irrogularly distributed prossure of the 
ocean wator. 

The general problam has boon treated by Brillz0 but his results do 
not a pear to be immodiately applicablo to tho problem in hand. 
Brill $oes, however, reach tho conclusion that Nowcomb’s ostimato 
(p. .99> of the offoct of tho yieldin of tho ocean water on the froe 
period of latitudo variation, thou& confessodly a rough estimate, 
IS in closo agreement with Brill’s own more elaborate c+culations. 
An a t t m p t  will bo mado to ovaluate tho corroctioii for a dlstribution 
of land and wutor more closoly cpnforming to  the actual one than the 
one usod for simplicityin the preluninar ostmato, and also to pstimate 

distribution of water pressure. The results, whou appllod correc- 
tiqns to tho quaiititios spocifyin the sha e and position of tho 

men& of inertia of the earth dorivod from tho corrocted olllpso 
directly comparable with thoso from gravit obsorvatlom. 

When the momoiits of inertia aro unequatho actud po!e.O! figure 
(P’.in figure 13) is no longor exactly on tho llno .R1 J O ~ W  the 

f s h  Ei ar to tho problem of corroctin tho equi ibrium theory of the 

w0re entire 9 y covorod with water and a roliminary computation for 

tivol small also. Tho roblem is further complicated by tho e f astic 

f 

I: 

Tho results on page 60 are, of COUMO, uncorroctcd. 

the effect due to tho elastic yielding o 9 the earth understhe irregular 

ellipse of fro0 polar motion, shoul % ronder t R e results to tho PO- 

“On tho WmWtlOn of tho oqdljbrld theor Of tldw for tho mntlnmts ” l’rmhp Of the R o d  
303, or ~ n r w % ’ s  Bclontllic Pews, Vol. i (Cambridge, E h d ,  1W, 

The thw; d& not t & ~ ~ h ~ ~ O l f ~ t t l U C t l ~  of the 1RBmt Or ~ t h ~ l t  auPmaJ the &Ittmum 
S d e t y  of London VOI 40 (IN) 

fd 826 

'%her dl0 ElastirlUt der Erdo (dwfbr’e t%&), Gatt@W, lm 
ho snmo na l ?tho anrib wero corn letel covered with Water. 
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undisturbed pole of figuro with tho polo of rotation. Schweydar 
computes that when the pole of rotation doscribes an ellipso having a 
ratio of axes equal to 1.016, tho actual pole of figuro doscribes an 
ellipse in which the ratio is 1.038, a somowhat flattor ellipso than 
that described by tho pole of rotation. 

to changes taking 

changes in tho distribution of masses are ap roximatel perio8c with 
an annual period, and are due to changes o P liko perio J in barometric 
pressures, rainfull, moan currents, etc. 

Corrosponding to terms of an period in tho motion of the undis- 

of the pole of rotation. The portion of the polar motion expressed 
by tcrms of the same porion as those that oxpross the motion of tho 
undisturbed 010 of figure aro said to ropresont tho forcod motion 

of h e d  eccentricity lying in a fixod direction or a circle as tho case 
may bo, regardless of tho form of tho forced motion, but tho size of 
the ollipse or circlo and tho initial phaso of tho freo motion do depend 
on the forced motion. 

mately equal to the free eriod, tho familar phenomenon o?'t:$I 
nance '' occurs and the ampyitude of the freo motion is greatly increased. 
The annual term, which represents tho principal part of the forced 
motion in the case of tho earth, is near enou h in period to the 432.5 

tude of the free motion. Tho precise amount of the increaso de ends 
on initial conditions, but the amplitude of tho free motion is pro !I ably 
five or six times as great as it  would be if the forced motion has a 
much longer period. It is an interesting speculation to consider 
whether, at some time in the past, the free ponod owing to a different 
flattening of the oarth and different internal conditions mi ht  not 
have ap roximated closely 

eculiar conditions mi h t  
conceivably arise which, for can not be followed y 
tho present theory, since the to small displacements 

Ohf 
tho undlsturbed po P' es of f i g n o  shift slightly. The most cons icuous 

turbed pole of inertia them will 1 e terms of like psriod in tho motion 

of the ole o P rotation. Tho form of path reprosented by the motion 
in the T; roe period is always the aamo, that is, it is always an ellipse 

So far the discussion has been of the froe vibration only. 
aco in the distribution of matter in the eart 

When a term is present in the forced motion with a period 

days of the freo period to cause a considorab T o increaso in the ampli- 

motion of t a o pole 

B would t R en become large, 

that of t 1 e undisturbed pole of figure are stated \ elow without proof. 

of the pole.21 
ole of rotation with 

Let x and y be tho rectangular coordinates of tho polo of rotation 
projected on a plane tangent to tho earth at  some.point near tho mean 
pole, and 1st and 9 be the rectangular coordlnates of the undis- 
turbed pole of figuro referred to tho same axes. The equations in 
question are then 

Tho e uations connecting tho motion of the 

ax 2 = K ( Y  - d I 
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Here K = p, P being the free period expressed in the same unit as 
the time t. It should be said that the axes used are similar to those 
of the International Latitude Service used in Chapter IV in that the 

axis is so taken that the rotation of the earth as soon from the North 
sole and the free motion of the pole both involve negative rotations. 
The direction of the z axis, however, is not necessarily toward Green- 
wich as it is for tho 2 axis of the International Latitude Service. I t  
should be said &o that equations (0) apply to the case of equal 
equatorial moments of inertia, that is, to a clrcular free path of the 
pole of rotation when the forcod motion is periodic. The more 
Yal case of unequd equatorial moments does not appea,r to have 

een fully worked out for the forced motion. The expressions for E 
and q aro not, hgwover, limited to periodic terms but may bo of any 
nature whatever. The solution of the two equations (9) simultane- 
ously, supposing 6 and q given, evidently leads to a linear differential 
equation of the second order with constant coofficients and a known 
second member. Equations (9) are fully discussed by Wanachza 
who gives three forms of the general solution and considers a number 
of curious s ecial cases that arise from different assumed forms for 
( and ?. Tfk two exam les that follow are adapted from Wanach. 

progressive motion given by 
E'= €0 +at, 
? = q o + b t .  

Evidently to and qo are the coordinates at  the or in of time and a 

2* 

Example I.-Suppose t i at tho undisturbed pole of inertia has 8 

and b the velocities alon the coordinate &xes. % e motion of the 
pole of rotation is given f y 

. 

where 

b 
2=[o-jj SUt+R cos(Kt--), 

R cos t-zo-Eo+,l 

U y - q , + - + b t - R  sin ( K t - l ) ,  B 
b 

a R sin t=yo-qO-;* 

The terms at and bt in (11) indicate that the progwive motion of 
the pole of rottition takes place in the same dpction and at  the same 
rate as the progressive motion of tho undlsturbod pole of figure. 
The free motion given by the eriodic terms in ~1 ,is evidently uni- 

conditions. The effect of the rogressive motlon on smphtude and 
phase is shown by the torms tf: and a/u in (121, 

Let u9 sup os8 a progressive motion equal to that derived in c h a p  
ter 11, namey, P 01'005 a year. The p a r  being the ut of tme, 
u=2.~/1.184. For definiteness we take the motion as entlrely d o  
the 2 axis, so that a = 0!'005 and b = 0. The term - U / K  J.S then equ 
to 0!00094. This quantity is small in comparison with an amplitude 

form and circular, the amplitu g e and phase depending on !he lnitial 

3 
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of 0?2OOO, which is about that of the free motion. The maximum 
effect on the amplitude is f 010009 and on the phase about one-third 
of a degree. 

Example 2.4uppose  a forced motion of the undisturbed pole of 
inertia given by 

Equations (13) represent a general elli tic motion of the typo dis- 

values of x and y are 

} (13) 

cussed in section 4 of this appendix, t i: e period being 2alm. The 

[=a cos (&-a), 
q = b  cos (mt-8). 

- K  } (14) 
X=- [Ka cos (mt - a) + mb sin (mt - @)I + R cos ( ~ t  - t>, 

[ ~ b  cos (mt -S) - m sin (mt- a)] -A! sin ( K t -  l), 
ma- K2 

- - K  

where 
K R COS [ = x ~ + F ~  (KCZ cos a - ?nb sin 0) , 
K R sin [=yo+- (KbCosp+masinCY). m2-2 

Equations (15) show the effect of a possible “resonance” between 
the periods of the free and the forced motion. If the eriods approach 

increases indefinitely. 
The ole whose motion is followed by means of tho obsorvations 

of the f nternational Latitude Service is the pole of rotation. When 
its coordinates x and y are known the coordinates of the undisturbed 
pole of figure may be deduced from (9). 

equality, ma-2 decreases toward zero and the amp p. itude from (15) 

We get 

The values of E and 7 thus depend on the derivatives of x and y, 
and when x and are deduced directly from observation and are 

from tho erroneous x and y are usually still more uncertain and 
erroneous. E uations (16) give unsatisfactor results when thoy 

using individual observed values of x and y. About all that can be 
done is to get the mean periodic portions of E and q by using instead 
of the actual values of x and their smoothed out values obtainod 

themselves, the 12 or 24 mean results could be used that were put 
through the process of analysis in order to obtain the harmonic 
constants. 

A numerical illustration of tho relation betweon the pole of rota- 
tion and the undisturbed pole of figure is given by figures 14 and 15. 
The harmonio constants of the pole of rotation are taken from 
Table 12 below the horizontal line and represent the results when the 

therefore affected ?L y errors of various sorts, the derivatives deduced 

are used to fo B ow the motions of the undistur g ed pole of figure by 

from harmonic constants.av Y, f desired, instead of tho constants 

a The htghor harmonlc terms genarally have llttleslgnincauce in this ConnoCUon. (Bee p. 10e.) 
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Fro. lb.-.Veanarmual path of the pole of rotetiou lrud of tho uudbturbod pole offlguro: astatioucl, 1wo-17. 
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Kimura term is included in tho adjustment. The semiannual terms 
are taken from page 58. When only the annual terms are included 
both poles describe ellipses, which are shown in full lines. The 
smallor and flatter ellipses belong to the undisturbed pole of figure. 
The major axes of the two ellipses are at  right angles; it is easy to 
show that this is true in the general caso. The roman numerals 
1, 11, 111, etc., indicate the position of the poles at the b inning of 

February, etc. 
If the harmonic constants of the ole of rotation used in.the two 

figures be compared, i t  will be seen %at the chief difference IS in the 
Value of P .  This chungos the direction of the major axis b some 32O, 

the motion of tho pole of rotation is little affectef Tho effect on the 
Path of the pole of figure is much more noticeable, since the eflipses 
are flatter; moreovor the direction in which the pole of figure de- 
scribes its elliptic orbit in figure 14 is opposite to what it is in il uro 15. 

Tho rwuIts of including tho semiannud t o m  is shown B y the 
interrupted lines in the figures. The effect on the path of the 010 of 
rotation is comnpnmtively small, as the paths still resemble e f lips-; 
on the path of tho pole of figure, howovor, the effects are relatively 

oat and thero is little resemblance to the original ellipses left nor 
the two dotted curves for the path of the pole of figure at ail re- 

smblo each other. 
For convenionce the formula by which the curves were plotted are 

givon hero. 
x = - o!'o390 COS e - 0~0788 sin e -I- o ~ o o i  1 COS 2e - 0~0012 sin 28. 
y = - 0[/0738 COS e + OF0194 sin 8- 0!'0038 cos 28 + 0!0004 sin 28. 

figure am from (16) : 
C: = - 0."0160 COS e + 0!1008G sin 8 + 0!'0020 cos 28 + Or0078 sin 28. 
1) = + 0!/0195 COS e - 0!10268 sin e - o!iooio COS 2e + o:o030 sin 28. 

x = - 0!'0385 cos e- 0~0774 sin e -I- or0045 COS 2e - o:ooo7 sin 28. 
y - 0!/0675 cos e + 0:/0354 sin e + o!'ooo7 COS 2e + O P O O O ~  sin 28. 
= + 0!'0034 cos 0 + o!ioo25 sin e + o!ioo62 COS 2e - of0024 sin 28. 

1) = + of0242 COS e - 0!10102 sin e + of0024 COS 28 + ofoii4 sin 28. 

each twelfth of a year, or approximately on the first day o T January, 

but the QllipsoS aro so nearly circular that the enerd c I aracter of 

For figure 14 (series 1900-11, 6 stations): 

The rosulting values of the coordinates of the undisturbed polo of 

E'or figure 15 (series 1900-17, throe stations) : 

3001 
365.25' T h e  quantity 8 represents -*t being the number of days from the 

beginning of the year. Tho values of 0 corresponbg to the points I, 
11, 111, otc., nro respectively Oo, 30°, Go", QtC.  

Tho numerical coeficients of cos 0 and sin in the exprossions for 
x and y aro of coume, tho values of a cos a, a sin a, etc., corrosponding 
to the valuos of a, a, b, and p,  in Table 12, or to put the matter more 

8educeJby an adjustment o P tho harmomc constants of the annual 
component at the severd stations. Tho.figuros in Table 12 woro 

, deduced from tho valuos of m TL p ,  and p, given above. The rectan- 
gular coordinatog, 2 and y, 01 the mean an.nUa1 pafh of tho Pole of 
rotation over a ivm oriod may be accvatoly.ropr*onhd by taking 
a suficient numter o?torms of two Founor sones m 8, but ths repre- 
sontation ma be valid in a mathematical sense only and t hen  only 
for 2 and y t 31 ems&@. The derivatives of 5 and y w~.Ich reg& to 

recisol , tho coefHcionts in uoition are qalue~ of m, n, P, q, 
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the time may not be deducible from the term-by-torm derivatives of 
the Fourier series. It is just these derivativw, ospecially of the 
higher harmonic terms, that are importmt in the exprossions for and 
7, the coordinates of the undisturbed pole of figure. Accordingly the 
expressions for 2 and y may be quite useloss for giving expressions for 

and 7, except for the terms of lower ordor. 
The diversity in the two figures 14 and 15 for tho path of the pole of 

G ure, when tho semiannual term is included, malces it very doubtful 

sentativo of any natural criodic phenomenon. In  studying tho path 

to limit tho expressions for the motion of the polo of rotation to the 
terms of lowest ordor; that is, to the annual terms. It has been found 

w fl other the semiannual term used in either figure is an adequate repre- 

of the undisturbdd pole o P figure it will therefore probably be desirable 
' 

that the annual motion of the undisturbed polo of fi 
what might bo expected from the known seasonal 
on the earth, due to  barometric pressure, snowfall, 
naturally dXicult to evaluate these effects exactly?' 

It should be romembered in looking a t  figures 14 and 15, that while 
they aim to represent the entire avcrago motion of tho undisturbed 
polo of fi re, they do not represent the entire motion of tho pole of 
rotation,yut omit a very im ortant term, namely, tho term come- 

used in e uation (16) in ordor to deduco tho motion of tho undis- 

expressions for 2 and y, it  would disap ear in the values of t: and 7, the 

spondin to tho freo period o P about 14 months. ]ct is not necessary 
to inclu % e the froe motion in the 2 and y of the polo of rotation, as 

turbed PO 9. e of figure, for even if the free motion were included in tho 

coordinates of the undisturbed polo o P figure. 

ADDlNDUM TO CHAPTER 111, PAGE 48. 

A recent instance of anomalous changos of latitude has nttractod some attention 
among astronomers. Four European observatorias contribute data, but their roaulte 
do not all show quite the same thing. In Astronomische Nachrichten No. 6134 vol. 
214, 1921) Schnnudor reports an apparent increase in  the latituflo of tho Geodetic 
Institute at Potedam of some 0!'7 in 1921 over ita mean value, which had been deter- 
mined by a lon and consistent series of observations, some as recent aa 1917. Cour- 
voisier, from t fo  neighboring observatory of Berlin-Babelsberg, roporta (through 
Schnauder) that the latitudes oberved thero increased from W1 above ita mean vulue 
in 1920.9 to W6 above in 1921.8. Boccardi reports in Astronomische Nachrichten 
No. 5138 (vol. 215, 1921) that he had noted an increaae in the latitude of Turin Obsor- 
vatory (Pino Tonnese) somewhat smaller in amount but quite abrupt, an incronso 
of W3 taking place between 1921.47 and 1921.60. Finally, tho Astronomer Royal at 
Greenwich reporta in the Monthl Noticcw of tho Royal Astronomical Socioty (vol82 

297, 1922) thnt during 1921 &re waa no marked hegularity in the latitude 01 
8reenmch. 

The 1921 times of mnximum and minimum a t  Greenwich are in good agreement with 
those computed from the harmonic conatanta derived from an analyals of the years 
1912-1918; the observed range is, however, smaller than the computed range. Tho rapid 
increaae of latitude a t  Turin occura at a time when the harmonic conetante would in- 
dicate a rapid change in tho BBme direction, but not 80 rapid aa the one actually 
observed. The data from the Gennan observatories are 1~ detailed than at Green- 
wich and Turin. I t  may well be that these changes in Europe in 1921 and the 
apparent change at Lick Obervatory in 1903 are m p l y  rather extreme c w  of the 
same kind of irregularities noted by Przbyllok (800 p. 35) i n  connection with the 
observations of the International Latitudo Service. 

14 Bee refnenca to artlclea by JeUreys and Bchweydar in footnote No. 10 on p. 04. 
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