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LETTER OF TRANSMITTAL. 

DEPARTMENT OF COMMERCE AN 1) LABOR, 
COAST AND GEODETIC SURVEY, 

Washington, April SO, 1909. 
Hon. CHARLES NAOEL, 

Secretary of Commerce and Labor, Washington. 
SIR: I have the honor to submit for your approval for publication the accompanying report 

by the Chief of the Computing Division of this Service, entitled "The Figure of the Earth and 
Isostasy from Measurements in the United States." 

I t  gives the necessary details as to principles and method of an investigation of which the 
results have been for some time before the world. 

All the geodetic work in this country prior to the year 1906 which was sufficiently far 
advsnced to lend itself to the purposes of this discussion has been utilized. The effect of the 
accumulation of further data on the values obtained by this investigation will be shown in s 
subsequent publication. 

Very respectfully, 0. H. TITTHANN, 
Superintendent. 

Approved : 
CHARLES NAGEL, 

Secretary. 
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THE FIGURE OF THE EARTH AND ISOSTASY FROM MEASUREMENTS IN 
THE UNITED STATES. 

By JOHN F. HAYFORD, 
Inspector of Geodetic Work and Chief qf Computing Division, Coast a,nd Geodetic Survel~. 

The investigation of the figure and size of the earth, treated in this publication, has been 
in progress in the computing division of the Coast and Geodetic Survey more than five years. 
The progress made in the extensive computations connected with it has been very rapid a t  
times and a t  other times has been stopped for several months in succession. The rate of prog- 
ress has been fixed mainly by the fact that the energy spent upon this problem has been merely 
the small available surplus left after that  work of the division had been done which must be 
completed promptly in answer to official calls and to facilitate the progress of current field 
work. The computing division (thirteen persons upon an average) is engaged principally in 
obtaining from the field observations the best available lengths, azimuths, and positions of 
lines and points fixed by triangulation, and in furnishing these values to persons who are to use 
them as controls for surveys. Research work, such as that here reported upon, is but a small 
part of the activity of the division. 

The writer has been engaged a t  various times for more than ten years in developing the 
ideas concerned in this investigation. He has been steadily engaged, during this whole period, 
in other duties which took much of his time. Attention has been given to this problem during 
hundreds of short periods of a few hours each, or even of a few minutes each, in the intervals 
between the other duties. 

The writer has, durlng the investigation, talked freely to many people about it. He gladly 
acknowledges that, as a result, he received many valuable suggestions and criticisms from vari- 
ous persons, both within the Survey and outside of it. Special mention should be made, in 
this connection, of Messrs. M. H. Doolittle and H. C. Mitchell and Miss Lilian Pike, members of 
the computing division, and Miss L. J. Harvie (now Mrs. S. J. Barnett) a former member of the 
division. The rapidity and accuracy with which the difficult, extensive, and unusual compu- 
tations concerned in this investigation have been made is largely due to the skill and zeal of the 
many members of the computing division who have taken part in them. While the investiga- 
tion was in progress, various prebminary public statements have been made by the writer 
before scientific gatherings. The following statements have been published: 

Geodetic Operations in the United States, printed in the report of 0. H. Tittmann, Super- 
intendent, Coast and Geodetic Survey, to the Fourteenth General Conference of the Interna- 
tional Geodetic Association, Volume I, pages 193-206. 

The Form of the Geoid as Determined by Measurements in the United States; Report 
the Eighth international Geographic Congress, held In the United States, 1904, Wmhington, 
Government Printing Office, 1905, pages 535-540. 

The Geodetic Emdence of Isostasy ; Proceedings of the Waehington Academy of Sciences, 
1906, Volume VIII, pages 25-40. 

Geodetlc Operations in the United States in 1903-1906; A Report to the Fifteenth General 
Conference of the International Geodetic Association (printed as a separate and also as a part, 
of the Aseoclation's report). 
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10 THE FIGURE OF THE EARTH AND ISOSTASY FROM MEASUREMENTS IN U. S 

This investigation of the figure of the earth and of the reality of the candition called isostasy 
is based entirely upon observed deflections of the vertical in the United States. 

No use has been made in the investigation of determinations of gravity. The writer 
believes that determinations of the intensity of gravity will furnish much additional evidence 
of great weight in connection with this and similar investigations. I t  was believed to be best, 
however, to deal tiloroughly with one phase of the investigation before taking up the other; t.o 
deal first with deflections of the vertical within tho United States, and later, with this new light 
upon the problem, to make and study gravity observations in the same area. If anyone will 
carefully consider the great extent of the computations and of the theoretical studies connected 
with the investigation as here published, curtailed as it is by the omission of al.1 consideration 
of the intensity of gravity, the wisdom of the decision to limit the investigation will be 
appreciated. 

Some of the ~loteworthy features of the investigation are the following: 
1. The area treated extends over a wide range in latitude and in longitude-18O 50' in 

latitude and 57' 07' in longitude. 
2. A large number of astronomic determinations have been used (507). 
3. All the astronomic determinations are connected by continuous primary triangulation. 

The triangulation does not consist of separate and distinct belts of triangulation or arcs. 
4. Unusual methods of computation have been used. 
5. The effects of all topographic irregularities within 4 126 kilometers of each astronomic 

station have been taken into account. 
6. The effect of the possible distribution of densities beneath the surface sf the earth 

corresponding to the condition called isostasy has been carefully taken into account and the 
existence of Baid condition established. 

7. The investigation leads to values of the equatorial and polar dimensions of the earth, 
based on observations in a single country, the United States, which are of a very high degree 
of accuracy. 

The order of presentation in this publication is as follows: 
First. A statement is made of the data used and of the methods of investigation and 

computation, accompanied by sufficient illustration and explanation to enable the reader to 
understand what was done and to understand, in a general way only, why it was done. In 
this portion, to preserve the continuity and to avoid conkusion of thought, but little space 
is devoted to showing the accuracy of the data and of the methods or the reasons for various 
features of the method of treatment. 

Second. The accuracy of the data and of each step of the method is discussed in detail 
and the advantages of the adopted methods are set forth. 

Third. Various minor q,uestions and supplementary investigations are treated. Though 
these questions are such as naturally arise in connection with the main investigation, it is 
believed to be conducive to clearness to deal with them separately, rather than to interrupt 
the continuity of the main statement by dealing with these questions when they first arise. 

Fourth. The conclusions reached and the degree of certainty of the conclusions are sum- 
marized a t  the end. 

DATA USED I N  THE INVESTIGATION. 

The triangulation used in this investigation includes the transcontinental triangulation 
from New Jersey to California,* the western oblique arc covering three-fourths of the length 
of California,t the eastern oblique arc from Maine to Louisiana,$ the triangulation by the Lake 

*The Tranecontinental Triangulation, Special Publication No. 4 of the Coast and Geodetic Survey. The poei- 
tions aa given in this publication are not upon the United States Standard Datum. 

t Triangulation in California, Part I, Appendix 9 of the Coast and Geodetic Survey Report for 1904. This pub- 
lication include0 the primary triangulation forming the weatern oblique arc, aa well aa all secondary and tertiary 
triangulation in California south of the latitude of Monterey Bay. The p i t ions  given are upon the United States 
Standard Datum. 

$ The Eastern Oblique Arc of the United Gtateg, Special Publication No. 7 of the Coast and Geodetic Survey. 
The pi t ions  given in this publication are not upon the United States Standard Datum. 
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Survey in the vicinity of the Great Lakes,* and comprised mainly witliin the States of New 
York, Ohio, Indiana, Illinois, Wisconsin, and Michigan, and triangulation not included in 
the preceding items,t but extending over various portions of New England, New York, southern 
Maryland, eastern Virginia, North Carolina, and Tennessee. 

All this triangulation has been reduced to the United States Standard Datum; that is, the 
latitudes, longitudes, and azimuths have been computed continuously through it on the basis 
of the assumption that the latitude of the triangulation station, Meades Ranch (in ICttnsas), 
is 39" 13' 26".686, its longitude is 98" 32' 3OU.506, and the azimuth of the line, Meades Rtlnch 
to Waldo, is 75" 28' 14''.52. The computations are all based upon the Clarke spheroid of 1866. 

In  the investigation 507 astronomic determinations have been used-265 of latitude, 79 
of longitude, and 163 of azimuth. Eleven of the determinations of longitude were made a t  
stations practically coincident with stations a t  which determinations of azimuth were made. 
Hence the 507 astronomic determinations furnish that component of the deflection of the vertical 
which lies in the meridian a t  265 stations, and the prime vertical component a t  231 stations. 

These astronomic determinations are distributed, though not uniformly, over the whole 
area covered by the triangulation referred to above. They are scattered over 33 States. The 
extremes in latitude are 48" 47' a t  St. Ignace, on the northern shore of Lake Superior, and 
29" 57' a t  New Orleans, Louisiana. The extremes in longitude are 67" 16' a t  Calais, Maine, 
and 124" 24' a t  Cape Mendocino, California. 

The astronomic observations used in the investigation are shown in the following two 
tables. 

Each line in the table headed "Deflections in meridian" represents a determination of 
tile astronomic latitude. 

The name of the triangulation station is given in the first column, and in the second is 
given a serial number by which the station is identified in later portions of this publication, 
and on illustration No. 13, in the pocket a t  the end of this volume. The columns headed 
"Geodetic latitude" and "Geodetic longitude" give the position of the station on the United 
States Standard Datum, as determined by the triangulation. The column headed "Astro- 
nomic latitude" gives the seconds only of the astronomic latitude, the degrees and tninutes 
being the same as for the geodetic latitude. 

The column headed A-G is the astronomic minus the geodetic latitude. I t  is, there- 
f o r ~ ,  that component of. the deflection of the vertical a t  the station which lies in the meridian. 
By "deflection" is meant, in this connection, the angle between the actual line of gravity 
a t  the station and the line which is normal to the Clarke spheroid at the station, upon the 
supposition that the United States Standard Datunl is correct. A plus sign in the column 
A-G means that the zenith of the station drfined by the actual line of gravity is farther north 
01, the celestial sphere than the zenith defined by the line normal to the Clarke spheroid. 

* Report upon the Adjustment of the Lake Survey Triangulation and ite Adaptation to the United States Standard 
Datum of the Coast and Geodetic Survey. This forms a part (pages 2883-3031) of Appendix EEE of the Annual 
Report of the Chief of Engineem, u. S. Army, for 190.2. Also, for further details i n  regard to this triangulation, Bee 
Professional Papers No. 24, Corps of Engineen, U. 8. Army, Report Upon the Primary Triangulation of the United 
States Lake Sarvey, Washirigton, Government Printirig Office, 1882. This publication is now rare. 

t Appendix 9 of the Coast and Geodetic Survey Report for 1884, "Connection at Lake Ontario of the h imary  
Triangulation of the Cosst and Geodetic Survey with that of the Lake Survey," states a few principal facta in regard 
to a  ort ti on of this triangulation in New York State. Appendices 8 of the ('oast and Geodetic Survey R e p r t  for 
1885, 8 of 1888, and 10 of 1894, give the principal fact? in regard to portions of this triangulation which lie in Rho& 
Island, in Connecticut, and ill M m c h m t t s ,  respectively. The remainder of the triangulation concerned in thie 
inveetigation ia unpublished. 
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Dejeectwns oj' the wrticnl in th United Slates expressed in terms qf the Clarke spheroid of 1866 
(d SY8 806.4, 6-3 356 585.8 meters) and the United States Standard Oeodetic Datum. 

DEFLECTIOXS IN MERIDIAS. 

Station. 

Point Arena 
Mendocino City 
Bod* 
Point Reyes 
Ukiah 
Sulphur Peak 
Roes Mountain 
Mount Helena 
Mount Tamalpais 
San Franciwo: 

New Presidio 
Old Presidio 
Lafayette Park 
Washington Square 

Monticello 
Vaca 
Mount Diablo 
Yolo Northwest Baee 
Yolo Southeast Base 
Mount Hamilton, Lick Observatory, C. and G. S. 

Station 
Ma eville 
~ 0 x 0  
Mount Lola 
Round Top 
Mount Connese 
Lake Tahoe Southeast 
Verdi 
Careon City Obnervatory, zenith teledcope 
Carson Sink 
Toiyabe Dome 
Mount Callahan 
Diamond Peak 
Pioche, U. S. Engineers 
Pioche 
Pilot Peak 
Ibepah 
Oasls 
Beaver, U. S. Engineem 
Deaeret 
Promontory 
Antelope 
Waddoup 
0 en Observatory, longitude pier T Sa t Lake City 
Ogden Peak 
Gunnieon, Utah 
Mount Nebo 
Waeatch 
Mourit Ellen 
Patmoe Head 
Green River 
Mount Waae 
Tavs uta 
~ r a n B  Junction 
Uncompsh 
Gunnimn, G o  
Treaau Mountain 
~ o u n t x u r a ~  
Pikes Peak 
Colorado Springs (1873) 
El Paw East Base 
Adobe 
Wallace 
Ruseell Southeast Bese 
Ellsworth 
Sdina West Base 

- - - 

Geodetk longitude. 

0 / I /  

123 43 36.91 
123 48 16.64 
123 03 15.64 
122 58 34.31 
123 12 28.19 
122 50 40.22 
123 07 08.82 
E 2  37 57.17 
122 35 45.47 

No. 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
10 
17 
18 

19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
30 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 

Astr0- 
nomb 

latitude. 

/ I  

10.16 
05.50 
20.11 
33.62 
54.59 
44.42 
09.96 
01.05 
19.18 

Geodetic latitude. 

0 / // 

38 55 18.93 
39 18 13.46 
38 18 29.84 
37 59 44.30 
39 08 58.88 
38 45 54.28 
38 30 20.58 
38 40 10.13 
37 55 27.55 

37 47 51.38 
37 47 39.15 
37 47 31.92 
37 47 64.71 
38 39 50.96 
38 22 33.44 
37 52 55.45 
38 40 44.94 
38 31 42.63 

37 20 34.81 
39 08 19.64 
37 28 39.70 
39 26 00.28 
38 39 50.30 
37 57 59.25 
38 57 16.71 
39 31 08.11 
39 09 52.26 
39 35 00.70 
38 49 59.50 
39 42 35.42 
39 35 07.19 
37 55 38.53 
37 59 11.18 
41 01 17.19 
39 49 42.68 
39 17 38.00 
38 16 25.62 
40 27 34.99 
41 17 53.67 
40 57 44.04 
40 64 24.00 
41 13 12.54 
40 46 12.38 
41 12 00.78 
39 09 31.04 
39 48 38.52 
39 06 57.43 
38 07 16.65 
39 30 10.38 
38 59 30.28 
38 32 20.59 
39 32 24.57 
39 03 55.22 
38 04 18.13 
38 32 47.09 
39 00 51.11 
38 25 22.86 
38 50 26.32 
38 50 03.24 
38 57 22.38 
38 40 40.84 
38 54 44'35 
38 51 22.30 
38 43 48.76 
38 51 07.87 

- -- - 

A-O. 

/ I  

-08.77 
-07.96 
-09.73 
-10. 68 
-04.29 
-09.86 
-10.62 
-09.08 
-08.37 

-03.03 
-03.19 
-03.61 
-07.81 
-04.70 
-10.17 
-05.85 
-07.69 
-08.08 

-05.96 
-07.37 
-02.99 
-02.91 
-04.03 
-03.27 
f02.66 
-01.82 
-05.01 
-03.03 
-05.59 
-03.50 
-03 64 
-12.73 
-04.38 
-09.36 
-03.71 
-02.71 
-02.72 
-03.74 
-05.80 
-03.88 
-02.27 
-04.21 
-09.02 
-01.66 
-05.68 
-06.21 
-03.60 
+07.52 
-13.52 
-06.65 
t08. 41 
-07.46 
+03.82 
-02.39 
-02.70 
-03.86 
-04.86 
$00.96 
-03.26 
-06.88 
-03.42 
-00.10 
+00. 43 
-01.27 
-04.16 
- - - - - - 

122 27 05.17 1 
122 27 13.55 
122 25 37.16 
122 24 3L 51 
122 11 22.23 
122 05 01.21 
121 54 50.45 
121 51 28.73 
121 47 56.59 

121 38 14.42 
121 35 39.01 
121 33 18.71 
120 21 51.32 
120 00 01.57 
119 19 07.47 
119 56 41.04 
119 57 51.0 
119 45 48.68 
118 14 04.36 
117 21 09.16 
116 56 59.30 
115 49 03.94 
114 26 47.80 
114 03 05.17 
114 04 35.75 
113 Fi5 09.77 
112 37 44.44 
112 38 27.26 
112 37 32.78 
112 25 09.98 
112 12 55.65 
111 53 04.11 
111 59 37.97 
111 53 27.30 
111 52 53.64 
111 49 13.66 
111 45 66.32 
111 27 08.77 
110 48 50.71 
110 18 57.53 
110 09 66.7s 
109 13 38.. 00 
109 00 19.92 
108 33 53.40 
107 27 41.27 
106 65 26.73 
107 05 64.09 
106 13 27.21 
105 02 37.67 
104 49 35.17 
104 27 41.99 
103 33 16. 12 
101 35 31.60 
98 47 07.81 
98 13 44.98 
97 36 10.51 

- - - - - - - 

48.35 
35.96 
28.31 
56.90 
46.26 
23.27 
49.60 
37.25 
34.55 

28.85 
12.27 
38.71 
57.37 
46.27 
55.98 
19.37 
04.29 
47.25 
57.67 
53.91 
31.92 
03.65 
25.80 
06.80 
07.83 
38.97 
35.29 
22.90 
31.25 
47.77 . 
40.16 
21.73 
08.33 
03.36 
69.22 
25.46 
32.31 
53.83 
24.17 
50.86 
23.63 
29.00 
17.12 
59.04 
15.74 
44.39 
47.25 
18.00 
27.28 
59.98 
16.60 
37.42 
44.25 
22.73 
47.49 
03.52 

- - - - 
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DejZections of the vertical i n  the United States expressed i n  terms of the C'larke spheroid of 1866 
( a 4  578 206.4, b=6 $56 585.8 meters) and the United States Stundnrd Gpodetic Datum- 
Continued. 

DEFLECTIONS I N  MERIDIAN-Continued. 

t 

Statlon. 

Adams 
Kan- City Astronomic Station 
Hunter 
Jefferson City 
St. Louis University 
Bording 
Newton 
Olney West Base 
Parkemburg Triangulation Station 
Vincennes 
Weed Patch 
Reizin 
Cincinnati, Mount Lookout, C. and G. S.I  1881, tran- 

ait pier 
Minerva 
Gould 
Pine 
CharL~ton, W. Va. 
Keeney 
Elliott Knob 
Long Mountain 
('harlottesville, hIcCormick Observatc~ry transit 
Clark 
Straaburg 
Bull Run 
Maryland Heights 
Sugar Loaf 
Rockville 
Georgetown College Observatory 
Causten 
Naval Observatory, clock room 
Naval Obeervatory, old site, atation eaet of dome 
C. and G .  S. Observatory, late pler 
Seaton 
So er 
H~!I 
Webb 
Marriott, 1849 
Ta lor 
carve* 
Poolee Island 
Principio 
Dover 
Cape Henlopen 
Cape May 
Cape Henry Light-House (old) 
Wolftrap 
Tan 'er Island 
NO*% End Knott Island 
Staunton 
Moore 
Young 
Kin 
NaaEville 
Lebanon North Base 
Parie 
Curr~hee 
hvender 
Sownee 
Auron 
~ t l a n t a  Middle Bane 
Atlanta 
U t c h e e  
Montgomery 
Lower Seocb Tree 

A G .  

I /  

4-00, 77 
+00.72 
4-02.79 
4-02.79 
+04.41 
+05.63 
4-02.51 
$02.71 
4-01.53 
4-01.10 
+00.04 
-00.08 

-01. 26 
-00.27 
+00.21 
+01.37 
$04.66 
-02.52 
-02.53 
+01.23 
+03.06 
-01.75 
+01.62 
+02.51 
+OX76 
+03.75 
-00.79 
-04. 15 
-02.94 
-03.29 
-03.48 
-04.80 
-03.84 
-01.33 
-02.02 
-00.96 
-02.78 
-02.42 
-02.60 
+01.86 
-03.94 
-07.28 
-02.06 
-04.06 
-02.50 
-02.75 
-01.16 
-02.24 
+04. 19 
+Ol. 53 
+07.35 
f01.77 
+03.78 
+02.75 
+02.11 
-00.94 
-02.25 
-00.92 
+@I. 41 
+00.60 
+01.25 
+01.86 
+05.90 
+00. 55 
-02.58 
+02.23 

No. 

66 
67 
68 
69 
70 
71 
i 2  
73 
74 
75 
76 
77 

78 
79 
A0 
81 
82 
83 
84 
85 
86 
87 
88 
89 
90 
91 
92 

95 
96 
97 
98 
99 

100 
101 
102 
103 
104 
105 
106 
107 
108 
109 
110 
111 
112 
113 
114 
115 
116 
117 
118 
119 
120 
121 
122 
123 
124 
125 
126 
127 
128 
129 
130 
131 

Geodetic latitude. 

0 / // 

39 02 41.03 
39 05 50.40 
38 25 45.21 
38 33 41.16 
38 37 58.37 
38 36 45.30 
38 55 28.59 

. 38 51 38.57 
38 34 51.52 . 
38 40 35.70 
39 10 00.64 
39 02 53.84 

39 08 21.87 
38 42 31.16 
38 3 8  29.57 
38 26 40.03 
38 21 02.29 
37 46 25.59 
38 09 59.61 
37 17 27.61 
38 01 58.03 
38 18 41.35 
38 59 29.94 
38 52 54.21 
39 20 28.43 
39 15 45.79 
39 05 11.21 

3J 
54 29.94 
55 34.96 

38 55 17.03 
38 63 42.31 
38 53 12.15 
38 53 28.96 
39 05 11.94 
38 53 54.38 
39 05 26.31 
38 52 27.83 
38 59 48.49 
38 21 34.31 
39 17 15.66 
39 35 36.69 
39 09 20.75 
38 46 42.13 
38 55 48.69 
36 55 32.75 
37 24 04.77 
37 47 57.73 
36 33 57.61 
38 08 46.51 
36 23 53.52 
35 44 14.34 
35 12 11.65 
36 09 57.57 
36 12 46.89 
34 56 29.94 
34 31 38.68 
34 19 18.00 
34 14 04.95 
34 08 47.22 
33 M 21.06 
33 44 68.03 
33 13 37.88 
32 22 39.34 
31 M) 20.45 
31 14 50.32 
34 39 11.20 

C w d e t ~ c  long~tude. 

0 / // 

96 01 23.94 
94 35 22. 16 
92 46 24.64 
92 09 45.55 
90 12 16.50 
89 20 23. 17 
88 09 50.96 
88 06 08.38 
88 01 49.00 
87 31 35.05 
86 13 01.76 
85 08 23.72 

84 25 21.93 
83 55 06.98 
82 49 56. 72 
82 03 29.00 
81 37 59.19 
80 42 19.15 
79 18 51.38 
79 05 10.14 
78 31 20.62 
78 00 10.85 
78 21 39.21 
77 42 12.40 
77 42 59.51 
77 23 36.91 
77 09 36.65 
77 04 39.05 
77 04 26.02 
77 04 02.24 
77 03 05.81 
77 00 32.24 
76 59 59.54 
76 57 00.08 
76 52 49.95 
76 40 29.69 
76 36 35.69 
i 6  27 55.91 
76 23 34.92 
76 15 44.06 
76 00 16.10 
75 31 23.96 
75 05 03.06 
74 55 47.49 
76 00 30.69 
76 14 43.04 
75 59 15.06 
75 55 28.79 
79 04 19.09 
80 16 59.16 
80 38 49.62 
81 18 56.37 
86 47 00.25 
86 18 24.56 
82 24 41.34 
83 22 25.13 
85 17 29.62 
84 09 41.02 
86 11 00.66 
84 16 35.38 
84 23 18.98 
86 21 36.16 
86 18 00.41 
87 32 42.81 
88 05 43.59 
87 23 01.25 

Astro- - nornlc 
lat~tude. 

/ I  

41.80 
51.12 
48.00 
43.95 
62.78 
50.93 
31.10 
41.28 
53.05 
36.80 
00.68 
53.76 

20.61 
30.89 
29.78 
41.40 
06.95 
23.07 
57.08 
28.84 
61 09 
39. GO 
31.56 
56.72 
32.19 
49.54 
10.42 
25.79 
32.02 
13.74 
38.83 
07.35 
25.12 
10.61 
52.36 
25.35 
25.05 
46.07 
31. 71 
17.52 
32.75 
13.47 
40.07 
44.63 
30.25 
02.02 
56.57 
55.37 
50.7 
55.05 
21.69 
13.42 
61.35 
49.64 
32.85 
37.74 
15.75 
04.03 
47.63 
21.66 
59.28 
39.74 
45.24 
21.00 
47.74 
13.43 
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Dejlectbna. of the vertical in  the United States expressed in  terms of the Clarke spheroid of 1866 
(-6 378 206.4, b==& 366 583.8 meters) a d  tlie United Slntes Standard Geodetic Dutum- 
Continued. 

DEFLECTIONS IN HERIDIAK-Continued. 

Station. 

Mount Ifamis 

Cleveland, C.  and G .  S .  I.at. Ptn. 
Chso School Observatory 

Sault Ste. AIario Obeervatory; nest pier 
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DeJections of the vertical in the United States expressed in terms of the Clarke spheroul of 1866 
(a=6 378 206.4, b=6 356 583.8 meters) and the United States Standard Geodetic Datum- 
Continued. 

DEFLECTIONS IN MERIDIAN-Conrinlled. 

Rock Island 1,i ht House 
Boyem B I U ~  (ofd)- 
Door Bluff 
Menominee 
Green Island Light-House 
Fort Howard 
Minnesota Junction 
South Haven, azimuth station 
Willow Springs 
Fairmoun t 
Chicago Light-Home 
Escanaba Light-House 
Aminicon 
Minnesota Point South Base 
Minnesota Point North Base 

, 
Station. 

Brule River 
Whitefish Point, latitude p a t  
Porcupine Mountains 
Keweenaw'Point South Base 
Huron Mountaim 
Buchanan 
Crebwa Z i  ht House 
Outer ~ s ~ a n s  - 
Wheal Kate 
Sawteeth East 
Mount Houghton 
Vulcan 
Copper Harbor, stone p t  
Ga antua 
M i x i  icotan 
~ a r ~ u % a r a  Knob 
Isle Royal East 
Tip Top 
St. lgnace 
Mount Toro 
Arguello 
Gaviota 
Santa C,mz West 
New San Miguel 
Santa Barbara 
San Diego 1851 
San Diego 1892 
Fort Gratlot Observatory 
hspe 
Tepus uet 
Santa l u c i a  
Lee Angeles Normal School 
Dominguez Hill 
University of Illinois 
Provincetown 

Geodvtic Ivngit~~dv. 

crescent City 
Red Bluff 
Cave Mendocino 

No. 

Santa Ana 
Point Pinm 
Hepedam 
Castle Mount 
Rock Butte 

lmeon 1852 san H 
San Simeon 1874 
San Luis Obiepo 
Avila 
Point Conception 
San Buenaventura 
San Pedro 
Santa Catalina Island 
Soledad 

Geodetic latitude. 
.tsi.ro- 
nornir 

latitrlde. 

tt exist ill this list. 

A ( i .  



Each line in the following table headed "Deflections in prime vertical" represents a deter- 
mination of the astronomic azimuth or astronomic longitude a t  a station. 

In connection with this table the same explanations apply to the first four columns as have 
already been given in connection with the preceding lists of deflections in the meridian. 

Lines representing azimuth observations are distinguished from lines representing longi- 
tude observations by the fact that there are entries in the fifth and sixth columns. For an 
azimuth station the entry in the fifth column shows the geodetic azimuth a t  the station named 
in the first column to the station named in the sixth column, as fixed by triangulation. The 
seventh column shows the seconds only of tile astronomic azimuth of the same line observed 
a t  the station named in the first column. For example, a t  Paxton (No. 2) the geodetic 
azimuth to Mount Sanhedrin, as determined by triangulation, was 203' 47' 14".65, and the 
astronomic azimuth of the same line, as observed B t Paxton, was 203 47' 0511.77. 

The eighth column shows the astronomic minus the geodetic value of the azimuth or 
longitude as the case may be. 

The ninth column shows the factor necessary, in each case, to reduce the value in the 
eighth column to the prime vertical component of the deflection of the vertical at  the station, 
expressed in seconds of the prime vertical great circle. This factor is, for each longitude station, 
the cosine of the latitude (cos 4') and for e ~ c h  azimuth station it is -cot 4'. 

The factor cos +', used in connection with the longitude stations, arises from the fact that 
the determination of the astronomic longitude is affected by the amount of the prime vertical 
component of the deflection as measuied along a small circle, a latitude circle passed through 
the zenith, not as measured along a prime vertical great circle. 

A measured astronomic azimuth is necessarily referred to the meridian plane as defined by 
the actual, that is the deflected, line of gravity a t  the station and a line through the station 
parallel to the earth's axis of rotation. The angle measured in the horizon of the station between 
this deflectetl plane atld the true meridian plane is tan q5' times the prime vertical component 
of the deflection of the vertical. This angle, measured in the horizon, is the difference between 
the astronomic and the geodetic azimuth (A- G). Hence, to convert the A-G of the eighth 
column, as observed, to the required prime vertical component of the deflection of the vertical 
measured in seconds of the prime vertical great circle, i t  is necessary to multiply by cot #, as  
indicated in the ninth column. It is desired to have a plus sign in the last column mean, uni- 
fc-mly, that the zenith of the station defined by the actual line of gravity at  the station is farther 
west on the celestial sphere than the zenith fixed by the line normal to the Clarke spheroid a t  
the station. Hence, the minus sign is necessary with the factor cot 4' used with azimuth 
observations, for a westward deflection of the zenith makes the observed astronomic azimuth of 
any line (expressed in the clockwise direction) too small. 

The last column is, therefore, in each case, the prime vertical component of the deflection 
of the vertical expressed in'seconds of a great circle and is directly comparable with the last 
column of the table headed " Deflections in meridian." The plus sign means, uniformly, that 
the zenith is displaceti to the westward a t  the station. 
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Uejlections in  prime vertical. 

.\st. 
Long. 
or Az. 

46.26 
05.77 
33.51 
24.96 
15.04 

12.20 
42.92 
36.62 
27.14 

17.79 
25.30 
36.55 
16.03 
02.07 
13.11 
35.80 
35.71 
02.36 
53.89 
45.90 

19.13 

52.80 
22.34 
44.W 

42.08 
19.46 
28.50 
49.29 
34.84 
13.82 
37.56 
14.15 
27.24 
50.29 
28.49 
55.41 
01.38 
02.64 
04.14 
30.3i 
55.59 

44. i0  
3?. 55 
47.80 

50.50 

2ZW5 
02.73 
57.89 
18.70 
53.08 
16.Ci 
40.85 
54.02 

23.98 

30.68 

00.39 

5S.M 
01.71 
51.27 
16.70 
lo.% 
04.62 
31.62 
25.9ti 
59.79 
36.36 
18.32 
1l.W 
21.00 
20.49 
37.17 
05.M 
31.81 
18.84 

07.53 
05.30 
46.30 

15.&5 

A-O. 

+21.82 
-08.M 
+a!. 42 
-OB.86 
-04.42 

f06.97 
+05.70 
+05. 11 
f12.64 

+Oi.45 
-02.34 
-00.77 
-02.88 
-05.86 
-&5.87 
+05.34 
- 04.32 
-01.W 
-03.31 
+04.86 

-07.62 

-05.25 
-24.01 
-04.43 

-07.80 
-07.91 
-03.19 
-06.64 
-04.55 
-03.27 
+06.91 
-(r2.46 
+15.03 
-05.80 
-05.24 
+11.03 
-10.82 
+02.12 
-06.93 
-11.36 
t17.62 

- 14.24 
-21.52 
+a0.30 

-15.65 

-15.58 
-07.11 
-04.19 
-0 .60  
-02.W 
-11.69 
-03.73 
+00.U 

-05.51 

+W.W 

-09.05 

-05. 98 
-11.28 
-00.75 
+07.88 
-?kc6 
+m.sg 
+01.17 
-05.54 
-05.21 
-08.62 
-a w 
+01.46 
-01. 10 
-00.92 
+03.28 
f04.31 
+02.76 
+01.40 

+03.42 
+00.71 
-00.70 

-00.09 

Geodetic 
longitude. 

0 , I ,  

123 41 24.44 
123 18 43.25 
123 12 28.09 
I n  37 57.82 
l n  35 45.24 

122 27 05.23 
122 25 37.22 
122 24 31.51 
121 38 14.50 

121 35 10.34 
122 11 22.33 
122 05 01.99 
121 54 18.36 
121 51 28.55 
121 47 58.52 
121 29 30.46 
121 33 18.78 
120 21 51.59 
120 00 01.13 
119 56 41.04 

119 56 55.01 

119 58 58.15 
119 50 46.35 
119 6 49.03 

119 38 49.98 
119 19 14.23 
118 I4 05.09 
117 21 OR. 63 
116 57 00.64 
115 49 04.96 
115 57 30.65 
114 04 36.29 
117 04 12.21 
114 03 04.82 
113 55 08.93 
112 37 44.38 
112 37 32.55 
112 25 09.27 
112 12 55.55 
111 52 53.07 
111 59 37.97 

111 59 37.97 
111 53 10.30 
111 53 27.30 

111 53 27.34 

111 45 56.92 
111 27 11. 9 .  
110 48 
110 18 5 7 . 1  
1 1 0 0 0  55.M 
109 13 38.34 
109 00 19.20 
108 33 53.40 

108 33 36.51 

106 55 26.73 

106 55 26.73 

107 27 41.78 
107 05 51.78 
106 13 27.33 
105 02' 37.31 
101 49 34.71 
104 27 41.W 
103 10 15.65 
101 35 31.50 
98 47 08.07 
8 8 1 3 4 . 5 1  
97 3G 10.84 
86 04 24.37 
~ 3 5 ~ 2 . 1 6  
92 46 24.37 
92 09 45.55 
91 17 27.98 
90 19 29.66 
90 12 17.44 

89 10 25.60 
88 09 50.32 
88 01 49.00 

88 01 49.00 

CoS4'0r 
-Cot +' 

+O. 7781 
-1.2289 
f0.7755 
-1.2496 
-1.2834 

+0.7902 
+0.7902 
f0.7902 
+0.7950 

+O. 7756 
-1.2498 
-1.2628 
-1.2854 
- 1.2491 
-1.2559 
+0.7818 
-1.3043 
-1.21W 
-1.2498 
f.0.7777 

-1.2364 

+0.7714 
+0.7771 
+O. 7753 

+0.7i3i 
-1.2815 
-1.2095 
-1.2423 
-1.2041 - 1.2064 
+0.7715 
-1.1495 
+0.7717 
-1.2806 
-1.19:W) 
+0.7739 
-1.1725 
-1.13S3 
-1.1519 
-1.1423 
f0.7522 

-1.1415 - 1.1841 
+0.7:i3 

-1.1598 

-1.198R 
- 1 . 2 ~ ~  
-1.2744 
-1.2130 
t 0 . 7 7 2  
-1,2554 
-1.2114 
f0.7764 

-1.2318 

+0.7821 

-1 .W1 

-1.2767 
-1.2313 
-1.2CiOi 
-1.2120 
+0.7790 
-l.yj,.g 
-1.2331 
+0.7iRI - 1.2413 
+0.7801 - 1.2215 
-1.2330 
+O. 7761 
-1.2ti01 
-1.2544 
-1.2Si7 
-1.2MD 
+0.7812 

-1.fBfl 
- 1 . 2 . ~  
+O.i817 

-I.L'MI 

Geodetic 
latitude. 

0 , , I  

38 54 36.16 
39 08 09.20 
39 08 W.88 
38 40 11.08 
37 55 27.51 

3 i  4i 51.38 
3i 47 31.9'2 
37 47 64.71 
37 20 34.81 

39 08 29.25 
38 39 50. M 
38 22 33.81 
37 52 55.43 
38 40 44.81 
38 31 42.18 
3X 34 34.79 
37 28 39. 70 
39 26 00.06 
38 39 50.32 
38 57 16.71 

38 58 02.84 

XI 31 14.49 
39 00 13.71 
39 09 52.22 

39 18 39.68 
37 58 02.59 
39 35 00.23 
38 49 58.81 
39 4 35. 00 
39 35 06.91 
39 30 43.34 
41 01 17.24 
39 29 32.59 
37 59 10.90 
38 49 42.46 
39 17 38.00 
40 27 35.30 
41 17 53.68 
40 57 44.37 
41 12 00.76 
41 13 12.54 

41 13 12.40 
40 54 26.00 
40 46 12.38 

40 46 11.58 

39 IS 38.11 
39 06 54.36 
38 07 17.13 
39 30 08.57 
38 59 30.28 
38 32 21.47 
39 3'2 23.95 
J9 03 55.22 

39 04 18. 95 

38 32 47.W 

38 3'2 46. G3 

38 01 18.42 
39 00 51. ~ ( i  
38 25 22.20 
38 50 N 3 2  
38 48 59.28 
38 57 22.53 
39 02 20.35 
38 54 4 . 34  
38 51 22.30 
3 8 4 3 4 6 . 7 6  
38 51 07.67 
39 02 40.97 
3 9 0 5 5 0 . 4 0  
38 25 45.21 
38 33 41.16 
S.5 35 58.12 
38 30 19.82 
38 37 58.59 

38 36 45.30 
38 55 28.59 
38 34 51.52 

38 34 51.52 

r 

Station. 

Point Arena 
Paxcon 
U klah 
Mount Helena 
Mount Tamalpals 
San Francisco: 

New Presidio 
Lalayette Park 
Washington Square 

Mount Hamilton, Llr! 
Observatory. C. and (. 
S. 1,ongltude Station 

Marysville 
Monticello 
Vaca 
Mount Dlablo 
yolo Northwest Base 
y d o  Southeast Base 
Sacramento 
Mocho 
Mount Lola 
Round Top 
Lake Tahoe Southeast, 

longltude sta. 
Lake T&oe Southeast, 

azimuth sta. 
Verdl 
Oenoa carson City,Obser\-atory 

transit. 1 W  
Virginia City 
Mount COllneS 
Carjon Sink 
T o i y a h  Dome 
Mount Callahan 
Diamond Peak 
Eureka 
l'llot Peak 
Austln 
Piocbe 

b",P 
Dawret 
Promontory 
Antelope 
Ogden I'eak 
ogden ~ ~ a t o r y ,  lon- 

gtud%pier 
O p e n ,  arlmuth station 
H add011 
salt Lage City, lofigi- 

tude sta. 
salt  Lake City, azimuth 

statloo 
Mount Nebo 
Wasatch 
Mount Ellen 
Patmos Head 
Oreen River 
Mount WaaS 
Tava utS 
Oran! ~ u n c ~ o n ,  longl- 

rude sta. 
~ r and~unc t l on , a r imu th  

sta. 
~ ~ ~ ~ h ~ ,  cola., longl- 

tude sta. 
cunnison, Colo., u imu th  

sta. 
U n c o m p a p  
Treasu ountaln 
~ o u n t % u r a y  
Pika Peak 
 lora ado sp f inv  (I=) 
EI PW East Base 
Overland 
Wallwe 
~-11 m t h w t  Base 
Ellsworth 
Bdlaa West BMe 
Aduns  
Kaarps~ity,we.sts. 
Hunter 
Jederson City 

L Z h r n l d t  
~t ~~~b Wsshlngkm 

~ n ~ v a r ~ l t y ,  traasltplff, 
1881-81 

Bordlns 
Newton 
pukembum, longitude 

station 
p ~ m b u r g ,  s r l m u t h  

atation 

(P. V.). 

+l(i.98 
+10.90 
+04.20 
+12.32 
f05.67 

+05.5l 
+ W . a  
+04.04 
+10.05 

+05.78 
+02.92 
+00.97 
+03.70 
f07.32 
+07.37 
+04.17 
+05.63 
+01.29 
+04.14 
f03. 78 

+09.42 

-04.05 
-18.66 
-03.43 

-06. 11 
+lo. 14 
f03.86 
+08.25 
f05.18 
+OX95 
+05.33 
f02.83 
+l l .W 
+07.43 
+06.28 
+0.54 
f12.69 
--02.41 
+07.98 
f12.98 
+13.25 

+1G. 25 
+24.84 
+15.37 

+18.15 

+18.69 
+0~1.74 
+05.34 
+10.50 
-02.02 
+l.I.M 
+01.52 
+00.48 

f06.79 

fo3.09 

+11.36 

+07. 
f13.92 
+1M.95 
-09. i9  
-18. i4  
- ( ~ . 4 4  
-01.14 
-04.31 
+@. 47 
-06. i 2  
+w. 89 
-01.80 
-00 . a  
+ol. l6 
-04.11 
-06.40 
-03.47 
+01.08 

-04:s 
-IMI.*E; 
-IW.:h? 

+W.Il  

No. 

1 
2 
3 
4 
5 

2 
/i 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
10 

21 

22 
23 
24 

25 
26 
27 
23 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
38 
40 
41 

42 
43 
44 

4.5 

46 
4i 
48 
49 
50 
51 
52 
53 

54 

55 

5G 

57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
88 
w 
70 
71 
72 
73 
74 

75 
76 
77 

78 

Gcodetir 
azimuth. 

0 I I ,  

. .. .. .. ... 
203 47 14.65 
... .. ..... 
324 01 34.82 
274 15 19.46 

. .. . . . .. .. 

. . . . . . . . . . ... .. ..... 

... .. ..... 

... .. .. ... 
91 04 27.64 

235 38 37.32 
144 28 18.91 
343 05 07.93 
163 07 18.98 
... . . . . . . . 
144 57 40.03 
67 22 03.42 
90 58 57.20 
... .. ..... 
177 56 26.75 

.. . . . .. .. . ... .. ..... 

... .. ..... 

... .. ..... 
142 39 27.37 
262 20 28.W 
77 20 55.93 
83 09 39.38 
98 27 17.09 
... .. ... .. 
303 40 16.61 
... . . ..... 
250 58 56.09 
81 11 33.73 
... .. ..... 
314 14 12.20 
283 24 00. 52 
31 59 11.07 

356 19 41.73 
.. . . . . . .. . 
283 08 58.94 
180 42 54.07 
. . . . . . .... 
192 02 66.15 

20 05 38.64 
160 54 09.84 
195 35 62.08 
ti0 4 n .36  
... .. ..... 
i2  00 28.31 
88 17 44.58 
... . . .. . . . 
23 57 28.49 

. .. .. ..... 
41 55 09.44 

196 42 61.82 
74 45 15.98 
70 35 52.02 
66 05 08.82 
. . . . . . . . . . 
102 48 01.03 
'284 10 31.45 
... .. ..... 
140 42 65.0 
... .. ..... 
248 36 22.26 

11 46 10.48 
... .. ..... 
nl 48 21.41 
188 55 34.19 
39 12 01.33 

200 09 28.05 
. . . . . . . . . . 

53 25 25.11 
321 28 04.59 
. . . . . . . . . . 
143 16 15.64 

To station. 

Mount Sanhedrin 

Mount Dial~lo 
Mount 1)iablo 

Mount Helena 
Yolo Southeast Base 
Mount Helena 
Yolo Southeast Base 
Yolo Northwest Base 

Mount y lab lo 
Mount Helms 
Mount Helena 

F o l s ~ m  Peak 

Round TO 
~ o o n t  ~ a l k h a n  
Mount Gnuit 
Carson Sink 
Mount Callahan 

Mount S e l ~ o  

Tushar 
Diamond Peak 

Mount Nel)o 
Ogden Peak 
Deseret 
Mount Xebo 

Ogden Peak 
Ogden Peak 

City Creek 

Tushar 
Mount N e h  
l'atmos Head 
W w t c h  

Mount Ellen 
Patmos Head 

Clrlqulta 

Uncompahgre 

Treasur - bfountain 
Mount \\.ass 
Uncompah~re 
Mount Ouray 

El Paso \Vest Base 
Eureka 

Russell S W .  Bme 

Salina East Base 
Clark 

Christian 
Cedar 
Winter 
Insane Asylum 

Geoffre). 
Claremont 

Denver 
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Deflections in prime vertical-Continued. 

* Yt.rial numl)t,r 1M ~~loes  not teslst in t l ~ l s  list. t Serlal numl)crs 112 and 140 do not exist In this Hst. 

. 
Statlon. 

\‘incennes 
0sl)orn 
\Vccd l'atch 
Itt.Izil~ 
t'incinnati.Mt. Lookorlt, 

I'. and 0. S. transitpirr, 
18R1 

hlinrrva 
(iould 
i'ine 
( ' l ~ a r ~ s t o n ,  W.  Vn. 
Kreney 
14:lllott Knob 
Ctiarlottesvilic. XfeCor- 

mick 0 bservntory 
('lark 
Strul,urp 
Long Mount 
I3ull Itun 
hfaryl;mc! fIeipl~ts 
Fuparlo~rl 
( allsten 
Naval Obscrvatory,rla.k 

room 
Naval Observatory, old 

site, renter of dome 
C. and (:. 8. Observatory, 

translt 

!;P= 
Webb 
Marrlott 
Calvert 
Princ.ipl0 
Dover 
Ca e Henlopen Light- 

bouse 
Cape May, transit 
Cape Henry Light-House 

(old) 
Roslyn,longltudestatlon 
Sta~lnton 
North End Knot t  Island 
Wolftrap 
T a n ~ l r r  Island 
Seaton, longltudestatlon 
Btatrsville 
Moore 
Young 
King 
Nashville 
Lebanon North Base 
Paris 
Currahee 
Lavender 
s a w  nee 
AtlantaMIddle Base 
Atlanta 
Montpomer 
Lower ~ e a c i  Tree 
Aurora 
Kahatchee 
Ethridge 
Fort Morgav, lulmuth 

station 
Mobile 
Tan yard 
East Pascapoula 
New Orleans 
Yard 
Mount Rose 
Beacon IIlll 
West IIills 
Sandlord 
Cambrldgr, IIarvard 01)- 

servatory, west transit 
pier 

Mount Tom 
Spencer 
Beaconpole 
Cg ecut 
1nX1an 
Shootfl ing 
Blue 
Wachusett 
Thompson 
Camhrldge, narvnrd Ob- 

servatary, center of 
dome 

Duxbury, transit 
Unkonoonuc 
a u n s t o ~ k  
Agamentlcc~s 
Mount Plsssont 
Mount Indepentlenc-e 

So. 

i9  
80 
81 
82 
83 

84 
8.5 
8li 
8 i  
88 
89 
90 

91 
92 
93 
84 
95 
%i 
97 

* 98 
100 

101 

102 
103 
1W 
105 
106 
107 
108 
100 

110 
111 

t113 
114 
115 
116 
l l i  
118 
119 
120 
121 
122 
123 
124 
125 
126 
12i 
12R 
129 
130 
131 
13" 
133 
134 
135 
1W 

13i 
138 
130 

t l4 l  
142 
143 
144 
145 
1Hi 
117 

148 
149 
1% 
1.51 
152 
l j 3  
134 
155 
I:& 
157 

158 
I59 
160 
101 
lli2 
It3 

Gcodrtlc 
la t l t~~r ie .  

0 ,  I ,  

38 40 33. ;0 
38 51 23.41; 
39 10 Oo. (i3 
39 0:' $3. R(i 
39 08 21.87 

38 42 31.113 
38 38 27.58 
38 21; 39.59 
38 21 02.29 
37 4(i 24.84 
38 09 .i9.8:i 
38 01 58.03 

38 18 41.10 
38 59 29.K5 
37 17 2i. 59 
38 52 33.58 
39 20 5 .  ti9 
39 15 44.Td 
38 55 35.29 
38 55 17.03 

38 ;3 42.27 

38 53 12. 15 

39 0.; l l . R  
38 53 54.91 
39 05 2li.5li 
38 52 2i.5ti 
38 21 34.29 
39 35 3li. ti0 
39 IM 20.75 
38 4li 51.55 

38 55 48.69 
3ti 55 32.82 

37 14 2fi.35 
38 08 Mi.51 
3li 33 5i: lil 
37 24 04. i 5  
37 47 57. i O  
38 53 28.06 
35 4ci 56.41 
36 23 53.49 
35 44 
35 12 8: ?; 
313 09 a7.57 
36 12 41;. 89 
34 5(i 29. 
34 31 44.89 
34 19 19.21 
34 14 11.84 
33 54 21.46 
33 44 58.11 
32 22 39.34 
31 50 20.45 
34 08 4i. 48 
33 13 38.2i 
32 45:89 
30 1 42 24 

30 41 30.89 
34 39 11.36 
30 20 33.52 
29 56 53.40 
39 58 24. 0 
40 22 03.11 
40 22 21;. 55 
40 18 55.19 
41 27 42. M 
42 22 53.48 

42 14 3 0 . 0  
41 40 43.2ti 
41 59 12.47 
41 43 17.24 
41 25 4li. 74 
41 41 0i. 33 
42 12 13.94 
42 28 20..iX 
42 31i 41.92 
42 22 53.49 

42 02 55.18 
42 58 59.Ri 
43 31 04.32 
43 13 24. f3 
44 01 36. 69 
43 45 33.75 

Geodctlc 
azlmuth. 

e r r ,  

192 iii i(i:7i 
7 33 20.48 

276 5li 47. r%J 
... .. ..... 

210 54 40.17 
84 49 IN. 90 

119 04 31.38 

2ij 04 3j:ii 
303 25 21.08 
. .. . . . . . . . 
202 19 27.68 
. . . . . ... .. 
223 28 45.44 
213 53 29.48 
358 43 09.41 
32 29 21.17 

210 54 36.78 ... . . ... .. 
... .. ..... 
. .. .. . . . .. 
268 49 17.06 
219 46 50.05 
88 59 41.63 
m 37 33.97 

252 06 00.08 
1 34 3ti.41 

,. .. 
175 46 ii:3i 
.. . . . ... .. 
205 38 19.62 

... .. ..... 

... .. . ... . 
172 34 03.70 
14 28 27.63 

282 48 32.2 
... .. ..... 
... .. ..... 
158 33 30.90 
126 52 51.43 
141 33 38.08 
. .. 

6 I% 48..30 
267 IR 14. (3 
1% 10 24.70 
300 11 59. i 0  
245 34 27.60 
312 22 U.39 
... .. ..... 
... .. . .... 
.. . .. . . . .. 
236 06 30.01 
253 32 14.M 
245 52 50.62 
143 59 49.26 

... .. ..... 
349 59 08.92 
2% 30 51.75 
... .. ..... 
347 17 38.94 

7 48 60:18 
183 35 31.24 
174 57 35.76 

5 50 16.M 
356 22 56.27 

212 37 17.23 
185 57 36.34 
228 55 19.77 
175 17 06.30 
135 35 64.33 
143 03 20.31 
305 57 32. lli 
24 17 34.50 

381 21 4 2 . 8  
. .. .. ..... 

i% 33 ii:iii 
217 43 29.50 

2 3li 58. Zli 
205 59 1H. 58 
2ci 55 50.74 

I ;~~odcl lc  
longitude. 

0 ,  ,, 
R i  31 35. I15 
&i 52 3.i. i!, 
8ti 13 Oo. ii 
83 08 24.08 
84 25 21.93 

83 55 M.G5 
K:! 49 56.73 
82 03 29.00 
81 37 5') 19 
80 42 1;: 18 
i9  18 51.38 
78 31 20.62 

78 O 11.48 
78 21 39.01 
79 05 10.23 
77 42 12. U) 
77 42 59.92 
77 23 36.88 
77 M 23.81 
77 03 62.24 

77 03 OG. 10 

77 0 32.15 

76 57 00,73 
ili 52 49.7ti 
iti 40 30.17 
76 36 35.15 
76 23 34.82 
71; 00 lfi. 41 
75 31 23.91. 
75 05 02.8) 

74 55 47.41 
i 6  00 30.23 

77 23 51.10 
79 04 19.09 
75 55 18.58 
76 14 42.98 
!5 59 15.00 
10 59 59.54 
80 53 39.01 
80 16 59.22 
80 38 51.12 
81 18 45.52 
86 4i 00.25 
86 18 24.5ti 
82 24 39.96 
83 22 33.20 
85 17 18.25 
84 08 38.70 
84 l(i 37.63 
84 23 18.91 
88 17 60.41 
87 32 42.87 
8G I1 00. C ?  
86 21 3B. 53 
87 03 29.07 
88 01 23.26 

88 02 33.40 
8 i  23 01.06 
RE 32 45.21 
90 04 11.66 
75 23 13.79 
74 43 25.77 
74 13 41.91 
73 25 32.40 
72 54 59.30 
71 07 44.48 

72 3R 55.110 
!1 29 40. ti8 
$1  2 i  01.26 
71 03 36.14 
i 0  40 40.70 
70 20 49.74 
71 Oti 52. G4 
71 53 13.98 
70 43 49.16 
71 07 43.88 

70 40 1 0 . 1  
i t  36 19.38 
71 22 11.38 
70 41 32.91 
70 49 21.94 
70 19 14. 34 

To station. 

Calrary 
Fountaln 
Tanner 

\ s l ~  Rid e 
ilowlancf 
i:cnbhardt 

Bald Knob 
1.Iumphack 

Bull R u n  

Spear 
Peach Grove 
nrlll Run 
Bull Run  
Soper 

Webb 
\Vebb 
So er 
III\ 
hleekins Seek 
Turkey Point 

Brand .\vine Sl~orils 
L. 2 

Cape Charles L. 11. 
(old) 

Ragged Island 
New Point Comfort 
Watts Island L. H. 

Buffalo 
Poore 
Denn 

1,ebnnonSouth Base 
Wnfford 
Rnbun 
Kenesaw 
Currahce 
StoneMountain 

Brandon 
Horn 
Lovers Lea 
Cedar ~ o l n f  

Penit 
Bayou Cruotte 

Llpplncott 
Mount Holly 
Weasel 
Wooster 
Rtllnnd 
Blue HI11 

Monadnock 
Beacon le 
Dlue 1% 
nluc Hi11 
('opecot 
Manomet 
Manomet 
Hald Hi11 
Manomet 

G ~ ~ n s t o r k  
Mount Plrasant 
Tllompson 
Mount nllle 
Agarncntlc~ls 

Ask. 
Long. 
or .\Z. 

30. 14 
17.59 
21.28 
4ti.02 
21.52 

.I?.% 
13.01 
31.S-1 
til. 9.; 
3.7.89 
'24.46 
20.10 

27.98 
35-70 
4l.lU 
28.49 
07.18 
lli. 97 
4 l .G  
56.70 

02.30 

25.64 

?3.60 
33.11 
49.38 
43.40 
19.18 
43.50 
18.45 
17. W 

4 5 . 1  
19.31 

46.61 
16.24 
08.67 
26.0 
36.5 
52.73 
41.31 
31.19 
83.69 
36.9 
01.24 
48. i 6  
15.17 
27.89 
59.11 
26.12 
28.94 
20.07 
59.19 
40.94 
28.35 
12.80 
49.31 
45.61 

37.37 
04.78 
51.27 
11.44 
38.d7 
55.59 
29.89 
38.32 
25.28 
57.95 

21.74 
33.23 
17.23 
0f1.47 
58.82 
22. 74 
30.00 
41.32 
41 .S  
45. ti9 

12.R7 
20.10 
33.53 
.i>. 53 
21.51 
48.M 

'Os6' br 
-cot 6'. 

+O. iNJi 
-1.2413 
-1.22ili 
-1.232ti 
+0.7i56 

-1.24ih 
-1.2508 
-1.2597 
+O. 7842 
- 1.2W14 
-1.27i3 
+0.7877 

-1.2G7 
90.  i7i2 
-1.3131 
-1.2401 
-I. :?tK) 
-1. P234 
-1.2381 
fO .7 i0  

+0.7783 

+O. 7i64 

-1.2311 
-1.2394 
-1.2300 
-1.2404 
-1.2035 
-1.2091 
+O. Ti54 
-1.2446 

+(L7779 
-1.3307 

+O. 7961 
+0.7&54 
-1.3481 
-1.3079 
-1.2882 
f0.7783 
f0.8112 
-1.3% 
-1.3898 
-1.4173 
+0.8073 
- 1 . m 7  
-1.4312 
-1.4534 
-1.4647 
-1.4605 
-1.4878 
+0.8315 
+0.8445 
+0.8495 
-1.4744 
-1.5266 
-1.5954 
-1.7162 

+0.8589 
-1.4467 
-1.7W 
+0.8665 
-1.1829 
-1.17M 
-1.1761 
-1.1579 
-1.131R 
-1.0958 

-1.1012 
-1.1232 
-l.llOU 
-1.1216 
-1..1331 
-1.1230 
-1.1024 
-1.0817 
-1.0871 
+O. 7387 

+O. 74% 
-1.0730 
-1.0532 - I.O(i40 
-1.0345 
-1.0443 

.t-G. 

-04. 01 
+UO.Rl 
+00.80 
-01.48 
-00.41 

-03. 79 
+03.il 
+00.4li 
+02.7li 
f03.37 
+U3.38 
-00.52 

+O.30 
-03.31 
-03. W 
-00.99 
-02.f3 
-04.10 
+M.87 
-05.48 

-03.60 

-06.51 

+06.54 
+08.Mi 
+07.75 
+09.43 
+09.10 
+Oi.On 
-05.46 
+00.27 

-01.73 
-00.31 

-04.49 
-02.85 
+04.91 
-01.03 
+04. 30 
-06.81 
+01.40 
+00.29 
+02.26 
-01.20 
+00.99 
+O.  37 
+00.54 
+03.19 
-00.59 
-01.48 
-02.43 
+Ol.lti 
-01 .2  
-01.93 
-00.Mi 
-01.26 
-01.31 
-03.65 

+03.97 
-M.14 
-00.48 
-00.:2 
-00.37 
-04.59 
-01.35 
+0?.56 
+08.40 
+Ol. ti8 

+04. 51 
-03.11 
-02.54 
+GO. 17 
-05.51 
+0?. 43 
-02.10 
+O(i.R2 
-00.83 
+01.81 

+01.91 
+Ol.52 
+03.0i 
-W. 73 
+01.93 
-02.10 

A-G 
(P. V.). 

-03.83 
-01.01 
-00.98 
+01.82 
-00.31 

+a. 73 
-04.ti4 
-(i0..%3 
+W. 16 
-W. 35 
-04.30 
-00.41 

-00.38 
-02.57 
+04.69 
+01.23 
f02.72 
+05.14 
-06.03 
-04.20 

-02.86 

-05.07 

- M a 5  
-.O(I.W 
-09.54 
-11.70 
-11.50 
-08.57 
-04.23 
-00.34 

-01.35 
+00.41 

-03.57 
-02.24 
-06. 62 
+m. 13 
-05. t4 
-05.37 
+01.14 
-00.39 
-03.14 
+01.70 
+00.60 
-00.51 
-00.77 
-04.tCI 
+00.8(i 
+02.17 
+03.65 
+00.W 
-01.03 
-01.64 
+00.97 
+01.92 
+02.09 
+0(1.20 

+03.41 
+05.W 
+00.82 
-00.19 
+W.U 
+05.40 
+01.59 
-02.M 
-09.51 
-01.84 

-04.97 
+03.49 
+02.82 
-00.19 
+06.24 
-02.72 
+02.32 
-07.45 
+00.90 
+01.34 

+01.42 
-01.M 
-04.lM 
+VL. 90 
-02 .0  
+02.19 



' Serial number 197 does no1 exist in thls llst 

Statlon. 

Sahattlls 
Cape Small 
liapged Mountain 
\lolint Harris 
Mount Desert 
Humpback 
Iloward 
Cooper 
nanpor 
Calais 
~ o i l n t  Merino 
Iio\vlett 
Tassel 
Prospect 
Cheerer 
Opdensburp 1,ipht-IIollSC 
~~dens l~urgI , ight - t louse  
~ a t , e r t o w n C o ~ r r t I I ~ ~ ~ s e  
Mannsville 
os~vepo 
Rochrstrr City Hal! 
'ronawanda 
Tonawanda 
Buffalo, intrrsertion ICx- 

change and Michigan 
strerts 

Dunkirk Light-House 
Creek North Rasc 

Erie Range Light NO. 1 
Clevrland Light-klollse 
Tolt~clo 
sandusky West Rase 
Clerelancl, transit 
hlonrw Cour tk lous~ 
Detrolt 
~ ~ ~ l t  Ste. Marie 0t)serva. 

tory. wrst irr. 
~ ~ k i ~ ~ ~ - b c s t I l a s e  
galllt s t? .  Marle Ol)s#*rva- 

tory, west pier 
Ford River 2 
Thoncs Hill 
Ford RI\-rr 2 
~~~~~~~w South nasc 
Gar~antcla 
Mrnominre 
Fort Ilownrd 
.4minicon 
Brrlre 
Chicago 1,lpht-Ilorlsr 
~viilow Springs 
rvlllow Springs 
Minnesota Point Sorth 

Base 
Ilinnesota Polnt North 

Base 
>iianrsota Junction 
San Diego 
 LO^ . Angeles Normal 

School 
Santa Ann 
~ o u n t  Tor0 
11 ~pszdarn 
Santa Lucia 
Castle Mount 
I.ospe 
Trpus uet 
Arguedo 
Gavlota 
sew Sen Mi~uei  
Santa Cruz West 
Santa Ilarhara 
L~~ Angeles Northwest 

unse 
L~~ Angeies Southeast 

Base 
Oratlot Observatory 

provtncetown 
Domlnguez Hill 
Davls 
sulphur Peak 
ROSS Mountaln 
Point Avlsadoro 
Monterey Bay 
Santa Cmz 
Avila 
Ban Buenaventura 

Buenavista 
Soledad 
Ban Dlego 1851 
San Dlego 1871 

(:rodrtic 
azlmlrth. 

D ' , r  

24 31 22.95 
1.53 I9 OI.Wi 
81 48 43.95 

254 35 08.43 
78 30 48.09 

254 42 29.88 
I 9  .S4 .15.07 

3.51 53 12.04 
... .. ..... 
... .. ..... 
74 44 42.3 

275 41 31. I8 
92 55 41.75 

298 02 54.28 
2i5 10 5 6 . a  
... .. .... . 
20(i 54 47.85 
... .. ..... 
... .. ..... 
... .. ..... 
... .. ..... 
... .. ..... 
314 22 37.18 
... .. ..... 

... 
357 ii 23:G 
... .. .... . ... .. ..... 
... 
319 3; 42.-k7 
... .. ..... 
... .. ..... 
... .. ..... 
. . . . . . . . . . 
213 53 25.25 
l i 8  Mi 34.04 

... .. ..... 

. . . . . . . . . . 
31 35 5;. 81 

199 10 10.i.Ii9 
3% Oli 23.73: 
... .. ..... 
. . . 
153 36 5ii.53 
139 16 0Ii.W 
... .. .... 
... .. ..... 
224 29 40.94 
... .. ..... 

323 52 15. 6:b 

272 30 48.99 
... .. ..... 
. .. . . . ... . 

38 44 33.91 
162 12 31.32 
154 57 28.97 
1.57 58 56.29 
133 51 16.62 
267 10 0'2.14 
87 24 ?li. 30 

284 59 48.69 
283 30 11.77 
105 05 23.69 
200 51 42.78 
103 4(i 31i.35 
322 33 21.50 

142 37 11.84 

. . . . . . . . . . 

. . . . . . . .. . 
95 17 48.03 
13 37 w. 10 
81 28 50.74 

164 25 53.44 
195 03 30.5 
116 01 15.9 
105 14 28.9 
281 43 31.3 
114 04 42 

. .. 
178 32 iB.'37 
187 53 35.0 
. .. .. . ... . 

Ccod~~t ic  
longtt~tdr. 

0 I , t  

70 04 43.74 
69 50 44.22 
69 09 03.33 
(i9 M 54.67 
68 13 37.63 
08 Mi 3i. i 8  
67 23 45.36 
67 28 02.25 
(i8 47 00.15 
67 10 52.76 
13 49 03.54 
16 17 26.62 
i 5  19 00.51 
73 46 04.57 
73 2i 02.85 
75 30 14.71 
75 30 14.29 
i 5  54 52.96 
76 03 13.50 
76 30 49.28 
77 31i 49.Ci0 
78 53 2 0 . ~ 8  
i 8  53 20.R8 
i8 52 13.2.'. 

79 21 14.81 
70 12 00.92 

16 04 39.22 
81 42 08.68 
83 32 31.00 
542 40 57.57 
81 41 29.21 
83 23 48.93 
8 3 0 3 0 0 . 6 5  
84 20 55. ffl 

84 40 21.L; 
84 20 *is. ti4 

87 06 08.44 
S7 27 03.30 
8 i  Mi OR. 44 
XU 29 15.82 
84 58 53.93 
87 35 33.71 
88 02 33.21 
91 51 42.84 
87 53 57.29 
87 36 51.40 
87 51 05.63 
R7 51 05. 63 
92 04 42.52 

92 04 42.52 

86 43 46.78 
117 09 28.4li 
118 15 16.46 

121 13 57.i8 
121 36 32.28 
120 49 21;. 31; 
I21 25 05.94 
120 20 22.91 
120 3ti 19.94 
120 11 09.05 
120 33 39.01 
120 11 .53.43 
120 23 09.47 
119 55 02.i(i 
119 42 53.09 
118 03 23.i8 

117 56 30.32 

82 25 44.49 
70 11 19.02 

118 14 11.64 
7.5 M 21.63 

122 50 40.22 
123 07 09.22 
122 21 47.48 
121 52 59.20 
122 03 18.69 
120 43 17.32 
119 I5 57.35 

118 14 31.38 
117 15 07.24 
117 14 31.29 
117 09 27.63 

To station. 

hfount In(lepen~lencc! 
Snbattus 
Mount Pleasant 
I i~ tmpbark  
Ragged Mo~tntaio 
Cooper 
Pigeon 
Howarcl 

Catskill 
Fcnncr 
Fenner 
Mount Eqolnox 
\Vhitfonl 

Windmlll 

Buffalo Plains 

Sandy Creek South 
Base 

SBndusky East Uase 

D-St.Ipnace 
Aeimuth 

Cedar Rlvrr 
Krweenaw North Base 
Mamalnse 

Lester 
Longtall Point L. 11. 

Shot Tower 

Minnesota h i n t  S. 11. 

Horlcon 

Mount Ton, 
Loma Prleta 
Santa Ann 
Mount Tom 
Ilepsednm 
Trpusqlret 
I.ospe 
Caviota 
Santa llarl,ara 
Arpuello 
Santa Barl~ara 
Gaviota 
Los AnpelesSE. Base 

1.0sAn~eles .V\ll. Base 

West Beach 

3ua~lin6 
Mark 
Elongation Mark 
Rlongation Mark 
Azimuth Mark 
San LuisOhlspo W. D. 
Ban Buenavent~~ra  Az. 
Mk. 

Soledad Admuth Mark 
Fltchs klill 

So. 

l(i4 
lli5 
Ifili 
lli7 
11% 
169 
170 
171 
172 
173 
174 
I75 
171; 
Ii7 
178 
l i 9  
IxO 
IHI 
In2 
IK3 
184 
185 
IXci 
187 

1118 
I89 

190 
191 
I92 
I93 
194 
195 
1%; 

,198 

1W 
200 

201 
'm2 
M3 
204 
'105 
20tj 
207 
208 
!MI 
210 
211 
212 
213 

214 

215 
211; 
217 

218 
219 
220 
221 
222 
2'3 
224 
225 
2B 
227 
228 
229 
230 

231 

232 
23X 
234 
235 
231; 
297 
238 
239 
240 
241 
242 

243 
244 
245 
246 

':eodrtic 
latitt~df*. 

0 , I ,  

44 08 3i. 83 
13 41; 43.22 
44 I2 45.38 
44 39 54.87 
44 21 03.23 
44 51 50.69 
44 37 4fi.58 
44 59 13.48 
44 4R 16.14 
45 11 05.68 
42 11 05.06 
42 59 .52.% 
42 51; 29.13 
43 25 17.95 
41 M 54.06 
44 41 52 
44 41 52.44 
43 68 32.31 
43 42 54.48 
43 2ti 3i.31 
43 09 18.0.5 
43 00 03. i 3  
43 00 03. i 3  
42 52 40.98 

42 29 37.M 
43 40 43.67 

42 09 11.66 
41 .U) 01.40 
41 39 04.36 
41 29 02.11 
41 30 20.8R 
41 51 52.44 
4 2 2 0 0 0 . 5 6  
41; 30 0,;. i7 

45 47 14.43 
41; 30 05. i 7  

45 41 12.32 
4li 31 54.12 
45 41 12.32 
41; .S2 18.01 
47 34 42.83 
45 05 12.90 
44 30 30.40 
4l i  41 32.17 
44 31 3% 49 
41 53 20..50 
41 43 3li.W 
41 43 31;. 90 
46 45 2X.22 

4li 45 28.22 

43 28 28.54 
32 43 29.91i 
34 03 02.20 

30 54 19.37 
36 31 34. i l  
36 18 53. ti0 
3t; 08 45.33 
35 5lj 21.34 
34 53 38.48 
34 54 37.43 
31 34 58.96 
34 30 07.45 
34 02 23.75 
34 04 24.02 
34 24 17.60 
33 55 05.65 

33 47 34.65 

42 59 52.76 
42 03 09.37 
33 51 55.61 
38 m 28.53 
38 45 54.28 
38 .W 20.58 
37 - 43 33. MX 
31; 35 30.81 
36 58 42.02 
36 10 40.20 
34 15 54.W 

34 03 18.W 
32 50 24.52 
32 42 03.95 
32 43 12.31 

Ast. 
L ~ ~ ~ ,  
or Az. 

23.58 
0:3.51 
44.98 
10.i3 
46.i7 
32.30 
45.11 
12.05 
02.60 
57. NO 
47.26 
31.43 
44. 13 
60.34 
70 96 
18.24 
47.00 
01.29 
26.09 
5'2.89 
50.34 
20.49 
40.lil 
17.34 

25.14 
a. 95 

41;. 29 
12.54 
'29.94 
38.00 
28.W 
45.1i9 
02.94 
48.09 

29.O.i 
38. X i  

00.69 - 
49.29 
00.28 
67.29 
19.93 
27.(W 
33.39 
Hi. 15 
04.90 
48.24 
06.09' 
41.24 
32.34 

24.32 

45.03 
41.22 
23.42 

26.21 
%.ti3 
18.58 
51.50 
1l.W 
51.78 
12.24 
37.73 
01. 69 
09.iIi 
29.45 
21;. 05 
08.35 

57;7i 

35.13 
17.21 
41.48 
05.95 
35.63 
38.98 
39.96 
11.8 
18.33 
10.2 
28.80 

41.25 
30.26 
14.18 
42.30 

A -(;. 

+00. 1i3 
+OI.5> 
+01.03 
+02.30 
-01.32 
+02.42 
+00.04 
+00.01 
+02.45 
+05. 10 
+04.9(i 
+00.25 
+02.38 
+IO.OG 
+11.30 
+OX53 
-00.85 
+OR.33 
+12.53 
+03.61 
+00. 74 
-00.39 
+03.43 
rCH.09 

+lo. 33 
+03. G6 

COi.07 
+U.% 
-0I.Mi 
-04.27 
-00.31 
-03.24 - 03. 71 
-07.55 

+03.W 
+M. XJ 

-07.75 
-14.01 
+M. 47 
+lo. 00 
-03. HO 
-Mi. ti2 
+00.18 
+09. ti2 
-02.00 
-0'9.22 
+00.4li 
+00.30 
-10.18 

+oft. 1;; 

-03.96 
C12.76 
+mi. 9(i 

-07.70 
-04.69 
-10.39 
-04.i9 
-05.54 
-10.36 
-14.06 - 10.80 - 10. OX 
-13.93 - 13.33 - 10.30 
-l3.15 

-14.42 

-09.36 
-01.81 
-0G.55 
-00.15 
-15.11 
-14.46 
+03.40 
-(H.io 
-10.57 
-21.10 
-13.20 

+ M E 7  
- l a  l l  
-20.82 
+14.47 

COS '$'OF 
-Cot $4 . 

- 1 0303 
-1.043li 
-1 02i9 
-1.0118 
- 1 . 1 ~ 2 9  
-1.0048 
- 1.0130 
-1.0004 
+O.i095 
+0 i018 
- 1.1015 
-1.Oi24 
-1.Oilli 
-10567 
-1.0320 
CO. 7108 
-1.0lO6 
+0.7lW 
+07228 
+O. 7261 
+O. i21: 
+O.i313 
-I.Oi?B 
+O. i328 

+0.7374 - 1.0472 

+O. 7114 
+O.ii<W) 
+O.i472 
- 1.1309 
+O.;4S9 
+O.i,(l 
+o. i3ir? 
+O.(iSB4 

-0.9729 
-0.9489 

+O.G986 
+O. ($879 
-0.9iI3 
-0. g31;i 
-0.9198 
+o.~w 
+O.i132 
-0. 9421, 
-1.011i(~ 
+ O . i 4 4 4  
+O.i4li3 
-1. 12'3 
+o.cnx 
-0.9404 

-1.Oj4i 
+O.X113 
+O. 82% 

- 1.3310 
-1.Xa1 
-1.31iO(i 
-1.3fiW 
-1.Si95 
-1.4338 
-1.4329 
- 1.4505 - 1. 4549 
-1.4M-L 
- 1.4iSj 
- 1. 41W2 
-1.48il 

- 1 . ~ 4 2  

+0.7314 
+O. 7425 
-1.4901 
-1 .W3  
-1.2493 - 1.25i0 
-1.2827 
-1.34~@ 
-1.S2FO 
-1.4187 
- 1.4679 

+O.rmtC 
-1.54gs 
-1.5S76 
+0.8413 

A-1: 
(1'. V.). 

-00. ti5 
-01.02 
-01.01; 
-0233 
+01.33 
-02.43 
-00.01 
-00.01 
+Ol.i4 
+03.59 
-05.46 
-00.27 
-02.56 
-10.63 
-14.77 
+02.51 
+00.80 
+05.QQ 
+09.10 
+02.62 
+m.  54 
-0029 
-03.m 
+03.00 

+ O i .  62 
-03.83 

+&5.24 
+W?.89 
--r&.ig 
+I),. (13 
-00.23 
-02.41 
- (12. 74 
-o.i.20 

-03.70 
-04.58 

-05.41 
-09.64 
- 04. 31i 
-09. g3 
+03.47 
-04.67 
+00.13 
-09.07 
+02.03 
-02.40 
+00.34 
-00.34 
-06.97 

-08.15 

+0(.18 
+10.73 
+%. 77 

+10.26 
+mi.% 
+14.14 
+O(;.f& 
+oj'.u 
+14.85 
f20.15 
+15. W) 
+ 14.07 
+3.(;2 
+I!#. 71 
+IS. 04 
+19,5(i 

+21,5:, 

-06.85 
-01.34 
+09.71i 
+00.19 
+ l a 8 2  
+ l a  11 
-04. 47 
+0~, .52  
+14.m 
+29.,3 
+19.38 

+OS.69 
+z~.oF, 
+32.43 
+12.17 
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COMPUTATION 01.' TOPOGRAPHIC DEFLECTIONS. 

By the expression "topographic deflection at a station" is meant the deflection which 
would be produced by the irregular distribution of the masses corresponding to the known 
irregularities of the surface-the topography. 

Every cubic foot of the mass of a hill to the northward of a station must necessarily attract 
the plumb bob at that station, and so tend to produce a southward displacement of the zenith 
a t  the station. The density of the mass of the hill is approximately known. I ts  volume may 
be calculated from the information given in the form of contour lines on a good topographic 
map. The distance and direction of each part of its maw from the station may also be obtained 
from the map. I t  is therefore possible, from the known law of gravitation, namely, that the 
attraction varies inversely as the square of the distance between the attracting masses and 
directly as the protluct of their masses, to compute the southward displacement of the zenith 
of the station produced by the mass of the hill. 

This may be done for each feature of the topography at all distances and in every direction 
from the station so as to inclutle, if necessary, the whole surface of the earth. 

If such a computation were successfully made with absolute accuracy, the resulting com- 
puted deflection woulcl be what is here called the topographic deflection a t  the station. 

Very early in the investigation it was realized that it would be necessary to compute the 
topographic deflection for each station, and that the computation to serve its full purpose must 
extend to a great distance from the station. I t  was also realized that to make such compu- 
tations by any method known to have been used heretofore woultl be impossible on account of 
the' great expenditure of time and money involved. I t  was necessary, therefore, to devise 
some new ~nethotl of computation, or to modify old methods, so as to make these computations 
feasible. The method described in the following pages was developed, and has served its purpose 
admirably. 

The formula upon which the computation is based is well known.* I t  is 

d r' 
1) = 12".44- h (sin a'-sin a,) log - A E rl 

1) is the meridian component of the deflection at the station proctuced by a mass of the 
surface material of the earth which is a stratum h statute miles thick, lying within a four-sided 
ccjmpartment limited by two ratlial lines drawn from the station and by two arcs of circles with 
their common center at  the station ant1 having the radii r' and r,. 

a' and a, are the angles between each of the two radial lines and the meridian. 
d is the mean surface tlensity of the earth. 
d is the mean tlensity of the earth as a whole. 
The constant 12".44 depends upon the supposition that for the present purpose the earth 

may be considered a sphere of which the radius is 6 370 kilometers, or 3 960 miles. 
The whole of the attracting stratum is assumed to be in the horizon of the station. 
If the prime vertical component of the deflection at the station is desired, the only change 

necessary is to measure the angles a' and a, from the p r i m  vertical instead of from the meridian. 
If the stratum consitlered within any compartment be that which is limited below a t  sea 

I(~vc4 ant! above at the actual irregular surface of the earth, then with considerable accuracy 
tlic following statement, based upon the formula, may be made: For compartments bounded 
19- circles whose radii are in geometric progression, and by radial lines the sines of whose anglea 
with 9 reference line are in arithmetic progression, the deflections produced a t  a station at the 
center of the circles, in a direction parallel to the reference line, are, for each compartment, 
proportional to the mean elevation of the land surface within this compartment. The use of 
this method of division into compartments makes the computation much shorter and more 
convenient than it would otherwise be. 

. 

+For the derivation of this formula, see Geodesy, A. R. Clarke, Oxford, 1880, pp. 294-296. 
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The statement that for such colnpartments the deflections producetl are proportional to 
the nlclan rle\-ntions is subject to three principal reservations affecting its accuracy. These 
reselvtitions rcfc.r-- 

((I) To cctmpartnlents so far from the station that the curvature of the earth's surface 
must be consitlerecl. This matter has been attentled to hy illcreasing the radii of certain of 
the outer ci~.cles, as intlicatecl on page 22. 

(b) To compartments near the station of which the mean surface lies so far above or helow 
the as to make a slope correction necessary. The method of computing the slope 
correctio~l is given under the appropriate heatling later. 

(c) To con~partments of which some part lies far above or far below the mean elevation 
for tllc compartment. This matter \trill he discussetl later in connection with the other errors 
of computation. 

0" 
The value &j was adoptecl for the ratio 5 which appears in the formula. This value is 

base(] upon the values of 4 and 8 derived by Prof. IVilliam Harkness, namely, A =5.576 and 
8 =",67.* 

I' 
Any values for the constant ratio - ant1 for the constant difference (sin 8'-sin a,) ma37 he 

'-1 

a(ioptecl arbitrarily. Advantage was taken of this fact to adopt such vnlues as would nlake 
1" 

the computation as simple antl rapid as possible. The values p = 1.426 ant1 (sin a' - sirl a,) = 0.25 
- 1  

1 a 
were atlopted. With these values, together with the value m3 for referred to above, ant] it 

being decideti that h is to be expressetl in feet, for convenience, instead of statute miles, the 
formula becc bmes 

1 (h, in feet,) D - 12".44(2T9) 280 (0.25) l0gEl .426 

=0."0001000 (h, in feet) 

a result, then, of this particular select.ion of arbitrary constants defining the limits of 
the compartments, the deflection produced a t  the station hy the material lying above sea level 
ill any conlpartment is, expressetl in huntlre(1ths of secontls of arc, the snnle as the mean elevn- 
tion ;f the surface within the compartment expressed in hundreds of feet. This particular 
selection of constants saved R large number of multiplications which would otherwise haye 
been necessary. 

I t  should be carefully noted that the formula for D is not homogeneous in either of the 
forms given above. I n  each form D, as obtained, is in seconds of arc. I n  the first form, 1, is 
necesssril\. expressed in statute miles and in the second in feet. 

sincQ the maps used in this investigation shojved 'elevations in feet and the c h a ~ t s  showetl 
deptlls in feet antl fnthoms, it \\-as necessary to adapt the formula to the foot as the unit. Tllclre 
would l)e no essentitil difficulty in adapting i t  to the meter as the unit, if desired, by a new choice 

r ' 
of iLrbitrnry constnllt values for and (sin a'-sin a,). Throughout this report the foot, rl 
fathom, itnd mile usrcl 11nw the follo\ving metric. values: 

Meters. 
1 foot = 0.3048006 

1 fntllom = 1.828804 
1 nlile (statute) = 1 609.347 

* For thin value of J ancl the statemiwt of the data on which it is based, see The Solar Parallax and its Rclrtr(l 
Constants, by \\'illiarn IIarkn(.*r, U'mhin~t()n, Cio~cmmcnt Printing,Officc, 1891, l ) p  SD-91, 139. Similarly for thi4 
value of J and the baaiv upon which it rcuta, consult the same publication, pp. 91-g~. 
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SELECTIOS OF RADII. 

r' 
The arbitrary selection of the adopted values of (sin a'-sin a,) and was guided by 

rl 
three considerations. I t  was important to avoid the loss of time involved in making man?- 
multip1ic;ttions. The compartments must be small enough to bring the accuracy of the method 
within the required limits ant1 yet large enougli to avoid excessive ilrnount of detail in the corn- 
putatiou. The compartments should be compact areas, not long and narrow, in order to 
facilitate the estimation of the mean elevation within each compartment. I t  was evidently 
neresstkry that the adopted value of (sin a'-sin a,) should be an aliquot part of unity, the 
sine of 90'. 

The radii of the adopted circles separating the compartments are shown in the following 
table. Each group of 16 compartments, 4 in each quadrant, forms a ring. The rings were, 
for convenience of designation, assigned seric~l numbers, commencing with the outer ring. 

r ' 
After the arbitrary ratio, - between the radii of successive rircsles had been adopted, it 

r* ' 
ww still ndcessary to adopt tt radius for some one circle. The outer radius of r i x  23 was arbi- 
trarily made exactly 1 statute mile, as shown in the above table, ant1 the radii of the other 
circles, with the exception of the outer radii of rings 1 to 6, were calculated from this one by 
the use of the fixed ratio, 1.426. 

The outer radii of rings 1 to 6, if computed in the same manner as the remaining radii, 
would have been, in miles: 2 456, 1 722, 1 207, 847.1, 594.0, and 416.6. But for the larger 
rings it is necessary, in order to secure the required degree of accuracy, to take account of the 
fact that for such rings, a t  a great distance from the station, the curvature of the earth's sur- 
face throws the compartment surface considerably below the horizon of the station. The 
exact formula for D, which then must be substitute<l for that given on page 20, is as follows:* 

Ring. 

1 
2 
3 
4 
5 
6 
7 
S 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 

d tan .f 8' D = 12".44 2 h (sin at -sin a,) + C O S ~ O ' - ~ O ~ ~ O ,  

Outer rudlus. 

' in 3980 miles in wllich 0' is the r' reduced to an arc, that is, 8' expressed in radians = 3960 

Milta. 
2.899 
2.033 
1.426 
1.0000 
.TO13 
.4918 
.3449 
.2419 
.I696 . 1190 
.0834 
.0385 
.0410 
.0288 
.0203 
.0142 
.0099 
.0070 
.0049 

pp -pp - 

* See Cieodeey, A. R. Clarke, Oxford, 1880, page 2%. 

Rlnp. 

20 
2 1 
32 
23 
24 
25 
26 
27 
28 
29 
30 
3 1 
32 
33 
34 
35 
36 
3 7 
3s 

Outer radius. 

Kilomrler8. 
4.665 
3.272 
2.295 
1.609 
1.129 

.7915 

.5551 

.3893 

.2729 

. 1915 

. 1342 

.0941 

.0660 

.0163 

. 0325 

.0228 

.0160 

.0112 

.0079 

Miles. 
2 564 
1 757 
1 219 

850.8 
595.2 
416.8 
292.2 
204.9 
143.7 
100.77 
70.67 
49.56 
34.75 
24.37 
17.09 . 
11.987 
8.406 
5.895 
4.134 

Kilometera. 
4 126 
2 828 
1 962 
1 369 

957.9 
670.8 
470.3 
329.8 
231.3 
162.27 
113.73 
79.76 
55.92 
39.22 
27.50 
19.29 
13.53 
9.487 
6.653 
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being the adopted mean radius of tlie eartli for the region under consideration. 0, bears this 
same relation to r,. The quantity 

tan j 0' 
log, + cos 4 0' - CO" /Il 

r' 
will be, in each case, smaller tlrnn log, 6 and hence 11, computed t c  c m r t  formula, is in 

every case less than D computetl by the approximat(. formulil. By trill1 it was found, lio\vever, 
thnt for all rings snlilller tlicin ring 6 tlie error of D, computctl Iron1 tlic npprosimc~te formula, 
was less tlil111 one-tliousa~itltll part, ant1 the approximate formula n-as, tl\ereftife, sulIiciently 
exact. For rings 1 to 6 values for tho radii r' tint1 r, were founcl I)y successive trials ikncl 
approximations such that tlre value of - - 

tan f 0' 
log€ t-, + cos 4 0' - 0 s  3 0, 

\voultl, for pach ring, be equal to loge 1.426 ant1 lience make it true for tliesc rings, as for all 
smaller rings, tliut D=0."0001000 (11, in feet). The resulting l-ntlii 11s adopted are those 
shown in the table nl~ove. 

The amor~tlts by \I-liich tlre outer radii of rings 1 to 6 were inc!rclllsecl to take account of the 
curvature were as follo\vs: 

USE 01.' TEMP1,ATES. 

For each scale of map or chart to be used in the computations the circles ancl radial lines 
defining the liniits of thch coml~nrtments were tlrnwn to the proper scale on a sheet of transparent 

Such a celluloic\ sheet, with compartment boundaries on it, has, for convenience, 
been calletl a template. 

Sucll rt teuililate is shown in illustration No. 1. The circles are marked with the proper 
corresponding to the table on the preceding page, ant1 tlie scale of tile template is 

upon it, as indicated. No attempt has been made to reproduce the illustration to 
the proper scale. 

Each template consists of a sheet similar to that sholvn in illustration No. I ,  of sul[icicnt 
to reach to the estrrnle limits of the largest map to be used, ant1 carrying the 1inf.s indicating 

compartments in one clundrant, only.* 
A complete tenq)late (not ordinarily used) is shown in illustration No. 2, in whicl1 the dis- 

tinguishing numbers are marked upon the sectors limited by raclial linrs. For a computation 
of the meridian component of the topographic deflection the rt~ferenre line is pointefl toy,-artl 
the north and the sectors are numbered clock~vise, commencing wit11 the first M7hich is to the 
southward of east from the station. The common center of the circles ant1 the radial lines is 
placed, in each case, at  the point on the map corresponding to the station. 

A comparison of illustration No. 1 with illustration No. 2 will show why the templates 
actually used were drawn for one quadrant only. Such a sheet of transparent celluloid as that 
shown in illustration No. 1 may be placed in four successive positions on a map, corresponding 
to the four quadrants of illustration No. 2, since it may be turned with either face toward the 

*The dotted radial line9 on the template are ordinarily i~nored. They ~uhdivide certain compartments inlo five 
part8 for a special purpoPe. indicated later under the heading "Errom in topographic deflection8 due to method of 
computation." 
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map. In  order to avoid confusion the sector numbers were ornittetl frorn the quadrant tem- 
plates used, as the numbers woultl be correct in only one-fourth of the cases. 

The cornplete template for a computation of the prime vertical component of the topo- 
graphic deflection is exactly like that shown in illustration So.  2, except that Che reference line 
is now pointed toward the west. The sectors are again numbered clockwise, commencing with 

SCALE: %5.000 

No. 1. 

the first wlrich is to the east of north from tlie station. The sanie quadrant t~niplates are used 
for both computations of the ~nericlian components and the prime verticai components. 

Each compartment is designated by tile number of the ring and the number of the sector 
within which i t  falls. 

By the use of these transparent celluloid templates, the nlany circles and radial lines, fixing 
the limits of the compartments on a given map, for any station, kere superposed on the map by 
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the mere process of laying the template on the map in the proper position. The use of the tem- 
plates saved a very considerable amount of labor which would otherwise be necessary in drawing 
many thousands of compartments on many hundreds of maps. I t  also left the maps without 
damage or defacement. 

To compute the component in the meridian of the topographic deflection at a given station, 
the computer places the template in the proper position on a contour map, namely, with the 
intersection of the radial lines at  the station and with the reference line of the template in 
the meridian of the station and pointing northward. He t?len estimates from the contour 
lines on the map seen through the template the mean elevation of the surface within each 

compartment. He records in the proper blank on his computation form 0."01 of deflection 
for each 100 feet of elevation above sea lerel, and assigns to each the proper sign, according 
to whether the compartment in question is to the northward or the southwarcl of the st.ation. 
The algebraic sum of all such recorded quantities is the meridian component of the tope- 

deflection at each station. 
If the component of the topographic deflection in the prime vertical is required, the only 

changes in the process are to place the reference line of the template in the direction of the 
prime vertical instead of in the meridian and to make .the corresponding assignment of 
algebraic s ips .  
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The following is a reproduction of a computation of the meridian component of a topo-. 
graphic deflection, practically in the form in which it came from the computer: 

Computation of topographic dejection, latitude station .Vo. 164, Calais, Maine. 
- - - - -  - - - - -- - 

The sector corresponcting to each column of the above form may be identified from illus- 
tration No. 2. The sector numbered 1 is limited on its northern side by the eastern line from 
the station; that numbered 5 is limited on its eastern side by the southern line from the station, 
and so on. Sectors 1 to 8 represent areas farther south than the station; theref~re the deflec- 
tions corresponding to land areas within these sectors have the plus sign. For land areas 
within sectors 9-16, ant1 therefore north of the station, the deflection has the minus sign. 

A plus sign means that the zenith is deflected to the north and the astronomic latitude 
increased. 

The italic figures* represent water compartments in which the mean elevations are nega- 
tive. The signs of these italic quantities are the reverse of those for other quantities in the 
same sectors, as indicated by the heading. An unusual process is necessary in deriving the 
italic figures, which will be explained Later. 

For each compartment in rings 28 to 14, comprising all topography at distances from 
0.19 to 39.22 kilometers from the station, the deflection is between ".000 and ".04, and no 
italics occur-that is, the mean elevation for each compartment is positive and not greater 
than 400 feet. 

The italic figures representing negative mean elevations begin to occur in ring 13. The 

italic number 1.18 in ring 2 and sector 3 expresses the fi~ct t h ~ t  in that compa~tn~ent, which 
lies in the western part of the south Atlantic, the mean depth is more than 3 000 fathoms. 

Each entry in the column headed "Horizontal sum" is the algebraic sum of the quanti- 
tiss in that line, and represents, therefore, the deflection due to a whole ring. At this station 
no ring of topography smaller than ring 13 produces 11 deflection greater than ".06. King 4 
has the largest effect, - 6".48. This ring includes oceanic compartments having mean depths 
of nearly 3 000 fathoms, and a land compartment with a mean elevation of 1 300 feet. 

In  each line of the column headed "Continuous sum " is shown the sum down to that 
point of the column headed "Horizontal sum." Hence crrch of these values is the topographic 
deflection due to all ringe of topography from the station out to and inclutling the ring indi- 
cated. This column serves (though that is not its main purpose) to  indicate how important 

, 

In the computations as made these were red figures, but, for convenience in printing, italics, instead of red, 
have been used. 

Ring. 

28 
n 
28 
25 
24 
23 
n 
21 
20 
19 
18 
17 
16 
15 
14 
13 
12 
11 
10 
9 
8 
7 
6 
5 
4 
3 
2 
1 

\ 

Conttnu- 
ous sum. 

+ .02 + .o0 + .LO 
. I8  + . n 

+ .27 + .31 + .30 + .YO + .a1 + .32 + .33 + .28 + .% + .24 + .11 
- .o i  
- .37 - .@ 
- 1.81 
- 2 26 
- 3.44 
- 0.84 
-13.09 
-19.57 
-24.20 
-28.71 
-32.28 

::,"I$ 
sum. 

t t  

+ .02 + .04 
+ . 0 4  
+ . 0 6  + . 06 
+ .05 
f . 0 4  
- .O l  

.00 + .o l  + .01 
f .O1 
- . 04  - .01 
- . M  
- . I 3  
- . l a  
-.%I - .56 - .68 
- .65 
-1,18 
-3.40 
-8.25 
-6.48 
-4.03 
-4.51 
-3.55 

Number 

Plus tlnless ltallcs. 

of sector. 

3dfn11s unless italics. 

7 

,I 

.o10 
n l  
,009 
,005 
,010 
,005 
.01 
.Ol 
.02 
.ol 
.O1 
.O1 
.01 
.@2 
.03 
.03 
.03 
.02 
.00 
.01 
. (M 
.00 
.OO 
.OB 
. d 
.07 
.09 
. SO 

I I  

,009 
. OIB 
,007 
,003 
.am 
.010 
.02 
.Ol 
.O1 
.oi 
.O1 
.O1 
.01 
.02 
.03 
.05 
.a 
.a3 
.07 
. l l  
.13 
.07 
.08 
.OB 
.a5 
.08 
. l l  
.37 

5 

, 
.010 
.Oil 
.010 
.010 
,010 
.015 
.m 
.Ol 
.O1 
.m 
.OL 
.O1 
.O1 
.02 
.02 
.01 
.w  
.09 
.04 
.04 
.O4 
.0) 
.S8 
.94 
1.00 
1.07 
1.W 
.49 

8 

,, 
.010 
.o1o 
,009 
.003 
.om 
.005 
.02 
.02 
.O1 
.oz 
.O1 
.O1 
.O1 
0 3  
.04 
.05 
.a 
.05 
,172 
.03 . 07 
.W 
. l o  
.12 
.12 
.10 
.W 
.06 

1, 

.OM 

.oar 
,002 
,000 . 005 
.007 
.O1 
.02 
.01 
.a1 
.O1 
.O1 
.02 
.03 
.W 
.@ 
.ar 
.04 
.04 
.05 
.08 
.03 
10 

.14 

.12 

.02 

.10 

.07 

,, 
,010 
,010 
.m 
.008 
,008 . WI 
.w 
.am 
.009 
.012 
.012 
.01 
.01 
.@, 
.00 
.Of 
.of 
.o$ 
.01 
.03 
.00 

.6$ 

.m 
1.00 
1.00 
.a6 
. 8d 

6 

, I  

,010 
,011 
,009 
,007 
,012 
,015 
.01 
.Ol 
.O1 
.02 
.02 
.01 
.00 
.02 
.02 
.02 
.oi 
.01 
.@ 
.04 
.04 
.(M 
.10 
.66 
.#(I 
1.03 
.66 
.S7 

r l  

.om 
,007 
,005 
,000 
.oar 
.00S 
,132 
.@2 
.02 
.oz 
.02 
.O1 
.Ol 
. 
.03 
.04 
.a 
.04 
.08 
. I 0  
.ll 
.07 
. lo  
.12 
.05 
.08 
.W 
.04 

3 

,, 
.011 
,011 
.OOP 
.011 
. o n  
.015 
.024 
.02 
.02 
.ol 
.02 
.01 
.O1 
.02 
.O1 
.01 
.ol 
.OS 
.Ot 
.Of 
.02 .a 
.96 
1.01 
.98 
1.07 
1. 18 
.8B 

1 2  

,, 
.011 
.Oil 
.010 
,012 
.012 
.I17 
.m 
.cm 
,025 
.m 
.01 
.01 
.01 
.00 
.00 
.01 
.oo 
.OJ 
.01 
.O1 
.01 
.I 
. 7 y  
1.01 
1.00 
1.00 
1.09 
.80 

,I 

,007 
.or% 
,004 
,000 . oca 
.00B 
.02 
.oz 
.02 
.oz 
.01 
.O1 
.01 
.02 
.02 
.@ 
.a 
.05 
.06 
.08 
.08 
. M  
.12 
.13 
.11 
.M 
.01 
.01 

4 

., 
.010 
,010 
,010 
.012 
,012 
.013 
. m  
.Ol 
.O1 
.N 
.O1 
.02 
.O1 
.02 
.O1 
.01 
.OI 
.Of 
.(M 
.04 
.06 
.OP 
.47 

1.02 
.g6 
.#6 
1.16 
.60 

9 1 0 1 1 1 2 1 3 1 4 1 5 I t i  

I ,  

.m 

.005 

.m 

.002 
,005 
.OW 
. O l  
.O1 
.ol 
.01 
.O1 
.02 
.02 
.02 
.@2 
.a 
.03 
.W 
.10 
.07 
.10 
.01 
.ll 
. I 3  
.?O 
.06 
.25 

,I 

. fm 
,007 
,005 
.m 
. ooo 
,000 
,003 
,007 
,016 
.oi 
.00 
.00 
.01 
.01 
.01 
.01 
.ol 
.01 
.05 
.04 
. 00 
.0l 
.OS 
.05 
.02 

:476; 
.67 

,I 

.m 
,005 
,003 
.W 
. m 
,004 
,004 
. O l  
.O1 
.a 
.02 
.02 
.02 
.01 
.01 
.03 
.m 
. 
. O i  
.07 
.05 
.05 

.10 

.W 

.61 
.06 
.O4 

,I 

.m 

.or% 
,004 
.m . aoo 
,004 
,004 
.02 
.02 
.a 
.01 
.O1 
.01 
.01 
0 2  
.02 
.m  
.01 
.02 
.06 
.01 
.01 
.04 
.01 
.02 
.70 
.80 
.46 



THE FIGURE OF THE EARTH ASD ISOSTASY FROM MEAS'C'REJIENTS IN U. 5.  27 

it is-at this station, for example-to extend the computation to a great distance if it is desired 
to secure even a fair approximation to the topographic deflection. 

The compartment which is in ring 13 and sector 1, southeastward from the station, from 24 
to 35 kilometers from it, is the nearest compartment which has a negative mean elevation and 
therefore is represented by nn italic figure in the table. It comprises a part of the Bay of Fund)-. 
,I large group of italic figures, ~vhich are principally in rings 11 to 1 and sectors 1 to G, 

correspond to the Atlantic Ocean compartments. These italic figures for ocean compartments 
are ~nucll larger for this station than are the values for the land compartments. That is the 
cnsc for many stations. The mnsimum italic number is lU.18. The maximum value (not 
in italics) for any land compartment is ".37 for ring 1, sector 9, a compartment comprising 
prclctically all of the Cordilleras, the western mountain system of North America. 

The compartment in ring 3, sector 13, for which the computed deflection is If.20, com- 
prises the high mountain mass east of Hudson Bay and southeast of Hudson Strait. 

The compartment in ring 3, sector 10, contains part of Hudson Bay, as indicated by the 
italic number " .02. 

The compartment in ring 6, sector 15 (in italics ".04), contains the Gulf of St. Law- 
rence, and the compartment in ring 5, sector 16 (in italics, If.05), contains Newfoundland and 
tile Great Bank of Newfoundland. 

There is a group of italic numbers in rings 3 to 1 and sectors 14 to 16. These compart- 
ments cover the northern part of the Atltlntic Ocean. 

WATER COMPARTMENTS. 

TO obtain the italic figures representing the deflections for compartments which inclutle 
oceanio areas, a variation from the procedure for land compartments is necessary for two 
reasons. First, the depths are, as a rule, expressed in fathoms rather than feet on the cherts 
wvhich were used. No depths were expressed in feet on these charts, as a rule, unless they 
were less than 18 feet. These small depths are, for the purpose of computing topographic 
defleoaons, almost or quite negligible. Second, to treat the depths below mean sea level in 
the same manner as the land elevations above mean sea level, with only a change in the alge- 
braic sign, would be equivalent to assuming the space between sea level and the ocean bottom 
to be void, whereas, in fact, it is filled with sea water having a density of 1.027. 

If the sea water were to increase in density from 1.027 to 2.67 (the mean surface density 
of the earth) by simply decreasing in volume and depth, without any horizontal transfer of 
material, and remaining in contact with the original sea bottom, the new depth of material 

would everywhere become .385 ( =- i::;7) of the former depth and the new surface would 

everywhere be .615 ( =  1-.385) below the original sea level. Hence, in the computation of 
topographic deflections, each ocean compartment has been considered as if it were a void 
from sea level down to a depth .615 of the actual mean depth of that compartment. Taking 
also into account the reduction of fathoms to feet the special factor necessary to put oceanic 

on the same basis as land compartments is 3.69 (=six times .615), or, in other 
words, for a sea compartment the deflection produced is 

D =0".0003690 (depth in fathoms). 
That is, the mean depth of each oceanic compartment expressed in fathoms was multiplied by 
3-69 and the result then treated as if it :vere a negative elevation of a land surface, expressed 
in feet. 

For compartments which are partly oceanic areas and partly land areas especial care must 
be taken in estimating the mean elevation to keep in mind the negative sign and the factor 
3-69, in connection with the water portion of the coxllpartment. In  practice these mixed 
compartments were found to give little trouble. 

In  compartments containing deep fresh water lakes a process somewhat similar to that 
followed for ocean areas is necessary. Account must be taken of the fact that the density of 
the lake water is 1.000 and thnt the lake surface is at  a certain known elevation above mean 



sea level. The Great Lakes were the only important cases of this kind which occurred in con- 
nection with the present investigation. For each of these lakes a special table was used, giving 
the values in seconds of arc to be entered in the computation for various depths in that lake. 

The computation of the topographic deflection wns commenced, ih each case, with the 
areas nearest the station which were shown clearly on the contour maps of the largest scnle 
available. As the computation progressed outward to larger rings, when the limits of the 
maps of this largest scale were passed, other contour maps of the next smaller scale available 
were used and the templates of corresponding scale applied ant1 the process continued until 
the limiting distance, 4 126 kilometers, was reached. 

Far example, in the computation of the topographic deflection in the meridian at Calais 
(No. 164) the ma s and charts used w m  the following, in order proceeding outward: 

1. Coast an J' Geodetic Survey chart No. 300, scale av$aa, showing principally the St. 
Croix River and Passamaquoddy Bay. 

2. The post-route map of Maine, scale a+6, approximately, showing drainage, but no 
contours, and used in connection with a few known elevations. 

3. Coast and Geodetic Survey chart No. 301, scale &, showing Cobscook Bay and part 
of the Bay of Fundy and contours of land in the immediate vicinity. 

4. Hydrographic Office c h ~ r t  No. 1412, hlercator projecticn, soale l o  of longitude-1.55 
inches. This was used for depths southeast of Xovtt Scotia. 

5. U. S. Geological Survey contour map of the United States in three parts, scale Paa~aar .  
This was used for all land compartments in the United States not cover~d by the foregoing. 

6. Coast and Geodetic Survey chart No. 101, scale &, used for the vicinity of Grand 
Manan Channel. 

7. Coast and Geodetic Survey chart No. 6, scale kA, used for some of the depths in the 
Gulf of Mexico. 

8. Map of the United States and Canada, published by the Canadian Geological Survey, 
scale 1 inch =242 miles; British Admiralty chart No. 3059, Mercator projection, scale 1" of 
longitude-0.3 inch; and Century Atlas map of the region around the North Pole, scale 1 
inch-290 miles. These three were used for Canada and contiguous waters and islands, the 
last being used especially to obtain the approximate elevations for Greenland and other regions 
near the Pole. 

9. British Admiralty charts Nos. 2936 and 2935, Mercator projection, scale lo of longi- 
tude-0.2 inch. These were used for ocean depths in the open sea, far from the coast in the 
Atlantic. 

10. The small U. S. Geological Survey map of the United Statas, scale 1 inch = 11 1.1 miles, 
and the Century Atlas were used for Mexico. 

Difficulties were encountered when it was attempted to apply the templates to charts on a 
small scale, covering very large areas, constructed on a Mercator projection. On such charts 
no one scale of distances applies to the whole chart, and t l ~ e  radial lines of the ordinary template, 
representing arcs of great circles on the earth's surface, are not straight lines on the chart. 
These difficulties were overcome by constructing special templates to fit such charts, the tem- 
plates being distorted in the same manner as the charts. On these special templates the radial 
lines are c u m d ,  and the lines which on ordinary templates are arcs of circles were curves of 
varying radii of curvature. These special templates were constructed by plotting by latitudes 
and longitudes a sufficient number of the points representing the corners of compartments to 
enable one to draw the two sets of curves connecting them with a free hand with sufficient 
accuracy. The required latitudes and longitudes of corners were obtained by scaling from a 
large globe, or map with a polyconic projection, on either of which an ordinary template could 
be used with sufficient accuracy in locating the corners. Such a special template, once con- 
structed for a given Mercator chart and for a given station on the chart, could be used with 
sufficient accuracy for any other station within one or two degrees of the same latitude. For 
other stations, even on the Sam* chart, differing much in latitude from the one for which tho 
template was constructed, it was necessary to construct a new special template. 



This difficulty in regard to small scak Alemator charts was not found to be serious for the 
reason that, as shown later, the direct estimation of mean depths on such charts was found to 
be necessary in a relatively small number of cases only. For the many other cases the values 
were derived directly by interpolation. 

Three considerations operated to fix upon the ring which has for its outside radius 4 126 
kilometers (2 564 miles) as the largest ring to be taken into the computation of the topographic 
deflections : 

(a) In the next larger ring considerable areas would be included for 3%-hich our know-ledge 
of the elevations is very limited, as, for example, the unexplored Arctic regions and the interior 
of South America. 

(b) The largest ring included in the computation has a st~fficiently great outer radius to 
insure-that for stations in the extreme eastern part of the United States the ring reaches to 
the Pacific, and that for extreme western stations it reaches to the Atlantic. Hence the whole 
width of the continent is taken in by the computation. In the next larger ring, for any station, 
portions of each mean would be included, and in general would tend to balance each other. 
Hence the total computed effect for each larger ring omitted will be in general considerably 
less than for each of the last few rings included in the computation. 

(c) The larger the ring considered the more nearly the computed topographic deflection 
corresponding to that ring tends to approach a constant value for the whole United States, 
and, therefore, the less serious is the effect of omitting said ring. 

EXAMPLES OF TOPOGRAPIIIC DEFLECTION COMI'ZPTATIONS. 

The following four additional examples of computations of topographic deflections are 
given for widely seysrated stations. 

In  contrast to the example given on page 26 of the computation of the meridian component 
of the deflection at Calais, Maine, a station in a comparatively flat countcry and near the Atlantic 
Ocean, the following example represents a computation for the station Vncompahgre, Colorado, 
in a region of steep, high mountains, and far from the nearest ocean. 

ContpzLtat ion of topograph,ic de$ection, latitude station No. 64, Uncompahgre, Colorado. 
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The elevation of the station is 14 289 feet (4 355 meters) and the slopes in its vicinity 
are-very steep. 

In  each compartment space in rings 26 to 19 in which two numbers are given, the upper one 
is the slope correction. There are slope corrections in every ring from 26 out to 19 (outer radius 
6.653 kilometers). The explanation of such corrections will be found on page 34. 

There are a few compartments in rings 4 to I in which two numbers are given, of which 
one is an italic number. I t  was found to be more convenient in many cases for compartments 
which involve both oceanic and land areas to estimate the mean depth for the oceanic area 
mcl the mean elevation for the land area separately, than to combine them in a single estimate. 
This has accordingly been done in many cases and both of the separate estimates entered on 
the computation form, as, for example, for the compartment in ring 4, sector 6, including parts 
of Mexico and of Lower California. For this compartment the estimated mean elevation of the 
land portion is 2 000 feet, corresponding to ".20. This, multiplied by 0.7, the ratio of the land 
crea to the total area of the compartment, gave the value ".I4 (not in italics), entered in the 
computation for the compartment. Similarly the mean depth of the oceanic portion of the 
compartment was estimated to be 550 fathoms, corresponding to ".20. This, multiplied by 
0.3, the ratio of the oceanic area to the total area of the compartment, gave ".06, the italic 
number entered in the computation for the compartment. The "-06 (italic) combined by alge- 
braic addition with the " .14 (not italic) gives ".08 (not italic), which is precisely the quantity 
which would have been obtained by making a single estimate for the whole compartment 
at  once. 

Mount Uncompahgre is near the northern edge of a large mountain mass, extending above 
the 10 000 foot contour. The Gunnison River lies at  the northern edge of this mountain mass. 
The valley of the river to the northeastward of the station is represented by the values ".88, 
".90, ".88, and O.80 in rings 14 and 13 and sectors 13 and 14. The larger values 1".00 to lt'.04 
in the same sectors in rings 15 and 12 represent the mountains rising above the 10 000 foot 
contour on the south and north sides of the valley, respectively. 

Rings 17 to 11, inclusive, lie with their southern parts on the mountain mass and their 
northern sides on the northward slope of the mountain mass or in the river valley. Hence 
for each of these rings the total is positive (a deflection of the zenith to the north) as shown in 
the column headed "Horizontal sum." For the larger rings 10 to 1, which lie nearly or quite 
outside of the mountain mass of which Mount Uncompahgre forms a part, the deflection is 
negative in each case (zenith deflected to the southward). 

The italic figures in sectors 1 to 4 and 16 represent portions of the Atlantic Ocean and the 
Ctulfpf Mexico. Those in sectbrs 5 -to 10 represent portions of the Pacific Ocean. As shown 
in the last column, the algebraic sign as well as the amount of the computed topographic tleflec- 
tion depends upon the distance to which the computation is carried. If the computation be 
stopped with ring 4, outer radius 1 369 kilometers, or a t  a shorter distance from the station, the 
computed deflection of the zenith is to the northward, otherwise i t  is to the southward. 

The following examples of the computation of the prime vertical component of the topo- 
graphic deflection are for three especially interesting stations. For the first, No. 115, North 
End Knott Island, the depression occupied by tho Atlantic Ocean has its greatest influence 
on the computed deflection. For the second, No. 1, Point Arena, the Pacific Occan depression 
has its greatest influence. At the third, No. 59, Mount Ouray, the computed deflection is com- 
paratively small, as the two oceanic depre~ions and the different parts of the continental mass 
nearly balance each other. 
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Comyutution of topographic dejection, azimuth station No. 115, North End Knott Island, Virginia. 

No. 115, Xorth End Knott Island, is situated on a low-lying island in Currituck sound, 
Virginia, surrounded by shoal waters and low lands. There is no large change in the topography, 
until the submerged edge of the continent, as represented by the 1 000-fathom line, is reached, 
130 kilometers from the station. The first effect of this is shown by the values in italics, ".22, 
".33, ".28, and ".20, in ring 10, sectors 4 to 7, inclusive. 

In ring 7, sectors 13, 14, 15, the values ".IS, ".20, "23 show the effect of the main mass 
of the Blue Ridge Mountains. 

I n  ring 4, sectors 11, 12, 13, the values 'j.03, ".05, ".04 correspond to the Mississippi Valley. 
I n  rings 1 and 2, sector 14, the values ".55 and ".52 show the effect of the Cordilleras, the 

western mountain system of North America. 
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Corn* of topographic deJEectwn, bngitu.de station No. 1, Point Arena, C d i f i i a .  

At this station the computed prime vertical component of the deflection of the vertical 
is greater than a t  any other station concerned in the investigation. The station is so near the 
water's edge that italic figures occur in ring 22 (outer radius 2.295 km.), The 1 000-fathom 
curve approaches within 35 kilometers of the station-note the italic figures ".37 and ".37 in 
ring 14, sectors 9 and 10, to the southwestward of the station. The large computed deflection 
depends mainly upon the italic figures corresponding to ocean compartments, of which 19 are 
each as great as lff .OO, all being to the westward of the station. An italic 1".00 corresponds tp 
a depth of 2 710 fathoms. 

The land surface slopes upward to the east from the station, as shown by the values in 
sectors 1 to 7, out to ring 11, in which there is one compartment, in sector 1, in which the mean 
elevation 1s 2 000 feet. The small values, all less than ".lo, in sectors 3 to 8 of rings 10 and 
9, correspond to the great valley of the Sacramento and the depression occupied by San Fren- 
cisco Bay. 

The effect of practically all of Alaska is represented by the value ".09 (hot in italics) in 
ring 1, sector 16. 
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Computation of topographic deflkction, aziinuth station A70. 59, 2llmnt O u r c ~ ! ~ ,  C'oltrudo. 

This is the station whir11 is farthest west of those having negative values for the computetl 
topographic deflection. 

The elevation of the station is 14 043 feet (4 280 meters). 
In  each compartment space in which two figures are given the upper one is the slope cor- 

rection. There are slope corrections in every ring from 26 out to 17 (outer radius 13.528 
kilometers). 

For nearly all of the rings out to and including So. 4 the topographic deflection for elich 
ring is negative, the zenith being deflected to the ellstward correspontling to greater elevations 
to the westward than to the eastward of the station. In rings 3 to 1 the influence of the Pacific 
(which is much nearer than the Atluntic) is shown by the large positive values. 

The interpolations* (and extrapolutions) for rings 12 to 1 are shown at the foot of the 
computation. For rings 7 ,  6, and 5, the agreement between interpolated and computed values 
was within the interpolution limit, being ".I2 for ring 7, ".06 f a r  ring 6, ".02 for ring 5. Hence, 
under rules 1 and 2, page 43, the interpolatetl values were accepted for rings 1 to 1 and no direct 
computation made. 

*This is explai~~ed uuder the heading " Method of interpolatiug lor outer rings,'' p. 39. 
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CORRECTION FOR SLOPE. 

Reference has already been made to the fact that, for compartlnents near the station for 
which the mean surface lies either far above or far below the station, a slope correction niay 
be necessary, since the approsimate formula used clepentls upon the assulnption that the 
attracting material all lies in the !lorizon of the station. 

Let the slope correctioil be defined as the correction which it is necessary to apply to a 
deflection compntetl by the approsimate formula to obtain the true deflection which would 
be obt ainetl from an exact formula. 

In order to derive the necessary slope correction, tlle more esact formula may be com- 
pared with the approximate formula which has been used. The approximate formula is: 

6 r ' D = 12".44 - h (sin a'-sin a,) log, -. 4 r* 

The more exact formula is: * 
6 D- 12"-44 - h (sin a'-sin a,) log, r' + J- 
J w- 

In the more exact formula it is necessary, according to its derivation, that h be reckoneti 
hom the staion, that is, h is the distance of the upper surface of the compartment above or 
below the station, not above or below sea level, or any other arbitrarily selected. level. The 
upper ant1 lower limiting surfaces of the mass considerecl in this formula are necessarily the 
lev91 surface passing through the station and the actual surface of the ground. 

This restriction is necessary because it is the deflection of the vertical at the station of 
observation which is desired, not the deflection at a point at  sea level. The necessity of the 
slope correction arises from the fact that any inclination of the lines connecting the station 
with parts of the attracting mass reduces the horizontal component of the attraction of 
the parts of the mass. I t  is the horizontal component only of the attraction which produces 
deflections of the vertical. The vertical component affects the intensity of gravity, not its 
direction. 

The direct and obvious method of dealing with the problem is to use the exact formula and 
to reckon all mean elevations of compartment surfaces from the station as a zero, not from sea 
level. But to do so would involve long and difficult computations. As a matter of fact, the 
process of computation used with the approximate formula and with sea level as a reference 
surface gives values in very close agreement with what would be secured if the exact formula 
were used and elevations referred to the station. The so-called slope corrections necessary to 
reduce tha former values to the latter are so small, as a rule, as to be negligible and, when not 
negligible, may be obtained quickly from a table. 

Suppose that the approximate formula had been used, but that h had been reckoned, even 
in the approximate formula, from the station, not from sea level. Then the required slope 
correction, C, for any compartment, would evidently be 

C = D (exact) - D (approximate) 

6 12ft.44 - h (sin a' -sin a,) log, r + r')'+ h 6 r ' 
A - 12".442 h (sin a' -sin al) log. - 

r1 

* Geodesy, A. R. Clarke, Oxford, 1880, pp. 294-296. 
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C has been conlputetl tlirectly from the above formula for various of the atlopted rings 
and for various assumed values of h, and the results are shown i l l  tlie following table: 

[tiuantlti(.s in table are Aifl~*rmcrs of ralrvations 111 f r ~ t  betwee11 t h ~  statlol~ and the mr:in surfwr 01 t11v carnpnrLment.] 

Ring. 
29 
28 
27 
26 
25 
24 
23 
22 
21 
20 
19 
18 
17 
16 
1 9 

1 400 
1 7 0 0  to I HOO 
21OOto2200 
2 600 t,o 2 700 

The correction is to 1)c ntltletl to the arithnletictkl lralue of D, us vnteretl in the con~putiltion 
(SO a9 numerically to inc*rerrse it),  if the compartment surface is below the station nntl is not 
below sea level. The cl)rrection is to be subtracted from the arithmetical value of Dl : ~ s  entered 
in the computation (ant1 thus n~imerically to decrease i t) ,  if the compartment surfnce is above 
the station or if it is a SPIL compartment represented by italic figures in the computntion. 

As all computations were curried to hundredths of seconds only, the correction was con- 
sitlered negligible if less than ".005. 

The table is not complete. Only such values \rere computed and inserted as were expected 
to occur or ditl occur in the computations of topogaphic deflections made in connection \+it11 
the present investigation. I t  is not safe to extrapolate from the f i~ures  given in the tdble. 

The tt~ble is computrtl as if 11 were reckoned from tho level of the station, but t l ~ c  npprosi- 
rrirlte forrnuln has actually been used with h reckoned from sea level, because the rllttps nntl 
charts are ordinarily so drawn. I n  other words, instead of the truo h ,  which shonltl I~avc! been 
used, there has actually been used in the approximate formula h +h,, in which 11, is the elevation 
of the station above sea level. The effect of depressing the reference plane from the sttit ion to  
sea leire1 has been to atld to the value shown in the body of such a computartion as that on 
page 26, far each compartment, the quantity ".0001 (I),, in feet). But each value shown in the 
column heatled "ltlorizontnl sum" has been unaffected, since it is the algebraic sum of eight 
values taken as positive (sectors 1 to 8) and eight values taken as negative (sectors 9 to 16). 

The depression of the reference plane to sea level has, in effect, adtletl to the lnusrs \\-l~ich 
should be consideretl in each compartment according to the exact formula (namcly thtit brt\vcen 
the actual surface of the ground and the level of the station), a mass filling thtit tbompurtl1lent 
from the level of the station to sea level. The effects of such adtled masses exactly counter- 
balance each other in pairs, ercn when computed by the exact formula. For, if opposite com- 
partments be considered (that is, compartment3 in the same ring and of sector numbers differing 
by 8) it will be seen that for the added masses in qliestion for two such compartments the exact 
formule are identical. The 11's are the same for the two compartments (each being equal to h,, 
the elevation of the station), the values of r, and r' are the same, because the compt~rtments are 
in the same ring, and the values of a' and a, are the same, because the sectors are opposite. 
This is eridently as it should be, for every elementary portion of one mass is exactly counter- 
balanced 'by an equal elementary portion of the other mass a t  the same distance from tlic 
station on the opposite sitle ant1 a t  the same angle of depression from the station. 



I-Ience, as these masses virtually added in each computation by depressing the plane of 
reference from the station to sea level would counterbalance each other fully in fact in their 
effect on tfeflection at the station, and as their effects also counterbalance as computed either 
by the approximate formula, as used. or by the exact formula, it is evident that they need not 
be considered in deriving the slope corrections. kq shown by the statement at the top of the 
table of slope corrections, they were not considered, the value used for h being, in each case, the 
difference of elevation between the station and the mean surface of the compartment. 

The numerical value of the slope correction, as given by the table, represents the decrease 
in the computed value of the deflection at the station due to the inclination of lines joining the 
station to different parts of the attracting mass. The slope correction C is always, therefore, 
essentially negative, as shown by the formula from which it was computed. But for compart- 
ments in which the land surface is below the station the mass considered is really a negative one, 
namely, that which would be necessary to fill the compartment up to the level of the station. 
Hence, for such a compartment the slope correction is added numerically to the arithmetical 
value of Dl entered in the computation form, as indicated in the statement following the table 
indicating the manner in which the correction must be applied in each case. 

In  the 406 computations of topographic deflections which have been made, appreciable 
slope corrections have been found in 43 computations. In each of these computations the slope 
corrections were found to be appreciable for only a few compartments, and no correction ex- 
ceeded ".05 for any compartment. Hence, the work of applying the slope corrections ww light. 
There are few if any computi~tions in which the slope correction table was used more extensively 
than that at  Mount Uncompahgre, shown on paze 29. 

POSSIBLE INTERPOLATION FOR OUTER RINGS. 

To compute the deflections for all rings at  all stations by the methods thus far described 
would be an unnecessary waste of time. In computations so made each value in the column 
headed "Horizontal sum" expresses the d~flection a t  the station duc to an entire ring of topog- 
raphy. A comparison of the similar computations at  any two stations comparatively near 
esch other shows that the deflections produced by corresponding rings tend to be more nearly 
Jike for the two stations tho larger the ring considered. If the comparison be extended to 
include several stations in a group it becomes evident that it is possible to obtain the deflec- 
tion with considerable accuracy for any large ring for a station near the c ~ n t e r  of the group 
by interpolation from the con~puted dcflections for that ring at surrounding stations near it. 
This is most readily understood from a concrete illustration. 

In  illustration No. 3 the four solid black dots marked 70,71,72, and 118, represent, respeot- 
ively, the four latitude stations, St. Louis, Bording, Newton, and Nashville. (See illustration 
Nq.  13 in the pocket a t  the end of the voiume for the location of these astronomic.stations.) 
Station No. 71, Bording, is within the triangle defined by the other three.stations as vertices. 
For this station, No. 71, it was found to be possible to interpolate the deflrctions for the six 
outer rings (Nos. 6 to 1) with sufficient accuracy from the deflections for corresponding rings 
a t  the three stations, Nos. 70, 72, and 118. The distance from station No. 71 to either No. 
70 or No. 72 is less than 100 kilometers (60 miles) and to No. 118 is more than 320 kilometers 
(200 miles). The four small rings on the illustration represent the ring numbered 11 in the 
computation of todographic deflections and having for its inner radius 80 kilometers and for 
its outer radius 114 kilometers (see p. 22). The four large rings on the illustration repre- 
sent ring No. 6 for each of the four stations. The inner radius of ring No. 6 is 470 kilometers 
and the outer radius 671 kilometers. In  each case the ring corresponding to station No. 71 
is shaded. 

The degree of resemblance between the computed deflections for corresponding rings at 
stations No. 72 and No. 118 is shown in the following table, in which all of the values were 
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computed directly by thc complete method, tile mean elevation o f  c!ach compartment in each 
ring being estimated : 

Topoqr(1phic rlrflection. 

For ring 11 ant1 smaller rings there is little resernblancr botu-0c.n tho computed deflections 
lor the two stations, the algebraic signs being opposite, as a rule. For rings 6 and larger rings 
there is no contradiction in s i , ~ .  Rings 11, for these two stations, d:) not touch or intersect 
each other. Rings 6 do intersect and overlap. In  fttct, in no part of these two rings is their 
distance apart more than tu~o-thirds as great as the width af either ring. For the still larger 
rings 5, 4, 3, 2, and 1, the percentage of overlapping of corresponding rings steadily increases, 
and so, also, does the resemblmce of values tend to increase. I t  is evident, without drawing 
them, that for these two stations the rings 1 (of which the outer radius is 4 126 ki1ometers:and 
the width 1 208 kilometers) have a very large percentage of overlapping. This is the reason 
for the close agreement in the two values for these outermost rings, namely, - 3".63 nnd - 3".78. 

In general, for corresponding successivelp larger rings for any two given stations, the 
resemblance of values must tend to increase. For the larger the rings the greater is the per- 
centagc: of overlapping of the two rings and the more insignificant becomes the fixed distanc,e 
I~ctween their centers (tho two stations) in comparison with the widths of rings (which widths 
hc*come greater as the rings become larger, being for each ring at least .42 of the inner radius 
o f  that ring). I t  is obvious, also, that the same considerations show that the tendency to a 
more and more close resemblance u-ith increasing size of rings exists for all four stations and, 
llence, if the deflection for successive rings for station KO. 71 be interpolated from the values 
for corresponding rings a t  stations Nos. 70, 72, and 118, these interpolated values will tent1 to 
agree with directly computed values for station No. 71 more closely as the rings are surces- 
sively larger. 

These ideas were, at  first, a matter of pure theory. They have, however, been tested very 
full? during the course of the present investigation and their truth established. The nature 
and extent of the tests will be set forth later in connection with the discussion of the degree of 
accuracy attained in the computation of the topographic deflections. 

For station No. 71 and for rings 13 to 7 the deflections were computed directly and were 
also interpolated (by the method to be explained later) from the tllree deflections for corre- 
sponding rings a t  the three surrounding stations, Nos. 70, 72, and 118. The following table 
shou-s the computed and interpolated values and their difference: 

liing. 

16 
15 
14 
13 
12 
11 
10 , 
9 
8  
7 
6  
5 
4 
3  
2 
1 

Statlon So.  92. 

I /  

- .08 
- .04 
- . 10 - . 10  
- .OS 
- . 1 0  
- . 13 
- . 16 
- . l l  + . 0 1  
- . 0 3  
- . 45  
-1.47 
- 7.44 
-2. 74 
-3.63 

Station No. 118. 

/ I  

+ . 06  
- . 0 3  + . 09  + . l l  + . 03  + . l l  + . 26  + . 34  + . l l  
- . 2 1  
- . 49  
-1. 00 
-2. 84 
-3.37 
-2.91 
-3. 78 - 
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Station No. 71. 

According to the evidence given by rings 9, 8, ant1 7, it \\-as tlt~cidetl, in accortlance with 
certain criteria given later, that  i t  would be safe to  stop the direct computation a t  ring 7 ,  pro- 
ceeding outward, ancl to accept the interpolated values for rings 6 to 1 as sufficientlj- close to 
the truth. 

The interpolation, based on the values for stations No. '72 and So. 118, virtually serves to 
determine the slight difference between the desired values for station So. 71 autl the known 
values for station So.  70 (the nearest of the three stations fro111 which the interpolation \vns 
made). . The follov-ing table sho\vs llo\l- srnall are these rlifferences bet\vet.n deflections for cor- 
respoliding rings a t  station So. 71 ant1 its nearest ileighbor. station No. TO: 

tb~;t;;:::' 
I,,t,,rpolnte,l. 

-. 03 
-. 07 
-. 13 
-. 12 
-. 06 
-. 04 
-. 04 

For rings 16 to 7 the \-alues for both stations were coinputrtl. For rings 6 to 1 the ralues 
for station KO. 71 were interpolated fro111 surrounding stations ant1 the rolunln o f  tlifl'erencas 
sho\vs, therefore, the slnall quantities fisecl by interpolrttioli ns heiny the tlifferences between 
station So. TO and station Ko. 71. 

Int~rpol~ted 
deflections. 

-. 05 -. 05 
-. 01 +. 01 
-. 03 
7. 06 
-. 09 

13 
12 
11 
10 
9 
8 " 
4 

METHOD OF INTERPOLATISG FOR OUTER RINGS. 

Computed 
deflections. 

-. 08 
-. 12 -. 14 
-. 11 
-. 09 
-. 10 
-. 13 

Diflrrrnn.. 

+. 08 +. 04 +. 07 +. 05 +. 08 +. 18 +. 19 +. 10 +. 06 
-. 0.2 
-. 01i +. 01 +. 09 +. 16 
-. 09 

I 
-. 08 

I 

Hiny. 

16 
1.5 
11 
13 
19 
11 
10 
9 
8 - 
b 
3 
4 
3 
9 
1 

Thq purpose of obtnining the deflections for certain rings by interpolation is to save time 
in computation. The greater the number of rings for which the interpolation is made the 
greater is the saving accomplished. On the other hand, if the amount of interpolation is niatle 
too great the accuracy will fall below the required standard. I t  \\-as necessarj-, therefore, t o  
fix the amount and method of 'interpolation carefully in order to save as n~uch time as possible 
and yet hold the accuracy up to the required standard. The follo\ving method o f  interpolation, 
and criteria for deterlilining when interpolations shoultl be made. were adopted and used after 
a gradual evolution during the computations for the first few stations. The degree of accuracy 

Station S o .  70. 

+ . 0 3  + .O1 + .02 - . 03  
-.04 + .04 + .OS + . O l  - .04 - . 13 - . 26  - . .:XI 
-1.47 
-3.10 
-2.94 
-3.82 

Station S o .  71. 

, - . 05  - . 03  - .05 - . 08  - . 12 - . 14 - . l l  - .09 - . 10  - . 13 - . 18 - . 5 l  
-1.56 
-3. 26 
-2. 8.5 
-3.74 
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sec.t~red will be indit.rttc~t1 it1 corinection wit11 the tliscussion o f  the accuracy of the computations 
of topographic (Leflec.tiolis. 

Tlu! ticbcisioii Iiaving been 11 i t i (1~  to interpolate the tleflections for some of the rings for station 
No. 71, from the corrcsj)ontlin:: values for the tliree stations, Ko. 70, KO. 72, and No. 118, such 
a tigure as t h ~ t  Aown in illustration So .  4 was drawn upon a map, on which the astronomic 
stntions liatl bcen plotted in their proper relative positions. Let the three stations from which 
the interpolation is to be made be called, in the general case, A, B, and C. In  this case they 
are, respectively. No. 70, No. 72, and No. 118. Let the station for which the interpolation is 

to be made be called D (in this case No. 71). 
The figure, such as is indicated in illustration 
No. 4, is drawn in each case by first connecting 
two of the stations, A and B, by a straight line 
and then drawing the straight line CD until it 
intersects BR in X. A linear interpolation is 
first made between A and B (stations KO. 70 
and Xo. 72, in this case) to obtain a value cor- 
responding to S for each ring, and then a second 
linear interpolation is made between X and C to 
obtain the required value for each ring a t  D. 

This process may be called interpolation 
along a plane. If tho three values a t  A, B, and 
C were represented graphically by ordinates 
above a reference plane on which A, B, and C 

11aaC were located in their proper relative positions, 
NO. h 

and if a plane were passed through the three 
points in space fisetl by tllese ortiinlttes, then the interpolated value for D is represented by 
the ordinate a t  D limited by this plane. 

The numerical work of the internolation for station No. 71 is shown in the following table. - 

AX XD 
The factor .438 is the ratio m. The factor .063 is the ratio m. These may, for convenience, 

be called interpolation factors. 
The decision may be made arbitrarily as to which two of the three stations shall be called 

A and B, and shall be utilized first by making a linear interpolation directly between them. 
Esrept for the effects of inaccuracy in scaling interpolation factors from the map, and inac- 
curacies in numerical work, the final results will be independent of the choice among three 
possible decisions. The effects of the small unavoidable inaccuracies in the scaling of inter- 
polation facbrs will, in general, be smaller the nearer the angle CXA approaches to a right 
angle. I-Ience, it is advisable to choose among three poss~ble decisions so as to make CXA 
rts nearly as possible R, right angle. 

Znteryolation of dc$ectwns j'or outer rings at latitude station ;Vo. 71, Boding, Illinois. 

Deflection. 

,t 

- .05 
- . 0 5  
- . 0 1  
+ . O l  
- . 3  
- . 0 6  

Ring. 

l3 
l2 
11 
10 
9 
8 

- 

$,"fg 

- 4  
- . 0 4  
+ . 0 4  
+.W 
+ . O l  - 

DIRercnce. 

-.07 
-.04 
-.14 
-.21 
-.I7 
-.07 

~~~~~ 
- . l o  
- . 0 8  
- . l o  
- . I 3  
- . I 6  
- . I 1  

E22:g 

-.03 
-.02 
-.06 
-.09 
-.07 
-.03 

Btatlon S. 

- .06 
-.W 
- . 2  
- . 0 1  
-.00 
- . 7  

Difference. 

+ .17 
+.W 
+ . 1 3  
+ . 2 7  
+ . 4 0  
+ . I 8  

. 

+ . l l  
+ . 0 3  
+ . 1 1  
+ . 2 6  
+ . 3 4  
+ . I 1  

:,"Eg 

f.O1 
+ . O l  
+.O1 
+.W2 
+.03 
+.01 



In applying this method of interpolation the order of procedure was, first, to compute the 
topographic deflections completely for three or four stations at the edges of the areas to be 
covered, so selected that all, or nearly all, of the remaining stations were included within the 
lines joining these stations. Then successive.stations were selected for computation and for 
eat-11 in turn the computation was mado complete up to the ring for which the adopted criteria, 
stated later, showed the interpolation to be safe. Then the interpolated values were depended 
upon for the remaining rings. 

By inspection of the map on which the astronomic stations were all plotted the order of 
copputation was so selected as to insure, as far as possible, that each new station computed 
should be near the center of an area containing no stations for which $he computation of the 
same kind (meridian or prime vertical) had already been made. The interpolation was then 
made (or attempted) from the three stations among those already computed which lay nearest 
to it. The interpolations for the first few stations within a new region were thus in general 
made (or attempted) from stations at  a considerable distance. Later interpolations were made 
from much nearer stations as the area became more thickly covered with stations for which the 
computations were already made. 

In a few casos the point S of illustration No. 4 fell between D and C, and the last step of the 
interpolation process was really an extrapolation. This is the case for the azimuth station 
Mount Ouray, So. 59, see page 33. In the sample computation as there printed it will be noted 
that the interpolation factor, .013, was given the minus sign ancl the resulting correction repre- 
sents an extrapolation. Similarly, in some cases the point X fell beyond A or beyond B, instead 
of falling between them, and the first interpolation factor became negative anti really represented 
an extrapolation. 

The same criteria of safety were applied to these cases as to the others in which only direct 
interpolations were involved. The cases of extrapolation most frequently occur at stations 
lying near the edge of the area covered by the investigation. The total number of cases was 
small. 

The following table will serve as an illustration ot the degree of agreement between values 
for corresponding rings at  adjacent stations and of the amount of computation saved by inter- 
polation. 

The group of prime vertical stations indicated in the table is in California, at  Point Arena 
and to the eastward and southwartl of that point. (See illustration No. 13 in the pocket at  the 
end of the volume.) The stations are given in the table in geographic order. 

T o p o p p h i c  dejectinns in prime vertical, separate rings. 

[lWlc numben were interpolated.] 

Ring. 

30 
29 
28 
27 
26 
25 
24 
23 
22 
21 
20 
19 
18 
17 
16 
15 
14 
13 
1'7 

P u t o n  
2. 

I /  

- .03 + .02 - .05 - .05 + .18 + .54 + .79  
f 1.59 + 1.69 

Polnt 

1. 

/ I  

+ .02 + .04 
f .w + .05 + .02 + .02 
3. .01 + .I0 + .13 + .16 + .16 + -26 + .31 + .38 + .64 
+1.46 
+2.35 

J- 4.98 

Rosa 
~ ~ , ~ ~ t d ~ .  

237. 

I /  

+ .37 
f .39 + .38 + .55 

+ 3 . 9 2 + + . 2 9  + 2.58 

Uk1.h. 
3. 

I /  

- . 2 2  - .33 - .27 
- .08 + .07 + .39 + .46 + .98 + .99 

\*we. 
12. 

If 

+ .07 + .01 + .O1 + .06 
4- .04 

.OO 
- .06 + . 10 
- .12 - .32 - .45 - .80 - .52 - .15 - .32 
- .39 - .49 

Monticello. 
11. 

I /  

- .13 - .16 
2 . 0 3  - .14 - .24 
- .50 
- .59 - .65 - .62 

';$Pr 
236. 

I /  

+ . 2 0  + .39 
+ . 4 3  + .60 + .43 + .12 + .12 + .18 + .37 

f 

sE. 
BMfh 

1s. 

// 

- .04 - .08 - .13 
- .23 
- .30 - .34 - .18 

$ .  
4. 

I /  

.00 + .08 
+ . 1 3  - .12 - .25 - .17 - .01 
- .34 - .40 



Topographic dejections in prime vertical, separate rings-Continued. 
r 

Ring 

11 
lo  
9  
8  
7 
6  
5  
4  
3  
2  
1  

& 

I Wallace, Kansas 

Nanie of station and State. 

San Diego 1892, California 
Point Arena, California 
Promontory, Utah 
Uncompahgre, Colorado 
El Pam East Base, Colorado 

The following table shows certain facts as to attempted and accepted interpolation for the 
nine prime vertical stations shown in the preceding table and also for the stations from which 
interpolations for these stat,ions were attempted. The stations are placed in the table in the 
order in which the computations were made. At the points indicated by the blank lines in 
the table, computations were made for stations which are here omitted because they have no 
connection by attempted interpolations with the nine stations in question. 

Polnt 
Arena. 

1. 

/I 

+ 5.90 
+5 .74  
+6 .00  
+9 .16  
+ 9 . 4 4  
+lo. 10 
+ 9 . 3 3  
+lo. 07 
+lo.@ 
+8 .18  + 5.62 

( Tavaputs, Colorado 1 52 

No. Of 

Pioche, Nevada 
Waeatch, Utah 

Rass 

237. 

/ I  

+ 3.89 
+ 4 . 7 3  
+5 .74  
+8 .49  
+ 9 . 3 9  + 9.91 
+-9.28 
+10.07 
+9 .90  
+8 .07  
+ 5 . 6 3  

I... ..............................I....... 

stptlonsfmm.whlch lntemlation was 
made Or 
ed . 

Pilot Peak, Kevada 32 
........................................ 

Round To , Califomia 19 
Mount C a l b n ,  Nevada 29 

Pmton. 
2. 

/ I  

+ 2.73 
+ 4 . 7 6  
+ 6 . 0 5  
+8 .88  
+9 .91  
+lo. 15 
+9.50 
+lo. 16 
+9.94 
+8 .17  
+5.6S 

I........ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

Number of 
r lnr for - 

whlc Inter 
polatton was 

accepted. 

Mount Conneee, Califomia 
................................ 

New San Miguel! California 
Mount Toro, California 
Mount Diablo, California 
Maryeville, California 

Ulclah. 
3. 

/; 

+ 2.03 
+ 4 . 5 0  
+6 .08  
+ 8 . 8 1  
+ 9 . 3 0  
+lo. 15 
+ 9 . N  
+lo. 18 
+9 .91  
+8 .16  
+5 .6S  

Mount Tamalpais, California 
Yolo SE. Base, California 

DLstance to 
neareat sta- 
tlon from 

which inter- 
polation was 

made or 
attempted. 

I... .... .........................-I....... 

s$gp 
238. 

I /  

+ 1.21 
f 3 . 7 0  
+6.4.2 
f 8 . 6 4  
+9 .42  + 9.97 
0 9 . 3 0  
+lo. 16 
+9 .82  
+8 .07  
+5 .64  

Inner radius 
of smallest rln 
for whlch the 
interpolation 
was accepted 

Ukiah, California 
Mount Helena, California 
Aoee Mountah, California 
Sulphur Peak, Califomia 
Paxton, California 
Monticello, California 

................................ 
Vaca, California 

Kilometers. 

&,",":. 
4 

/I 

+ .23 
+ 3 . 1 2  
f 6.72 
$ 8 . 6 2  
+9 .47  + 9.91 
-I-9.30 
+10.17 
+9 .77  
+ 8 . 0 4  
+ 5 . 6 4  

Montlcello. 
11. 

/ I  

- .28 
+1 .72  
+ 6 . 3 0  
+8.37 
+9 .33  
4- 9.87 
4-9.84 
+10.25 
4-9 .65 
+7.99 
i - 5 . 6 5  

Vaea. 
12. 

/ I  

- .07 
+ 2 . 5 1  + 6.69 
+ 8 . 2 3  
-I-9.37 + 9.74 
+9.SO 
+lo. 19 
+ 9 . 6 9  
+7.95 
+5 .65  

'*' 
Rase. 
15. 

/ I  

+ .58 
+2 .35  
+ 6 . 0 1  
i - 7 . 7 7  
-i-9.44 

9.73 
f 9.35 
+lo. 25 
4-9.56 
4-7.94 
+5 .66  

J 
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CRITERIA OF ACCEPTED INTERPOLATIONS. 

The computation for an\- station comlnencecl with the small inner rings and proceeded 
outwarcl. The three rules used b\- the computers in deciding a t  what ring it was nllowable 
to begin to accept the interpolated values ancl to accept them for all larger rings were as 
follows: 

Rule 1.--Commence to accept interpolated values as final with the first ring for which 
such interpolation is allowable under either rule 2 or rule 3 and which is beyond the one con- 
taining the nearest of the three stations from which the interpolation is made. 

Rule 2.-Let 1".00 clirided by the number of a ring be callecl the interpolation limit for 
that ring. Subject to rule 1, acceptance of the interpolation may begin with a given ring 
if the three rings next within it each shows an agreement between the interpolated and com- 
puted values which is within tlle interpolation limit. 

Rule 3.--Subject to rule 1, acceptance of the interpolation ma)- begin with a given ring 
if the next ring inside of i t  shows an agreement within the interpolation limit and if at  the 
nearest of the three stations from which the interpolation is made the agreement was also 
within the interpolation limit for the. corresponding ring and for all rings farther out for which 
the comparison was made. 

Rule 1 insures that tlle interpolation shall not be acceptetl for verj- small rings because 
of a chance agreement between interpolated antl computed values when there is no reason 
for such agreement. I t  insures tllat the first ring for which the interpolation is acceptetl shall 
be one which overlaps, to a large extent, the corresponding ring a t  the nenrest station. 

To uncierstand the nature of the so-called interpolation limit, referred to in rule 2, one 
must remember that the rings are numbered with 1 a t  the outside, tlle largest ring dealt wit11 
in the computation, and that the numbers increase inward (see table on p. 22). The inter- 
polation limit is, tilerefore. 1".00 for ring 1, 0".50 for ring 2, Of'.33 for ring 3, antl so on, becom- 
ing smaller the greater the nunlber of rmgs which lie outside the one considered. The inter- 
polation linlit is smaller, the greater is the number of rings for which it is proposed to accept 
the interpolation. 

Under rules 2 ant1 3 the .total error made by accepting interpolated values would always 
be less than lf'.OO if the error of interpolation, I -C  (interpolated minus computed), was of the 
same sign and magnitude for all larger rings, as on the last ring for which tlle comparison was 
made. 

It was believed, how-erer, that the agreement between the interpolated and computed 
values (commencing \vith rings not smaller than those contemplated under rule 1) would tend 
strongly to be closer and closer for successive rings proceeding outward. I t  was also believed 
that there would be a strong tendency for the various differences between interpolated and 
conlputecl values, for several rings such ns  are interpolated under the rule, to include values 
having both tile plus ancl minus signs, and, therefore, for the errors in the accepted interpo- 
lations to tend to be eliminated from the final result for the station. Both of these beliefs 
were basetl, a t  first, on theory only. 

Their t11eo~-etical basis is indicated in illustration No. 3 and the accompanying text. (See 
p. 36.) If the beliefs indicated above are correct, the total error introduced a t  any station 
by accepting the interpolakcl values was, in general, much less than 1".00. The correctness 
of the beliefs is established by the evidence obtained during the progress of the computations. 
This evidence will be shown in connection with the discussion of tile accuracy of the computa- 
tion of topographic deflections. 

Rule 2 requirss an agreement within the interpolation limit for three successive rings, 
because esperience shows that n chance agreement between interpolated ancl computed values 
may occur for a single ring or even for two rings. I t  is believed that very rarel~r will a chance 
agreement within tlle small interpolation limit occur for three successive rings. 

In  connection with rule 3 it should be recalled that the accepted interpolationb, if any, 
for the "nearest of the three stations from which the interpolation is made" are interpolations 
over a longer interval hetween stations, as a rule, than are the proposed interpolations for the 
new station. (See p. 41.) Tlle order of computation was so selectetl as to insure, as far as 
possible, that each new station computed should be near the center of ~ 1 1  area containing no 
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stations for which the computation of the same kind (meridian or prime vertical) had already 
been made. Rule 3 is, therefore, a recognition that the fact that interpolation has been found 
to be safe for a given ring over a long interval a t  an adjacent station, is valid evidence that it is 
probably safe over a shorter interval at  the station in question. 

An illustration of the application of rules 1 and 2 at meridian station No. 71 is shown on 
page 39. Station 72 was the nearest of the three (70, 72, ant1 118) from which it was proposed 
to attempt an interpolation. Station 72 lay in ring 11. Hence, in so far as rule 1 is concerned, 
the interpolation might have commenced with. ring 10, but the difference between the inter- 
polated and computed values for ring I1 (-".13) was not within the interpolation limit, which 
is ".09 for this ring. Similarly, for ring 10 the difference between interpolated and computed 
values was - -12, outside of the interpolation l i d t ,  which is " .10 for this ring. For the three 
successive rings, 9,, 8, and 7, the agreement was within the interpolation limit and, therefore, 
under rule 2, the interpolated values were accepted for rings 6 to 1. 

Another illustration of the application of rules 1 and 2 is shown for the prime vertical 
station, Mount Ouray, No. 59, in the table on page 33, and is commented upon in the fifth 
paragraph after the table. 

In neither of these cases was an interpolation acceptable, under rule 3, for a smaller ring 
than under rule 2. On the other hand, at  each of the prime vertical stations, 47, 29, 219, 
13,10,4,237,11, and 12, of the table on page 42, rules 3 and 1 control instead of rules 2 and 1. 

At prime vertical station No. 237, in so far as Rule 1 was concerned, the interpolation 
might have been accepted for ring 12 and all larger rings. The nearest of the three stations 
from which the interpolation was to be made was No. 4, Mount Helena, at  a distance of 46 
kilometers, and, therefore, falling in the thirteenth ring. The agreement of the interpolated 
and computed values was outside of the interpolation limit for rings 15, 14, 13, 11, 10, 9, and 
8, and inside of the interpolation limit for ring 12 (I - C = + " .01) and for ring 7 (I- C = ".00). 
At station No. 4, the nearest of the three stations from which the interpolation was made, the 
agrwment for ring 7 also fell within the interpolation limit, I - C being - ".12. No comparison 
of the interpolated and computed values had been made for larger rings at  station No. 4, the 
acceptance of interpolation having commenced at  that station with ring 6. Hence, under 
rule 3, the interpolation was accepted at  station No. 237, Ross Mountain, for ring 6 and all 
larger rings. 

SAVING BY INTERPOLATION OF OUTER RINGS. 

The following table indicates how much labor w& saved by interpolation: 

R&. 

' 25 
24 
23 
22 
21 
20 
19 
18 
17 
16 
15 
14 
13 
12 
11 
10 
9 
8 
7 
6 
5 
4 
3 
2 
1 

Outer radlw of ring. 

KflotM.tr8. 
0. 79 
1 . 1  
1 .6  
2. 3 
3 .3  
4. 7 
6 .7  
9 .5  

13 
19 
28 
39 
56 
80 

114 
162 
231 
330 
470 
671 
958 

1 369 
1 962 
2 828 
4 136 

Number of cornputatlorn 
out of the total of 496 

i ~ ~ h i ~ ~ , " , " " $ a s ~  
cepted lor the ring 
spcclfled. 

1 
' - Q  

4 
9 

10 
11 
13 
14 
14 
16 
20 
40 
48 
84 

103 
129 
154 
179 
211 
263 
312 
357 
383 
412 
428 
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There are only 68 computations out of 406, less than one-seventh, for which no interpolations 
were accepted. In  other wortls, the interpolation was accepted for a t  least ring 1 in more than 
sixth-sevenths of the computations made. 

For more than one-half of the computations, 263 out of 496, the interpolrtion was accepted 
for rings 6 to 1, antl thus no direct computation made for any tdpography a t  a greater distance 
from the station than 470 kilometers (292 miles), this being the outer radius of ring 7. 

Similarly, for more than one-fourth of all the computations, 129 out of 496, the interpola- 
tion was accepted for rings 10 to 1, and no direct computation was made for any topography 
more than 114 kilometers (71 miles) from the station. 

The interpolation was accepted for ring 25 (outer radius 0.79 kilometer, or 0.49 mile) and 
for all larger rings a t  the meridian station No. 11, Old Presidio, San Francisco, California, the 
nearest station from which the interpolation was made being No. 10, New Presidio, distant 
only .430 kilometer. 

The inter~olation was accepted for 3 217 rings out of a total of 12 395, or for more than 
one-fourth. The proportional part of the labor saved by interpolation is much larger than this, 
for i t  requires much more time to make the direct computation of the topographic deflection 
for an outer (large) ring than for an inner (small) ring. For a few of the largest rings, the ones 
for which the interpolated values are more frequently accepted, difficulties are encountered in 
applying the templates which serve to  fix the compartment boundaries, because, on the JIercator 
charts, which must be used for these rings, the distances are much distortetl. Another reason 
why i t  takes longer to make a computation for an outer ring than for an inner ring is that a 
larger number of authorities must be consulted, sometimes three of four maps or charts for a 
single compartment in an outer ring. So, also, it takes more time, as a rule, to estimate the 
mean elevation for a very large compartment of an outer ring than for a small compartment 
of an inner ring, because within the larger compartment there is a greater total range of eleva- 
tion. The only notable exception to this rule occurs when the large compartment happens to  
fall entirely in the deep parts of the Pacific where the depths are comparatively uniform. After 
allowing for the fact that the computation takes more time for large rings than for small rings, 
and also for the fact that the interpolation itself takes some time, though not much, it is estimated 
that the scheme of interpolation saved between one-third ancl one-half of the time which woultl 
otherwise have been necessary to make direct computations of the topographic deflections 
complete out to the tlistance 4 126 kilometers from the station. 

VALUE OF THE METHOD OF COMBUTINQ TOPOGRAPHIC DEFLECTIONS. 

T h e  three features of this method of computing topographic deflections which are especially 
valuable in reducing the time required for the computations, are (a) the use of compartments 
so chosen that for each compartment the deflection produced, as expressed in seconds of arc, is 
0.0001 of the mean elevation within the compartment expressed in feet; ( b )  the use of trans- 
parent celluloicl templates having the compartment boundaries macked upon them; (c) the inter- 
polation of the tleflections for certain outer rings for certain stations, from corresl)onding values 
for surrounding stations already computed. 

The first of the three features mentioned saves more time than might be supposed by the 
casual reader. I t  saves time in another way in addition to the mere saving of multiplications. 
Because the computer knows that it is true for each compartment that an error of 100 feet 
in estimating the mean elevation produces an error of precisely ".0l in the computed deflection 
he has a clear antl ever-present conception of the accuracy required in his estimates. For each 
compartment he takes time merely to  estimate with the required degree of accuracy. For 
many compartments a single glance a t  the map gives the estimated elevation with the required 
degree of accuracy, and the computer writes the result on his coniputation sheet without delay. 
For example, there are many compartments for which a glance shows that the total range of 
variation of elevation within the compartment is less than 100 feet. 

If the con~partments were so selectecl that the reduction factor by which the mean eleva- 
tion must be multiplied to  secure the deflection in seconds were different for different compart- 
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ments, the necessary degree of accuracy of estimating mean elevations would also be variable. 
The computer in such a case, not being able without delay to ascertain the degree of accuracy 
necessary for the particular compartment he is examining at any instant, would inevitably be 
inclined to make his estimate for each compartment with the highest degree of accuracy which 
is necessary for any compartment. He would lose much time, therefore, in making estimates 
with an unnecessarily high degree of accuracy. 

The combination of the graphic and numerical methods involved in the process possesses 
great advantages. Any process of computing the topographic deflections by considering the 
land forms to be represented by regular geometrical figures, such as cones, disks, prisms, etc., 
loses greatly in accuracy a t  the outset by such rtssu~nptions, because such regular figures can 
not be made to fit the extremely irregular lanil forms. Any apparent accuracy gained later 
by strict adherence to exact formulsa is fallacious. The process used in this investigation 
makes the matliematical surfaces dealt with in the computation fit closely to the actual irregular 
land forms. 

Moreover, the process hau the great advantage of fitting the mathematical surfaces actually 
represented by the computation to the irregular land forms of nature nlost slosely for the near 
topography, where a failure to fit closely would produce great errors in the computation, and 
leaves it fitting loosely upon the distant topography, where the effect on the computecl results 
of the failure to fit exactly is comparatively insignificant. The mathematical surface actually 
dealt with and accurately represented by the computation is cliscontinuous, being made up of 
a large number of horizontal surfaces, each covering one compartment and each placed by the 
computer by estimation at the mean elevation of the actual land surface within the compart- 
ment. Obviously this discontinuous mathematical surface, made up of many horizontal sur- 
faces at  different levels, can be and is fitted to actual land surfaces much more closely nbar the 
station, where the arem of the compartments are very small (being a few aquare metem only 
for some compartments in ring 37), than it is at  a distance froill the station, where the areas of 
the compartments are lrtrge, being millions of square kilometers for the largest compartment of 
ring 1. 

By .the method of computation used in this investigation and described on the preceding 
pages, one computation for either a meridian or a prime vertical componmt of the deflection at 
a station, taking into account all the topography within 4 126 kilometers of the station, was 
found to take, on an uvernge, the equivalent of 9.4 working hours for one computer. 

THE ECONOMICS OF THIB RESEARCH. 

Every knoun device has been utilized for reducing the time recluiretl for the computation 
of topographic deflections without allowing the accuracy to fall below the necessnrx high stand- 
ard. If a mere matter of saving dollars and time were involved, and no more, this would prob- 
ably not be fully justified. A finite and rather definitely limited amount of money and time is 
available for geodetic investigation in the United States. The conlplete solving of the geodetic 
problems awaiting solution would require millions in money and scores of years. The real 
problem before the geodesist is, therefore, to make as much progress in his attack on a sensibly 
infinite problem as can be made with his finite available money and time. Every device which 
saves money and time without serious loss of accuracy is a means to n greater advance into the 
unknown, and therein rests its real value. Conversely, every unnecessary refinement or com- 
plication which is allowed to remain in the methoils of computation produces not simply a com- 
paratively useless expenditure of money and time, but is also a serious drag, preventing real 
advance. Such unnecessary refinements or complications may give satisfaction to the conl- 
puter and the investigator and may be frankly sanctioneil if the purpose of the investigation 
is to furnish such satisfaction. They should not be sanctioned if the real purpose is the much 
broader, better one of securing as much as is feasible of real increase in the sum of human 
knowledge. 

At the beginning of this investigation of the figure of the earth from measurements in the 
United States i t  was believed that real progress could be made mainly by ascertaining, with a 
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consitlerable degree of accuracy, the relation between observed tlcflections of the vertical and 
the known topography. I t  \vus also believetl that the topogntphy, even a t  a great distance 
from the station, must be used. To make the computations of the topographic tleflections for 
d l  the stations by the methods hitherto usetl was evitlently i~npossible with the finite amount 
of tirne and money available. The development of new and cluicker nlethotls of sufficient accu- 
racy has made the computation possible. The computatio~ls have been made nntl the expectetl 
atlvance in knowledge has resulted. Continuous and close attention to the economics of the 
problem has lecl to real advanre in the research. 

Attention is called in this purticular place in this publication to the impottrtnce of atten- 
tion to the economics of geodesy because such attention has let\ to the greatest aggregate saving 
in this particular part of the research, the computation of topographic deflections. Such atten- 
tion has, however, been given to the economics of geodesy in connection with each part of the 
investigation.* The spirit of the investigation and the motives which control in fixing methods 
will be missed by the reader who does not realize this. The methods used represent an effort to 
utilize available finite resources in the ways which are most effective in increasing the sum of 
human knowledge in regard to the figure and size of the earth. 

Such are the reasons for the unusual prominence given to time-saving devices aud methods 
in this publication. 

VALUES OF TOPOGRAPHIC DEFLECTIONS. 

The computed topographic deflections, due to all topography within 4 126 kilometers of 
each station, are given in the third column of the tables which follow. The observed deflections 
are given in the second column. They are repeated from the tables on pages 12-19. 

The first column gives the serial number of the station as printed in the tables on pages 12-19. 
The location of each station is shown on illustration No. 13, in the pocket tit the end of the vol- 
ume, on which the stations are identified by the serial numbers. The remaining columns of the 
tables shoultl be ignored for the present. They will be of interest in connection with later por- 
tions of this publication and will be explained there. 

The many astronomic stations involved in this investigation will, for convehience, be 
considered in four principal geographic groups, known as the northeastern group, southeastern 
group, central group, and western group. The limits of these four groups are shown on 
illustration KO. 13. 

Within each of these four geographic groups the latitude stations, longitude stations, ancl 
azimuth stations are each placed in a separate group in the following tables, thus making 12 
groups in all. 

The observed deflections and the topographic tleflections given in connection with the 
latitucle stations are, of course, the meridian conlponents of the deflections. A plus sign on 
the observed deflection means that the astronomic latitude is greater than the geodetic lati- 
tude, that the zenith is displaced to the northward and the nadir to the southward. Similarly, 
a plus sign on the topographic deflection means that the effective excess of mass represented 
by greater mean elevations of the surface is to the southward of the station. 

The observed deflections and the topographic deflections, given in connection with the 
longitude and azimuth stations, are the prime vertical components of the deflections expressed 
in seconds of the prirne vertical great circle. A plus sign on the observed deflection means 
that the zenith is deflected to the westward and the nadir to the eastward. Similarly, a plus 
sign on the topographic deflection means that the effective excess of mass represented by 
greater mean elevations of the surface is to the eastward of the station. 

* The total time spent on ail computations connected with this investigation (commencing with known value8 
of the 507 wtronomic and geodetic latitudes, longitudes, and azimuth) wee the equivalent of only 20.6 working hours 
for one computer for each of the 507 deflection8 utilized. 
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DeJlections in meridian. 

LATITUDE STATION8 OF NORTHEASTERN GROUP. 

Btation. 

241 
188 
185 
184 
183 
182 
186 
187 
181 
180 
179 
178 
177 
176 
175 
174 
173 
169 
170 
168 
166 
17 1 
172 
165 
167 
164 
163 
158 
162 
157 
161 
159 
166 
160 
156 
153 
162 
154 
149 
161 
130 
148 
147 
144 
146 
142 
248 
146 
143 
141 
140 
139 
138 
137 
136 
107 
109 
108 

Obnetved 
deflection 
A-O. 

I/ 

- .58 
-1.94 
-3.82 - .74 
+2.45 
+4.70 
4-4.78 
+4.14 
+5.80 
+6.59 
4-3.65 
+4.09 
+4.38 
+2.25 
-2.16 + .56 + .74 
tl. 92 
+3.61 - . 28  
+1.09 
-5.35 
- .64 + .41 
+3.95 
$3.71 - .94 
+2.03 
-3.75 - . 59  
-3.25 + . 02  
-2.06 
-3.42 - .31 + .27 + . 78  - .40 + . 73  + .28 
-2,Ol - . 52  
-3.94 
-5.33 
-5.45 
-3.29 
-5.22 
-3.82 
-2.27 
-2.62 
-6.43 
-2.98 
+l .  38 
+1.W 
+4.69 
-7.28 
4.06 
-2.08 

T:em:p 

/I 

-11.28 
-12.21 
-11.95 
-11.82 
-11.05 - 9.89 - 9.82 
- 9.75 
-10.33 
- 9.80 
-12.57 
-11.90 
-11.43 
-14.34 
-16.51 
-13.96 
-16.45 
-12.96 
-17.62 
-28.74 
-24.60 
-25.77 
-21.88 
-18.81 
-18.60 
-32.26 
-33.16 
-35.94 
-32.49 
-34.44 
-30.78 
-30.69 
-32.80 
-30.58 
-31.44 
-33.71 
-32.95 
-31.68 
-29.61 
-33.73 
-34.26 
-31.82 
-34.71 
-34.48 
-34.30 
-36.54 
-37.32 
-32.28 
-33.16 
-36.89 
-35.63 
-33.44 
-31.88 
-33.33 
-33.22 
-%. 19 
-so. 54 
-29.81 

Computed deflection, unifnrm isostatic compensation considered. 

329.8 

/I 

+ .20 - .59 
- .28 - .OQ 
+1. 11 
+2.73 
+2.80 
+2.95 
+3.34 
$4.20 
$1.73 
+2.32 
4-3.80 
4-2.18 + .47 
+3.07 + .42 
+3.86 
+2.22 
-2.97 - . 7  
-3.41 
-1.22 
+ l .  28 + . 68  
-2.80 
-3.21 
-4.05 
-3.50 
-4.28 
-3.17 
-3.21 
-3.66 
-4.34 
-3.61 
-4.18 
-4.28 
-4.69 
-2.36 
-4.20 
-3.80 
-3.51 
-3.48 
-3.37 
-3.43 
-2.80 
-3.26 
-3.76 
-4.64 
-6.35 
-4.65 
-4.52 
-3.13 
-4.81 
-6.35 
-2.82 
-3.22 
-2.76 

Depth of c o m p e ~ t i o n  

1622 

/I 

+ . 23  - .46 
- .24 - .05 + . 93  
+2.39 
+2.46 
+2. 60 
+2.96 
+3.66 
+1.25 
+ l .  87 
+3.28 
+2.09 + .53 
+3.00 + . 52  
$3.62 
+2.56 
-1.25 + . 72  
-2.38 
- .80 
+l. 39 + . 92  
-1.02 
-1.35 
-1.98 
-1.68 
-2.23 
-1.44 
-1.53 
-1.77 
-2.59 
-1.80 
-2.22 
-2.38 
-2.93 
- . 59  
-2.23 
-1.83 
-1.60 
-1.36 
-1.22 
-1.28 - . 32  - -87 
-1.11 
-2.51 
-3.71 
-1.92 
-2.17 - .86 
-2.48 
-3.05 
-1.01 
-1.30 - .87 

(kilometers). 

120.0 

N 

+ .22 - .39 - . 22  
- .05 + . 8 l  
+2.19 
$2.26 
+2.39 
4-2.73 
+3.35 + . 99  
+l. 58 
+2.92 
$1. 93 + - 4 6  
+2.82 + . 45  
+3.40 
+2.50 
- . 60  + .91 
-2.09 - .77 
+l. 22 + .69 
- . 62  
- . 9 3  
-1.51 
-1.22 
-1.69 
-1.01 
-1.10 
-1.30 
-2.09 
-1.32 
-1.73 
-1.87 
-2.41 - . 1 3  
-1.78 
-1.37 
-1.14 - .92 - . 78  - .84 + .15 - .44 
- . 62  
-1.94 
-3.01 
-1.27 
-1.57 - .30 
-1.88 
-2.43 - .61 - .w - . 46  
-- 

113.7 

I /  

+ .22 - .39 - .22 
- .05 + .79 
+2.15 
+2.22 
+2.35 
$2.67 
4-3.27 + . 92  
+l. 51 
$2.83 
+l. 90 + . 4 3  
4-2.78 + . 42  
+3.33 
$2. 46 
- .54 + .92 
-2.04 
- . 80  
+I. 19 + .66 
- .55 
- . 85  
-1.42 
-1.16 
-1.80 - .94 
-1.04 
-1.24 
-1.99 
-1.25 
-1.65 
-1.80 
-2.31 - . 03  
-1.69 
-1.30 
-1.05 - .87 - .72 
- .78 + . 22  - .38 - . 55  
-1.83 
-2.89 
-1.16 
-1.49 - .22 
-1.79 
-2.35 - . ,56 - .81 - .41 
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I)e$ectione in prime vertical. 

1,ONOITUDE STATIOh'B OF NORTHEABTRRK OROUI'. 

AZIMUTH BTATIONS O F  NORTBEABTERI CIROt'P. 

- 

. Btbtlon. 

232 
196 
195 
192 
191 
194 
190 
188 
187 
185 
184 
183 
182 
181 
179 
173 
172 
157 
158 
233 
108 
110 

i 

* ~ ~ & ~ ~ ~  

/ r  

-20.25 
-20.04 
-20.06 
-19.86 
-19.76 
-19.61 
-20.17 
-20.15 
-21.86 
-22.37 
-25.39 
-22.81 
-18.68 
-20.34 
-23.77 
-32.33 
-33.30 
-40.08 
-40.77 
-40.39 
-42.92 
-46.26 

Olmerved 
deflsctlon 

A - a .  

I f  

- 6.85 - 2.74 - 2.41 - .79 + 2.89 - .23 + 5,84 + 7.62 + 3.00 
- - .29 + .54 + 2.62 + 9.10 + 5.99 + 2.51 + 3.59 + 1.74 + 1.34 + 1.42 - 1.34 - 4.23 - 1.36 

Computed delleetlon, unllorn~ Isoatatlc con~prnsatlon considered. 

Depth of cornpenaetlon ( kllometen). 

113.7 

/ I  

- .27 - .38 - .57 - .4R 
$1.19 
+l. 32 
$1.39 
+2.04 
+1.05 + .47 - .56 
+I. 70 
+5.07 
+3.30 + .29 
-1.09 - .70 
-1.95 
~ 1 . 8 3  
-1.03 
-1 .  14 
-1.13 

328.8 

/ I  - .59 - .74 - .95 - .84 + 1.34 
$1.47 + 1.79 + 2.36 + 1.05 + .38 - 1.05 + 1.92 + 5.80 + 3.90 + .18 - 2.85 - 2.39 - 4.93 - 4.68 - 3.87 - 4.34 - 5. 18 

102.2 

/ I  

- .33 - .47 - .G6 - .57 
$1.32 
+1.45 
-t 1.60 
+2.25 
+l. 13 
-1- .53 - .64 
$1.92 
+5.51 
+3.67 + .35 
-1.50 
-1.06 
-2.66 
-2.47 
-1.65 
-1.75 
-1.96 

1M.9 

I f  

- .2i - .38 - .57 
- -48 
+1,19 
+l. 32 
+I. 44 

+'*09 + 1.07 + .49 - .56 
+l. 74 
+5.16 
$3.38 + .30 
-1. 14 - .73 
-2.04 
-1.91 
-1.13 
-1.22 
-1.24 
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Deflections in  meridian. 

L.\TITUDE STATIONS OF SOUTIIEABTERN GROUP. 

- 

Station. 

80 
81 
82 
83 
84 

114 
86 
87 
89 

1 88 
90 
91 
92 
99 
94 
95 
93 
96 
97 
98 

100 
1 
103 
101 
105 
106 
104 
112 
111 
110 
113 
85 

115 
116 
117 
120 
121 
133 
125 
126 
122 
119 

124 
127 
128 
129 
130 
132 
134 
133 
135 

O hserved 
deflection , , 

I /  

+ . 21  
+l. 37 
+4.66 
-2.52 
-2.53 
+4.19 
+3.06 
-1.75 
+2.51 
+1.82 
+3.76 
+3.75 
- .79  
-1.33 
-2.94 
-3.29 
-4.15 
-3.48 
-4.80 
-3.84 
-T 02 
-2.78 
-2.42 
- . 96  
+1.86 
-3.94 
-2.60 
-1. 16 
-2. 75 
-2.50 
- 2 . 4  
+1.23 
+l. 53 
+7.35 
+l. 77 
+2.11 
- . 4  
- . 2  
+ .60 
+l. 25 
-2.25 
+2.75 
+3.78 
f2 .23 + . 4 1  
+l. 86 
+5.90 + .55  
-2.58 
+2.65 
+5.64 
+5.39 
+6.42 

TOpoflal'h'c 
deflection. 

/ I  

-13.83 
-12.90 
-12.23 
-19.88 
-22.73 
-22.3'3 
-24.87 
-24.61 
-25.53 
-21.59 
-25.67 
-26.36 
-27.17 
-27.86 
-27.53 
-27.64 
-27.50 
-26.99 
-26.83 
-26. 71 
- 2 6 . 2  
-27.23 
-27.95 
-27.77 
-28.95 
-31.30 
-26.32 
-29.34 
-29.43 
-30.30 
-31.30 
-24.77 
-25. 12 
-23.62 
-24.47 
-27.01 
-26.29 
-23.23 
-22.59 
-?2.00 
-20.96 
-13.14 
-13.21 
-16.64 
-21.92 
-20.61 
-23.39 
-23.29 
-24.54 
-26.26, 
-27.58 
- 9 . 0 8  
- 3 . 3 5  

L 

Co~l~puted deflection, ~lnilorm isostatic compensation considered. 

3293 

/ I  

- . 4  
+l. 49 
+2.77 
-2.79 
-3.47 
-2.51 
-3.40 
-2.23 
-3.58 
-1.03 
-3.67 
-3.47 
-3.73 
-3.81 
-3.98 
-4.08 
-3.99 
-3.42 
-3.38 
-3.04 
-2.54 
-2.64 
-3.00 
-3.14 
-3.46 
-5.19 
-2.61 
-3.01 
-3.17 
-3.22 
-3.72 
-3.66 
-5.07 
-3.45 
-4.21 
-6.95 
-6.92 
-4.90 
-3.74 
-2.96 
-3.43 + .71 + .85 

.30  
-4.11 
- .94 
-2.32 
-2.25 
-2.62 
-3.70 
-4.45 
-3.89 
-3.13 

Depth 

lli2.1 

I /  

- . O  
+I. 17 
+2.36 
-2.39 
-2.30 
-1.31 
-1.97 
- . 7  
-2.39 
- . I 6  
-2.43 
-2.04 
-2.22 
-2.19 
-2.51 
-2.61 
-2.52 
-1.97 
-1.82 
-1.58 
-1.01 
-1.01 
-1.30 
-1.46 
-1.66 
-3.23 
- . 5  
-1.06 
-1.15 
- . 96  
-1.31 
-2.05 
-3. 23 
-1. 71 
-2.33 
-4.72 
-4.86 
-3.34 
-2.23 
-1.51 
-2.41 + .79  + .73  + . 21  
-3.10 + .26 
- . 98  
- . 2  
-1.01 
-1.57 
-1.90 
-1.63 
-1.10 

olco~npensation 

120.9 

/ I  

- . O  + .99  
+2.09 
-2.29 
-1.87 
- .89  
-1.52 
- . 2  
-2.06 
- . 01  
-2.10 
-1.67 
-1.85 
-1.79 
-2.16 
-2.26 
-2.16 
-1.62 
-1.46 
-1.22 
- . 4  
- . 6  
- . 2  
-1.05 
-1.18 
-2.68 
- . 61  - . 3  - . -0 - . 4  - . 7  
-1.55 
-2.60 
-1.14 
-1.74 
-3.85 
-4.06 
-2.80 
-1.73 
-1.06 
-2.14 + . 71  + .70  + . 29  
-2.80 + .52 
- .89  - .64 
- :64 
-1.05 
-1.26 
-1.07 
- . 7  

(kildnleters). 

113.3 

I /  

- -42  + .95  
4-2.02 
-2.29 
-1.79 
- .84 
-1.45 

7H.X 

/ I  

- .41  + . 4 3  
+l. 42 
-2.25 
-1.31 
-1.01 
-1.06 

- . 5  
-2.00 

.00 
-2.07 
-1.61 
-1.78 
-1.72 
-2.10 
-2.20 
-2.11 
-1.57 
-1.41 
-1.17 - .59  
- .60 
- . 6  
- . 98  
-1.11 
-2.61 
- . 7  
- . 58  - . 65  
- . 38  
- . 70  
-1.47 
-2.49 
-1.06 
-1.64 
-3.69 
-3.91 
-2.72 
-1.67 
-1 02 
-2.11 + . 71  + .69 + .29  
-2.78 + -57  
- . 63  - .60 
- .59  
- .98 
-1.17 
-1.00 
- .61  

. 01  
-1.68 + .12  
-1.81 
-1.28 
-1.44 
-1.35 
-1.73 
-1.84 
-1.79 
-1.25 
-1.11 
- . 7  
- .9 
- .32 - . 7  
- .65 - . 8  
-2.20 
- . 5  
- -29  
- . 3 3  
- . 5  
- -34 
-1.00 
-1.81 
- 6 60 
-1.07 
-2.78 
-3.07 
-1.09 
-1.27 
- .66 
-1.83 + - 56 + 5 53 + -30  
-2.48 + .79 
- .37 
- 3 37 
- .35 
- - 7 
- .69 
- a 5 9  
- 31 
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I)~$ec-tions i n  prime vertical.  

I.OS(;ITUDE ST.\TIOhS O F  S(JUTHEASTEHN ( i R 0 l . P  

/I 

+ .12 + . 3 1  
-1.06 
-2.09 
-1.65 
-1.09 
-1.65 
4- .14 
-1.52 
-1.58 
- .52 
-1.14 
-1.28 
- .79  
- . 8 3  
-1.19 
- . 6 5  
- .72 
-1.07 
-1.09 
-1.28 
-1.62 
- .94 
- .90 
-1.73 
-2.24 
- . 1 3  
- . 01  
-1.10 + . 5 l  + . 33  + .08 + .55  + . 2 3  
- .02 
- . Ofi 

Station. 

87 
114 

92 
99 

100 
101 
118 
113 
119 
130 
123 
131 
132 
137 
141 

Ul~serrr(l 
deflection 

A- ,;. 

I /  

+2.16 
-2. 24 
- , 4 1  
-2.57 
-4.26 
-2.96 
-5.07 
-5.37 
-3.57 
+l. 14 
+ . 96  + .80  
-1.03 
-1.64 
+3.41 
- . I 9  

deflection. 

// 

-31.75 
-41.98 
-43.61 
-40.99 
-41.68 
-41.24 
-40.68 
-40.88 
-44.31 
-35.24 
-22.20 
-14.21 
-16.57 
-14.40 
-15.11 
-14.159 

T 

Comp~rte(l tleflection, nnilorm isostatic compensation considered. 

Depth ol compensatlon (kilolneters). 

329.8 

/ I  

+2.39 
-8.39 
-8.43 
-7.80 
-5.63 
-5.04 
-4.34 
-4.53 
-5. 27 
-4.59 
- . 5 3  + . 8 9  + . 4 3  
+ .24  
- .57  
-1.09 

lli2.2 

/ I  

4-2.14 
-5.66 
-5.45 
-.5. 23 
-3.16 
-2.53 
-1.82 
-2.02 
-2.43 
-2.56 
- . 14 + . 53  + .37  + . 2 0  
- . 3 1  
- . 4  

120.9 

/ I  

+l. 86 
-4.76 
-4.53 
-4.38 
-2.53 
-1.89 
-1. 20 
-1.39 
-1.77 
-1.97 
- . 7  + .37  + .31  + . 16 

113.7 

/I 

4-1.79 
-4.60 
-4.35 
-4.21 
-2.44 
-1.80 
-1. 10 
-1.30 
-1.66 
-1.88 
- .07  + . 33  + . 31  

, + .16  

i9.8 

// 

4-1.38 
-3.67 
-3.37 
-3.35 
-1.86 
-1.24 
- .57  
- . 8  
-1.16 
-1.37 
- 0 05 + .18  + . 2 3  + . 09  

- .34  / - .24  
- . 2 9  - . 2 7  

- .19  
- . I 7  
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De$& in m & h .  

LATITUDE BTATIONB O F  CENTRAL OROUP. 

. 

Bbtlon. 

n 7  
228 
sl 
232 
M 
228 
223 
219 
219 
212 
211 
214 
221 
216 
226 
226 

222 
283 
217 
218 
189 
191 
216 
190 
181 
182 
193 
197 
1% 
210 
186 
198 
200 
199 
201 
a02 
209 
204 
206 
208 
208 
m 
247 
2@ 
62 
I33 
t~ 
66 
66 
67 
ee 
60 
70 
71 
72 
78 
74 
76 
76 
n 
78 
79 

// 

- 9.06 - 7.88 - 8.71 - 8.81 - 6.48 - 9.82 - 7.98 - 6.61 - 6.27 
- 4 . 6 4  - 3.28 - 2.03 - 8.13 - .63 - 3.33 - 3.99 - 3.82 - 2.63 - 3.01 - 2.01 - 1.80 - 3.88 - 3.67 - 8.08 - 7.92 - 7.88 
- 9 . 2 2  - 0.48 
- 8 . 0 6  - 0.24 
- 8.78 - 0.02 
- 8 . 8 1  - 8.89 - 8.73 - 8.81 - 0.20 - 9.18 - 8.74 - 9.07 - 9.49 
-10.01 - rci 
-11.43 
-11.71 
-11.74 
-12.00 
-12.39 
-12.B 
-11.87 
-1183 
-11.08 
-11.38 
-12.41 
-13.04 
-12.60 
-12.69 
-12.70 
-12.09 
-12.M 
-13.02 
-12.89 
-12.80 

Otnervd 
ddoctlon. 

A-0. 

// 

- 4.08 - 1.29 
+ . 88 + 9.39 
+11.29 - 6.28 
-10.39 - 3.98 + .07 
+ 1 . 6 2  
+ 3 . 8 2  + I. 17 - 2.92 + 2.44 - a. 03 - 2.37 
-10.47 - 2.44 - .14 + 4.W 
+lo. 88 + 6.46 + 6.38 
+ .% + 1.66 + 1.20 + -47 - 1.69 
4 . 0  - 6: 18 - 6.41 - 7.01 
- 6 . 8 8  - 3.70 - 3.82 - 1 . 4  - .16 + 1.63 - . IS  + 3.24 + 4:OS + 1.96 + 1.70 + 1.26 
+ ,W - . l o  + .43 - 1.27 - 4 + .77 + .72 
+ 2 . 7 9  + 2.79 + 4.41 + 6.63 
+ 2 . 6 1  + 2.71 

$ : D  + .04 - .oe - l.28 - .27 

Computed d&wtIon, uniform bmtatlc compenutlon considered. 

118.7 

I/. 

- . 8  - 223 
-1.12 
-2.47 - .61 
-9.81 
-3.06 
-1.94 
-1.73 
- . 7  
+.a 
+1.06 + .88 
4-2.86 
+l .  69 
+I. 12 

17 
+1.69 
+I. 90 
4-2.19 
+2.60 
+2.14 
+2.03 + .07 + -29 
+.a 
- . I S  - -31 
- . 0  - 1 

. - -70 - -90 
- 7 2  - -46 - .8 - .24 
-.SO - *62 - -1D 
- 1 8  

+ el0 + .m - 16 - -28 
+ . I S  
+ . a  + .oe + -16 + .87 + .a 
- . l o  + -66 - .26 - .41 
- . %  - .38 
- . 2 6  - . n  
-.SO - - -48 
- . O ?  

8206 

N 

-1. M - ,90 
-2.06 
-3.69 
-1.19 
-4.88 
-3.78 
-2 40 
-2.14 
- , S 8  + .73 
+l .  17 
+l .  20 
+3.@ 
+2.12 
+l .  53 
+1.66 
+2.61 
+2.24 
+3.16 
+3.61 
+P. 83 
+2.70 - .24 + . l o  + .62 
- . 8  - ,88 
- . 4 6  
-1.29 
-1.07 
-1.90 
-1.16 - - .6l 
- 6  
-1.08 
-1.00 - 4 

- ' ?  + . 6  - 0 6  
+ .os - .SO - ,0 
- . 0 1  
+ . o e  - .oe - . M  + .66 + .88 
- . 0 8  + .M - .47 
- 8  
- . 7 9  - .81 
- . 2  - .ss - . 6  
- 4  - .76 
- . I 7  

compamtion 

16l.2 

rr 

-1.17 - .44 
-1.44 
-2.86 - .76 
-4.24 
-3.40 
-2.16 
-1.90 
4 
. 
+l.  11 
+1.01 
4-3. 90 
+l .  88 
+I. 29 
+1.36 
+l .  96 
+I. 67 
4-2.66 
4-3.02 
4-2.43 
+2.32 - -09 + ,24 + .76 
- . I %  - .42 
- 9  - . @? - . 8  
-1.06 
- . 8  - .60 - .84 - .8 - 7 - -67 - ,21 
- . 2 6  
1 

$ :E - -21 - .37 
+.09 + 

. + .oe 
+ . l a  + .87 + -62 
- . 0 8  + .60 - -20 - .68 
- . 4 7  . 
- . %  - .n - .41 
-1.18 - . W  
- . I 2  

Depth of 

2m.a 

N 

-1.36 - . O  
-1.78 
-3.24 - .98 
-4.80 
-3.83 
-2.29 
-2.04 
-.4 + .71 
4-1.16 
+I. 14 
+3. 70 
+2.M 
+I .  43 
+1.M 
4-2.27 
+2.00 
4-2.90 
+3.% 
4-2.66 
+2. M - . l 6  + . I 1  + .64 
- , 7 S  - ,M 
- . 9  
-1.11 - -98 
-1.18 
-1.03 - -78 - .49 - -61 - .82 - .84 - .2 - 
+ : 6 4  + .03 + . i i  - . - 4 7  
+ . 0 6  
+ . 2 0  + .oa + .OQ + .82 + .S4 
- . M  + . e l  - .M - .68 
-.a - 
- 4 7  - . m  - 
- 1 .  - .68 
- . I 4  

(kllometem). 

120.0 

// 

-1.02 - 227 
-1.17 
-2.63 - . M 
-3.90 
-3.11 
-1.97 
-1.74 
-637 
+ . 8 8  
+l.U7 + . 90 
+2.93 
+l .  72 
+l .  16 

20 
1 66 + 1.36 
+2.22 
+2.68 
+2.21 
4-2.10 + -07 + -29 + .a 
- . 4 6  - .32  
- . 9 1  - .84 - .72 - .99 
-774 - -47 - -22 - .26 - -62 - ,615 - . l l  
-118 
C.60 + . l l  + . i 8  - .16 - -90 
+ . l S  
+ . a  + .oe + el6 + .87 + -66 
- . I 6  + . 66  - -25 - --.dl 
- . 8 b  - -38 
- . 2  - . 2 i  - -0 - .ae - .46 
- a 0 7  
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Dejlections in prime vertical. 

LONQITUDE STATIOSS OF CENTRAL GROUP. 

AZIMUTH STATIONS OF CENTRAL GROUP. 

Smtlon. 

213 
202 
198 
201 
206 
207 
210 
211 
64 
66 
69 
74 
77 
79 
83 

Observed 
ddectlon. 

A-G. 

/ I  

-6.97 
-9.64 
-5.20 
-541 
-4.67 
+.I3 
-2.40 
+.34 
-4.31 
-6.72 
- .85 
+1.09 
- . 5  
-3.83 
-.31 

T ~ ~ ~ ~ , " ~  

/ I  

-16.37 
-18.64' 
-15.55 
-17.73 
-17.96 
-17.21 
-16.71 ' 

-16.65 
-21.56 
-18.80 
-15.90 
-16.70 
-15.67 
-15.49 
-18.21 

Computed dellectlon, unllorm Isostatic compensntlon c o n s l d a ~ .  

Depth ofcompcnsatlon (kllometcrs). 

113.7 

I /  

-2.67 
-2.14 + .65 
-1.07 
-1.22 
- . 2  - .45 
- . 9  
-2.84 
-1.70 + .04 - .98 
f .05 + .29 
- . 2  

328.8 

/ I  

-3.72 
-3.34 + .81 
-2.04 
-2.31 
-1.81 
- .87 
- . 8  
-7.76 
-4.64 
-1.20 
-1.69 - .05 + .29 
+.lo 

102.2 

I /  

-2.99 
-2.56 + .78 
-1.36 
-1.55 
-1.10 - . 7  
-.a9 
-4.06 
-2.41 
- , 2  
-1.16 + .04 + .32 
.-.03 

231.3 

/ I  

-3.33 
-2.96 + .81 
-1.69 
-1.89 
-1.44 - .71 
- . 2  
-5.70 
-3.36 - .61 
-1.39 + .01 + .32 
+.04 

120.9 

/ I  

-2.72 
-2.20 + .67 
-1.10 
-1.26 
- . 8  - 4 
-.59 
-3.02 
-1.80 
3. .O1 - . 8  + -05 + .29 
-.I1 
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Ilejections in w~eridiwn . 
LATITUDE STATIONS O F  W E S T E R N  GROUP.  

Btatlon. 

240 
239 
267 
266 
265 
246 
245 
236 
237 
264 
238 
235 
262 
234 
243 
242 
261 
260 
257 
258 
259 
256 
255 
244 
233 
254 
253 
19 
21 
16 
13 
12 
10 
11 
9 
4 
3 
7 
1 
2 

252 
261 
249 

5 
6 
8 

14 
15 
17 
18 
20 
24 
23 
25 
7 
22 
26 
28 
29 
30 
11 

0 bserved 
deflection, 

A-Ci. 

I /  

- 9.16 - 6.29 - 2.74 + 5.32 - 2.24 
- .45 
-17.99 + 3.89 
- 2.0.5 1 -10.93 
-18.38 
- 1 2 .  
-13.22 
- 5.20 
-11. 17 - 5.59 
- 7.47 - 6.31 
-12.08 
-11.82 
-14.38 
- 1.77 
-11.44 
- 7.54 + 5.17 + .29 - 3.94 
- 5.96 - 2.99 
- 5.85 - 7.81 - 3.61 
- 3.03 
- 3.19 
- 8.37 
-10.68 
- 9. 73 
-10.62 
- 8.77 

. - 7.96 
- d 81 
- 1.02 
- 5.29 
- 4. 29 
- 9. 86 
- 9.08 
- 4.70 
-10.17 
- 7.69 - 8.08 
- 7.37 
- 3.27 
- 4.03 + 2.66 
- 5.01 
- 2.91 
- L. 82 - 3.03 - 6.59 - 3.50 
-13.54 

3-12.73 

T&mtEfC 

I /  

-55.32 
-54.22 
-52.78 
-52.58 
-60.85 
-59.48 
-64.34 
-52.73 
-57.35 
-64.22 
-64.97 
-59.02 
-62.17 
-59.17 
-33.52 
-56.67 
-57.69 
-58.72 
-53.81 
-57.36 
-57.42 
-45.51 
-46.96 
-61.09 
-47.17 - 71 
-46.26 
-46.91 
-39.64 
-41.22 
-46.02 
-45.72 
-45.74 
-45.66 
-48.83 
-19.00 
-.X. 03 
-50.65 
-54.03 
-48.02 
-38.90 
-33.37 
-31.38 
-45.32 
-49. 61 
-47.05 
-43.78 
-46.50 
-42.01 
-41.62 
-42.00 
-40.15 
-37.82 
-26.67 
-29.37 
-31.19 
-25. 85 
-20.49 
-29.75 
-17.49 
-I'j 42 
-34.60 

Compulcd deflection, ~~nlform isostatic 
compensation considered. 

Depth 

162.2 

N 

- 7.23 - 6.17 
- 4.65 - 2.67 
-10.65 
- 9.31 
-13.71 
- 3.09 
- 7.24 
-13.35 
- 1  91 
- 9.98 
-12.65 
-10.40 
- 6.26 
- 8.23 
-10.40 
-11.29 
- 7.82 
-10.58 
-10.61 
- 2.64 - 4 . N  - 5.16 
- 2.29 - 4.89 
- 3.25 - 4.27 + 1.50 

.31 - 
- 3.39 
- 3.02 - 3.01 - 2.90 
- 6.03 
- 5 . 9 1  
- 6.73 - 7.53 
- 1  1 
- 6.28 
- 4.51 
- .37 
- 2.29 
- 4.84 
- 8. 12 
- 6.15 
- 4815 
- 6.48 
- 3.22 
- 2.78 
- 4.21 
- 3.83 
- 3.35 + 5.09 + .32 + .16 + 2. 45 + 3.13 
- 1.60 + 2.48 + 3.75 - 3.63 

ofcompensation(kllometers) 

1B.B 

I /  

- 5.79 - 4.73 
- 3.20 - .97 - 8.66 
- 7.24 
-11.40 - 1.17 
- 5. 21 
-11.11 
-12.78 
- 8.02 
-10.60 
- 8.50 
- 4.70 - 6.47 
- 8.74 
- 9.61 - 6.35 
- 8.95 - 8.88 - 1.82 - 3.23 - 3.66 
- .97 
- 3.30 
- 2.25 
- 3.19 + 2.31 + .62 
- 2.08 
- 1.70 - 1.68 - 1.58 
- 4.67 
- 4 . 3 5  
- 5.13 - 5.91 
- 8.19 
- 4. 78 - 3.93 
+ . I 6  
- 1.77 - 3.45 - 6. 6.5 - 4.84 
- 3.04 - 5.39 
- 2.20 
- 1.82 
- 3.04 - 2.86 
- 2.64 + 5.39 + .53 + .63 + 2.52 
f 3.04 - 1.2'2 + 2,16 + 3. ID 
- 2 66 

113.7 

I /  

- 5.51 
- 4.46 
- 2.91 
- -65 
- 8.26 - 6.83 
-10.95 
- .82 - 4.83 
-10.67 
-12.35 
- 7.65 
-10.20 
- 8.15 - 4.42 
- 6.14 
-- 8.45 
- 9.33 - 6.08 
- 8.62 
- 8.55 
- 1.69 - 3.08 - 3.39 - .72 - 2.98 
+ 2.09 
- 2.99 - 2.41 - -- 

I )  

- 1.89 
- 1.51 
- 1.48 - 1.38 
- 4.445 
- 4 . 0 9  
- 4.84 
- 5.61 - 7.81 
- 4.51 - 3.86 
i . 2 5  
- 1. 71 
- 3.21 - 6.37 - 4.60 
- 2.86 - 5.23 
- 2.03 
- 1.68 
- 2.85 
- 2.70 
- 2.51 
f 5.4'3 + .52 
f a69 + 2. 47 + 3.02 - 1.14 + .O6 + 3.42 
- 2.49 
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Deflections in meridian-Continued. 

LATITUDE STATIONS O F  WESTERN GROUP--Continued. 

Dejections in prime vertical. 
LONGITUDE STATIONS OF WESTERN GROUP. 

station. 

33 
37 
48 
35 
34 
39 
42 
44 
40 
41 
43 
38 
46 
36 
45 
47 
49 
50 
51 
52 
53 
84 
55 
56 
57 
58 
59 
60 
6 1  

Computed deflection, uniform isostatic 
compensation considered. 

Observed 

A-C. 

// 

- 4.38 
- 2.72 + 7.52 
- 3.71 - 9.36 
- 5.90 - 4.21 
- 1.56 - 3.88 
- 2.27 
- 9.02 - 3.74 - 6.21 - 2.71 
- 5.58 - 3.60 
-13.52 - 6.65 + 8.41 
- 7.45 + 3.82 
- 2.39 
- 2.70 - 3.86 
- 4.86 + .96 
- 3.26 
- 5.88 
- 3.42 

Td. s tky  

I /  

-33.47 
-20.50 
-12.17 
-16.05 
-18.90 
-14.10 
-12.42 
-11.29 
-11.42 
-12.02 
-15.62 
-11.66 
-14.93 
-14.21 
-15.61 
-20.74 
-27.20 
-22.76 - 8.70 
-21.75 
- 8.55 - 9.50 
-14.96 
- 6.52 
-16.61 - 8.76 
-14.59 
-14.76 
-15.5B 

(kilometers). 

113.7 

/ I  

- 3.09 + 1.61 + 8.35 + .68 
- 5.87 
- 2.56 
- 1.03 + .ll + .84 
- .09 
- 3.01 + 1.61 
- .13 + 2.37 + .54 
- 2.99 
- 8.53 
- 3.42 + 6.69 
- 6.79 

4.84 + 5.54 - .97 + 4.24 
- 2.00 + 3.47 
- 2.21 
- 3.49 
- 2.36 

Depth of 

162.2 

I /  

- 4.04 + 1.71 + 8.30 + .86 - 5.92 
- 2.75 
- 1.09 + .06 + .85 

.00 
- 2.98 + 1.79 - .04 + 2.66 + .82 
- 3.16 - 9.42 
- 4.15 + 7.10 - 7.33 + 4.97 + 5.97 - 1.03 + 4.52 
- 2.34 + 3.29 
- 2 .50  
- 3.64 
- 2.74 

compensation 

120.9 

/I 

- 3.22 + 1.65 + 8.36 + .74 
- 5.87 
- 2.59 
- 1.04 + .09 + .85 
- .06 
- 2.98 + 1.65 
- .09 + 2.45 + .63 
- 3.00 
- 8.66 
- 3.55 + 6.76 
- 6.89 + 4.87 + 5.65 - .96 + 4.29 
- 2.07 + 3.44 - 2.26 
- 3.53 
- 2.43 
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De$ecOione in prime verticccbContinued. 
AZIMUTH BTATIONB OF WEBTERN GROUP. 
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The meridian components of the topographic deflection are all negative, varying from 
-0".53 a t  the latitude station Porcupine (No. 2161, on tlie south shore of Lake Superior, to 
-64".97 a t  the latitude station Santa Barbara, California, (No. 238). All these computed 
topographic deflections have one sign, because the United States is near the southern point 
of the continent of Xorth America. At the latitude station Sew Orleans, Louisiana, (No. 135), 
near the northern shore of the Gulf of Mexico, the meridian component of the topographic 
ueflection is -27".35 and a t  the latitude station Howard, Maine, (KO. 158), it is -35".94. 

An unusually rapid change of the meridian component of the topographic deflection between 
adjacent points is illustrated by the latitude stations Green River, Utah, (No. 50)) and Mount 
Waas, Utah, (So. 51). Although these stations are only 96 kilometers apart the topographic 
deflections differ by 14".06, being -22".76 a t  the former and -8".70 a t  the latter. These 
stations are in a region of high, steep mountains, and the deep, broad valley of the Grand River 
lies between them. 

The maximum negative prime vertical component of the topographic deflection occurs 
a t  the azimuth station Sorth End Knott Island, Virginia, (So. 115), namely, -54".30. This 
station is only 130 kilometers from the submerged edge of the continent as fixed by the one 
thousand fathom line. 

The maximum positive prime vertical component of the topographic deflection occurs at 
the longitude station Point Arena, California, (So. I ) ,  namely, +104".63. This station is 
only 35 kilometers from the submerged edge of the continent as fixetl by the one thousand 
fathom line. 

For the azimuth station Mount Ouray, Colorado, (So. 59), in longitude 106' 13' and for 
all prime vertical stations to the eastward of it, the prime vertical component of the topographic 
deflection is negative. For all stations to the westward of Mount Ouray i t  is pesitive. 

An unusually rapid change of the prime vertical component of the topographic deflection 
between adjacent stations is illustrated by the azimuth stations Gunnison, Colorado, (No. 56)) 
ant1 lllount Ouray, Colorado, (No. 59). Although these stations are only 63 kilometers apart 
the prime vertical components of the topographic deflections differ by 2lU.56, being + 10".31 
a t  the former ant1 - 11".25 a t  the latter. These stations are in a region of high, steep mountains. 

These computetl topographic deflections must necessarily exist as actual deflections if 
!he material comprising the snrface of the earth and down to the level of the lowest point of 
tne ocean floor has a density of 2.67 and if the densities below that level have no relation to 
the tol)ograpliy of the surface. The irregularities of the surface constituting the topography 
cer ta inl~ esist. The computations of the topographic deflections depend upon the well-estab- 
lished law of gravitatio~i that the attraction between two masses is proportional to their product 
and iilrerselp proportional to the square of the distance between them. 

On tlic other hand, a comparison of these computetl topographic deflections, shown in 
the tliinl column of the preceding tables, with the observed deflections of the vertical as shown 
in the secor~d column, shows clearly that the latter are much smaller than the former. After 
a comparison in detail, one finds it difficult to see easily what relation exists between the 
t\vo sets of quantities. One may possibly begin to doubt that any close relation does exist 
between them. 

As the obserred deflections evidently (lo not correspontl to the deflections tlue to the known 
topography, i t  is evident that they must be due, in part at least, to variations in density beneath 
the surface. 

COSSTRVCTION OF COXTOL-RS OF THE GEOID. 

Before proceeding to a study of the possible relation of the distribution of the subsurface 
densities to observed deflections of the vertical, it is desirable to show the outcome of a 
subsidia1-y investieation whicll was made to develop the extent to which the observed deflec- 
tions of the vertical are related to the topography. This investigation was made by con- 
structing the contour lines of the geoid graphica~ly, starting with the observed deflections 
of the vertical RS a basis. 
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By contour lines of the geoid are meant lines of equal elevation on the geoid surface, 
referred to the Clarke spheroid of 1866 as a reference surface, the spheroid being supposed 
to be in the position fixed bj: the adopted United States Standard (Geodetic) Datum. The 
contour lines serve to indicate clearly to the eye, and in a comprehensive manner, the depar- 
ture of the geoid from the spheroid. 

The geoid surface is a surface which is everywhere normal to the direction of gravity 
(sn equipotential surface), and it is that particular one of many such surfaces, lying at 
different elevations, which coincides with the mean sea surface over the oceans. Obviously, 
the mean sea surface must, with considerable accuracy, be everywhere normal to the direction 
of gravity. 

The mean sea surface is an existing physical representation of the geoid surface for the 
three-fourths of the earth covered by the oceans. No similar physical representation exists 
for the areas covered by continents. One may conceive of such a physical representation 
by supposing that narrow canals, say one foot wide, were cut down to a depth somewhat 
below mean sea level along the township boundaries of the land system over the United States. 
Such canals would form a rectangular system following approximately along meridians and 
parallels and approximately six miles apart in each direction. If the sea water were allowed 
free access to all these canals and were protected from all disturbances, the surface of the 
water in the canals would everywhere become normal to the direction of gravlty and would 
be a t  sea level and, therefore, would be a part of the surface of the geoid. One may t h i ~ k  
of the surface of the water in these hypothetical canals as forming a concrete representation 
of that portion of the geoid which lies under the United States. 

The restriction in the preceding statement that the supposed canals must be very narrow 
(1 foot wide) is introduced because it the canals were supposed to be of considerable width 
the supposed removal of masses to make the canals would change the direction of gravity a t  
various points and so produce a new geoid. 

The problem a t  present under consideration is that of constructing the contour lines which 
will represent the relation of the irregular geoid to the regular ellipsoid of revolution known as 
the Clarke spheroid of 1866, which is supposed to be in the position fixed by the adopted United 
States Standard Datum. 

The deflections of the vertical, as observed and shown in the tables on pages 12-19, are 
eJopes of the geoid, at  the points of observation, with reference to the spheroid. Having given 
these slopes in the direction of the meridian and the prime vertical a t  these few points the 
problem in hand is to construct the contour lines of the geoid, I t  is a problem similar to 
that which would be before the topographic draftsman if the topographer in the field furnished 
to him observed values of the slopes of the land surface in the direction of the meridian and 
of the p r i m  vertical a t  a few points. 

The separate steps in the cons t~c t ion  of the cantour lines of the geoid were as follows: 
1. A series of drawings covering the area in question were made on a large scale, showing 

simply a few meridians and parallels drawn according to the polyconio projection. 
2. The figures showing the observed deflections in the meridian were placed on each drawing 

in their proper positions. 
3. Lines of equal deflection in the meridian were drawn by eye, after first locating a few 

points on each line by assuming that on the l~traight lines joining adjacent observed values 
the rate of change of the deflection in the meridian is constant. 

4. The figures showing observed deflections in the prime yerfical, resulting from both 
longitude and azimuth observations, were placed on the drawing in their proper positions. 
These deflections as placed on the drawing were of course in seconds of arc of the prime vertical 
great circle, eo as to be directly comparable with the deflections in the meridian. 

5. Lines of equal deflection in the prime vertical were then drawn in the same manner ae 
indicated above for deflections in the meridian. 

6. A rectangular system of lines was placed on the drawing in such a manner as to divide 
the earth's surface into portions which were as nearly as possible quares, 20.8 kilometers on 
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each side and \\-it11 their sides slw-ays placed in the meridian and prime vertical. The particular 
length, 20.6 kilometers, was chosen because a line having a slope of one second of arc rises or 
falls one d:.cimc:?r in 20.6 kilomctcrs (sin 1" = PT$O, ,v ) .  In other worcls, to convert the slope 
of such a line expressed in seconds of arc into the difference of elevation of its two ends in 
meters, all that is necessary is to move the dwimal point one placa to the left. This simple 
device climinntod the necessity for multiplications. 

7. On the middle of ench of the 20.6-kilometer lines of the rectangular system there were 
then plactbcl the figures indicating with the proper sign the difference of elevation of the two 
ends of this line, supposing it to be a line on the geoid. For any 20.6-kilometer line in the 
direction of the meridian the required difference was obtained by estimation from the lines of 
equal deflection in the meridian which had alreadv been placed upon the drawing, the estimated 
deflection in the meridian being converted into a difference of elevation by moving the decimal 
point one place to the left. Similarly, the difference to be placed on the middle of each 20.6- 
kilometer line which lay in the direction of the prime vertical was obtained from the lines of 
equal prime vertical deflection. 

8. Starting with an assumed elevation for one point on the rectangular system, the elevation 
of all other points of the rectangular svstem (corners of the squares) were comput~d by use of 
the differences of elevation which had already been placed on the drawing, as indicated in the 
preceding paragraph. Thess elevations were placed on the drawing as rapidly as they were 
obtained. The elevations of one row of points were computed at a time. Let it be supposed 
that the elevations of the row of points along a meridian have been fixed and those of the next 
row to the westward are to be computed. For each new point three 1-nlues can in general be 
obtainecl for its elevation. First, from the fixed point due eastward by tipplying the prime 
vertical difference of elevation. Second, from a fised point due southeast by applying first a 
prime vertical difference and then a meridional difference of elevation. Third, from a fixed 
point due northeast by applying fitst a prime vertical and then a meridional difference of 
elevation. The mean of these three values was taken as the required elevation. Thus the 
process of computing the elevations of successive rons of points went on ~intil the elevation 
of every interscction of the rectangular system had been fised :.nd marked on the drawing. 
For points on the margin only two values for the elevation could be so determined in general, 
and in some cases onlv one. When the successive rows of points established were in an oblique 
line (northeast and southwest or northwest and southeast), instead of a north and south or 
east ant1 west line, but two values were available for the elevation of each new point, and the 
mean \\-as taken. 

8. From the figures expressing elevations now upon the drawing the contour lines, or lines 
of equal elrration of the geoid above the spheroid, were drawn in exact accordance with the 
figures, without any generalization or smoothing. 

Illustrations Nos. 5, 6, and 7 show the details of the construction of the contour lines of 
the geoid for a small area in Kansas in the vicinity of latitude stations Russell Southeast Bass, 
Ellsworth. and Salina West Base (Nos. 63, 64, and 65). 

Illustration No. h shows steps 1-5, inclusire, of the process of constructing the contour 
lines. Two meridians ( 0 8 O  and 99') are shown and one parallel (39'). The astronomicstations, 
at  each of which both the meridian and the prime vertical components of the drflection were 
observed, are indicated by small circles. The serial numbers of the latitude stations (63, 64, 
and 65) are shown a t  the left of the respective ciwles. The observed meridian component of 
the deflection is shown a t  the right of each ci~cle. Similarly, if the illustration is held so that 
the west is at  the bottom, the serial number of each longitude or azimuth station shows a t  the 
left of each circle and the observed prime vertical component of each deflection of the vertical 
shows at the right.* The lines of equal deflection in the meridian and of equal deflection in 

* The observed deflectionaare taken directly fwm pages 12-19 or 48-56, with the exception that a correction hes been 
applied to the prime vertical component of the deflection at azirnuth etation No. 65 to take account of an accumulattti 
error in the geodetic azir?luth. Thin comtion will 1)e explained later. 
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the prime vertical, drawn as indicated in the description of steps 3 and 5, are shown. The 
shapes of these lines depend in part upon information givetl by adjacent stations which are 
beyond the limita of this illustration. 

Illustration No. 6 contains all that is on illustration No. 5, and also shows the rectangular 
system of lines corresponding to step 6 and the figures corresponding to step 7. I t  will be 
noted that some of the areas defined by the rectangular system of lines are not perfect squares, 
and that some of the sides of these areas do not lie exactly in the meridian or the prime vertical. 
These approximations, referred to in the description of step 6, are necessary on account of the 
fact that the earth's surface is spheroidal, not plane. 

Illustration No. 7 is like illustration No. 6 in showing steps 6 and 7, but, for the sake of 
clearnese, steps 1-5 have been omitted. The row of elevations at  the eastern edge of the 

No. 7. 

illustration, shown by the figures + 18.84, + 18.45, + 18.06, + 17.72, + 17.49, at  the cornera 
of the squares, were fixed from the eastward by constructions which are beyond the eastern 
limit of this illustration. The numerical work of hing the next row of elevations, namely, 
+18.66, +18.16, +17.65, +17.26, and +16.98, is as follows: 

18.84 18.45 18.06 17.72 17.49 Row already fixed. 

18.73 18.16 17.62 17.23 17.00 From esstward. 
18.68 18.02 17.57 17.26 . . . . . From southe~etward. 
. . . . . 18.31 17.76 17.28 16.97 From northeastward. 

18.86 18.16 17.65 17.26 16.98 New fixed row. 

In the computation the second, third, and fourth rows of figures marked "From eastward," 
"From southeastward," and "From northeastward" were obtained from the first row in turn, 
as indicated in the description of step 8. A plus sign on the difference of elevation written on 
the middle of any 20.6-kilometer line of the rectangular system which lies in the east and west 
direction means that the eastern end of the line is higher than the western end. Similarly, a 
plus sign on the middle of any 20.6-kilometer line in the direction of the meridian indicates 8 

elope upward to the south. The elevation + 18.73 in the row marked "From eastward" 



was obtained by subtracting + 0.1 1 (see illustration No. 7) from + 18.84. The elevation + 18.58 
in the row marked " From southeastward " was obtained by subtracting + 0.29 and 
- 0.42 (see illustration No. 7) from + 18.45. The elevation + 18.31, shown in the row 
marked "From northeastward," was obtained by subtracting 1- 0.11 from + 18.84 and then 
adding - 0.42. (See illustration 7.) Each of the elevations of the new fixed row was obtained, 
as indicated in the ilescription of step 8, by taking the mean of the two or three values just 
above it; that is, 18.66 is the mean of 18.73 and 18.58, and 18.16 is the mean of 18.16, 18.02, 
and 18.31, and so on. 

All elevations being fixed in the manner indicated, row by rowT, proceeding from east to 
west, the contour lines of the geoid were then drawn as indicated in the description of step 9. 
In  illustration 7 portions of contours 17, 18, 19, and 20 meters are shown. On the l&meter 
contour ten points were fixed directly by interpolation a t  the ten points within the limits of 
the illustration a t  which this contour crosses the lines of the rectangular system. 

As the purpose of the general process just described is to detect, if possible, whether any 
relation exists between that portion of the geoid which underlies the United States, on the one 
hand, and the topography of the United States, on the other hand, it is important to note that 
each of the nine steps of the process is independent of any consideration of the topography 
and may be taken without nny information whatever in regard to the topography. In the 
process there are feu- rtntl unimportant opportunities for bias or prejudgment of the draftsman 
to affect the location of the contours. I t  is almost entirely an automatic process. The drawing 
was not compared with the topography until it was complete. 

The process insures that the surface represe~~ted shall be continuous, and shall have no 
sudden changes of slope, even though the deflecticns in the direction of the ineridian and the 
prime vertical inclicated by the observations are apparently inconsistent with the assumption 
of a continuous surface. In  other words, the method of construction is in itself a method of 
adjustment of the discrepancies in observations. Because it is an adjustment process the slopes 
indicated by the constructed contour lines of the geoid do not agree exactly with.the observed 
slopes (that is, observed deflections of the vertical) ,at the observation stations, the disagreement 
being greater or less according to the degree of inconsistency of the observations with each 
other in a given locality and with the requirement that the geoid surface shall be continuous. 
The degree of inconsistency is indicated mainly by the discrepancies between the two or three 
derived values of whicli the mean is taken for each elevation in such a computation as that shown 
on page 6 1. 

I t  is not claimetl that the method of construction of the contour lines of the geoid is even 
approximately perfect. I t  has grave defects. For example, for points on the margin of the 
belt covered by the construction there are but one or two determinations, in general, whereas 
for interior points there are three determinations. Hence the outer portions of the geoid contours 
frequently show a tendency to sharp curvature which is fictitious, being due to a defect in method, 
not to the facts of nature. So, too, it will be found that the results secured will be somewhat 
different if the construction of the contours proceeds from west to east along a given belt 
instegd of from east to west. On account of these and other defects in the process, together 
with the fact that the problem of constructing a surface, having given a few observed slopes 
only at  widely scattered points, is essentially indeterminate, * the surface represented by the 
geoid contours, as constructed, is only a rough approximation to the actual geoid surface. It 
is, however, the best approximation available. Because it is an approximation constructed by 
methods independent of the known topography it is believed to be valuable for the purpcse 
for which it is to be used-namely, to study the relation between the geoid and the topography. 

*The problem in essentially indeterminate, because there are only a finite number of observed valuea of the slopes, 
where- the geoid, an irregular surface, haa an infinite number of unknown slopes at ita infinite number of points 
within the United States, which slopea must conform to only a few known conditions. But the proceaa of constructing 
the geoid contours which haa been used given one solution which ie believed to be reasonable because it inauree 
continuity of the surface, insuree continuity in the change of slope from point to point, and imurea that the rate of 
change of elope is not much more rapid in any CEVW than the minimum rate of change consistent with the o b m e d  
s l o p .  
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The contour lines of tlie geoitl, as resulting from this construction based on 496 observed 
tleflections in tlrc Unitetl Stt~tes, nre shown on illustration Xo. 17 at the entl of this publication. 
The contour 1int.s o f  tl)c geoicl are shown in red. Certain selected contour lines of the land sur- 
face are sliown in black on the same illustration, so that a comparison of the two kinds of 
contours may reatlily be nude in order to detect what relation, if any, exists between the shape 
of tlie geoitl ant1 the topography. 

The observetl deflections used in constructing the contour lines of the geoid are shown on 
pages 12-19 tint1 ngain on pages 48--56. The prime vertical components of the deflections, as 
clett>rmin~cl at  stations west of Meades Ranch, Kansas, were, however, first corrected in each 
case by subtracting from 6".16 to 7".52, to take account of tlie known accumulated error in 
geodetic nzimutlis, as will be explained later. 

In constructing the contour lines of the geoid the initial point at  the extreme northeastern 
part of the United States, near Calais, Maine, was arbitrarily taken as +10 meters in order to 
,avoicl negative contours. 

COMPARISON OF OEOID A N D  T0PC)C;IRAPHY. 

-4 comparison shows the following relations between the shape of the geoid and the 
topogrnphy : 

1. The 10-meter geoid contour is approximately parallel to the Atlantic shore line from the 
extreme north in Jfainc to latitude 37'. 

2. The effect of the Adirondack Mountains upon the geoid is clearly indicated by the 
203-meter oval among the geoid contours. This oval is somewhat too far west to correspond 
to the summit of the Adirondacks, but it should be remarked that but few astronomic observa- 
tions were taken in this locality. 

3. The effect of Lake Erie upon the geoid contours is clearly shown and the position of 
Lake Ontario is also indicated by the geoid contours. 

4. The lowest point on the geoid occurs in the eastern portion of Lake Superior. The lowest 
point of the bottom of Lake Superior is in its eastern portion and is more than 100 meters below 
sea level. 

5. The divide between the Ohio River and the Great Lakes in Illinois is roughly indicated 
by a closed 16-meter contour line of the geoid. 

6. 'fhe highest point on the geoid along the transcontinental triangulation east of the 
Mississippi River (17+meters) occurs in latitude 373' and longitude 813' in the Alleghenies, 
not far from the position in which it shauld be found if the contour lines of the geoid were 
controlled entirely by the general features of the topography. 

7.- After omitting the exceptional region indicated in the following paragraph, the highest 
point on the geoid east of the Mississippi River is in latitude 35' and longitude 84', a t  the 
southwestern end of the highest portion of the Alleghenies. It is indicated by the contour 
203 meters. 

8. South of latitude 33' and west of longitude 86O the contour lines on the geoid show a 
steep slope upward toward the southeast, to which there is nothing corresponding in the 
topography. This constitutes a most interesting exception to the general rule that the contours 
of the geoid show a relation to the general features of the topography. No adequate explanation 
hm yet been found for this exception. 

9. West of the Mississippi River, in longitude 91° to 93' along the thirty-ninth parallel, 
the upward slope of the geoid to the southward and the long curves of contours 19,20,21, and 
22 meters correspond to the fact that there is a large region, comprising onequarter of the 
State of Missouri and a part of Arkansas, lying close to the belt of triangulation on the southward 
side and having an elevation of more than 1 000 feet, whereas to the northward the elevations 
are less. 

10. From longitude 98' in central Kansas, nearly to longitude 107O in central Colorado, 
the slope of the geoid is continuously upward to the westward. This statement is also true of 
the topography. The upward slope of the geoid to the westward gradually increases from a very 
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gentle slope near longitude 98' to a maximum in longitude 105', near Colorado Springs and 
Pikes Peak, in Colorado, and then decreases gradually to zero (at a summit) in longitude 1063', 
northeast of Gunnison, Colorado. The slope of the land surface in central Kansas is upward 
to the westward, but very small. I t  increases steadily as one proceeds westward through 
western Kansas and eastern Colorado. Between Colorado Springs and Pikes Peak, in a few 
miles, there is a comparatively sudden rise from elevations of 5 000 to 6 000 feet on the plains 
to more than 10 000 feet on the mountain tops. Of this group of mountains reaching above the 
10 000-foot contour and forming the greatest mountain mass in the United States the center 
is approximately in the same location as the summit on the geoid indicated by the 393-meter 
contour. Thus from longitude 98' to longitude 106+' there is a close relation between the 
geoid and the topography. 

11. The valley on the geoid surface in longitude 108' to 112', indicated by the 34, 36, 
36, and 37 meter contours, coincides in position with the valley of the Colorado and Grandrivers, 
the most important general feature of the topography in this region. 

12. The center in latitude 40' to 41 ' and longitude 110' to 11 1 ', around which contours 
40 to 44 meters show a regular curvature, coincides with the summit of the great Uintah group 
of mountains reaching above the 10 000-foot contour over a large area. The 44-meter contour 
on the geoid, which indicates the highest part of the geoid within the area covered by this 
investigation, falls upon one of the greatest of the mountain masses in the United States. 

13. The nearly closed oval formed by the 30-meter contour of the geoid, in latitude 3g0, 
longitude 114', corresponds to the southern portion of the great depression of which the Great 
Salt Lake occupies the lowest part. The depression on the geuid is less definite than on the land 
surface and is somewhat to the southwestward of the depression on the land surface. 

14. Along the Pacific coast line, from Point Arena in latitude 39' southward to latitude 
33h0, the geoid contoun vary from 20 meters to 24 meters only. There is a general tendency 
for the contoum at the coast to be parallel to the coast. 

15, The valley on the geoid in latitude 34' .and longitude 11 8' to 120' corresponds to the 
fact that there are high islands (San Miguel, Santa Cruz, Santa Catalina, and others) 50 kilo- 
meters or more from the coast in this region and that there is, therefore, virtually a valley 
between these ielands and the coast line, 

16. From longitude 118" to longitude 122 O and between latitudes 38O and 40 O the geoid has 
a decided upward slope to the northward of which no counterpart exists in the topography. 
This constitutes a. second important exception to the general rule that the contours of the geoid 
show a relation to the general features of the topography. 

Certain lccal features of the geoid contoun have no apparent counterpart in the topographic 
contours. This is to be expected for three reasons. First, the geoid contours being based on 
observations at  a few mattered points only may be expected to be true to the facts in their 
general features only, not in their local features. Second, in some cases a local feature of topog- 
raphy may have had considerable influence in producing local deflection at a given station 
and this, in turn, may have affected the geoid contours, as constructed, over a considerable 
area, and the local features of the topography may thus have been exaggerated into a general 
feature of the geoid. Third, the other acknowledged defects in the method of construction of 
the geoid contours have probably produced some of the marked irregularities in the geoid con- 
tours which appear as local features. Among the local features of the geoid contoum which are 
not believed to be of much significance, for the reasons stated, are the following: 

(a) The break in the 10-meter contour in latitude 40' and longitude 75' and the sharp 
bend to the westward of the broken ends; 

( b )  The sharp curvature in the 17, 18, ana 19 meter contours in longitude 96' to 98'; 
(c) The sharp curvature in the 28-meter contour in the vicinity of longitude 117 '; 
(a) The sharp curvature of the 24-meter contour in the immediate vicinity of San Francisco, 

California, and the presence of the 224-meter contour in latitude 37b0, longitude 122', breaking 
the 23-meter contour. These are both believed to be due to an effect of earthquakes in disturb- 
ing geodetic azimuths which was not recognizetl until after this computation was made; 
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(e) The closed 23-meter contour in latitude 35", longitude 120'. 
The average geoid contour at  the Atlantic coast line from Maine to Virginia is about 9 

meters. The average geoitl contour a t  the Pacific coast line, from latitude 39' at  Point Arena, 
to latitude 323' a t  San Diego, is about 23 meters, or about 14 meters higher than a t  the Atlantic 
coast line. This difference of 14 meters is believed, however, to be of little significance. I t  
may have been due largely to errors in the prime vertical deflections used in constructing the 
geoid contours and to the acknowledged defects in the method of constructing the geoid con- 
tours. An average change of + 0".7 in the prime vertical components of the deflections would 
cause the 14-meter difference to disappear. Moreover, i t  is not necessarily true that the geoid 
must bear the same relntion to the spheroid along the two coast lines. 

A study in detail of tile geoid contours as shown on illustration No. 17 shows conclusit-ely 
that, though the irregularities in the geoid are much too small to correspond to the computed 
topographic tleflections, yet the geoid is not independent of the topography. The general 
features of the topography which rover large areas are indicated by the geoid contours. On 
the geoid the greatest elevations correspond approximately in position to the greatest mountain 
masses. Depressions and valleys in the geoid correspond to the greater depressions and valleys 
in the land surfaces. The steepest slopes of the geoid tend to correspond in positipn to the 
steepest general slopes of the land surface. A contour of the geoid tends to followeach 
coast line. 

The smaller features of the topography are not shown in the geoid contours. It is possible 
that, if a larger number of observed deflections were available and were used in constructing 
the geoid contours, smaller features of the topography might show an effect on the geoid 
contours. 

The contradictions between the geoid and the topography are few in comparison with the 
agreements. That is, the directions of slopes on the geoid agree generally with the general 
slopes of the topograplly. There are only two important contradictions, to both of which 
especial attention has been called. 

ISOSTASY MUST BE CONSIDERED. 

The logical conclusion from the study of the geoid contours for the United States, taken 
in connection with the fact already noted that the computed topograpllic deflections are much 
larger than the observed deflections of the vertical, is that some influence must be in operation 
which produces an incomplete counterbalancing of the deflections produced by the topography, 
leaving much smaller deflections in the same direction. 

There is abundant evidence in the literature of geodesy indicating that thki relation of 
observed deflections of the vertical to the topography is not peculiar to the United States; that, 
in fact, it exists elsewhere. 

Any computation, even though quite rough, of the deflections of the vertical which must 
be produced by the masses constituting the continents considered ae exceases of mass, and of 
the oceans considered an representing defects of mass, shows that said computed deflectiom 
are much greater than those which have been observed. 

Sevcral such computations treating certain continente as approximations to geometric 
figures have been made.* These computations indicate that deflections of the vertical greater 
than 30" should be common. The observers do not find them to be so. 

On the other hand, whenever the directions and magnitudes of observed deflections are 
carefully studied i t  becomes evident that, as a rule, the directions of the deflections and their 
relative magnitudes evidently bear some relation to the topography surrounding the stations. 
The deflections, as a rule, are in the directions which cornpond roughly to those which would 
be expected on the supposition that they are produced by the bpography. Similarly, as to 
relative magnitudes, in the areas of low relief and slight slope the observed deflections are, in 

For example, eee Hahere Geodllsie, F. R. Helmert, Part 11, commencing on page 313, and Bulletin 18, U. 8. 
Geological S w e y ,  On the Form and Paition of Sea Level, R. 8. Woodward, pp. 80-86. 

78771- 
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general, small, and the areas of high relief and steep slopes and their immediate vicinity are 
characterized by larger observed <leflections. These are the general fucts in regard to observed 
deflections. Many individual exccptions may be cited, but the general statement as made is 
true to such an extent as to be a strong indication of the direction in which one must look for 
some general law connecting the observed facts. 

Deflections of the vertical must be due to irregularities in the tlistribution of the masses 
composing the earth. Such irregularities may occur either as a result of irregularities in the 
surface of the earth (topography) or as a result of irregularities in the distribution of the densi- 
ties beneath the surface. The deflections can be produced in no other way. 

The irregularities in the surface of the earth (the topography) are visible on land and are 
detected by soundings a t  sea. In  e i t h ~ r  case they are known. In this investigation the deflec- 
tions which must be produced by these known irregularities have been computed, namely, the 
topographic deflections. The distribution of the density below the surface of the earth is 
invisible and unknown. Both the general approximate stutlies for the whole world of the 
necessary effects of the known topography in producing deflections of the vertical, and the 
detailed exact study already made for the United States alone, by means of computed topo- 
graphic deflections and geoid contours, indicate that one must look to the distribution of the 
subsurface densities for an explanation of the discrepancies between observed deflections of 
the vertical and the deflections which must inevitably be produced by the topography. More- 
over, from the general considerations set forth in the preceding paragraphs, i t  seems that there 
must be some general law of distribution of subsurface densities which fixes a relation between 
subsurface densities and the surface elevations such as to bring about an incomplete balancing 
of deflections produced by topography on the one hand against deflections produced by 
variation in subsurface densities on the other hand. 

The theory of isostasy postulates precisely such a relation between subsurface densities 
and surface elevations. 

These are, briefly, the considerations which led to the determination to investigate thor- 
oughly the possible relations between the theory df isostasy and deflections of the vertical 
in connection with the present investigation. 

ISOSTASY DEFINED. 

If the earth were composed of homogeneous material, its figure of equilibrium, under the 
influence of gravity and its own rotation, would be an ellipsoid of revolution. 

The earth is composed of heterogeneous material which varies considerably in density. 
If this heterogeneous material were so arranged that its density at  any point depended simply 
upon the depth of that point below the surface, or, more accurately, if nll the material 
lying a t  eac'h equipotential surface (rotation considered) was of one density, a state of equiribrium 
would exist and there would be no tendency toward a rearrangement of masses. 

If the heterogeneous material composing the earth were not arranged in this manner 
at  the outset, the stresses produced by gravity would tend to bring about such an arrangement; 
but as the material is not a perfect fluid, as it possesses considerable viscosity, at  least near the 
surface, the rearrangement will be imperfect. In  the partial rearrangement some stresses 
will still remain, different portions of the same horizontal stratum may have somewhat different 
densities, and the actual surface of the earth will be a slight departure from the ellipsoid of 
revolution in the sense that above each region of deficient density there will be a bulge or bump 
on the ellipsoid, and above each region of excessive density there will be a hollow, relatively 
speaking. The bumps on this supposed earth will be the mountains, the plateaus, the con- 
tinents; and the hollows will be the oceans. The excess of material represented by that portion 
of the continent which is above sea level will be compensated for by a defect of density in the 
underlying material. The continents will be floated, so to  speak, because they are composed 
of relatively light meterial; and, similarly, the floor of the ocean will, on this supposed earth, 
be depressed because it is composed of unusually dense material. This particular condition 
of approximate equilibrium hss been given the name isostasy. 



The titljustment of thc material toward this condition, which is produced in ntlture by the 
stresses clue to gravity, map be calletl the isostatic acljustment. 

Tllo compensation of the excess of matter a t  the surface (continents) by the defect of 
density l)elow, and of surface defect of matter (oceans) by excess of density below, mtiy be called 
tlm isostatic compensation. 

Let the depth within which the isostatic compensation is complete be called the depth 
of compensation. At and below this depth the condition us to stress of nny element of muss 
is isostatic; that is, any element of mass is subject to equal pressures from 1111 tlirertions us 
if it were a portion of t~ perfect fluitl. Above this tlel~th, on the other hand, each element of 

muss is subject in general to different pressures in different directions-to stresses which tent1 
to distort it ant1 to move it. 

I n  terms of masses, densities, and volumes, the conditions above the depth of compensution 
may be expressed as follows: The mass in any prismatic column which has for its bllse a unit 
area of the horizontal surface which lies a t  tho depth of compensation, for its edges vertical 
lines (lines of gravity) and for its upper limit the actual irregular surface of the earth (or the 
sea surface if the area in question is beneath the ocean) is the sclme as the mass in liny other 
similar prismatic column having any other unit inen, of the swne surface for its base.* To 
make the illustrt~tion concrete, if the tlepth of  compenst~tion is 114 kilometers below set1 level, 
any column extentling tlown to this cleptll below sea eve1 and Ilclving 1 square kilometer for 
its base has the same mass as any other such column. One such column, loc~rtecl untler n moun- 
tninous region, may be 3 kilometers longer than another located under the seticotist. On the 
other hand, the solitl portion of such il column under one of the deep parts of tlle oceun may 
be 5 kilometers shorter than the colu~nn a t  the coast. Yet, if isostatic compensation is com- 
plete a t  the depth 114 kilometers, all three of these columns have the same mtus. Tlie water 
above the suboceanic column is understood to be includetl in this mllss. Tile masses being 
equal and the len,oths of the columns different, it follows tllat the mean density of the column 
bencath the mountt~inous region is three purts in 114 less than the metin density of tlie column 
under the seucotist. So, allso, tlic ~ncliri density of the solid portion of tlic stll)oc.cii~~ic' colunin 
must be greater than the mean density of tilo sencoast column, the excess bcing sornc\\llut 
less than five pitrts in 114 on account of the sea water being virtutilly n pttrt of tllc column. 

Tliis relation of the masses in various coluntna, and conspcluently of the tlensities, follows 
from tlie requirement of t l ~ e  clefinition of the expression "tleptll of compensation" tlint, a t  tliut 
tleptll, each element of mass is subject to equal pressures from all tlirections. In order that 
this may be true tilo vertical pressures, clue to gravity, on the various units of area at that cleptll 
must be tile same. 

If tliis conclition of equal pressures, that is of equal superimposetl masses, is fully sutisficbtl 
a t  a piren tleptll the colnpensution is said to be complete a t  that depth. If tliere is n rctrintion 
frorn equality of superimposetl masses the differences may be taken as a measure of tlie clegrcc 
of illcompleteness of the compensation. 

I n  the above definitions it lias been tacitly assumecl that g, the intensity of gravity, is 
ererywllere the same a t  a given depth. Equal superincumbent masses \voulcl procluce ecltuil 
pressures only in case tho intensity of gravity is the same in the two cases. Tl~e illtta~~sity of 
gravity varies with change of latitude and is subject also to anomalous variations \vliicli are 
to some extent associated witli the relation to continents and oceanic areas. But cren tlte 
extreme variations in the intensities of gravity are small in comparison with the variatiorts in 
density postulated. The extreme variation of the intensity of gravity a t  sea level on each side 
of its mean value is only one part in 400. Even this small range of variation does not occur 
except between points which are many thousands of kilometers apart. As will be slioan 
later, the postulated variations in mean densities are about one part in 30 on each side of an 
average value. Hence, i t  is not advisable to complicate the conception of isostasy and intro- 
- 

*I t  would be mow accurate to use the words "inverted truncated pyramid" instead of "prismatic column.:' 
The latter expre~ion harr been aelected because it is sufficiently exact for the purpoee a d  cormponds to the allowable 
approximations actually made in the mathematical part of the inveatigetion. 



68 THE FIGURE OF THE EARTH AND ISOSTASY FROM MEASUREMENT8 IN U. S. 

duce long circumlocutions into its definition in order to introduce the refinement of considering 
the variations in the intensity of gravity. 

The variation of the intensity of grtwity with change of depth below the surface need not 
be consiclored, as its effect in the various columns of material considered will be substantially 
the same. 

The idea implied in this definition of the phrase "depth of compensation," that the isostatic 
compensation is complete within some depth much less than the radius of the earth, is not 
ortlinarily expressed in tlle literature of tlie subject, but it is an idea which it is difficult to avoid 
if tlie subject i~ studied carefully from any point of view. It is proposed, therefore, in this 
investigation to assume that tlie depth of compensation is much less than the radius and to 
treat it as an unknown to be determined. 

In this investigation the attempt is made to ascertain with as much precision as possible 
the extent to which the condition called isostasy exists, and the manner in which the isostatic 
compensation is tlistributed. This attempt is made primarily because it appears that, if suc- 
cessful, i t  would lead to considerable incrcttse in tlie ctccuracy with wliicll tile size ant1 figuro of 
the earth may be derived from geodetic obserrt~tions. I t  has been kept in xilint1 that for 
entirely different reasons it is also important to establisll thoroughly, or to clisprovo, tho tlieory 
that the condition called isostasy esists. There nre Inany other tlieories of geology nnd 
geophysics which are so intimately related to this tlieory that they must stand, or fall, or be 
greatly modified, according to ite fate. 

In passing, it is interesting to note that, tliougll the beginning of the ideas involving the 
theory of isostasy are found in prirnitiw form a t  let~st as long ago as the discussions by Pratt 
and Airy in connection with deflections of t l ~ e  vertict~l npparently produced by the Himalayas, 
the ideas were first presented in sucl~ a clew ant1 forcefal nianner aa to attract general atten- 
tion in an address in IS80 before tlie Philosophical Society * of Washington by hlaj. C. E. 
Dutton. Since this address was printed tlre tlieoq- h a  liad its present definite name, ant1 its 
validity, as well as its relation ta various geological problems, has been vigorously discussed. 

COMPUTATIONS OF DEFLECTIONS, ISOBTATIO COMPENSATION OONSIDERED. 

In the princip~l investikation it has been assumed that tile isostatic compensation is com- 
plete and uniformly distributed with respect to depth from tlie surface down to an unknown 
depth of compensation wllicll is to be determined from the observations. 

Let h, be an assumed depth of compensation. Various values for 11, are assumed in tlio 
investigation and the most probable value derived from tho comparison of the computations 
made on different assumptions. Let 8, be tlle conlpensating defect of tlie density. Then the 
assumption stated in the.preceding paragraph may he expressed mathematically for any par- 
ticular compartkent used in the computation of topographic aeflections by the equation 
bh = - b,h, The symbols b and h have the same significance as in connection with the com- 
putation of topographic deflections. b is the mean surface density of the earth; that is, the 
m a n  density for the first few miles below the surface, and h is the mean elevation above mean 
sea lerel of the surface of the earth within the compartment. The area of the compartment 
times bh is evidently the total mass in tlie compartment above sea level. The area of the com- 
partment times b,h, is the compensating defect of mass asstuned to lie below the compartment. 

In the equation bh - - b,h,, expressing complete and uniformly distributed compensation 
extending to depth h,, b is a constant for all compartments and is assumed to be 2.67. The 
depth of compensation h, is assumed to be the same for all compartments. Hence, the equation 
ehown above may be written 

-(a constant) - - 2 K 
* 011 some of the greater p r o b l w ~  of ph- geobg~, 0. E. Dutton, Bulletin of the Wilomphical Society of 

WYhington, Vol. XI, pp. 61-64. 
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expressing the fact that, under the adopted assumption, the defect of density below a com- 
partment is directly proportional to the mean elevation of the surface of the compartment 
above sea level. For a compartment at  the sea coast, for which the mean elevation is zero, 
the compensating defect of density (8,) is also zero. For an oceanic compartment in which h 
is negative, 6, is also negative. For sucl~ a compartment 6, is a compensating em&s of density 
instead of a compensating defect of density. For an oceanic compartment h is not the negative 
elevation of the bottom; that is, tho depth, but is, instead, .615 of the depth. Tlus motlification 
is necessary to take account of the mass of sea water, as explained on page 27. The com- 
pensating defect of density is, according to the adopted assumption, a maximum under the 
high mountains; is zero under the seashore, and is a maximum compensating excess of density 
under the deepest parts of the ocean. 

If greater refinement in statement is required, it is necessary to state that the compensation 
is assumed to extend from the actual surface of the land and from the bottom of the sea down to 
the depth of compensation, which is assumed to be at  the same distance below sea level in each 
Case. 

It is assumed that below the depth of compensation no excess or defect of density exists or, 
in other words, that below that depth the density is simply a function of the depth below sea 
level and has no relation to surface conditions. 

The assumption that the isostatic compensation is uniformly distributed through a depth 
which is everywhere the same was adopted in the main investigation from among various reason- 
able assumptionsfor two reasons. As far as the writer can determine, this assumption lends itself 
most readily to computation, that is, gives rise to simple computations which may be most 
quickly made. Moreover, it seems to the writer to be the most probable one of the simple 
assumptions. Certain more complicated and less easily stated ~isumptions may be slightly 
more probable. A discussion of certain of the many possible assumptions will be found later 
in this paper, among various other discussions of subsidiary considerations. 

The deflection due to the defect or excess of mass beneath the surfaca which constitutes the 
isostatic compensation may be computed by the same formula that was used for computing the 
topographic deflection. It will, however, be necessary in this case to write the formula in its 
moro exact form, as shown on page 34, in which appears the difference of elevation between the 
station and the surface of the mass considered. 

The formula, as adaptecl to this case, is: 

8, Do - 12".44 1 h, (sin a' - sin.a,) log, r' + , I ( m  
r, + Jr,' + h,' 

Do is one component of the deflection a t  the station pn~duced by the compensating defect of 
mass comprised within a stratum h, statute miles thick, lying within a compartment limited as 
before. The symbols common to this formula and those on pages 20 and 34, A ,  a', a,, r', and r,, 
have identical meanings. 

h, is the depth of compensation. The fact that this depth is large in comparison with many 
of the values of r' and r, makes i t  necessary as above to introduce the radicals involving h,' 
in the formula.* 

The derivation for the above formula is precisely the same as for the formula on page 34. 
Under the adopted assumption as to compensation i t  has slreacly been shown that bh- 

-8,h!. Making this substitution in the formula for Do it becomes 

6 Do - - 12".44 -J h (sin a' -sin a,) log, I-'+ J ( m -  
r, + . / r m  

This is the same as the approximate formula for D given on page 34 except in the last factor 
(the logarithmic factor) and in having a minus sign. 

- 

* See Clarke's Qeodesy, p. 295. 
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r ' 
log- 

rl 

I t  is not necessary in this formula to specify that the logarithms refer to the base c, for the 
ratio of the logarithms is the same whatever the base. 

Let F be the factor by which D, the topographic deflection, must be multiplied to secure 
the resultant deflection D + Do due to both the topography and the con~pensating defect OL 

excess of mass below the surface. 

If this formulrt be restrictecl in application to the particular case in hand in which the 

compartments have been so selected that the ratio $ is 1.426 (and its logarithm 0.1541),*. 
I1 

the formula becomes 

The ffactors F have been computed frotn this formula for the rings used in computing 
the topographic deflections and for various assumed depths of compensation (h,). 

Re&uctio~factors,  If', corresponding to variozcs deplhs of  compensation in kilometers. 
[Depths In kilometen.] 

See page 21. 



The factor, F ,  is evidently the same for a wl~ole ring, since in the tlerivation of the formula 
for F for a given compartment the factor (sin a'-sin a,) has tlisappearetl. The reason for this 
may be perceived in another way. The mass above sea level in any compartment antl the com- 
pensating defect of mass are equal. The latter has an effect in protlucing a deflection a t  the 
station which is slightly smaller than the former, simply because much of the compensating 
defect of mass lies far below the horizon of the station. The angles of depression below the 
horizon of the station to different parts of the compensating defect of mass being the same 
for all compartments in the same ring, evidently F, depending implicitly as it does upon the 
depression angles, should be the same. 

The following simple case serves to illustrate the meaning of the factors: In  illustration 
KO. 8 let the area A, shaded by lines running downward to the right, be the vertical section of 
a mountain standing on a plain of indefinite extent, B, which is praztically a t  sea level. Sup- 
pose the depth of compensation to be 113.7 kilometers. Then, according to the adopted assump- 
tion, within the space 113.7 kilometers deep under the mountain, which is represented in vertical 
section by the area marked C, shown by lines running downward to the left, the density a t  every 
level is less than the density a t  the same level under the plain by n constant amount a,, such that 

No. 8. 

the whole defect of mass in C, as compared with a corresponding space under B, is exactly 
equal to the mass of the mountain, A, above sea level. 

If the mountain is a t  a great distance, 3 400 kilometers, for example (in ring I ) ,  from the 
station for which the deflection of the vertical is being computed, the positive mass A and the 
negative mass C are in nearly the same direction and a t  nearly the same distance from the stations 
and, therefore, their effects in producirig deflections will be nearly of the same size and, as they 
are of opposite signs, will nearly co~mterbalance each other. The effect of C will necessarily be 
slightly less than that of A. The factor, F, in the last line of the table, in the column headed 
-113.7 kilometers, expresses the fact that, for this case, the negative deflection produced by C 
is 0.999 of the positive deflection produced by A, and that, therefore, the resulting deflection is 
0.001 of that which would be produced by A alone. 

If the station is a t  a distance of 200 kilometers from the mountain, as a t  S, (the mountain 
being, therefore, in ring 9), the angles of depression in various parts of the negative maas C, 
especially the lower parts, will be sufficiently great to reduce considerably the effects of these 
parts in producing deflections a t  the station, whereas all parts of the mass, A, are still practically 
in the horizon of the station. Moreover, the lower portions of C are a t  a considerably greater 
distance from the station than are any parts of A. For both these reasons the negative 
deflection produced by C is only 0.861 as great as the positive deflection produced by A, antl the 
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resultant deflections is 0.139 of that produced by A alone. (See factor for ring 9 in the column 
headed 113.7 in the table.) 

If the station is a t  the foot of the mountain a t  a horizontal distance of 7 kilometers from its 
summit, as a t  S,, some portions of the mountain may be a t  a siifficient angle of elevation from 
the station to require a slope correction. (See p. 84.) But the mass A will have nearly full 
effect in producing the deflection of the vertical a t  the station. On the other hand, much of the 
negative maae C is a t  such a large angle of depression from S, that it is under S, rather 
than in its horizon. These portions of C have little effect in producing a deflection of the ver- 
tical a t  the station S,. Their principal effect at  S, is to decreaae the intensity of gravity rather 
than to change the direction of gravity. For this case, the table of reduction factors shows 
that if the attention be limited to the compartment of ring 18 (outer radius 9.5 kilometers, inner 
radius 6.7 kilometers), which includes the summit, the resultant deflection is 0.930 of that 
produced by A alone, or, in other words, the negative deflection produced by C is only 0.070 
of the positive deflection produced by A. For portions of the mountain still nearer to the 
station the ratio of negative effect of C to the positive effeet of A is still smaller and the reduction 
factor larger. 

The table of reduction factors serves to enable one, having made an assumption as to the 
depth of compensation corresponding to the heading of any one column in the table, to derive 
from the computed topographic deflections, due directly to the topography, such as those shown 
in the examples on pages 26,29,31,32, and 33, the resultant computed deflections due to both 
topography and the assumed isostatic compensation. Each " horizontal sum," in the examplea 
cited, is the deflection for one ring. Each is multiplied by its appropriate factor, F, from the 
table, and the new sum taken, as illustrated below, for the assumed depth of compensation 
113.7. The following example ie for azimuth station KO. 115, North End Knott Island: 

It may be noticed that in the table of reduction factors F, with the exception of the column 
headed 120.9, the figures are the same in the various columns. The columns differ from each 
other simply in having the figurea displaced vertically. This arises from the fact that the s u e  
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cessive assumed depths of compensation, with the one exception stated, are the same as the 
outer radii of the successive rings. An inspection of the formula shows that the relation stated 
is true when such a selection has been made. The arbitrary selection of these particular depths, 
therefore, saved considerable time in computing the factors F, and was allowable in the begin- 
ning of the investigation when little was known as to the most probable depth of compensa- 
ti%?n. The selection of the depth, 120.9, to which this time-saving device does not apply, was 
made later in the investigation after the most probable depth was approximately known. 

TOPOGRAPHIC PEFLECTIONS WITHOUT AND WITH ISOSTATIC COMPENSATION. 

The tables on pages 48-56 show in parallel columns, for convenience in comparison, all of 
the observed deflections, all of the computed topographic deflections, and all of the available 
values of the computed deflections with uniform isostatic compensation considered, for various 
assumed depths of compensation. The assumed depths of compensation, 162.2,120.9, and 113.7 
kilometers, are common to all four of the geographical groups, designated as the northeastern 
group, southeastern group, central group, and western group. These are the only assumes 
depths for the western group. For the other three groups certain other assumed depths also 
appear, these depths having been used in preliminary stages of the investigation. 

The following nine cases have been selected from the tables on pages 48-56. They are 
extreme or unusual cases. Taken together they indicate the general tendencies which are 
exhibited in the complete tables. 

The corrputed deflections, with isostatic compensation considered, are, as a rule, much 
smaller than, and of the same sign as, the topographic deflections. There are some exceptions, 
such as those shown in the last four lines of the above table, but they are not numerous. 

The computed deflections, with isostatic compensation considered, ordinarily decrease 
numerically as the assumed depth of compensateion decreases. There are rare exceptions like 
the one shoivn in the last line of the above table. 

The computed deflection, with isostatic compensation considered, ordinarily agrees much 
more closely with the observed deflection than does the topographic deflection. 

THE AREA METHOD. 

Sumber of 
station. 

238 Mer. 
1 P .  V .  

'15 P. V. 

43 P .  V .  
49 Mer. 

178 P. V .  
216 Mer. 
169 Mer. 
205 P. V .  
209 Mer. 

An unusual method has been followed in this investigation in forming the observation 
equations connectring the observed deflections of the vertical, on the one hand, with the constants 
expressing the figure and size of the earth, on the other hand. As the method is unusual, it 
has seemed best to sho~v it in considerable detail. 

The method here used is called the area method to contrast it with the usual method, 
which mar  be called thc arc method. 

Ob*rved 
detlection. 

/ I  

-18.38 
+ 16.98 - 6.62 

+ 24.84 
-13.52 
-14.77 
+ 2 . 4 4  
+ 1.92 
+ 3.47 
+ 1.96 

Same of statlon. 

Santa Barbara, California 
Point Arena. California 
North E;nd Knott Island, 

Vir nia 
wad& Utah 
Patmoe gead, Utah 
Cheever, New York 
Porcupine, Michigan 
Howlett, New York 
Gargantua, Canada 
Chicago L. H.,  Illinois 

TO * 
Tg$:tr 

/I 

- 64.97 
+104.63 - 54.30 

+ 54.71 - 27.20 - 37.46 - 0.53 - 12.96 - 11.94 - 10.01 

1 

Computed deflection, unlform lsostaUccompsnrrstlonconsidsred. 

Depth ofcompensatlon (kllometen). 

329.8 

/I 

- 7.96 

-10.32 
+ 3 . 9 8  + 3.86 
+ 3.02 - 0.05 

162.2 

/I 

-14.91 
+20.39 
- 3.23 

+22.11 
- 9.42 - 9.20 
+ 3 . 3 0  
+ 3.62 
+ 2.46 
+ 0.07 

231.3 

/I 

+ 3 . 7 0  

+2.78 
+O. 03 

70.8 

N 

-1.09 

120.8 

/I 

-12.78 
+16.45 - 2.09 

+20.38 - 8.66 - 8.80 
+ 2 . 9 3  
+ 3.40 + 2.17 
+ 0.11 

113.7 

I /  

- 12.35 
+15.69 
- 1.92 

+20.00 - 8.53 - 8.73 
+ 2 . 8 5  
+ 3.33 + 2.11 
+ 0.10 
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In the area method no attention whatever is paid to the question whether the various 
astronomic stations are placed approximately along arcs. The only condition required, other 
than the necessary degree of accuracy in the observations, is that all the astronomic stations 
shall be connected with continuous triangulation all computed on one basis, that is, on one 
assumption as to the equatorial and pclar dimensions of the reference spheroid and as to the 
starting latitude, longitude, and azimuth at some one point. Astronomic latitudes, longitudes, 
and azimuths are all used in one set of equations. 

The arc method of deducing the figure of the earth may be illustrated by supposing that a 
skilled model maker is given several stiff wires, each representing a geodetic arc, either of a 
parallel or a meridian, each bent to the radius deduced from the astronomic observations on 
that arc, and is told in what latitude each is located on the geoid, and then requested to construct 
the ellipsoid of revolution which will conform most closely to the bent wires. Similarly, the area 
method is illustrated by supposing that the model maker is given a piece of sheet metal cut to 
the outline of the continuous triangulation which is supplied with the necessary astronomic 
observations, and accurately molded to fit the curvatures of the geoid as shown by the astro- 
nomic observations, and that he is then requested to construct the ellipsoid of revolution which 
will conform most accurately to the bent sheet. Such a bent sheet essentially includes within 
itself the bent wires referred to in the first illustration, and, moreover, the wires are now held 
rigidly in their proper relative positions. The sheet is much more, however, than this rigid 
system of bent lines, for each arc usually treated as a line is really a belt of considerable width, 
which is now utilized fully. I t  is obvious that the model maker would succeed much better in 
constructing accurately the required ellipsoid of revolution from the one bent sheet than trom 
the several bent wires. 

In the area method as used, observation equations of the following form were written: 
For each observation of the astronomic latitude: 

For each observation of the astronomic longtude: 

For each observation of the astronomic azimuth: 

In these equatiohs the meanings of the symbols are as follows: 
The quantities +,, A,, and a* are observed astronomic values of the latitude and longitude 

and azimuth, respectively, at  the astronomic stations. 
The quantities +', A', and a" am the values of the geodetic latitude, longitude, and azimuth 

at  the astronomic stations ss computed on the United States Standard Datum and the Clarke 
spheroid of 1866. 

The statement that the geodetic latitudes, longitudes, and azimuths are upon the United 
Statee Standard Datum means that the computation was carried continuously through all the 
triangulation upon the assumption that the latitude of the triapgulation station at Meades 
Ranch, Kansas, is 39' 13' 26".686; its longitude, 98" 32' 30H.506, and the azimuth of the line 
Meades Ranch to Waldo, 75O 28' 14".52. 

#A - #, the absolute term in each latitude observation equation is, therefore, the apparent 
meridian component of the deflection of the vertical at  a latitude station. I t  is the quantity 
called A-G, shown in the last column of the tables on pages 12-15, and called the obsewed 
deflection in the tables on pages 48-56. 

AA-X is the difference between the astronomic longitude and the geodetic longitude. 
Cw q5' (AA-A') is this difference reduced from the parallel of latitude to the prime vertical 

great circle, and is, therefore, the apparent prime vertical component of the deflection of the 
vertical a t  a longitude station. 
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Similarly- cot +' ( aA- a') is the apparent prime vertical component of the deflection of the 
vertical a t  an azimuth station as derived from the azimuth observation. 

Cos +'(IA - A') and - cot+'( a, - a') are the quantities shown in the last column of the tables 
on pages 17-19 and also shown in the tables on pages 48-56 under the heading "Observed 
deflections." 

For the explanation of the factors called coa +' and -cot q5' in the preceding three para- 
graphs, see pwe 16. 

The three quantities, (41, ( A), and ( m) are the required most probable corrections (to be 
derived from these observation equations) to the initial latitude, longitude, and azimuth (4, 
1, a),  mspectirely, a t  the initial station, Meades Ranch, Kansas. Similarly, (&) is the one- 

hundredth part of the required most probable correctior to the Clarke 1866 value of the equa- 
tori81 radius and (10 000 el) is 10 000 times the required most probable correction to the Clarke 
1866 value of the square of the eccentricity, el. * 

k, is a numerical coefficient, computed by the formula shown later, such that if the initial 
latitude (at  Meades Ranch) were corrected by the amount (+) the change produced in - +' 
would bp: k,( +). Or, in other words k, is a numerical coefficient such that if, instead of starting 
the computation with the initial latitudc 4, it had been started with the initial latitude 4 +(+), 
the computed value of the latitude at the ststion considered (at  which an astronomic latitude 
bas been observed) would be +' - k,(+) instead of +'. 

Similarly, k, is a numerical coefficient such that if the initial latitude were corrected by 
(4 )  the change producecl in cos q5'( An - A') would be k,(+). 

So, too, k, expresses the relation between (4) and - cot @(aA - a'). 
The coefficients I,, I,, and 1, express corresponding relations between (A), the correction 

to the initial longitude, and (4, - 4'1, cos+'( I, - A'), and - cot $'( uk - a') in the observation 
equations referring, respectively, to latitudes, longitudes, and azimuths. 

SO, too, the coefficients m,, m,, m,, n,, n,, n,, o,, o,, 0, express similar relations between (a), 

(&) and (10 000 e2) and the quantities ( 4, - )I), cos +'( AA - A'), and -cot q5'( A, - A'), 

forming the absolute terms of the observation equations. 
The quantities DM, representing tlie residuals of the latitude observation equations, are the 

final unexplained meridian components of the deflections of the vertical. The quantities DPr 
representing the residuals of the longitude ancl azimuth equations, are the final unexplained 
prime vertical components of the deflections of the vertical. 

The least square solution of the problem consists in finding such values for the required 

quantities ( $), ( A), ( a)! (&), and ( 10 000 el) as will make ZD: + 2D: a minimum-that is, 

the solution makes the sum of the squares of the unexplained deflections of the vertical a mini- 
mum. 

The quantities ( +A - 4'1, cos $'( L - A'), and -cot $'( a, - a'), the observed apparent 
components of the deflections of t,he vertical, as given in the second column of the tables on pages 
48-56, arise from four principal sources, namely: 

( I )  From the errors in the initial latitude, longitude, and azimuth (at  Meades Ranch) used 
in computing the geodetic positions and from the errors in the assumed elements (a  and el) of 
the Clarke spheroid of 1866 on which the geodetic positions were computed. 

(2) From the errors in the aetrowmic observations, excluding effects of deflections of the 
vertical. 

(3) From the errors in the triangulation-that is, in the lengths and angles fixed by the tri- 
angulation. 

(4) From the deflections of the vertical. 

*In each of these c a w  o parenthesie is used to indicate the correction to the quultity contained within the 
parentheeie. 



I t  is proposed to reduce the effects of errors from source (1) to a minimum by deriving from 
the computation which is to be made the best possible values for the corrections to the initial 
data and to the elements of the spheroid. 

A careful examination for the actual case in hand, involving the astronomic observations 
ant1 triangulation in the United States used in this investigation, shows that the effects of the 
deflections of the vertical (4) upon the quantities (4, - 4')) cos q5'( A A  - A') , and - cot #'( a, - a') 
greatly exceed the effects of the errors in the astronomic observations (2) and of errors in the 
triangulation (3). 

Hence, i t  is proper to proceed with a least square solution on the basis stated above-that 
is, to make 2Di  + 2.D; a minimum. 

The discussion of the evidence that the effects of errors in the astronomic observations and 
in the triangulation are small in comparison with the errors due to unexplained deflections of the 
vertical, will be given later in connection with the general discussions of the accuracy of the 
various steps of this investigation. 

In  the observation equations as written, and in the above statements, i t  is assumed that 
there are but five unknowns to be determined. As, however, it is assumed in this investigation 
that isostatic com ensation exists, extending to a depth to be determined, said depth of com- 
pensation is a sixt g unknown. I t  is possible to introduce it as a sixth unknown in the observa- 
tion equations, but it was believed that another method of procedure was advisable, and it has 
been followed. A separate solution has been made of the observation equations for each of 
several assumed depths of compensation. In accordance with the general principle that the 
most probable values of the unknowns are those from the solution which makes the sum of the 
squares of the residuals a minimum, that one of the solutions for which said sum is least has be:n 
adopted, in this investigation, as the most probable solution. Each set of observation equations 
differs from the others only in the absolute terms. The differences will be shown clearly later. 

FORMULAG FOR COEFFICIENTS. 

For convenience of reference, the formule from which the coefficients k,, k2, k,, 1,) . . . . . . 
o,, oz, and o,, were computed are given here, together with the meanings of the symbols which 
enter these formulee. Their derivation will be shown later. 

S sinaw 
= -' + ~ ( ' + 4 ) 2  sinaf(n,,-adsine 1, =zero 

k, = - sin q5' sin w 1, -- - cos 4' 
k, =-  

c! t 4' sinaw 
sin a, s1n 0 

m, -.:(.I + Q) sin nd  1 + cos w) 
2 sinz+ ( a, - a,) 

m, = cos +'cosaBsinw 
sin a. 

loo Necosff, n1 - a sin 1" R; 

nz= - loo e sinas 
a sin 1 " 

n,=-- loo e sins, 
a sin 1" 

03= - sin2 ( 1 -e' sin' )+ ~ 0 s '  cosa .r. sin 
20 M)O sin I"( sin2 B s i n a " + ~  000 a 1 - 5 ) s  
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The symbols in these formulaj have the following meanings: 
Q,, I, a ancl Q,', X ,  tr' have already been defined as referring, respectirely, to the adopted 

latitudtb, longitude, and azimuth at the initial station (Aleades Ranch, in this case), and the 
conlputccl geodetic latitude, longitude, and azimuth at a station at which astronomic observa- 
tions have been made. 

a is the equatorial radius of the earth, and e is the eccentricity of the ellipse which is the 
earth's cross section through the axis of rotation. The adopted values of a and e, used in this 
connection, are necessarily the Clarke values of 1866, as the geodetic latitudes, longitudes, and 
azimuths were computed on that spheroid. 

s is the distance in linear units measured along the surface of the Clarke spheroid of  1866 
between the point (4, i,) and the point (#, i t ) ,  that is, between the initial station hleades 
Ranch ant1 the astronomic station uncler consideration. 

w = I' - I, that is, the difference of longitude of the astronomic station untler consickration 
and Meades Ranch. 

tr, is the azimuth from the point (4, A) Meacles Ranch, to the point ( + I ,  R'), tlub c~stronomic 
station under consicleration, and a,, is the back azimuth 1)etween tlltse sanle points. 

R is the radius of curvature of the meridian in latitude f (  Q, + 4'). 

DERIVATION OF FORMULIE FOIt COEFFICIENTS. 

Let ( +), ( I ) ,  ( (4, (a), and (ez), respectively, be corrections to the latitude, longitude, and 
azimuth, 9, A,  and cr, at Ileades Ranch (the initial point) on the United States Standard 
Datum, to a (the equatorial radius of the earth), and to e y t h e  square of the eccentricity) as 
fixed by the Clarke spheroid of 1866. 

Let Q,', A', tr' be the geocletic latitude, longitude, ancl azimuth at any point occupied as an 
astronomic station, as computed on the United States Standarc1 Datum and the Clarke spheroicl 
of 1866. 

I t  is required, as a preliminary to the derivation of the formulse for the coefficients of the 
obseflation equations, to derive expressions for +", I", n" the latitude, longitude, and azimuth 
at any point occupied as an mtronomic station, after the above corrections (+), (I), (u), (a), 
and (ex) have been applied. The lengths and the angles at each triangulation station, as fixed 
by triangulation, are ansumed to remain unchanged. 

The required expressions may be written in symbolic form as follows: 

in which the f's, g's, h's, i's, and j's are coefficients for which expressions are yet to be derived. 
Let it be assumed that the equationsnumbered (36)) on page 249 in the "Account of Prin- 

cipal Triangulation," Capt. A. R. Clarke, London, 1858,* correctly express the relations between 
+, A, a (referring to the initial station) and @, A', a', a, and ea. In  these equations, as written 
by Clarke, the a and d stand for the azimuths of the line joining the two points, always counted 

* The title page of this volume 4 s  M followo: "Ordnance Trigonometrical Survey of Great Britain and Ireland. 
Account of the observations and calculations, of the principal triangulation; and of the figure, dimensions, and mean 
qecific gravity of the earth an derived therefrom. Published by order of the Master-General and Board of Ordnance. 
Drawn up by Capt. Alexander Roa, Clarke . . . under the direction of Lieut.-Col. H.  James . . . Superintendent of 
the Ordnrsce Survey . . . London, Printed by G .  E. Eyre and W. Spottiswoode, 1838." 



in the nearest w q  froin the north, som:~tiines clockwise and sometimes countcrclockwise. In 
rewriting the equations for our use and putting them in the notation ordinarily usetl in the 
Coast antl Geodetic Survey, it will be assumetl that all azimuths are to bc counted from the 
south around by west, clockwise, in the usual manner, ancl thc necessary changes in signs of 
terms involving tr antl tr' will be made. To avoitl conflicts in notation the symbol a~ will be 
substituted for tr, ant1 tr, for tx'. 

The equations as thus rewritten in our usual notation are: 

cot 3 ((I,,+ w +:) = - C ~ S  3 (00° - Q- 0) 
cos 3 (0O0-++8) 2 

cot ~ ( ( Y ~ ~ - w + c )  - sin 3 (9O0- + - 8) tan3 
sin 3 (90"-4+0) 2 

111 these equations W =  A' -  1, the difference of longitude between the astronomic station antl 
the initial station. 

s = the distanc~ in linear units (ineters) between th2 point (4, 1) antl the point (+I, A' ) ,  that 
is, between the initial station antl thc astronomic station. 

a, is the azimuth from the point (4 ,  A) to the point (+I, i,') and (xu is the back azimuth. 

R is the radius of curvature of the meridian in latitude- 
2 : 

The general expression for R is 

0, C, ant1 Q have the following va1uc.s with sufficient accuracy for our purpose.* 

in which N is the length of the normal at latitude + liinitetl by the minor axis, or axis c:f 
revolution. 

The geometl.ical meaning of c and 19 may be made clear by the following figure, which will 
nlso be useful in later woi-k in tlcbriving required formult~. 

The figure here shown is a spherical (not spheroitlal) triangle upon a sphere of \vllic.l1 the 
I-tltlius is the nornial C H ( =N)  at  the point (4, A) of the spheroid, as limited by the minor axis 
of the spheroitl a t  H. The point H is the center of the sphere. The sphere i8, thewfore, 
tangent to the spheroid at  (4, 1)) but they have few other common points on their SUI-faces. 

The bolt1 facet1 letters A, B, C, a, 7), c, are used to designate the parts of the spherical 
triangle in the manner which is customary in text-books on spherical trigonometry. 

The arc B C  or n joining C  or (4, 1) with the pole of the sphere is made equal to 
s=90°-+. 

The angle C of the spherical triangle is made equal to 180° - rr,. 
The angle B a t  the pole is made equal to w = ( 1' - 1). 
These statements fix the position and size of the sphere ancl fix all parts of the spherical 

triangle, since three parts of the spherical triangle have been fixed. 
The angle .4 is evidently nearly equal to a,- 180°, or the angle indicated on the figure 

iu nearly equal to a,. This latter angle h~ been therefore placd equal to n, + C, in which 
c is a very small angle of which the value has been dxived by Clarke as expressed in (lo),  

*See " Acco~int of Principal Triangulation," etc., p. 249. 



THE FIGURE OF THE EARTH AND ISOSTASY FROM MEASUREMENTS IN U. S. 79 

ancl of which he makes the statement that its value does not "amount to a tenth of a second 
even in n dist,anc~ of a hundred miles.'' 

8 is an arc on the sphere. Its radius of curvature is necessarily N, that being the radius 
of the sphere. If its length (linear) were equal to s, the linear distance between the points 

(+, A) and (+I, 1') as fixed by triangulation, we woulcl have B = '9 But the point Arepresent- N ' 
ing the point (+', 1) on the sphere was fixed as heing the intersection of the two arcs e and B 
(or  0), which were started in fixed tlirections from R and C, whereas the true point (4'' A') lies 
on the spheroitl at a certain distance, s, measured on the surface cf the spheroid, from ( 4 ,  A). 

s Hence the length (linear) of B is not equal to s, and O differs slightly from w shown in (8)) N ' 
which has been derived by Clarke. 

No. 9. ' 

The arc c (or p) is approximately (not exactly) equal to 90°'- 4'. 
The preceding formula: have all been proved by Clarke (See "Account of Principal Trian- 

gulation," etc., p. 249, and preceding), and will here be accepted without question. The 
deriration of the forrnulrs which follow is, in the main, that given by Clarke on pages 616-620 
of the "Account," somewhat amplified. The latter part of the work of using the formulae, or 
rather the coefficients expressed by them, in making a lemt square adjustment, differsradically 
from Clarke. 

The relations between (6, A, a ~ ,  $', 1') a, being those shown in (4), ( 5 ) ,  and (6), and on 
the figure above, it is required to derive expressions for the coefficients in ( I ) ,  (2), and (3). 

Let the correction (A) be supposed applied to the initial longitude, A, while a,, 4, and s 
remain unchanged. In the figure above, it is evident that the spherical triangle will simply, 
be rotated about B, the pole, as a center without changing its dimensions. c, A, B, and 6 
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preserve the same values as before, and evidently presen-e the relations to the quantities +', 
n,, w, and 0 which they had before. +', tv,, w anti 0 remain unchanged. TIIF! change in 1' 
must be equal to (1). Looking now to the formulse (4) ,  (5) ,  and (6) for corroboration we find 
that 1 does not appear in any of them. The only longitude function which appears is w = ( 1'- A). 
Hence a change ( 2 )  in 1 produces an rqual change in 1' and affects nothing else. 

Hence in ( I) ,  (2), and (3), 
g, = 0.000 (12) 
g, = + 1.000 (13) 
g,= 0.000 ( 14) 

In obtaining the expressions for the coefficients f,, f,, f,, h,, h,, and h, it is important to 
note that a  mall, change (+) in +, o r m i n  n, will cause a much smaller change in 0, see (8), 
which may ba neglected. 

Hence in the figure on page 79, if + be corrected bv (4) while 1, rr, ~ n d  s remain constant, 
C and b remain constant while n, B, c and A vary. 

Similarlv, if nr be corrected by (a,) while +, 1 and s remain constant, (6 and b remain 
constant while A, B, C and f: vary. 

Turning to the fundamerltal equations numbered (4) and (5) it is evident that if n, varies 
both a, and w must vary. ' 8, as already indicated, .remains practically constant. Similarly, 
c remains practically constant an11 zero, see (10). By differentiation of (4) there is obtained 

The general relation for any spherical triangle 

which can be derived from the equation on line 25 of page 161 of Chauvenet's Trigonometry, 
9th edition (using thegeneral formulasin28 - 2sinBc0~8), and the general relation for any spherical 
triangle 

become, for the spherical triangle shown on page 79, neglecting the very small angle C, 

-sin(aB+w)cos2~ -cos+(90'- 4- 0)cos+(90~- ++ 8)sina, (18) 

and 

Using ( 18) and ( 19) to simplify ( 15) there is obtained 

By differentiation of (5) in accordance with the statements above, there is obtained 

The general relation'for any spherical triangle 



which can be obtained in the same manner as (16)) ant1 the general relation for any spherical 
triangle 

coaHA-B) - sin . C sin , 2 

become for the spherical triangle shown on page 79, neglecting the very small angle C, 

-s in(~~B-w) sin2~=sinf(9O0-4-8)sinf(90°-++8)sincr, 
2 (24) 

and 

sin+(a,-w) - sin3(9O0-4+0) a, 
sin 2 c0s-2 

Using (24) and (25) to simplify (21), there is obtained 

d a ~  - dw sin( a. - 0) 

dar, dira - sincx, 

Adding equations (20) and (26)) member by member, there is obtained, after simplification, 
da, - - sin UB cos w - =hS [which is & required coefficient in (3)]  
d a, sin a, (27) 

Similarly, by subtracting (26) from (20) member by member, and simplifying, them is obtained 

do - - 'osw =ha [which is a required coefficient in (2)] dZ - slna, (28) 

Turning now to (4) and (5), if 4 varies while nr remains constant, as and w qus t  vary. 

0 will remain practically constant, see (8). In the follorving clerivat,ion nf the values of dan 
J3 

and dW c will -he assumed to be zero. 
dd)  
~ifferentiating f 4) under the above stated conditions, there is obtained 

a, sin' $( a, + w) sin 0 tan 5 
daa dw- - 
xp&x cos ¶4(90° - 4 + 8) 

After simplifying (29) by the use of ( 19) and of the general relation sin28 -2sinBcos8, it becomes 

da, + dw - sin0 sin a, 
G - 2m1p 

2 

Differentiating ( 5 )  under the conditions stated above, there is obtained 

After simplifying (31) by the use of (25) and the general relation sin28 - 2sin8cos8, it is 
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The general relation for any spherical triangle 

sinB sinC 
= i -  

sinb sinc 

becomes for the spherical triangle shown on page 79 

sinw - sinap 
-7 sine sinp 

Adding (30) and (32), member by member, and simplifying by means of the general relation 
sin2 b -- 2sin8cosb and (34), there is obtained 

-- S ~ ~ U  - sinafline =fa [which is a required coefficient in ,(3)] 

Subtracting (32) from (30), member by member, and simplifying by means of (34) and the 
general relation cos28 = coszb -sin", there is obtained 

dw - =cot p sinw 
d 4  

Assuming )that with sufficient accuracy for the purpose in hand qh' -go0-p, (36) becomes 
0 
-=tan+' sinw =f, [which is a required coefficient in (2)] 
dd (37) 

I n  (6) it is evidknt that -if ag be corrected by the amount (a,) while 4 and s are held fixed, 
d 4' aB and 4' will be changed. In deriving an expression for - it will be assumed that with 
da* 

sufficient accuracy ( I  + Q) may be considered constant and the small lrngle c neglected. 
Ry differentiation of (6) and sin;plXcation there is obtabed 

Substituting in this the value of eB from (27) there is obtained 
d a ~  

&f -& -!?(I +Q) sinaB( ' + cOsw' = h, [which is one of the required coefficients in ( l ) ]  (39) da, R 2s*3( a, - a,) 

Similarly, if 4 be corrected by (4)  while ag and s are held fixed, aB and 4' will both be 

changed. Making the same assuniptions cts were made when deriving , there is obtained by 

differentiation of (6) 

Substituting in this the value of 5!% from (35), there is obtained 
d 4 

!!&'= s sinsw 
d 4  

1 + Q)* ( aB - =f1 [which is a required coefficient in (I)] (41) 

To determine the coefficienkq i,,i,, 4, j,, j,, and j,, which serve to express the effects upon +', 
i f ,  and a, of changes (a) (e" in a and e" the constants which fix the size and shape of the 
spheroid, it is important to note, first, that in the fundamental equations (4), (5), and (6), neglect- 
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ing 
the 

the very small quantity C, 6 is the only quantity directly involving a and ea which enters 
equations explicitly. 
From (8) and (9), and neglecting the term in (8) containing 08, there is obtained 

Differentiating (42) with respect to O anti a, ea being supposed constant, 

Differentiating (42) with respect to O and e" a being supposetl constant, 

In (4) and ( 5 ) ,  when O varies tr, and w also vary. 
Neglecting c and differentiating (4),  there is obtained 

a' 
sinSf(u. + U) t,an f cos Q 

da. + d_w - 
ti8 dB cod+(ROO - Q $ B )  

Combining (l!)) with this, ant1 simplifying, there is obtained 

Similarly, neglecting ll: an11 differentiating ( E i ) ,  there is obtained 

Combining (35) with this, and simplifying, there is obtained 

Adding (48) and (-4X), member by member, then) is obtained 

dtrn cot p 
tm == -sin a, cos 4 -- 

sin p 

In the spherical triangle shown on page 79 t,he law of proportional sines gives 

sinn, sin as - = -- 
a n  p cos Q 

Substituting the value of sin p from (50) in (49), and assuming that with sufficient 
mcurecy cot p -- tan Q' (that is, that p - 90' - Q,'), there is obtained 

* = tan )' sin a. dB 

Subtracting (48) from (46), member by member, and substituting the value of sin p from 
(60) , and assuming p 590 - $', there is obtained 

dw sin as -- -- ($1) 
dB cos +' 
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By combining (51) with (48)) there is obtained 

dff, 0 
a;;:=-8. tan +' sin a, = i, [which is a required coefficient in (3)] (53) 

Similarly, from (52) and (48) there is obtained 

dw O sinaB ----- -i, [which is a required coefficient in (2)] 
da a cos+' 

Substituting in (8) the value of N from (9)) differestiating with respect to e2, and neglecting 
terms of higher order, there is obtained 

d8 which is a value for somewhat more accurate than that shown in (44))  in clerking which 
teZl 

the term in (8) involving Of was neglected. 
Combining (55) and (52) there is obtained 

[which is a required coefficient in (2)]. 
Similarly, combining (55) and (51)) there iEl obtained 

[which is a required coefficient in (3)]. 
(#'- +) R is (with sufficient accuracy) the difference of latitude expressed in meters. [See 

meaning of R as shown in (7) .] 
In the spherical triangIe shown on page 79, let it be assumed that +'--go0-p. Thenevi- 

dently (90° - p - #)N is also an expression for the difference of latitude expressed in meters. 
Hence, 

(+'- +)R -(90°-p-+)N 
or 

N If varies while #J remains constant, r)' and p will vary in (58).  Differentiating (58) 

accordingly, there is obtained 

d#'- -~dp+(80 ' -p-$)d[~]  

For the spherical triangle shown on page 79, the following general formulae for any spherical 
triangle 

coec 5 cow cosb + sina sin6 cos C 

sinc cm A 5 sin6 cosa - c a b  sina cc#s C 
become, respectively, 

cos p -sin+ cosfl - c a +  sin8 coear 

- ein p cosas - sin6 sin4 f cos19 toe+ cma, 

Differentiating (60), + and n r  being conetmt, there ia obtained 

- sinpdp - -sin+ sin8 dB - cos+ cosa,co& de 



By multiplying (61) by (10, member by member, ant1 comptwing with (tip), there is ohti~inetl 

- sinpdp = sinpcosa,dO, whence 

From (7) and (9) 

Differentiating (64) and neglecting terms of higher onters, 

3 sina+ - 4 sin2f( 5) + +')I 

or in slightly more convenient form for computing 

Substituting the values of dp and d from (63) ant1 (66) in (fig), there is obtained Cil 
Bp using (4.3) and (44) this may be written 

Whence, the required coefficients it and j, in (1) are 

(69) may be put in a slightly more convenient form by substituting for 90° - p  - 9 its value 
from (58). j, then becomes 

This completes the derivation of the coefficients required in ( I ) ,  !2), ant1 (3). The refer- 
ences to the equations showing their values are as follows: 

f l ,  (41); g,, (12); hl, (39); it, (68) ; j,, (70). 
f,,(37); g,,(13); h,,(28); i,,(54); j , , ( W .  
fa, (35); g,, (14); h,, (27); i,, (8.3); j,, (57). 



The coefficients, collected for convenience of reference, are 

f 2  = tan 4' sinw 

cosa, sinw h a =  - 
sins, 

sina, COS~U h,= - 
s:nar 

. 0 sina, 1% =-- - 
a cos+' 

e i3 = - - tang' sina, 
a 

According to pages 7.4, 75, k, is a numerical coefficient such that if the initial latitude 
were cor&ctetl by the amount (4) the change protlucetl in 4, - 4' would be k, (9). Or, in other 
~vords, k, is a numerical coefficient such that if, instead of starting the computation with the 
initial Iat,itutle, 4, i t  hat1 been startetl with the initial latitutle ++(+) ,  the computetl value of 
thc. latitude a t  the station considered ( a t  which an astronomic lstitude has been observecl) 
\r-oultl be #-  k,(+) ipsteatl of rp'. 

According to cquation ( I), page 77, f ,  is a numerical coefficient such that if, instead of 
starting the computation with the initial latityde 4, i t  hat1 been started with the initial latitutIe 
++(+) ,  the cornputctl value of the latitude a t  the station being considereti would be +' +f, (+), 
instead of +'. 

Hence, f ,  is thch negative of k,, or 
k,= - f ,  

Similarly, 
(72) 

I,= -g,  
nncl 

(73) 

m, = - h, (74) 
To obtain n ,  from i,, the sign must be changetl for the same reason as fork,, I,, and m,. 

Also, i, must be multiplirtl by 100 because n, is a coefficient for (&) page 741, whereas i, . . 
is n corfflcient for (a). Moreover, as the absolute terms of the observation equations (p. 74) 
fire all to be expressc~tl in seconds of arc, as being most convenient for the computer, all other 
tt~1.nis.must bc c~xpressed in thr samr units. IIence, as 0 is in radians * in the expression for i,, i, 
must nlso be tliritlctl by sin 1". 

- - 

'According to the way in which lormulit: (71) have been derived, involving differentiation, 0 and (IY-4, wherever 
they C K - I : U ~ ,  are necc~*~r i ly  i n  radians. 
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Hence 
100 . 

nl= -- sin lul l  

Similarly, 
0, - - -lc 

10 000 sin 1'' 
I n  obtaining k,, l,,.m,, n,, and o, from f,, g,, h,, i,, and j, the Rame considerations apply as 

those notetl in connection with k,, 1,) m,, n,, antl o,, but, in addition, it must be noted that in 
the observation equations for astronomic longitudes (shown on page 74) - A'cos+' enters, 
instead of simply - 2. Hence, each of the coefficients f,, g,, h,, i,, j,, must be multiplied by cos #. 
This factor, cos +', arises from the fact that to derive the deflection of the vertical expressetl in 
terms of the prime vertical great circle, one must multiply the difference between the astro- 
nomic and geodetic longitude by cos +' (see page 74). 

For a similar reason, the factor -cot +' enters in obtaining k,, 1,) m,, n,, and o, from f:,. y,, 
h,, is, and j,. 

The relations are, therefore : 
k, = -fa cos +/ (77) 
1, = - g, COB +' (78) 

mx- - h, cos +' (79) 

k, -f, cot +' 
la-& cot +' 

m, =h, cot +' 

j, cot ,+' 
'3 - 10 000 sln 1" 

Using the relations (72) to (86)) inclusive, to make the conversions, the formuls of (71) 
become the formulre for the coefficients k,, k,, k,, -. - -  - -  p,, o,, o,,, printed on page 7G, of 
which the dprivation \\-as clesirecl. 

As a check on the correctness of the derivation of these formulr~, the dinlensions of the 
so-called coefficients should be examined. The formula! on page i G  slio~v that the k's, I's, nnd 
m's are all abstract numbers. This is as it should be, since in the obsen-ation equations on 
page 74 the absolute terms are all in secontls of arc antl so, also, are ($), (A) ,  and (cr ) .  The 
formuls show that the n's are each of the climensions secontls of arc divided by a length. This 
is as it should be, since each n is to be multiplied by a length, the requirecl correction to tlle 
equatorial radius, and the product must be seconds of arc to correspontl to the absolute toms. 
Similarly, each of the 0's is in seconds of arc simply,which is as it shoulcl be, since i t  is to 1)e 
multiplied by the required correction to el, an ~~bs t rac t  number, in order to give products l ~ i c a l l  
are seconds of arc corresponding to the absolute terms. 

The quantities (A) and (10 000 ex) were used arbitrarily in the observation equations 

rather than (a )  and (e'): simply for the purpose of making the average values of the n ant1 o 
coefficients of about the same nlagnit,ude as the average values of the k, 1, and m coefficients. 
Such approximate equality, by insuring that the relation of the decimal point to the significant 
figures shall be about the same in the different coefficients, facilitates the least square comp11t.a- 
tion, especially when a summation term is useti as a check in the formation antl solution of the 
normal equations. 



EXAMPLES OF COMPZiTATIONS OF COEFFICIENTS. 

For use in computing the numerical values of the coefficients in the observation equations, 
the formulae for which are shown on page 76, it is necessary first to compute values of the 
length of the arc 8 connecting the initial station with each astronomic station and to compute 
the forward and back azimuths along this arc. To make computations of 8 and of the azimuths 
named with the highest attainable degree of accuracy wo.uld be a long and difficult process. For 
the present purpose only a moderate degree of accuracy is necessary and the simple and short 
process of computation here described was found to be sufficient. 

Imagine a sphere of which the radius is 
a 

= [l - e2sin'+(+ + +')I 4 
and of which the center is the point at  which the normal to the spheroid a t  latitude +(+++I) 
~n temc t s  the axis of revolution of the spheroid. Since the value given above for Nu (compare 
with formula (9) on page 78) is the length of the normal a t  latitude +( + + +') limited by the axis 
of revolution, the small circle on the sphere having the latitude +(+ + $') will coincide in space 
with the small circle of that latitude on the spherbid. Near that latitude the surface of the 
sphere and the surface of the spheroid are nearly in coincidence. In  the approximate compu- 
tations which were made the two points concerned in latitudes 4 and +' were transferred from 
the spheroid to the sphere by making the linear distance from latitude +(+ + +') to each point 
approximately the same on the sphere as on the spheroid, while their longitudes remain 
the same on the sphere as on the spheroid. I t  was then assumed that 8 and the forward and 
back azimuths between the points as computed from a spherical triangle on the sphere are 
sufficiently close approximations to the true values of these quantities on the spheroid. The 
approximations are close because the parts of the sphere and spheroid which are concerned 
nearly coincide. 

Let y be an arc of the meridian on the sphere described above which has the same length 
in meters as the arc of the meridian on the spheroid from latitude 9 tc latitude 4'. 

The mean radius of curvature of the arc of the meridian between these latitudes on the 
spheroid is given by formula (7)  for R on page 78. Hence the ratio of this radius of curvature 
to the radius of curvature of the sphere, N,,, is 

Hence 

Let x be 5-+(+-$), that is, x is the correction to the arc i(+- +') on the spheroid to 

obtain the arc $ of the same length in meters on the sphere. 

Then 

Let 
a-90'-+ and c-90'-# 

Then, after calling the denominator 1 - ea sina+( $I + +') equal to r nity, t,he above expression 
for x becomes 

x =+(a-c)e3 sin*+(n+r.) 
If, then, in a spherical tnangle on the sphere described, B - 1- l =  w is the angle at  the 

pole and a' and d are the adjacent sides 
d=a-x-90 '-+-x 
c'-C+X -90'-++x 
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The remaining parts of this spherical triangle, A', C", and b in the ordinary notation of 
spherical trigonometry, may be computed by Napieds analogies, name1)-, 

tan +( A' - C") - sin 3(a1 - c') csc 3( a' + c') co t 3R 
tan +(A1+ C )  =cos +(a1-cl)sec t ( d +  c'>cht +B 

and the law of sines, namely, 
sin b =sin B sin a' csc A' -sin B sin d csc C 

using both forms for a check. 
The required quantities are 

8 -b  
ap=1800-C 
n B - 1 8 0 ° + A '  

in which G and A' are to be considered positive or negative according as B  = 1' - A = w is 
positive or negative. 

The following example illustrates the method as applied to the longest line in this investiga- 
tion, Meades Ranch, Kansas, to Calais, Maine, (latitude station No. 1 0 4 ,  longitude station No. 
173) : 

0 / /I 0 I ' I  

f 39 13 26.7 (&/=a -x  50 45 54 log sin B 9.71511 
98 32 30.5 c'=c+x 44 49 34 log sin ti' 9.88905 

$/' 45 11 05.7 !(a/-d) 2 58 10 l o g c s  A' 0.00075 
67 16 52.8 og ain f a/-c') 8.71436 log sin 0 9.60491 

fi=90°- 50 16 33.3 log c s  f{a'+d) 0.13033 log sin B 9.71511 
,.=goo-$ 44 48 54.3 log cot f B 0.55319 1% sin c' 9.84816 
)(rc+r)=f ( C I ' + ~ )  47 47 43.8 log tan ) A/- 0) 9.39788 log c s  C' 0.04166 
f(u-f.) 2 2 49.5 lag co8 i[rr/-d 9.99942 log sin 0 9.60492 
B ~ X - - r l = w  -31 15 37.7 log rec f rd+c' j  0.17277 trp=180°-C 245' 18' 26'' I, f I3 -15 37 48.9 log cot f 0.55319 aa=180°+ -4' 86 37 2q 
~ ( n - r )  in seconds 10729."5 log tan ( A ' + C )  0.72538 
fcjp )(n-c) in e~condu 4 OW +(A/-  b) -14°02'04" 0 23O 4.1' 36" 
log sin2 f ( t i  +c) 9.7393 Y+C) -79 20 30 0 in reco~ide 85476" 
log e' 7.8305 -93 22 34 log(@ in eeconds) 4.93184 
1% x 1.6004 Cv -65 18 26 log A 8.60906 
x +39."8 1% s 6.42278 

The length in meters of the arc 8 on the sphere in question is s = N,O, or if 8 be expressed 
ir! seconds of arc, 

s - N, ( 0  in seconds) sin 1" = ( 8  in seconds) 
in wllir.11 

(9 
A - [I-  ea sin2)( 4 + #)I& 

a sin 1" 
The logarithm of A is tabulated for 3(4+ 4') as an argument in Appendix 9 of the Coast ant1 
Geodetic Sun-ey Report for 1894, 

S o  complete proof is here offered as to the closeness with which the &and s so computect 
approach to the true B and s. The considerations given on page 88 indicate that the approxi- 
mation is close. Moreover, for the long?st line concerned in this investigation the values of log s, 
(r,, ancl t r ,  were computed by accurate formulae. Their values as computed were 

n,==245O 18' 28".01 
a,== 86' 37' 32".87 

log s = 6.4227742 
Hence the errors of the approximate computation of these quantities, shown above, are: 

For a,, - 2", for a,, - 7", and for log s, less than one unit in thelast decimal place computed, 
the fifth. 

These errors are so small as to have effects on the computed coefficients of the observation 
equations which are negligible in the present investigation. 

From formula ( 1 1 )  page 7 8  
6 

log ( 1 + Q) -log [I L fi ross+( n. + a.) I 
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Expanding the right-hand member by the formula 

which is an expansion by Maclaurinis Theorem, and neglecting higher powers than the first, 
e2 

log (1  +Q) = cos2+(n,+ np)M sine 1" 

where 31 is the modulus of the comnlon system of logarithms and sin21" is introduced because 
8 is to be expressed in seconds. 

Therefore 
log [log(l+ Q)]  =log B + logcosa+( (XB + (xP) + 7.92975 - 20 

M sinal" where 7.92975 - 20 is log 
12 

Applied to the particular example in hand this becomes 

WB UF 331 O 55' 52" 
3( @B + ad 165 57 56 
log cos2+( ag + wF)  9.9737 
log [@in seconds] 9.8637 
log constant 7.9298 
log [log ( 1 + Q)] 7.7672 
log (1  +Q) 0.00585 

(' +Qi be denoted by W, then 
Int 2R sina 4 (a. - a,) 

k,+I = 
sinZ w W and m, -sin nB (1 +cos w) W 
sin 8 

in which 

The logarithm of B is tabulated for 3 (+ + 9') as an argument in Appendix 9 of the Coast and 
Geodetic Survey Report for 1894. 

1 Therefore log- = log B + 4.38454 - 10 
2R 

The coefficients k,, m,, and n,, for the case in hantl, may now be comput,ed as follows: 

aB - -158O 41' 00" 
3 ( f l ~  - (4 - 79 30 30 
l o g c s c ' + ( a ~ ~ a ~ )  0.01512 
log B 8.51068 
log s 6.42278 
1% (1  +Q) 0.00585 
log constant 4.38454 
log w 9.33897 
log sins w 9.43022 
log csr O 0.39508 
log (k1+1) 9.16427 
k, - 0.8540 

cos (0 0.86482 
log ( 1 -P cos w) 0.26830 
log W 9.33897 
log sin a, 9.99925 
1% m1 9.60652 
m1 0.4041 

log [B in secontls] 4.93184 
log cos a, 8.77004 
log B 8.51068 
log (constant*) 6.68616 
1% n1 8.89872 
n~ 0.0792 

The first term of i), is 11, times n constant, which constant is 
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The secontl term may be computed as follows: 
1 2nd term = - [I + 2 sina + + 3 cos( +' + $11 3 ( 4'- 4) B (constant*) 

1 - - [1.79975 + 3 cos ( + $11 4 ( 9' - +) B (const.ant*) 

+ I++  84' 24' 32" 
3 (+'-+> - 3  ( t c - ( 9  10729".5 
log cos ( 4' + 4) 8.98869 
log 3 cos ( +' + $) 0.46581 
3 cos ( 4' + 4 )  0.29229 
log [1+ 2 sinz+ + 3 cos ( $' + +)I 0.32057 
log [4 ( +' - #) in seconds] 4.03058 

log constant 
log 2nd tenn 
2nd term 
1.2787 n, - 1st term 

The following is the of the eoefficients k,, I,, m,, n,, and o, for this same station, 
Calais: 

log sing' 9 -85088 
log sin w 9.71.511 
log k, 9.56599 
1s 2 +0.3681 

log c'oscp' 9.84508 
log sin w 9.71311 
log cos (rH 8.77004 
log (W (rv 0.04 165 
log 111, 8.37488 

m, + 0.0'2337 

log [ B  in seconds] 4.93184 
log sin a, 9.99925 
log (constant+) 5.19530 
log n2 0.12639 
n2 - 1.3378 

log cos5 a~ 
log sin a, 
log s 
log [@ in seconds] 
log (constant$) 
log 21111 term of o, 
2nd term of o, 
1.2787 n,= 1st term of o, 
0 2  

As nn example of the computation c:f the c.oeficients k,, I,, m,, n,, and o,, take the azimutfl 
station Cooper, Maine, for which 

$' --44 O 50' 13".48 
2' -67 28 02.25 
w = -31 O 04' 28" 

* This conatant irl 1 
0000 ( In  and it8 logarithm is 4.21401-10. 

t This constant is 1 . .  
0 

I-e2 sinaq5)l coaa4 sin 1". 
$ This constant ie ( ( l - e l ) l  a 
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a ,  a,, B and s, computed in the same way ar for Calais, are, in this case, 

n, = 245 O 16' 48" 
a,= 86 55 30 

0 = 33 36 04 =84964" 
log Y = 6.42018 

cot +' sin2 w -- 1, is zero and k, = - . -  - - c- sin 
sln a, sln 6 sln a~ sm 0 sin r$' 

In the sphel-ical triangle shown on p. 79, the law of sines gives 
sin -- w --sin 

Y 

sin 0 sin c 
If c is replacetl in this by its approximate value 90 - +' this becomes 

sin w -sin ar cos # sin --- or 
sin 0 cus +' sin nr sin 8 = 

Therefore, k, = - with sufficient accuracy. 
sin +' 

log sin w 9.71278 
log sin +' 9.84939 
1% k3 9.86339 
ks + 0.7301 

log [0 in seconds] 4.92924 
log sin aw 9.99937 
log constant * 5.19630 
1% n3 0.12391 
n, - 1.3302 

log cos w 9.03272 
log cot +' 0.00020 
log csc ffp 0.04001 
log sin a* 0.99037 
1% r% 9,97231 
ma + 0.9382 

log cod a, 
log sin 
log s 
log [U4 in seconds] 
log constant t 
log Pd term 

Znd term 
1.2787n3 
0, 

FIVE LEAST SQUARE SOLUTIONS. 

Five complete least square solutions were made of the problem of determining the   no st 
probable values of the constants representipg the figure and size of the earth. From a compari- 
son of the five solutions the most probable depth of compensation has also been derived. 

For convenience, the five solutions have been designated by the letters B, E, H, G, ant1 -4. 
For each solt~tion the 507 observation equations, corresponding to the 507 astronomic obwrva- 
tions, were written in a form similar to that shown on page 74, which is the form for solution A. 
The forms for the equations for the other four solutions differ only in the absolute term, the last 
term on the left-hand side of each equation. 

In  solution B, the absolute term of each obsemation equation was the observed apparent 
deflection of the vertical, as shown in the second column of the tables on pwes 48-56, minus the 
topographic deflection, as shown in the third column of those tables. If the computed topo- 
graphic deflection were the actual deflection and if there were no errors of observation and no 
errors in the assumed values of the latitude, longitude, and azimuth a t  the initial station, Meades 
Ranch, and if the a and ez of the Clarke spheroid of 1866 expressed the figure and size of the earth 
precisely, each one of the absolute terms in these observation equations of the solution B woultl 
be zero. Solution B is, therefore, made upon the assumption that no isostatic compensation 
exists, that the portions of the continent above sea level are excesses of mass, and the oceans 
represent defects of mass. I t  may convenientiy be considered to be a solution based upon the 

&This constont ia the esmeau that in n,. t Thie constant is the mame u, that in 02. 
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supposition that if isostatic compensation exists it is uniformly clistributetl through rtn infinite 
depth. 

In  solution E, the absolute term of each observation equation is the observetl apparent 
deflection minus the deflection computed on the assumption that thc isostatic compensation is 
con~plete and uniformly distributed through the depth 162.2 kilometers, as shown in the column 
so headed in the tables on pages 48-56. 

In solution H, the assumption is that the compensation is complete and uniformly dis- 
tributed through the depth 120.9 kilometers, and in solution G that the depth is 113.7 kilometers. 
Thew solutions arc similar to solution E, the computed deflection which is subtracted from the 
observed apparent deflection being taken from a different column of the tables on pages 48-56. 

If thc isostatic compemation werc complete and uniformly distributed through the depth 
assumed in connection with any one of the solutions E, H, or G, the residuals from that solution 
would b~ very small, being due simply to tho errors of observation. The excess of the msiduals 
above the average magnitude due to errors of observation is a measure of the degree of agreement 
between thc assumption as to isostatic compensation and the fact. 

In  solution A, the absolute terms are simply the observed apparent deflections as shown 
in the tables on pages 48-56. The observation equations were, therefore, precisely as indicated 
on page 74, including the absolute terms. This is the solution usually made in conneotion 
with, the arc method. No relation is postulated between the deflections of the vertical and the 
topography. This is equivalent to the assumption that there is complete isostatic compensa- 
tion a t  depth zero; that there exists immediately below every elevation (either mountain or 
continent) the full compensating defect of density, and that at the very surface of the ocean 
floor there lies material of the excessive density necessary to compensate for the depression of 
this floor. Cnder no other condition can it be true that the observecl deflections of the vertical 
are independent of the known topography. 

The particular depths of compensation assumed in solutions E, H, and G depend mainly 
upon extensive preliminary investigations made largely for the purpose of obtaining an approxi- 
mate itlea of the most probable depth of compensation. 

THE OBBERIATION EQUATIONS. 

The observation equations for solution G are given below. In each column the symbols 

(+), ( 4. ( al), ((ZW). (&j) and ( 1000Oel) should be considered as repeated down the column. 

The obserration equations for the other four solutions differ from these only in the absolute 
terms, as already stated. The statements of the preceding paragraphs will enable one to repro- 
duce the absolute terms of any equation of any solution as desired by using the tables on pages 
12-19 and 48-56. 

The equations are printed in four groups. The same geographic order is used in each group 
ss in the tables on pages 48-56. The number of each station as printed enables one to identify 
the station in the tables on pages 12119 and on illustration No. 13 at the end of this publication. 

Observation Equutions. 
NORTHEASTERN QROUP-LATITUDES. 

i o .  20s 
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Station. 
174 
173 
169 
170 
168 
166 
171 
172 
165 
167 

Station 
232 
1% 
195 
192 
191 
1 94 
190 
188 
187 

Btatlon. 
193 
186 
189 
180 
175 

Observation E q u a t i o n s - C o n t i n u e d .  

+O. 029 -0.659 
+O. 025 -0.653 
+O. 018 -0. 732 
+O. 018 -0.739 
$0.024 -0.802 
+O. 028 -0.833 
+O. 033 -0.853 
+O. 035 -0.852 
+O. 033 -0.907 
+O. 034 -0.954 
$0.037 -0.973 
+O. 041 -0.979 
+O. 052 -0.996 
+O. 024 -1.338 
+O. 025 -1.276 
-0.004 -1.179 
-0.011 -1.198 
-0.013 - 1.218 
-0.040 -0.996 
-0.046 -1.021 

NORTHEASTERN OROUE-AZIMUTII.%. 
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Station. 
176 / 
174 

Observation Equations-Con tinuetl. 
NORTIIEASTERN O R O U P - A ~ I M ~ ~ T H S - C O ~ ~ ~ ~ U  

il. 008 
+O. 938 
+o. 944 
+o. 947 
+O. 956 
+o. 960 
+O. 968 
4-0.978 
+O. 982 
+O. 987 
+o. 986 
+I. 001 
+l. ooo 
+l. 013 
+l. 012 
+l. 020 
+LO23 
$1.031 
+l. 037 
+l. 032 
4-1.035 
$1.026 
+l. 025 
+l. 036 
4-1.055 
+l. 073 
+l. 090 
+l. 094 
+l. 109 
+l. 135 

BOUTIIEASTERN QROUP-LATITUDES. 
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SO 
Station. l 

station. 
85 
86 
88 
89 
91 
94 
95 
96 

102 

0 bs~rvatio.rr. Equutiom-Con tinued. 

SOUTHEASTERN GROUP-LONGITUDES. 

-0. 036(a,) -0. 735(,;J 
-0.046 -0.845 
-0.050 -0.868 
-0.034 -0.875 
-0.039 -0.930 
-0. 040 -0.931 
-0.040 -0.933 
-0.040 -0.933 
-0.066 -0.917 
-0.082 -0.768 
-0.108 -0.618 
-0.063 -0.513 
-0.128 -0.535 
-0.136 -0.481 
-0.154 -0.460 
-0.165 -0.372 

SOUTHEASTERN GROUP-AZIMUTHS. 
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Observation Equatione- Continued. 
CENTRAL OROUP-LATITUDES. 

+o. 468 
+O. 446 
+O. 423 
+O. 414 
+O. 411 
+O. 410 
+o. 4 2  
+O. 425 
+O. 406 
$0.434 
+o. 433 
+O. 431 
+O, 417 
+O. 410 
+o. 404 
+o. 402 
+o. 380 
+o. 380 
+O. 376 
+o. 303 
+O. 368 
+o. 357 
+O. 322 
+O. 314 
$0.328 
$0.333 
+o. 330 
+O. 317 
+O. 314 
+O. 314 
+o. 308 
+o. 299 
+O. 297 
+o. 270 
+O. 215 
+O. 134 
+o. 120 
+O 113 
+O. 024 
+O. 017 

-0. 041(aw) -0.020 
L O .  003 -0.021 

-0.028 
-0.021 
-0.012 
-0.011 
-0.053 
-0.047 
-0.048 
-0.066 
-0.043 
-0.047 
-0.063 
-0.060 
-0.040 
-0.053 
-0.053 
-0.081 

CENTRAL QROUP-LONGITUDES. 
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Statlon. 

66  

Ststlon. 

214 

Station. I 

Obsem~ction Equations-Continued. 
CENTRAL CROUP-LONGITUDES-Continued. 

CENTRAL GROUP-AZIMUTIIS. 

WESTERN GROUP-LATITUDES. 
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Station. 
240 
216 
243 
217 

9 

Ohsewation Eptions-Continued. 
WESTERN GROUP-LATITUDES-Continund. 

+o. 999 
+ l .  032 
+l. 033 
+I. 034 + 1.085 
+ l .  065 
t o .  993 
+o. 997 
+O. 927 
+O. 923 
+O. 919 
+O. 914 
+O. 929 
+o. 804 
+o. 757 
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Station. 
245 
244 
231 

, 2 3 0  
234 
242 
229 

Ohserz.at/ior~ Equations-Cont inuetl. 

WESTERN GROUI'-AZIMUTHS. 

il. 190 
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WHY TWO CORRECTIONS TO THE INITIAL AZIMUTM. 

Thus far in this publication there has been no apparent recognition of the Laplace equa- 
tion connecting longitude and azimuth observations. The usual form of expression of this 
equation is (astronomic azimuth-geodetic azimuth) +sin q5 (astronomic longitude-geodetic 
longitude) =0. In the present investigation the same principle may be expressetl by tho state- 
ment that t3he two observation equations, one a longitude equation antl the other an azimuth 
equation, for a given station at which both the astronomic longitude antl astronomic azimuth 
were observed, should show the same residual, or unexplainetl prime vertical component of the 
deflection of the qertical. Small differences between such pairs of residuals will exist on account 
of the errors of the astronomic observations ancl other accidental errors. If, however, there 
has been a considerable accumulation of error in the geodetic azimuth, as carried through the 
triangulation by the adjusted angles, it will be put in evidence by differences between the longi- 
tude and azimuth resitluals at  coincident stations too large to be accountecl for by the accidental 
errors, and by a systematic tendency for such differences to be of one sign for consitlerable areas. 

There are 11 stations concernecl in the present investigation tit which a longitude station 
coincides with an azimuth station. A preliminary examination matle in the manner just 
indicated showed that there hat1 been, somewhere between Illinois and Colorado, in the trans- 
continental triangulation, nn acculnulation of about 5" of error in the geodc~tic azimuth, carried 
through the adjusted angles. The evidence available was not sufficient to cbtcrmine the places 
a t  which the accumulation occurred with any greater accuracy than intlicatetl in the preceding 
sentence. The station alreatly adopted as tho initial, Meades Ranch, happened to be in the 
middle portion of this =ction within which it was apparent that the accumulation took place. 
Under these conditions it seemed that the simple device of introducing into the equations two 
unknowns, representing corrections to the initial azimuth at Meadrs Ranch, instead of one, 
would, with little atltlitional work, take account automatically of the supposed twist in azimuth, 
and determine its amount substantially as well as any more complicatccl method. The required 
correction (a,) to the initial azimuth was introduced into all equations pertaining to stations 
east of Meades Ranch, and the required correction (n,) into al! equations pertaining to points 
west of Meadcs Ranch. This is equivalent to assuming that at  Meades Ranch, in carrying 
the computation of the azimuth through the triangulation from east to west, an error of 
(a3 -(aw) was sutltlrnly introduced into the geodetic azimuth a t  Meades Ranch. 

Thr necessary illtrotluction of an extr-a unknown into the equations in the manner indi- 
catetl, thus virtually inserting a hinge in the triangulation midway between thc Atlantic and 
the Pacific*, has, of course, macle the tletermination of the figure antl size of the carth weaker 
thafi it otherwise ~ ~ o u l t l  have been. The weakening has been properly taken into account in 
deriving the probable errors. These probable errors show this to be a very btrong determi- 
nation in spite of this weakening. 

MEANINGS OF COEFFICIENTS IN OBSERVATION EQCATIOSS. 

The meanings of the coefficients in the observation equations have already h e n  explainctl 
in rt general way (pp. 74,751. With the numerical values of the' c~ocfficients bfore ono in the 
printed observation equations it is possible to make this explanation more definite and concrete. 

I t  is assumed in fixing the form of the observation equations that a small correction ($) 
is to be applied to the initial geodetic latitude at Meacles Ranch; Kansas, and it is required to 
express by the proper coefficients k,, k,, k,, the effect which this change woulcl have on the 
apparent cleflections of the vertical, such as are expressed in the absolute terms of the observa- 
tion equations. A similar treatment is  to be given to the initial longitude, initial azimuth, the 
assumetl equatorial radius, and the assumed flattening. 

The relations expressed by these coefficients may be seen by examining the formulse from 
which the coefficients are computed (see p. 76). To visualize these relations ancl to obtain a 
mom concrete conception of their meanings and laws of variation, imagine a moclel spheroid 
to be niacle to scale to represent the earth and imagine the 507 observation stations corre- 
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sponding to the observation equations to be plotted on the surface of this spheroid in their 
proper relative positions. Imagine also that a frame or cage is made to scale of wires so as to 
fit closely over this model spheroid, each meridian and each parallel of latitude being repre- 
sented by a wire. By the adoption in the computations of geodetic positions of certain values 
for the initial latitude, initial longitude, and initibl azimuth a t  Meades Ranch, thus fixing the 
United States Standard Datum, and the adoption of the Clarke spheroid of 1866, the exact posi- 
tion of the supposed wire cage and its size and shape have been fixed. 

Imagine the wire cage to be in position on the model spheroid. Suppose, now, that without 
any other change being made the cage is so moved that the wire representing the meridian 
through Meades Ranch is moved southward by the amount (4)) without change of direction of 
this wire (which would correspond to a change of the initial azimuth) and without any lateral 
shift (which would correspond to a change of the initial longitude). Such a motion will 
consist, evidently, of a rotation of the cage about one of its diameters terminating in its 
equator a t  two points which are 90° from Meades Ranch in longitude. The geodetic 
latitude of Meades Ranch, read from the cage, will be increased by ( $). Evidently the 
geodetic latitude of any other point in the meridian of Meades Ranch will be increased 
by the same amount. So, also, it is evident that for other points on either side of this meridian, 
the change will be smaller the greater the distance from this meridian, to longitude differences 
as great as 90'. Note that, in the latitude observation equations, the coefficient k, is sensibly 
unity ( - 1.000) at latitude stations Nos. 63, 64, and 65 (p. 97)) which are nearly in the same 
meridian as Meedes Ranch, and that k, decreases numerically in proceeding either to the e a s t  
ward or westward. The minimum value of k, ( -.854) occurs a t  latitude station 164, Calais, 
Maine (p. 94)) and it is also small ( - .900) a t  latitude station No. 252, Cape Mendocino, Cali- 
fornia (p. 99). 

The minus sign in the coefficients arises from the fact that - 4' enters in the observation 
equations, not +' directly. 

The wire cage device gives one a good idea of the essential meaning of each coefficient and 
an approximate conception of its laws of variation. In  this device it is not easy to take into 
account the small departures of the spheroid from the sphere, but said tleparturee are accurately 
taken into accotlnt in the formulae for the coefficients. 

The small displaoement of the wire cage, as described, will evidently not change the longi- 
tude of any point on the spheroid which lies in the same meridian as Meades Ranch, and will 
not change the longitude of any point on the equrttor (because every meridian line will move 
across the equator parallel to that portion of itself). Virtually the meridians will be crowded 
more closely together everywhere in the United States as the north pole of the cage is made to 
approach Meades Ranch and all differences of longitude, reckoned from Meades Ranch, will be 
increaseci, the changes bending to be numerically greater the greater t h  longitude difference 
from Meades  inch and the greater the latitude of the station. Hence, k,, expressing the 
relation between (4) and 1' cos 4' (see form of longitude equation, p. 74)) changes sign through 
zero in the meridian of Meades Ranch, as indicated by the longitude observation equations for 
longitude stations 64 and 66, in Kansas (p. 98)) has a maximum positive value ( 3- .368) a t  
longitude station 173, Calais, Maine (see p. 94)) far to the eastward and in a high latitude, and 
has a maximum negative value ( - .267) a t  longitude station No. 1, Point Arena, California 
(p. 99). 

Similar relations hold with respect to the coefficient k,, expressing the relation between ($), 
the correction to the initial latitude, and arcot+' ,except that on account of the factor cot+' 
there is a tendency for k, to increase with decrease of latitude. Between azimuth stations 65 
and 67, in Kansas (p. 98)) k, changes sign a t  the meridian of Meades Ranch; it has a maximum 
positive value ( + .736) a t  azimuth station No. 170, Howard, Maine (p. 95), the azimuth station 
fart.hest to the eastward, although this station is in a high latitude, and has a maximum nega- 
tive value ( - .668) a t  azimuth station No. 237, Ross Mountain, California ( p. 100). 

Let the wire cage be imagined to be again in its position as fixed by the adopted United 
States St,andard Datum. Suppoee, now, that, without any other change being made, the cage 
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is so moved that the \{-ire representing the parallel of latitude tlll~ough Jleacles Ranch is moved 
eastward, along itself, l>p the amount ( A), without change of direction of the meridian through 
Meatles Ranch (corl*t.sponcling to a change of the init-ial azilnutll), ant1 without any lateral shift 
in the parallel of ltttitr~tle (eorrespontling to tt change in the initial latitutle). Such a motion 
will consist, evitlently, o f  a rotation of the wire cage about its polar axis through an angle ( l !  
Such a motion will ~,t.otluce 110 change in latitude nor in azimuth at ally point. Hence, the 
coefficients 1, antl 1, a1.e zelw for all stations. Tlle longitutles of 1111 points will be c h a n ~ t l  by 
the same amount ( A). Hence, l,, expressing the relation between ( A),  the correction to the initial 
longitntle, antl - A1cosq5', is simply -cos+'. This coefficient, l?, is therefore negative in all parts 
of the area covt~rtbcl by this investigation, is a maximum ( - .866) at the longitude station which 
is farthest south, No. 111, New Orleans, Louisiana (p. 96), and a minimum ( - .685) at  the 
longitucle station \vhich is farthest north, Xo. 213, Jiinnesota Point NorthBase.Minnesota (p. 97). 

To shift the wire cage from its position as fixetl by the Unitetl States Standard Datum in 
such a way as to correspond to a change (cr )  in the initial azimuth without any other change, one 
must evidently rotate the cage counter-clockwise about its diameter passing through Meades 
Ranch. This will decrease all latitudes to the eastward, and increase all latitudes to the west- 
wart1 of Meades Ranch, the change being greater the greater the distance and the. difference 
of longitude from Jleades Ranch. The coefficient m,, expressing the relation between (a )  and 
- +', is found, therefore, to pass through zero between latitude stations 63 and 64, in Kansas 
(p. 97)) to have a positive maximum ( + .404) a t  latitude station No. 164, Calais, Maine (p. 94), 
this being the station farthest east and most distant from Meades Ranch, and to have a 
negative maximum ( - .339) at  latitude station 252, Cape Mendocino, California (p. 99). 

So, too, by considering the motion of the wire cage described, it is evident that one should 
expect the coefficient m,, expressing the relation between(a) antl - Ycos+', to have a positive 
maximum ( + .127) at  the longitude station farthest north, No. 213, Minnesota Point North Base, 
Minnesota (p. 97), and to have a negative maximum ( - .165) at  the longitude station farthest 
south, No. 141, New Orleans, Louisiana (p. 96). The stations at  which the values of m, shoulcl 
be zero are evidently those at  which the arc of a great circle from Meades Ranch to the station 
is perpendicular to the meridian at the station, or, in other words, at  which the azimuth of 
Meades Ranch from the station is either 90' or 270'. Such stations are all farther north than 
Meades Ranch, the excess of latitude being greater the greater the difference of longitude 
between the station and Meades Ranch. For these changes of sign, see page 94 for the north- 
eastern group, pages 97 and 98 for the central group, antl pages 99 and 100 for the western 
group. Consult also illustration No. 13 at the en11 of the volume. 

Similarly, if one considers the motion of the wire cage correspohding to a change (a)  in the 
initial azimuth, it is evident that the azimuth at all stations tends to change by amounts nearly 
equal to (a), but tiecreasing somewhat as the distance from Meades Ranch increases, since for 
points a t  90' on a great circle from Meades Ranch the change becomes zero. There all wires of 
the cage move to new positions parallel to their old ones. On account of the factor cot+' the 
coefficient w, expressing the relation between (a )  and crlcot+', tends to be smaller the greater 
the latitude. One shoultl expect, therefore, that m, woultl vary nearly as cot+' but tend to be 
smaller for the more distant stations. The minimum value ( + .938) is found a t  azimuth station 
No. 171, Cooper, Maine (p. 951, though there are other azimuth stations, such as No. 205, Gar- 
gantua, Canada (p. 981, (for which m, = + 1.020), in much higher latitudes but nearer to Meades 
Ranch. The maximum value ( + 1.514) occurs at  azimuth station No. 136, Fort Morgan, Ala- 
bama (p. 96). This is the azimuth station which is farthest south. 

An increase i11 a, the equatorial radius of the spheroid, without change of flattening and 
without any change in the initial latitude, longitude, or azimuth, is evidently expressed by an 
increase in size of the wire cage without change of shape or position. Such an increase in size 
would evidently tend to make all geodetic latitudes approach that of Meades Ranch. Hence, one 

should expect that n,, expressing the relation between (&) and - Q, to have a maximum 

positive value ( + .508) for the latitude station which is farthest north, No. 232, St. Ignace, 
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Canada (p. 97)) and a maximum negative value ( - ,538) for the latitude station which is farthest 
south, No. 135, New Orleans, Louisiana (p. 96). The mro values of n, should be expected at 
stations at  which the parallel of latitude points directly toward bleades Ranch; that is, at  which 
the azimuth of Meades Rasch from the station is 90' or 270'. For the points at which n, 
changes sign, see page 94 for the northeastern group, page 97 for the central group, and page 99 
for the western group. 

Similarly, from a consideration of the wire cage it is evident that an increase in the equa- 
torial radius would tend to make the longitude of all stations approach that of Meades Ranch, 

One should expect, therefore, n,, expressing the relation of (A) to - I'cosq5', to pass through 

zero at  the meridian of Meades Ranch (see longitude stations.64 and 66 in Kansas, p. 98)) t,o be a 
negative maximum ( - 1.338) for the longitude station farthest to the northeast, No. 173, Calais, 
Maine (p. 94)) and to be a positive maximum ( + 1.085) for the longitude station farthest to the 
west, No. 1, Point Arena, California (p. 99). 

The effect of a change in the equatorial radius upon the azimuth at any station is sin+' 
times the change in longitude produced at that station, the factor sin+' serving always to convert 
the dBerence of longitude of two meridians into their convergence. The change from the factor 
cos+', in the absolute term of the longitude observation equation, to the factor cot+', in the abso- 
lute term of the azimuth equation, neutralizes the fwtor sin+' and, therefore, the law of varia- 

tion of n, expressing the relation between (A) and nfcot+', is precisely the same as that 

for n,. Hence, it is found that n, changes sign between azimuth stations Nos. 65 and 67, in 
Kansas (p. 98), has a negative maximum ( - 1.333) at  the azimuth station farthest to the north- 
east, No. 170, Howard, Maine (p. 95)) and has a positive maximum ( + 1.069) at the azimuth 
station farthest west, No. 2, Paxton, California (p. 100). 

An increase in the flattening of the spheroid without change of equatorial radius and with- 
out any change in the initisl latitude, longitude, or azimuth, is evidently expressed by a corre- 
sponding flattening of the wire cage. But in this case, the conoeption of the wire cage will help 
one but little in f oming a concrete idea of the meaning of the coefficients o,, o,, and 0,. It may, 
however, aid one in recognizing the complexity of the relations which they express, for if one 
sttempte to study the nature of the change of shape of the cage corresponding to an increaae in 
the flattening i t  is soon evident that the radii of curvature of its different wires are all changed 
and the parallels of latitude are all shifted in position. Some radii of curvature sre increased, as, 
for example, of given parallels of latitude near the equator and of arcs of the meridian near the 
pole, and some radii of curvature are decreased, as, for example, of arcs of the meridian near 
the equator. 

The laws of variation of o,, o,, 08, ~ E I  determined by an inspection of their numerical values 
in the observation equations and checked by an examination of the fomulm from which these 
coefficients were computed, are here stated for comparison with the preceding paragraphs. 

The coefficient o, depends mainly upon the latitude, but also tends to have greater negative 
or smaller positive values the greater the departure in longitude from Meades Ranch in either 
direction. For the latitude station No. 232, St. Ignace, Canada (p. 97), which has the highest 
latitude of any station, o, is - 1.005, but this is slightly exceeded by o, ( - 1.032) at latitude 
station No. 164, Calais, Maine (p. 94)) the fact that this station is in a considerably lower latitude 
than No. 232, being offset by the fact that it is much farther east. The maximum positive value 
of o, ( + 1.722) occurs at  the latitude station which is farthest south, No. 135, New Orleans, 
Louisiana ( p. 96). I n  the longitude of Meades Ranch the s i p  of o, changes at the latitude of 
Meades Ranch (39O 13'), but for stations to the eastward or to the westward it changes sign at  a 
lower latitude, the extreme case being a t  the Pacific coaet, where it changes sign in latitude 38 O01'. 

The coefficients o, and o, follow nearly the same law of variation as the coefficients n, and n,, 
respectively. They have their positive maximum and negative maximum values at  the same 
stations snd change sign between the same stations as n, and %. The extreme values for o, are 
- 1.685 a t  longitude station No. 173, Calais, Maine (p. 94), and + 1.388 at longitude station 



No. 1, Point Arena, California (p. 99) ; the extreme values for o, are - 1.683 a t  azimuth station 
No. 170, Howard, M ~ i n e  (p. 95), and + 1.367 a t  azimuth station No. 2, Paxton, California(p. 100). 

THE NORMAL EQUATIONS AND VALUES OF UNKNOWNS. 

Thp normal equations formed in the usual way from the observation equations for solution 
G are as follows: 

ilhmtal eql~a,tions.-Solution. C. 

For convenience of comparison, the absolute terms of the normal equations for all five 
solutions are given here together. 

- -. A baolute '.. i - ! I- 

Solutlon B. Solutlon F,. Soluti 

terms. 
,, P. 

1 

The values of the unknowns derived from the five solutions are given below. The solutions 

gave directly the values of (&) and ( 10 OOOia), but for convenience of reference them am givso 

in these tables (a) and ( e l ) ,  the corrections to the Clarke equ'atorial radius and squam of the 
eccentricity. 

Applying the corrections (a) and (et) to the Clarke 1866 values, and converting the results 
into the more common fornls of expression, there are obtained the following values expressing 
the figure and size of the eltrth. 

Solution I3 
Solution E 
Solution 11 
Solution (; 
Solution A 

(+) 

, 
4-21.04 + . 2 5  - . 16 
- .22 
- 1 . 2 0  

Solution l? (extreme rigidity) 
Solut~on E (tlcpth of cornpenation 162.2 kilometem) 
Solut~on 1i (depth of compenmt~on 120.9 k~lometem) 
Soiutron C; (depth of compensation 113.7 kilometem) 
Solution A (depth of compcn~ation 7cro) 

L 

(4 

-16.54 - . 76  - .Ol + . 13 
+ l . H 5  

Rmlproral 
of f lattcnln~. 

268.7 
297. 7 
207. 9 
297.8 
?!be. 5 

Gqnatorlal 
rncliu~ 

Metera. 
6 383 096 
6 3 i S  128 
6 :37Y 30% 
6 378 2'<:1 
t i  377 915 

Polarseml- 
dlam~tnr. 

Meters. 
6 3 i 9  344 
6 357 006 
6 :ii6 890 
B 358 RCH 
6 3:,(i 435 

($a\ (e2) 

+6. 10 +lo. 1.000659 + . 6 3  - I. t,n t L:L - .000064 + . 2 1  + . 13 
- . 6 3  

- 5.29 
- 5.40 
- 7 . 8 2  

+ 9S + 76 
- 2 

- . OOlWli6 - . OOO()f)r~ 

-.(HKW)95 
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THE RESIDUALS. 

For the five solutions, the resitIuals corresponding to the quantities Dp and Dx in the second 
member of the observation equations, as indicated on page 74, are given in the following tables. 
These residuals are the portions of the deflections of the vertical which remain unexplained after 
each solution. The comparison of the residuals from different solutions furnishes the basis for a 
selection of the most probable solution. The residuals of the selected most probable solution 
contain the information as to the manner and extent to which the assumptions of that solution 
differ from the facts of nature. 

A plus sign on the residual at  a latitude station for a given solution indicates that the zenith 
at  that station is deflected to the northward of the position in which it would be if the assump- 
tions on which that solution is based were correct. Similarly a plus sign on the residual a t  a 
longitude station or an azimuth station for a given solution indicates that the zenith at  that 
station is deflected to the westward of the position in which it \t-ould be if the assumptions on 
which that solution is based were a correct representation of all the facts. 

ResiduuLs at lutitude stations of northeastern group. 
,'% ; 3- -L- I t . ?  -1 1 1  3 . 7  0 

I station. ( hlution B. I ~olution E. 1 So1ution n. 1 o u t i o  . I Solution A. I 
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Residuals at latitude slations of northewtern group--Continued. 

R~~ at azimuth &tion8 of northeastern group. 
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K e s i d ~ ~ n l s  at a . z i rn~fh  stations ry' northeastern. group-Continued. 

Resid?mI.~ at 7at i tde stations of southeastern group. 

SLaLior~. 

1 J2 
1 53 
1 5:) 
I48 
146 
14-3 
144 
143 
I42  
1 ()!I 

Solution 11. 

/ I  

+S. 98 
-1.59 
-3. 21; 
-3. 7(i 
-5. 4.3 
-1.52 
f2.53 
+6.9 1 
+2.32 
+1.3L 

Solutlon B. 

!I 

- .98 
- 10. 27 
-11. XT, 
-11.39 
-10. 74 
- 4. OX + 2.35 + 6. 94 + 4. 52 
+S.XO 

80 
X I  
82 
83 
84 

114 
86 
X7 
X9 
XX 
90 
01 
92 
rca 
92 
9.5 
!I3 
!)lj 
97 
!#8 

1(X) 
102 
103 
101 
I05  
106 
104 
112 
111 
110 
I(:% 
X5 
I la 
I16  
117 
120 
121 
123 
125 
126 
I22  
119 
118 
131 
124 
127 
128 
12:) 
130 
132 
134 
153 
1:{5 

Solution 1:. 

It 

+(i. 64 
- 1. 9:i 
-3. 41 
-3.94 
-5. 59 
-1.64 
+2.48 
+H.  h4 
+2. 33 
+1.50 

Solution G .  

f I  

+7.02 
-1. Y3 
-3.21 
-3.72 
-5.41 
-1.50 
+2.53 
+6.91 
f2. 31  
$1.28 

/I 

- 9.56 
- 9.67 
- 7. 37 
- Pi. 13 
- 5. 03 
+ 1 . 1 9  
+ 2 . 2 1  
- 2. GO 
+ 3. 46 
- . 97 
+ 5 . t i 2  
+ 6. OX + 1. 90 
+ 1.97 
- .15 
- .43 
- 1.42 
- 1.29 
- 2. 72 
- 1 . 9 8  
- .S9 
- .52 + .59 + 2. 19 + 6.35 + 3. :1:! 
- 2.23 + 1. 13 
- . 93 
- .(;I 
+ . w  - 7 
- 1. 11 
+ 2 . 2 ( i  
- 3. O!) 
- .:{I 
- 4.47 
- 7. 76 - 7.36 
- 7.52 
-11. 02 
-1O.XO 
- 9.71 
- 10. 05 
- 7.53 
- 8.71 
- 3.03 
- 9. 06 
-11. 66 
- 5.4% 
- 1 . 6 8  
- 2.28 - 2. 30 

b 

/ I  

+ .29 
- .16 
+I. 91 
- . fi5 
- . IiB 
+S. 01; 
$4.56 
- 1. 3 )  
$4, 6% 
+l. 52 
+ti. 01 
+5.59 
$1. 1% + . ti2 
- .70  - .96 
-1. 91 
-1.79 
-3. 2li 
-2.54 
- 1.29 
-2.06 
-l.3!) + .26 
+3. :32 
- . XS 
- 2. O*i 
- .(;:{ 

-2.22 
-2.27 
-1.75 
$2.05 
+3.93 
+X. 07 
+2. !)X 
+5. 65 
$2. c>t 
+l. 07 
+l. 40 
+l .  29 
-1.17 
+].OX 
+2. If; 
$- .77 
+2. 14 
- . 0 1  
4-5.06 
- .49  
-3, ls) 
+l. 95 
+5.14 
+4.li5 
+4. 04 

Solutlon A. 

I t  

+ 8.40 
- .51  
- 5. 38 - 3.00 - 7.58 
- 1.10 + 3.35 + 7.11 + 2.07 + 1.28 

i 

N 

+l. 48 
+2.64 
+5.96 
-1. lli 
-1.19 
+5. 53 
+4.46 
- .40 
$3.81 
+2. 90 
+5. 02 
+5.02 + .50 
- .03 
-1.64 
-1.98 
-2. 84 
-2. 17 
-3.49 
-2. 53 - .72 
-1.47 
-1.11 + .34 
$3. 15 
-2.68 
-1. 23 + .27 
-1.30 
- 1 . 0 0  
- . 7 l  
+2.66 
+3.0';! 
f8.89 
+9.34 
+3.69 + . ti7 + .71  
+2.24 
+2. 90 
- .64 
f4.21 
+5.23 
+3. X 1 
+2. 02 
f3.55 
+7. fi5 
+2.35 - . - I P> r 

+4.52 
+7.54 
+7.28 
f7.34 

N 

+ . 7 1  + .45 
+L fi3 
- . 2fi 
- . 63 
+5. ll 
+4.59 
-1.28 
+4. 71 
+I. 79 
+KO7 
$5. fi2 
+l. 23 + . 6:i 
- . 63 
- . XX 
- 1. X5 
-1. 72 
-3.20 
-2.48 
-1.24 
-1.98 
-1.34 + .26 
$3.24 
-1.01 
-1.93 
- .5(i 
-2. 14 
-2.23 
- 1.30 
4-2.67 
+3.87 
+X. 12 
+3.05 
+5. 4.5 
+2. 53 
+1. 24 
+I. t;3 
+I. 58 
- . 7:3 
+I. 74 
$2.78 
+I. 37 
+2.55 + . 5 1  
+5. 60 + . l o  
-3.15 
+2.3X 
+5. 48 
+5.07 
+4. 62 

// 

+ .79 + .58 
+2.76 
- . 19 
- . 64 
$5.13 
+4.59 
- 1. 21) 
+4.71 
+I. 84 
+ G .  09 
+5. 6 2  
+I. 22 + . rrz 
- .63 
- .X8 
-1. U:! 
-1 71 
-3.19 
-2.47 
-1.23 
-1.98 
-1.34 + .25 
+3. 23 
- 1.03 
- 1.90 
- . 59 
-2.11 
-2.20 
-1. ti8 
+a f;7 
+ ~ . x s  
+X. 14 
+3.05 
4-5. 10 
+2. 50 
+1,28 
+l. 69 
+l. fi7 
- .6S 
+l. 84 
+2. XX 
+I. 48 
+2. (i5 + .59 
+5. ti8 + . 20 
-3.05 
+2.47 
+5.58 
+5. Ili 
+4.73 
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Residuals at longitude stations of southeastern group. 

Reduals  at azimuth stations cf southeastern group. 

Residuals at lntitude stations of central p u p .  

Solutlon A .  

/ I  

$2.76 
-1.33 + .57 
-1.57 
-3. 10 
-1. 80 
-3.91 
-4.21 
-2.46 + 1.83 
.+1.22 + .77 
-1.01 
-1.78 
+3.21 
- .64  

Station. 

87 
114 
90 
9'2 
99 
100 
101 
118 
113 
119 
130 
123 
131 
132 
137 
141 

* 
Solutlon B. 

I  

- 1.70 + 8.35 
+lo. 59 + 5.46 + 1.55 + 2.37 
- .41 - .52 + 5.52 
+8.99 + 3.71 
+1.09 + .47 + .56 + 7.43 
+7.09 

Solution G. 

/ I  

+ .27 
+2.27 
+3.85 
+l. 55 
-1.91 
-1.25 
-4.06 
-4.16 
-2.00 
+2.9'2 
+.92 + .37 
-1.46 
-1. 912 
+3.53 
- .05 

Solullon E. 

/ I  

- .39 
4-2.85 
+A. 44 
+4.06 
-1.77 
-1.12 
-3.93 
-4.03 
-1.82 
+3.24 + .83 
f.15 
-1.56 
-1.93 
+3.64 
+.SO 

Solutlon 11. 

I f  

+ .17 
+2.36 
+3.96 
+l. 65 
-1.90 
-1.24 
-4.04 
-4.15 
-1.97 
+2.96 + .go + .43 
-1.34 
-1. 80 
+3.65 + .10 
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Residuah at latitude stntiom of central group-Continued. 

Solution A. I Station. 

219 
213 
212 
211 
214 
221 
216 
226 
225 
224 
222 
220 
217 
21s 
189 
191 
215 
190 
194 
192 
193 
197 
196 
210 
195 
198 
200 
199 
201 
20.2 
203 
204 
205 
206 
200 
207 
24 7 
208 
62 
63 
64 
65 
66 
67 
68 
69 
70 . 
7 1 
73 
73 
74 - - 
I J  

76 
77 
78 
79 

ResiduaL at longitude stations oj'central group. 

Bolution D. 

/ I  

- 2.81 + .63 + .42 + 1.27 
- .97 
- 4.95 
- 2.91 
- 7.26 
- 3.06 
-11.43 

' - 5.29 
- 2.77 + .40 + 6.46 + 3. 15 + 3.25 + 1.60 + 2. 19 
+ 1.33 + 2. 11 
- 1 . 0 6  
- 4.35 
- 5.68 
- 6. 27 
- 6. 75 
- 5. 99 
- 4 . 1 6  
- 4.55 
- 2.24 
- . 92 + .68 
- 2.48 
- .83 
- 2.39 
- 3.62 
- 5. 13 
- 7.03 
- 7 . 3 0  
-10.51 
- 9.31 
-10.84 
-13.56 
- 9.10 
- 8. 76 
- 7.56 
- 7.95 
- 5. 19 
- 3.60 
- 6.77 
- 6.59 
- 8.26 
- 8.67 
- 9. 16 - 8.62 
-10.54 
-10.42 

Solutlon '. 

/ / 

- .53 + 3. 24 + 3.34 + 4.40 + 2.03 
- 2.60 + .42 
- 6.41 
- 2.26 
-10.43 
- 3.05 
- .49 + 3.05 + 8.78 + 5.26 + 5.30 + 1.69 + 2.65 + 1.69 + 2.20 
- .O5 
- 2.68 
- 4.01 
- 4.46 
- 4. S i  
- 3. 72 
- 2 . 0 6  
- 4.53 
- .05 + I. 57 + 3. 18 + .94 + 4.17 + 3.91 + 2.26 + 1.87 + 1.47 
+ 1 . 3 0  
- 3 
- .14 
- 1 . 6 9  
- 4 . 6 2  
- .37 
- . 15 + 2.48 + 1.84 + 4. 37 + 5.83 + 2.72 + 2.94 + 1.54 + 1.08 + .23 + .82 
- .91  
- .45 

I 

Solution H. 

/I 

- .86 + 2.95 + 3.12 + 4.27 + 1.94 
- 2.65 + .65 
- 6.43 
- 2.30 
-10.46 
- 2.91 
- .33 + 3.24 + 8.98 + 5.36 + 5.40 + 1.46 + 2.49 + 1.49 + 2.05 
- . '" -- 
- 2.77 
- 4.23 
- 4. 65 
- 5. 0.5 
- 3. 92 
- 2 . r 3  
- 2.70 
- . 20 + 1.43 + 3.04 + .85 + 4. 19 + 4. 14 + 2.4; + 2.06 + 1.73 
+ 1 . 5 5  
$ , I 0  + . 3 1  
- 1 . 2 4  
- 4 . 2 0  + . O 1  + .21 + 3.00 + 2.31 + 4. 73 
f 6.13 + 3.00 + 3. 22 + 1.87 + 1.41 + .52 + 1.06 
- .62 
- .09 
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Residd8 at ~ ~ u d e  & t h  of central group-Continued. 

ResicEd at azimuth s t a h  of central group. 

Resuiwb at htitude stations qj'we8tern ~T(MLV. 

Solutlon A. 

I /  

- 6.07 
-8.12 
- 1.81 + .66 
- .72 
-3.94 
- .04 

Solution G. 

/ I  

-1.54 
-5.12 
- .99 
+l.  97 - .70  
-4.22 
- .28  

Solutlon H. 

/ I  

-1.23 
-4.92 
- .88 
+2.01 
- .68  
-4.20 - . 3 1  

Solution E. 

/I 

+ .55 
-3.74 - .27 
4-2.35 
- .62  
-4.21 
- .52 

Rtatlon. 

64 
66 
69 
74 
77 
79 
83 

Solution B. 

/ I  

+36.98 
+24.18 
+18.88 
+11.64 + 4.03 
- .60 
- 1 . 3 8  
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Residuals at latitude slations of westem group-Continued. 

Station. 

19 
21 
16 
13 
12 
10 
11 
9 
4 
3 
7 
1 
2 

252 
251 
249 
5 
6 
8 
14 
15 
17 
18 
20 
24 
23 
25 
27 
22 
26 
28 
29 
30 
31 
32 
33 
37 
48 
35 
34 
39 
42 
44 
40 
41 
43 
38 . 
46 
36 
45 
47 
49 
60 
51 
52 
53 
54 
55 
56 
57 
68 
59 
60 
61 

Solutlon l3. 

/ I  

+ 7.89 + 3.85 + 2.97 + 5.38 + 9.24 
+9.84 + 9.60 
+8.73 + 5.44 + 7.86 + 7.88 
+13.37 + 8.78 + 4.29 + .26 
- 1.17 
+9.90 + 8.24 + 6.43 + 7.82 + 4.65 + 3. 27 + 2.31 + 4.51 + 6.18 + 3.84 - .08 
- 4.61 - .57 
- 4.43 
- 9.86 
- 4.00 
-12.42 
-23.74 
- 6.37 
+1.18 
- 9.03 
- 0.60 
-12.33 
-13.05 
-13.10 
-12.99 
-11.51 
-14.28 
-12.03 
-15.46 
-15.00 
-15.03 
-13.52 
-14.87 
-7.69 
-10.02 
- 8.44 
- 7.88 - 8.83 
-11.43 
-18.07 
-11.90 
-20.79 
-12.42 
-13.39 
-11.74 
-13.88 
-10.84 

Solutlon E. 

/ I  

- 1.09 - 5.87 - 4.80 
- 3.69 + .15 + .72 + .45 
-1.56 
- 3.96 - 2.12 - 2.16 + 2.42 - -55 + 1.06 - 2.21 
- 1.35 
+1.62 - .77 - 1.99 
f -37 - 2.84 
- 3.56 
- 4.43 - 2.16 + 1.19 + .15 - 1.55 
- 4.41 - 2.06 
- 3.27 - 5.24 - 3.26 - 5.07 
-16.47 
- 8.72 
+ . 0 4  
- 4.06 
- .55 
-3.80 - 2.41 
- 2.14 - 2.15 
- .66 
- 3.80 
- 1.37 
- 5.17 
- 4.69 - 5.51 - 4.78 - 5.88 
+ . 0 5  - 3.69 - 2.11 + 1.55 + .33 - .83 
-8.32 - 1.56 - 8.16 - 2.48 - 2.27 
- .71 - 2.19 - -74 

Solutlon 13. 

/ I  

- 1.35 
- 3.84 
- 4.91 - 4.16 
- .34 + .22 - .04 
-2.10 - 4.69 - 2.91 
- 2.98 + 1.25 
- 1.29 + 1.18 - 2.05 - 1.26 
+1.00 
-1.45 - 2.52 + .04 - 3.13 - 3.81 
- 4.62 
- 2.60 + .99 + .17 - 1.13 - 3.92 - 1.84 - 2.66 
- 4.49 
- 2.97 - 4.14 
-15.61 - 9.01 
- . l o  - 3.35 + .01 
-3.13 
- 1.99 
- 1.86 
- 1.76 
- .26 
- 3.35 - .86 - 4.71 
- 4.06 - 4.94 
- 3.99 
- 5.13 
+ . 4 5  
- 3.83 - 2.15 + 2.47 + .39 
- .20 
-7.42 - 1.08 - 7..42 - 2.21 - 1.91 
- .45 - 1.81 - .56 

Solutlon G. 

/ I  

- 1.39 
- 3.80 
- 4.91 
- 4.21 
- .40 + .16 - .10 
-2.17 - 4.82 
- 3.06 
- 3.15 + .99 - 1.44 + 1.22 
- 2.04 - 1. 22 + .88 
-1.61 - 2.63 - .02 
- 3.17 
- 3.86 - 4.63 - 2.67 + .95 + .15 
- 1.05 - 3.80 - 1.80 - 2.50 
- 4.37 
- 2.93 - 3.95 
-15.45 - 9.08 - .13 
- 3.22 + .12 
-2.98 
- 1.91 - 1.84 
- 1.72 
- .22 
- 3.28 - .77 - 4.61 - 3.95 - 4.82 
- 3.83 - 4.94 
+ . 5 3  
- 3.88 
- 2.20 + 2.62 + .36 - .09 
-7.22 
- 1.00 - 7.28 
- 2.19 
- 1.87 - .43 - 1.77 
- .55 

Solutlon A. 

I /  

- 1.91 + 1.04 
- 1.82 
- 3. 70 + .50 
$1.08 + .92 
-4.66 
- 6.52 
- 5.58 
- 6.48 
- 4.60 - 3.81 
- .72 + .05 
- 1.32 - .20 
-5.79 - 5.02 - -70 
- 6.15 - 3.72 - 4.11 
- 3.47 + .45 
- .29 + 6.37 - 1.34 + .80 + 1.83 + .40 - 2.19 - .23 
-10.40 - 9.60 - 1.31 + .17 
+lo. 20 - .82 - 6.57 - 3.33 - 1.69 + -96 
- 1.31 + .27 - 6.46 
- 1.07 - 3.57 + .07 
- 2.88 - .94 
-11.03 - 4.12 
+lo. 87 - 5.12 + 6.15 - .09 - .51 - 1-89 - 2.74 + 2.91 
-1.33 - 4.01 
-1.62 
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Residuals at longitude stations of western group. 

Resid.uals at azimuth. statio~r R of western group. 

60lutlon A. 

/ I  

+ 9.40 + 7.96 + 2.66 + 2.74 + 6.36 + .23 + .69 + 1.70 
+12.95 
+ . I 5  
+ . 3 7  
+1.90 + .08 
-22.35 - 7.14 
-9.82 - 7.81 + 8.12 + 1.95 
+10.09 
4-12.27 + 5.52 - 4.75 - 2.08 + .77 
-20.86 

Solutlon C .  

/ I  

+2.49 
+l. 26 
+2.07 
+1.90 + .04 
- .06 + .ll 
+l. 01 
+1.45 
-.69 
+.33 
+.59 
-2.63 
-6.07 
+l. 07 
+1.59 
-2.23 
+8.95 + .49 
+l. 98 
+l. 09 
+5.86 
-1.54 
+1.41 
+l. 74 

' -4.89 

Btatlon. 

246 
216 
243 
217 

-9 
8 
7 
6 
1 
3 
16 
10 
20 
23 
24 
25 
22 
33 
31 
41 
44 
36 
50 
53 
55 
61 

Solutlon B. 

I /  

- 7.15 
- 8.37 
- 3. 64 
- 3.87 
-13.16 
-13.92 
-13.96 
-13.03 
-18.75 
-13.66 
-10.85 
-11.38 
-10.08 
-%I. 10 - 1.93 + .37 
- 5.41 
+l.3.;7 
+lo. 42 
+11.56 + 9.72 
+17.5i 
+14.46 
+16.86 
+21.60 
+37.14 

Solutlon R. 

// 

+l. 42 + .19 
+2.00 
+l. 83 
- .59 
- .90 
- .79 + .12 
-1.12 
-1.53 

.00 
+.05 
-2.71 
-5.60 
+I. 91 
+2.65 
-1.67 
+9.96 
+I.  66 
+2.67 + .54 
+6. 68 
-.41 
+l. 70 
+ 2 . 3  
-1.98 

Solutlon lr.  

I /  

+2.29 
+l. 06 
$2.06 
+l. 89 
- .04 
- .18 
- .O1 + .88 
+l. 00 - .80 + .30 + .51 
-2.61 
-5.96 
+l. 24 
$1.78 
-2.13 
+9. 13 + .69 
+l. 88 + .96 
+6.00 
-1.36 
+l. 46 
+l. 82 
-4.31 
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Iies.iduals at azimuth stations oj'westcrn group-Continuetl. 

REASONS FOR ADOITION OF SOLUTION G. 

The sums of the squares of the resicluals of the different solutions were as foll~ws: 

Solution A. 

N 

-1 .13 
-7 .02  - 1.69 - 9.75 
-7.07 
- 2.78 - 5.36 - 6.87 - 3.60 - 4.39 
- 7.64 
-12.73 + 5.94 + 2.68 
+14.48 + 7.77 
- 2.39 + 2.21 + 8.14 - 1.92 - 5.47 
- .01 + 4.06 
- 5.89 
- 3.68 
- 2.96 
+ .90 + 3.54 
- 9.48 
-20.04 
-14.62 
-11. 49 

- 

Solution I3 (extreme rigidity).. ................ , ......................................................... 65 434 
....................................................... Sol~~t ion  E (depth of cornpeneation 162.2 kilometers) 8 220 

Solution H (depth of compensation 130.9 kilometers) ..................................................... 8 020 
Solution G (depth of compenmtion 113.7 kilometers) ....................................................... 8 013 
Solution A (depth of cornpeneation zero) ...............................................................-.. 13 9'22 

Solution G .  

I /  

-5 .80  
-8 .48  
- 2.18 
-11.67 
-10.51 + .80 
- 1.97 
- 4.11 
- .56 + 2.31 + 2.54 
- 6.64 
- .94 
- 5.33 
- 1.34 
- 2.15 - 3 11 + 3.75 + 2.86 + .89 
- .80 + .95 + 2.03 
- 2.79 + .41 
- 3.03 + 3.41 
- .47 + 4.31 
- 1.78 
- 4.37 
- 5. 23 

Solution G, having the smallest sum of the squares of residuals, is probably the closest 
approximation to the truth. 

Solution B is evidently far from the truth. The sum of the squares of the residuals is 
more than eight times as large as for solution G. This comparison constitutes a very strong 
proof that the assumption of an isostatic compensation which is complete and uniformly dis- 
tributed within the depth 113.7 kilometers is a very much closer approximation to the truth 
than the assumption of extreme rigidity. 

The very wide departure of the equatorial radius, flattening, and polar semidiameter, aa 
derived from solution B (see page 105), from all previous derived values is in itself a strong 
indication that the assumption of extreme rigidity is far from the truth. In  fact, observations 

I 

Station. 

26 
19 
21 
18 
27 
28 
23 
33 
34 
35 
32 
38 
42 
40 
43 
45 
39 
37 
46 
47 
48 
49 
51 
32 
54 
57 
56 
58 
59 
60 
62 
63 

1 of gravity show positively that the value of the flattening given by solution B, - can 
268.7' 

Solution E. 

/ I  

- 6 . 1 5  
- 9 . 3 4  
- 2.22 
-12.23 
-10.18 + 1.78 
- 8 
- 2.82 + .78 + 4.41 + 4.79 - 5.99 
- 1.21 
- 5.70 - 1.93 
- 2.65 
- 2 95 + 4.66 + 2.96 + 2.00 + 1.09 + 1.18 + 2.12 
- 2.04 + .81 
- 2.66 + 4.30 - .20 + 6.66 + 1.82 
- 1.14 
- 2. 75 

Solution Y. 

f  f  

-1.5.09 
-21.30 
-13.94 
-21.66 
-10.60 + 5.24 + 5.15 + 6.57 
+lo. 20 
+19.66 
+21.36 + 7.10 + 9.73 + 5.01 + 8.15 + 7.73 + 8.79 
+18.06 
+14.58 
+16.87 
+17.83 
+18.47 
+IS. 88 
+lo. 44 
+1X. 88 
+lo. 02 
+30.06 
+23.21 
+39.91 
+43.84 
+42.06 
+39. 36 

not exist. 
.Solution A is also evidently a considerably wider departure from the truth than solution G. 

The introduction of the assumption of complete isostatic compensation uniformly distributed 
+thin the depth 113.7 kilometers in the place of the assumption that no relation exists between 
d~flections of the vertical and topography, has reduced the sum of the squares of the residuals 
from 13 922 to 8 013. In other words, the introduction of the assumption of isostasy in a 

Bolution H. 

I /  

-5 .85 
-8 .62  
- 2.16 
-11.76 
-10.47 + .93 
- 1.79 
- 3.90 
- .35 + 2.66 + 2.93 - 6.54 - 1.01 
- 5.41 
- 1.49 
- 26 - 11 + . !lO + 2.85 + 1.06 
- .46 + 1.16 + 2.03 
- 2.68 + .47 
- 3.01 + 3. .51 - .49 + 4.71 - 1.19 
- 3.85 
- 4.85 
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These comparisons confirm the statements already made, bascd on the sums of the squares 
of the resitluals. 

The results of the five solutions make it clear that if the assumetl depth of compensation 
is made to vary from infinity to zero the sum of the squares of the residuals tlexreases from 
65 434 for the assumed depth infinity to a minimum value of about 8 010 for some assumed 
tlepth not differing greatly from 114 kilometers, and then increases again to 13 922 as the 
assumed tlrpth is decreased to zero. 

The depth for which the sum of the squares of the residuals would be a minimum is the 
ideal most probable depth of compensation. 

To ascertain this ideal most probable depth with great accuracy is not important, for two 
reasons: (n) I t  is evident from a comparison of the sums of the squares of the residuals for 
solutions E, 11, ant1 G that the ideal minimum sum, when ascertained, would be found to be 
very little less than 8 013, the sum corresponding to solution G, and that therefore the corre- 
sponding solution would be a very slight improvement on solution G. (b) I t  is evident from 
a comparison of the values of the equatorial radius, flattening, and polar semidiameter, as 
derived from solutions G and H, that a change in the depth of compensation adopted as most 
probable introduces but little change into the corresponding most probable values for the 
equatorial radius, flattening, and polar semidiamoter. 

From the residuals of solutions E, H, and G, the conclusion was reached that the most 
probable depth of compensation is 112.9 kilometers, which agrees so closely with the depth 
used in solution G, 113.7 kilometers, that it is not certain that solution G can be improved 
upon. The approximate process by which the value 112.9 was derived is easy of application. 
But the explanation of it is so long that it is deemed best not to insert it here because of the 
break in the continuity which would result. It is given later in this publication with the dis- 
cussion of various subsidiary questions. 

definite and reasonable form has eliminated 42 per cent from the sum of the squares of  the 
resitluals. 

Solution G is apparently a closer approximation to the truth than solution E. 
Solution G is apparently slightly nearer the truth than solution II, but there is little basis 

here shown for a choice between these two. 
The following table shows other means of comparison among tho five s_olutions: 

L- 

ADOPTED VALUES. 

Maximum residual 
Percentage of residuals eater than 5".00 
Perc.entagc of residuals Kea than 2/'.00 
Mean residual, without regard to sign 

For these reasons solution G is atloptetl as t,he most probable solution. This fixes upon 
the following values as the most probable which can be derived at present from observtitioni iu 
the United States: 

O f  N /I 

............................................................. Latitude of Meaden Ranch.. 9 13 26.47 k0.17 
.............................................................. Longitude of Meaderr Ranch 98 S:! 30.64 k0.40 

Azimuth of line Meades Ranch to Waldo, to be used in computations extending eastward from 
......................................................................... Meadea Ranch 75 2s 14. K, &o. 32 

Azimuth of line Meadea Ranch to Waldo, to be used in computtiona extending westward from 
.......................................................................... Meadw Ranch 75 2s 09. I:! *o. .XI 

Equatorial radius of tho earth, metera, 6 378 283+34. 
Reciprocal of flattening, 297.8&0.9. 
Polar semidiameter, metere, 6 356 868. 

Solution n. 

+43.84 
66 
15 
8. 86 

Solution E. 

-16.47 
18 
4 1 
3. 06 

Bolutlon IT. 

+15.74 
18 
43 
3. 04 

Solution ( i .  

+ 15.94 
18 
45 
3. 04 

Solution A. 

-22.35 
29 
36 

3. 92 
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The probable errors were computetl in the usual way. They are somewhat too small, as 
tlicy are based upon the assurnption that the residuals are all accidental in character and 
intlcpenctcnt of each other. I t  is evident from an examination of the residuals of solution G,  
~ L S  shown on pages 106-114, that there is a sufficient tendency to geographic grouping of resitluals 
of  like sign to indicate that the rcsicluais are not entirely independent of each other. I t  is 
extremely difficult to estimate the amount by which the computetl probable errom shoultl be 
increased to represent the real uncertainties in the values. I t  is believed, however, that the 
real probable errors u e  not very much larger than those shown above. 

The United States Standard Datum is evidently a very near approach to the ideal. The 
clorived correction to the initial latitude (4) is but little greater than its own probable error, 
and the derived corrections to the initial longitutlc (I) and to the initial azimuth for compu- 
tations extending eastward ( n ~ )  are much smaller than their wspective probable errors. The 
sign of each of these three required corrections is therefore still in doubt. 

For the correction ( rrw) to the initial azimuth for computations cxtencling westward, the 
relatively large value - 5".40 is in accordance with the preliminary invcstigation made, which 
indicated an accumulated error in geodetic azimuth in the transcontinental triangulation 
somewhere between Illinois and Colorado. As stated on page 101, the prelirninaly investiga- 
tion indicated this accumulated error to be about 5". Solution G makes it 5".53, (crw)--(a,). 

ERRORS DUE TO ALL CAUSES. 

Thus far this publication has consisted, in the main, of a statement of the data used and 
of the methods of investigation alld computation, accompanied by barely sufficient illustrakion 
and expIanation to enable the reader to understand what was done and, in a general way only, 
to understand why it was done. In  the pages which follow will be found a systematic discus- 
sion of the accuracy of the data used and of the accuracy of the various parts of the computation. 
In  connection with this discussion the reasons for various features of the methods of computa- 
tion will appear. This separation of the bare statement of what was (lone, on the one hand, 
from the discussion of accuracy ant1 of ressons for methods, on the other hand, has two advan- 
tages. I t  enables the writer to secure greater continuity in the statement of what was done, 
with consequent gain in clearness; it also enables him to make the discussions of accuracy 
and of reasons for methocls, more concrete than would otherwise be possible, as by virtue of 
the separation they are, in form, discussions of matters already presented, of something concrete 
already done, rather than of something abstract to be done. 

Because the methods of this investigtltion are unusual, it is especidly important to consider 
ct~refully the a.ccurtlcy of each step of the process and to indicate the reasons for decisions as 
to methods. Mo~eover, ps a definite and sustained effort has been made to keep the economics 
of the sroblem in view and to simplify and shorten each step of the process as much I L . ~  possible 
without appreciable loss of ultimate accuracy, it is especially important, on the one hand, to 
ascertain whether this has been carried too far and, on the other hand, to ascertain whether it 
is advisablc in any future investigation to simplify and shorten still more. 

The combined errors due to all causes are represented by the residuals in the observation 
equations. The residuals of the adopted solution-G-will be taken as  the basis of the 
following discussion. As the residuals in this solution are smaller on an average than in 
any of the other four solutions, it sets a higher standard and furnishes a more severe test of 
the methods than any of the other solutions. 

As already stated (p. 115), in solution G the mean residual without regard to sign is 
3".04, 83 per cent of the residuals are less than 2".00, 18 per cent are greater than 5".00, and 
the maximum residual is f 15/'.94. 

For the residuals of solution G, considered in three separate classes, the principal statistics 
are as follows: 

Mean wlthout re 
gard to sign. Xaximum. 

For residuals - - - - - - - - - - - - - - - - - - - - - - - 2".76 - 15".45 
For A residuals - - - - - - - - - . - - - . - - - - - - - - - 2 .34 + 8 .95 
For reiduals - - . - - - - - . - - - - - . - - - - - - - - - - - 3 .85 + 15 .94 



EFFECTS OF ERRORS I N  ASTRONOMIC OBSERVATIONS. 

A summary of the latitude observations for each of 109 of the latitude stations involvetl 
in this investigation has been published.* These may fairly be taken as representative of the 
265 latitude stations involved in this investigation, at 261 of which the observations were 
made with zenith telescopes. At the 4 remaining stations the observations were made with 
Airy's zenith sector. Of these 109 latitudes there are only 29 for which the probable error of 
the derived latitude is as great as f 0".10, the largest probable error is f On.66,t and the nverage 
probable error is f 0".09. The average error of observation of an astronomic latitude uritllo~rt 
w a r d  to sign is probably O".ll,$ or one twenty-fifth of the average residual without regnr~l 
to sign for latitude stations in solution G, namely, 2O.76. I t  is reasonably certai:) thrtt thc error 
of no astronomic latitude among these 109 is greater than 2".31,$ which is but little more thnn 
one-seventh of the maximum latitude residual in solution G. These statements include the 
errors due to inaccuracies in the declinations of the stars observed. 

There are many astronomic latitudes used in this investigation to which no correction has 
b n  applied for variation of the pole. Out of 109 such corrections in the list above referred 
to, 60 are less than 0".10, and the maximum is +Ot'.27. IIence the fact that such corrections 
have bee11 omitted at many stations is of little significance in the present investigation. The 
omitted corrections constitute errors of the accidental class, which have evidently contributed 
but a small percentage of the mean residual, 2".76. 

The astronomic longitude of Fort Gratiot, Michigan, No. 232, wt~s cleterminetl by trans- 
portation of chronometers between that point and Detroit, Michigan. All of the other. astnj- 
nomic longitudes, including Detroit, were determined by the telegraphic method. Many of 
the longitude stations are in the longitude net of the United States, and thc remainder are 
each connected with one gr more stations of the net. The probable error of the average longi- 
tude determination in the telegraphic net is '&0".024= f Ot'.36.(( This probable error is 
derived from the adjustment, and includes the systematic error peculiar to each station and 
not exhibited in the probable errors computed front the cliscrepnncies between tleterminations of 
the same longitude difference on various nights. Far many of thc longitude tleterminations 
concernecl in this investigation but not included in the telegmphic net,summarics of the results, 
showing their accuracy, have been published.8 Any error of the astronomic longitutles which 
is common to all the stations does not affect the accuracy of the results obtained from the 
present investigation, since this investigation is concerned simply with differences of longitude 
between points connected by continuous triangulation. The mean error maclc in transferring 
the longitude from Greenwich across the Atlantic, therefore, lias no effect on this investigation. 

On account of the complicated manner in which the various longitucle determinl~tions are 
interrelated in the longitude net and with other tleterminations connected with it, to determine 
the probable error of each derived longitude accurately woultl require too great an expencliture 
of time to be warranted by the value of the result. Accordingly, nn approximate computation 
of the  roba able errors of the differences of longituclc between Kansas City, a point in the central 

*See The ~ran8coniinental Triangulation, Special Publication No. 4, Coast and Geodetic Survey, pp 626-7.37. 
Others of the astronomic latitude8 used in this investigation are also published in a similar manner in The Eatcrn 
Oblique Arc, Special Publication No. 7, Coast and Geodetic Survey, pp. 253-316. 

t This large probable error occurred at latitude station No. 13, Washington Square, San Franciwo. There is no 
other probable error among the 109 greater than &Wt.23. 

$According to the theory of errors of observation the average error without regard to sign is 1.2 times the probat,le 
error. Thue, if the probable error is +Wt.08, the average error without regard to sign is ON.ll 

8 In this and in various other parts of thie invecrtigstion, it is wumed to be reasonably certain that the error docs 
not in any case exceed 3.5 timee the maximum probable error of any observation. According to the theory of error-, un 
emor m great as 3.5 timea the probable error should occur on an average once in 55 times. In the above rasR it isstatc,d 

~ ~ ~ ~ n s b l y  certain that the maximum error is not greater than Y.31, which ia 3.5 time3 the maximum probable error, 
*/.as. 

11 See p. 255 of The Telegraphic Longitude Net of the United Statee and i b  Connection with that of Europe, I,y 
C. A. Schott, Appendix 2, C w t  asd Geodetic Survey Report for 1807. 

ISee the Transcontinental Ttiangulation, pp. 807-826, and The Emtern Oblique Arc, pp. 317-326. 
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portion of the longitude net, and each of ten stations selected at random out of the 79 concerned 
in this investigation, has been made. For these ten stations the probable error varied from 
f W.O1O to f P.124, with a mean of f W.036. Hence the average error, without regard to 
sign of the longitudes as referred to Kansas City, is probably about 08.043. Reducing this to arc 
and multiplying by cos4' for latitude 39", this being the mean latitude of the longitude sta- 
tions, there is obtained for the average error in the apparent prime vertical deflection at longitude 
stations 0".50, which is slightly more than one-fifth of the average residual without regard to 
sign for longitude stations in solution G. I t  is reasonably certain that the maximum error of 
any observed astronomic longitude is not greater than W.43, which corresponds to a maximum 
error in the apparent prime vertical deflection of 5".0, which is somewhat more than one-half 
of the maximum residual for longitude stations in solution G, namely, +6".95. 

For 73 of the 163 azimuth stations involved in this investigation, a summary for each 
station has been published.* These may fairly be taken asarepresentative of the whole 163 
stations. Of the 73 there are only 12 for which the probable error of the result is greater 
than f 0".30, the largest probsble error is f 0".79, and the average probable error is f Of'.23. 
The observations were all made upon stars with a variety of theodolites, some repeating theod- 
olites and some direction theodolites. The average error of the observect astronomic azimuth, 
without regard to sign, is probably about Ot'.28. This, reduced to a prime vertical compo- 
nent of the deflection of the vertical, by multiplying by 1.28, the factor cot +' for the assumed 
mean latitude, 3g0, is 0".34, or less than one-eleventh of the average residual without regard 
to sign for azimuth stations in solution G, namely, 3".85. I t  is reasonably certain that the 
error of no observed astronomic azimuth among these 73 is greater than 2".77, corresponding 
to a prime vertical deflection of 3".48 at that station; which is less than one-f6urth of the 
maximum azimuth residual in solution G, namely, + 15".94. 

From the preceding three paragraphs it appears that but a small portion, certainly less 
than one-tenth part on an average, of the residuals of the latitude and azimuth observation 
equations in solution G is due to errors in the astronomic detenninationq. The errors in the 
observed astronomic longitudes are relatively larger-probably furnishing about one-fifth part 
of the residuals of the longitude observation equations in solution G. Even in connection with 
the residuals of the longitude equations it is evident that the errors of the astronomic observa- 
tions have but a minor, though not an insignificant, part. 

The portion of the residuals produced by errors of the obaemed astronomic latitudes should 
have no relation to the geographic distribution of the stations. 

On the other hand, there should be a slight tendency for residuals produced in part by 
errors in the obsewed astronomic longitudes to be greater for extreme eastern or ext;reme 
western stations than for stations in the middle part of the country. Also, there should be a 
slight tendency for the efiects of errors in the astronomic longitudes to be greater in the south- 
ern part of the country than in the northern part, on account of the variation of the factor coa 4' 
from .866 for the extreme southern station (No. 141) to 385 for the extreme northern station 
(No. 213). 

The errors in the observed astronomic azimuths have no relation to geographic distribu- 
tion, but their effects in producing residuals should tend to be considerably greater for ~outhern 
than for northern stations on account of the variation of the factor cot 4' from 1.72 a t  the 
extreme southern station (No. 136) to .91 a t  the extreme northern atation (No. 205). 

No such laws of distribution are observable in the residuals. 

EFFECTS OF ERRORS IN DIBTANCEB. 

The errors in the computetl lengths of the lines joining triangulation stations depend upon 
the errors in the angle measurements and the errors in the measurements of base lines. The 
errors in length due to the second cause are much smaller than those due to the first. 

*See The Transcontinental Triangulation, pp. 743-801. Similar summaries for 66 astronomic stations also involved 
in this investigation are published in The Eastern Oblique Arc, pp. 328-366, 375-376. 



To make a careful estimate in detail of the effect of the errors in length upon the present 
investigation would be a complicated, difficult, and tedious matter. The present purpose will 
be served by a brief consi(1eration of the more important principlcbs and facts concerned, from 
which it will appear that errors in length, that is, in the cornputed tlistances between triangula- 
tion stations, contribute a minor part only to the errors of the final results of this investigation. 

The laws of accumulation of error in triangulation are .sucli that the error of distance, 
expressed in meters, between any two triangulation stations tends to be proportional to the 
square root of the distance between the stations. The error in distance, when expressed as a 
proportional part of the distance. therefore, tentlv to vary inversely as the square root of the 
distance. 

The transcontinentnl triangulation may be taken as typical of all the triangulation 
involved in this investigation. The probable errors of length in the various parts of this 
triangulation have been computetl antl published.* The largest probable error in length, whrn 
expressed as a proportional part, occurs htbtwecn the linc 1Iartlr.y-Kent, in Maryland, and tlie 
line joining Cape May antl Cape IIrnlopen light-llouscs, at the eastern end of thca triangulation. 
The probable error of length of this section of the triangulation is f 1.1 meters on 56 kilometers, 
or one part in 50 000. This probable error corresponds to a probable error of the diffcrcance of 
longitude between the two ends of the section of only f1'.05. In such a section of triangula- 
tion, lying along a meridian, the probable error of thc difference of latitude of the two ends 
produced by such an error in length would be only f ".04. 

Of the 11 sections into which the transcontinental triangulation is divided by bases, there 
are only two in which the probable error of length exceeds one part in 100 000. 

Combining the probable errors of the various sections of the transcontintlntal triangula- 
tion as published, by taking the square root of the sum of their squares, it becomcs cbvident that 
the probable error of the distance from the initial station llleades Ranch to either the eastern 
or the western end of the triangulation is only f 6 meters, corresponding to a probablc error 
in the difference of longitude of ft'.25, or to a probable error of a difference of  latitude of f "20 
in a similar triangulation lying along a meridian. I t  must be kept in mind, also, that the effect 
on differences of longitude is somewhat reduced in itis effect on apparent deflections of the 
vertical by multiplication by the factor cos +'. 

A comparison of these small possible effects of errors of length upon the apparent tleflec- 
tions of the vertical at  latitude and longitude stations with the average residual of more than 2" 
(see p. 116) which has been found in this investigation, shows that the errors of lcngth have but 
a small part in producing those residuals. The average residual woultl be ~ d u c e t l  by less than 
one-tenth part if absollitely exact lengths were substituted for the best lengths now available. 

The effects upon the apparent deflections of the vertical of errom in the computed geodetic 
azimuths as produced by errors of length are of the same magnitude as the similar effects 
protlucecl through the computed geodetic longitudes. 

The dimensions of the earth derived from this investigation, the equatorial radius and the 
polar semidiameter, are necessarily in error by the same proportional part as the average 
distance be tween the astronomic stations involvetl in this investigation. By the methods 
indicated above, it is found that the probable error of the total length of the tr*anst.ontinr~~tal 
triangulation is only f 8 meters, or one part in 500 000. The writer estimates from this antl 
other considerations that the probable error of the average distance involvcvl in this investiga- 
tion is about one part in 500 000. From this cause, then, the computetl quatorial rad~us 
may have a probable error of this proportional part, or f 12 meters. The. computed probable 
error of the equatorial radius, derived from this investigation, is f34 meters (see p. 115), indicat- 
ing that errors due to other causes are much larger than those arising from errors in the com- 
puted lengths. 

There may be constant errors as great as one part in 500 000 in the measurement of each 
of several of the bases concerned in this triangulation. But as the various bases were mcas- 
ured under a variety of conditions with sets of base apparatus varying widely in design, the 

*See The Tranecontinental Triangulation, pp. 368, 395, 417, 4.74, 451, 490, 514, 551, 567, 592, antl 611. 
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errors which were constant for each base were probably different in sign, as well as magnitude, 
for tlifferent bases. These errors  re therefqre in the accidental class in so far as this investi- 
gation, as a whole, is concernetl. 

EFFECTS OF ERRORS IN GEODETIC AZIMUTHS. 

The errors in the computetl geodetic azimuths used in this investigation are due mainly 
to the errors in the angle measurements, as errors in the angles used in the computation enter 
with full value into the computetl azimuth. As already indicated, the effects of errors of 
length upon the computetl geotletic azimuths are very small. 

The errors in the geotletic azimuths affect directly the absolute terms in the azimuth 
observation equations and the corresponding resi<luals. Through these equations the final 
resulks of the investigation are affected. 

The errors in the geodetic azimuths also necessarily affect the computed geodetic latitudes 
and geodetic longitudes; but the effects upon the latitude and longitude observation equations 
are very small in comparison with the effects upon the azimuth observation equations. 

The accuracy of the angle measurements has been determined from the adjustment of the 
triangulation. The probable errors of the computed geodetic azimuths may be computed. 
Let d be the probable error of an observetl direction in any section of triangulation. This 
has been computed from the results of the adjustment of various sections of triangulation* 
involved in this triangulation by the formula 

in which each v is the correction to an observed direction as derived from the adjustment, and c is 
the number of rigid conditions satisfied by the adjustment. 

The probable error of an adjusted direction which will be celled d, is necessarily less than 
the probable error of an observed direction. The relation between the two is given by the 
formula 

n -c  d 2 = d2(--ii-) 

in which n is the number of observed directions in the section of triangulation considered. 
Or, exhessed in general terms in words, the average value of the ratio of the weight of the 
observed value of a quantity to that of its adjustetl value equals tho ratio of the number of 
independent unknowns to the number of observed quantities.t 

The geodetic azimuth may be computed through a chain of adjusted triangulation by 
using any series of lines between terminal points of the section, each selected line being one over 
which observations were made in both directions. The same computed azimuth will be secured, 
whatever series of lines is selected, the triangulation having been completely adjusted. The 
accuracy with which the azimuth is carried through the triangulation will depend, therefore, 
upon the least number of lines that can be arbitrarily selected which will connect the terminal 
points of the section and over which observations have been made in both directions. Let 
1 be this minimum number of lines. Then the number of adjustetl directions involved in carry- 
ing the computed geodetic azimuth through the section is 21, and the error introduced into the 
computed geodetic azimuth is 

d 
or its square is 

n-c 
,a(,), 1 

*See The Transcontinental Triangulation, p. 613; The Eaetern Oblique Arc, p. 236; and Triangulation in 
California, Part I, Appendix 9, of the Report of the Coast and Geodetic Survey for 1004, p. 620. 

t See the Adjustment of Obeervatiom, by T. W. Wright, second edition, p. 143. 
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This formula has been applied to successive adjusted sections of nearly all of the triangulation 
involvctl in this investigation.* If the geodetic azimuth be considered as absolutely fixed a t  
bleades Ranch, the initial point used in this investigation, the computetl probable error of the 
geodetic azimuth is *2".9 a t  San Diego, California, f3".4 a t  the point in Virginia a t  which the 
emtern oblique arc triangulation to  the southward leaves the transcontinental triangulation, 
f 2".0 at  Cape biay, f 4".1 a t  Calais, Maine, and f 5".0 at  Sew Orleans, Louisiana. 

These are so large as to indicate that the major portion of the resicluals from the azimuth 
obsen-ation equations may be due to the errors in thc geotletic azimuths resulting from the 
errors of measurement of thc hor.izonta1 angles in the triangulation, thc average valtlue of such 
residuals without regard to sign being only 3".8.?. (See,p. 116.) 

But clepentlcnc~c need not ht? placed on these computctl probable errors alone to determine 
the accuracy of the gcotlctic azimuths. Other strong evitlence is available. Wherever both 
the astronomic longitude and the astronomic azimuth arc tleterminetl a t  the same triangulation 
station in such a triangulation as that untler consitleration, of the primary gratle of accuracy 
and of large extent, i t  is possible to determine with consitlerable accuracy thc true geocletic 
azimuth and, therefore, the accumulated error in the geodetic azimuth. For each such point 
i t  is evident that, the prime vertical component of the deflection of the vertical should be the 
same, except for errors of observation, whether derivetl from the observed astronomic longi- 
tude or from the observed astronomic azimuth. Expressetl algebraically, this is (see pp. 74,75) 

cos +I( RA - i') = - cot +'( rr, - a') 

This relation is evidently the same as that expressed by the well-known Laplace equation 
(astronomic azimuth - geodetic azimuth) + sin +'(astronomic longitudc - geotletic longitude) = 0. 
A point a t  which coincident astronomic longitutle antl astronomic azimuth observations have 
been made, has already been given bv others the appropriate name of Laplace point. 

There are 11 Laplace points in the present investigation. I t  has already been s tahd  (see 
p. 101) that a preliminary inrestigation making use of these points indicated that there hatl 
heen, somi.where between Illinois and Coloratlo, in the transcontinental triangulation, an accu- 
mulation of about 5" of error in the geodetic azimuth, carried through the adjusted angles. 
The evidence available was not sufficient to determine the places at which the accumulation 
occurred with any greater accuracy than indicated in the preceding sentence. The investiga- 
tion did not show, with certainty, that any error in geodetic azimuth hatl accumulated in any 
other part of the triangulation. The tlevice was, therefore, adopted of rirtualljr introducing a 
hinge into the triangulation a t  Aleatles Ranch by putting into the observation equations and, 
therefore, also into the normal eqi~ations, two separate required corrections to the initial azimuth 
a t  hleades Ranch, one (a,) pertaining to triangulation to the eastwarti of Meades Ranch, anti 
the other (aw) pertaining to triangulation to the westwxrd. This is equivalent to assuming 
that  the error in geodetic az i~nr~ th  all occurred suddenly a t  Jleades Ranch, instead of gradually 
a t  unknown points between Illinois antl Colorado. 

The values of (a,) and (rr,) a t  Jlendes Ranch, as derired frorll the adopted best solution, G, 
are (see p. 105) +".I3 and -ZW.40, differing by5".53, thus confirming the cunclusion reached 
from the preliminary examination that  the accumulated error in geodetic azimuth between 
Illinois and Colorado was about 5". 

As an indication of the errors which still remain in the results due to  errors in the cor- 
rected geodetic azimuths, the values of the residuals a t  the 11 Laplace pointa, as given sep- 
arately by the longitude and the azimuth observation equations in solution G, are given in the 
table which follows. These residuals are the unexplained portions of the prime vertical com- 
ponents of the deflection of t5e vertical, and in each case their difference, shown in the sixth 
- -- - -- pp - 

* The formula has not been applied to the Lake Survey triangulation aa the vduea of d are not available for it. 
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column, should be eero to satisfy the Laplace equation and thereby indicate that there were no 
errors of observation and no errors in the geodetic azimuths. 

The differences show too littlp tendency to grouping of signs, and nearly all of them are 
too small, to warrant the conclusion that they are due to anything else than accidental errors 
in the astronomic observations and triangulation. I t  is possible that the four values greater 
than 2" are indications of twist in azimuth, but it is not certain that even these are not due to 
accidental errors. 

The differences are so small as to shcw that only a minor part of the residuals of the 
azimuth obsemation equations are due to uncorrected errors of geodetic azimuth. They are 
of such a magnitude as to indicate, however, that the small excess of the average residual of 
the azimuth equations (3".85) over the average residuals of either the latitude equations 
(Z'j.76) or the longitude equations (2".34) (see p. 116) is probably due to the errors of the 
geodetic azimuths. 

An approximate examination shows that the possible accumulated errors of the geodetic 
azimuth corresponding to the differences in the table are so small that their effects on the 
computed geodetic latitudes and longitudes are probably everywhere less than 1" and, as a 
rule, are less than W.2. Hence, the errora in the geodetic latitudes and longitudes, due to 
this cause, contribute a minor, but not negligible, part of the residuals of the latitud2 and 
longitude equations. 

I t  is evidently desirable that more Laplace points be introduced into this triangulation 
before it is again used for a study of the figure of the earth. 

The fact that the average residual in the azimuth equation is considerably larger than in 
either the latitude or longitude equation, and the evidence indicated above that this is probably 
due to accumuIatcd errors in the geodetic azimuths used, make it certain that to secure the 
tlleoretically best results the azimuth equations should be wigned less weight than the 
latitude and longitude equations. 

The equations have all been given e?ud weight because it was not certain until the 
investigation was nearly complete that the azimuth equations should be given less weight 
than 'the others, and it is even now very difficult to decide how much the weights of the azimuth 
equations should be reduced. Considering it granted that they should be reduced somewhat 
in weight, has the failure to make the reduction seriously affected the adopted results? To 
teat this question the G solution has been repeated after assigning to each azimuth equation 
east of Mettdea Ranch the weight 0.7 and to each azimuth equation west of Meades Ranch the 
weight 0.4, the weights of the latitude and longitude equations remaining unity, as before. 
The assigned weights 0.7 and 0.4 are based upon ratios of mean squarcs of residuals in the 
different groups. The amount of change in the derived results produced by this reduction of 
the weights of the azimuth equations is shown below. 

Difference 
long-az. 

/I 

+3.03 
+l. 50 
+3.22 + .99 
- -79 
-1.24 + .47 - .89 
-1.67 
+3.24 
+2.92 

/ 

Place. 

Cambridge, Maeeechusetts 
Ogdemburg, New York 
Tonswanda, New York 
Minnesds Point N.  B., Minnesota 
Sault Ste. Marie, Michigan 
Ford River 2, Michignn 
Willow  spring^, Illinois 
Parkembu Illinois 
~unnieon,~olorado 
Salt Lake City, Utah 
Ogden, Utah 

i 

Longttude 
statlon. 

157 
179 
185 
213 

. 198 
201 
211 
77 
55 
44 
41 

Azlmuth 
station. 

147 
180 
186 
214 
200 
203 
212 
78 
56 
45 
42 

Longitude 
residuai. 

/ I  

+3.21 
$2.14 - . 4  
-4.37 
-5.92 
-4.42 + .84 - .70 
+l. 74 
$1 .09  
$1.98 

Aalmuth 
residual. 

I /  

$0.18 
$ .64 
-4.06 
-5.36 
-5.13 
-3.18 + .37 + .19 
$3.41 
-2.15 
- . 4  
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The changes in the final results produced by the reduction of weights of the azimuth 
equations are so small as to be of little consequence. For only one of the six unknowns (a,) 
is the change as great as the probable error of the unknown as derived from solution G .  The 
changes produced in the other five unknowns are from ,$ to 4 of the probable errors of those 
quantities derived from solution G. 

Hence, it is immaterial, in so fa1 as tho final results are concerned, whether the weights 
of the azimuth equations are reduced or not. 

As it is evident, however, that the azimuth equations are affected by greater errors than 
the latitude and longitude equations, in drawing each conclusion which is based in part on 
the residuals of the azimuth equations (as to the depth of compensation, for example) it is 
important to note the degree to which the evidence given by the azimuth residuals is cor- 
roborated by the evidence from the latitude and longitude residuals. Later in this publication 
it will appear that this precaution has been taken. 

THE ACCURACY OF THE COMPUTATIONS OF TOPOGRAPHIC DEFLECTIONS. 

Correction to initial latitude 
Correction t,o initial longitude 
Correction to initial azimuth for atward computationa 
Correction to initial azimuth for westward computations 
Correction to Clarke 1866 equatorial radim 
Correction to Clarke 1866 square of eccentricity 

The accuracy of the results from solution B (see p. 92), in which solution the absolute 
term of the observation equation is, in each case, the observed apparent deflection minus the 
topographic deflection, depends directly upon the accuracy of the computation of topographic 
deflections. All errors in the computed topographic deflections enter with full value into the 
observation equations. 

But solution B is relatively unimportant as compared with solution G, the adopted best 
solution. In solution G, which has been ascertained to represent the truth more accurately 
than any of the other solutions, the absolute term of the observation equation is in each case 
(see p. 93) the observed apparent deflection minus the deflection computed upon the supposition 
that the isostatic compensation is complete and uniformly distributed throughout the depth 
113.7 kilometers. These computed deflections are obtained from the computations of topo- 
graphic deflections by multiplying the topographic deflection derived separately for each ring 
of topography by a factor pertaining to that ring. These reduction factors (see p. 70), are 
nearly unity for inner rings, are smaller the larger the ring, and become nearly zero for the 
largest ring used, No. 1, being only .OD1 for that ring. The errors of the computed topographic 
deflection, therefore, enter into solution G with sensibly full value for inner rings, with a 
decreasing percentage of effect for successively larger rings (as fixed by the reduction fac tors), 
and for tho outer ring (No. 1) have practically no effect. 

Errors in the computed topographic deflections arise from a variety of causes and follow 
laws having a similar degree of variety. 

In  discussing the separate claases, of errors affecting the computed topographic deflections 
it is important to note for each, not only its full effect on the comparatively unimportant 
solution B, but also its rcduced effect on solution G, from which the more important conclusions 
of this investigation are drawn. 

I t  is important to note, also, with reference to each class of errors, whether they are of 
the accidental type or of the systematic or constant types. The effects of accidental errors 
are, to a large extent, eliminated from tho final results and conclusions in such an investigation 
as this, which depends upon a large number of observations. The uneliminated effects of the 

Bolutlon with re- 
duced welghts. 

I /  

-. 0.20 + .17 
- .06 
- 5.81 
+72 meters 
- .000072 

Adopted solu- 
tion. 

I /  

- 0.22 + . 13 + . 13 
- 5.40 
+76 meters 

.000065 

DIBmnoe. 

I /  

0.02 
.04 
.07 
.41 

4 meters 
.000007 
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accidental errors arc properly measured by the probable errors attached to the final results. 
On the other hand, the effects of constant or systematic errors may or may not be eliminated, 
and the computed probable errors do not furnish a reliable measure of their effects. Therefore 
it is especially important to scrutinize carefully possible constant or systematic arrors. 

ERRORS I N  TOPOORAPHIC DEFLECTIONS DUE TO MAPS. 

The accuracy with which contour lines are locatcd on a given map depends fundamentally 
upon (a) the number of points within the area of which both the elevation and horizontal 
position are fixed by instrumental determinations, (b) the accuracy with which the instrumental 
observations are made, and (c) the accuracy with which the contours as drawn conform to the 
instrumental determinations. 

I t  is probable that the errors arising in the computed dcflections from errors in the 
instrumental' observations referred to (b) are negligible; that they affect the hundredths of 
seconds only. 

For some areas touched by this investigation the number of points instrumentally deter- 
mined is so small that there is considerable uncertaintp in the mean elevations of those areas. 
Greenland is an extreme example, and Guatemala is a typical example. 

ks a rule, the contours as drawn on the original field topographic sheets probably conform 
to the instrumental tleterminations so closely as to introduce no apprcciablo errors into the 
computed deflections, except for topography very close to the station. But many of the 
maps actually used are on. a much smaller scale than the field sheets. As a necessary accom- 
paniment of the reduction in scalc the contours are generalized. In  the process of generaliza- 
tion tho apparent mean elevation of a given area, as read from the contours, may possibly 
be changed, and probably is changcd in some cases, enough to affect the computetl deflections 
appreciably. The errors 'in the computed topographic deflections so produced are of the 
accidental class. As their principal effect is upon the inner rings they affect solution (3- with 
substantially full value, as well as solution B. 

Similarly, errors in the mean elevations, as shown by the maps, for areas near the station, 
due to an insufficient number of points fixed directly by instrumental determinations, are of 
the accidental class ant1 affect solution G as well as solution B with full value. 

On the other hand, an error in the mean elevation, as read from the map, for an area a t  a 
considerable distance from all of the stations at which astronomic observations were made, 
and outside the area coveretl by these stations, protl~tces errors in the computetl deflections 
which tend to be small. But such errors are of the systematic kind, the effects of which are 
not easily eliminated from the results of an investigation, even though it is based on observa- 
tions at  mmy stations. For example, from the best information available, it was decided to 
treat Guatemala as having a mean elevation of 3 000 feet (914 metcrs). I t  is possible that 
this mean elevation is actually as small as 2 000 feet (610 meters). If so, the computed prime 
vertical components of the topographic deflections are in error by about 0".01 near the Atlantic 
and Gulf coasts and by about Orr.O1 with the reverse sign at San Diego, California, these being 
the extreme values of the error. Similarly, at  New Orleans, in the supposed casc, the meridian 
component of the topographic deflection is in error by Or'.04, this being the maximum error 
from this cause in the United States. The minimum is 0".01, with the same sign, a t  Calais, 
Maine. 

The reduction factors (see p. 70) are, however, so small for all compnrtments which 
include portions of Guatemala, that errors from this cause do not affect the hundredths of 
seconds in the observation equations of solution G.  In general, it is believed that the errors 
in mean elevation of distant topography produce small but systematic errors in solution B 
and inappreciable errors in solution G.  

The nearnew of approach of the computations of topographic deflection to the station is 
limited by the scale or contour interval of the best map .or field sheet available. The scale 
of the map fixes the size of the smallest ring of tbpography which can be definitely located on 
the map by means of the template and for each compartment of which an estimate of the 



mean elevation can be made. If the contour interval is large, or the topography is nearly 
flat, or both, it may happen that, though a small ring antl the compartments coinprising it 
may be definitely locatetl on the map, the whole ring may fall between one pair of contours 
and, therefore, in so far as that map is concernetl, may all seein to lie a t  one elevation. In  this 
case the computation is virtually limited to latger rings by the contour interval of the map, 
rather than its scale. In such a casc, if a map of smaller contour intcrval, anti possibly alho 
larger scale, later becomes available tho computation may be extentlcci inwarcl for several 
more rings, and for these rings the computed topographic deflection inay be fount1 to tliIFer 
consiilerably from zero. This limitation of nearness of approach to the station, as fisecl by 
available maps antl field sheets, introiluces much larger errors than arise in any other way 
from the inco1nl)leteness or inaccuracy of the mapping. 

At the station Cape Mendocino (No. 252) the computation of the meridian component 
of the topographic deflection was carried to ring 37, of which the inner radius is 0.0079 kilo- 
meter. At Rouse Point (No. 167) the computation of the meridian component was stopped. 
a t  ring 13, of which the h e r  radius is 39.22 kilometers. These are the extremes in this respect 
between which all other cases lie. In  322 cases out of 496 the computation was carried inwartl 
toward the station a t  least to ring 36, of which the inner radius is 0.389 kilometer. The 
question arises: How large are the errors in the computed deflections clue to the omitted topog- 
raphy ncarer to the station than the nearest ring used in the computation? 

There are 16 cases out of 496 in which the coinputation was carried inward a t  least to 
ring 35. For these cases a small absolute limit can be set to the possible error tlue to omittetl 
topography in smallcr rings. Let it be bssumed that, in ring 35, the mean elevation of each 
of the eight conlpartmcnts sout ll  of the station is 15 000 feet (4 572 meters) above thc station 
and for each of the eight coinpartmcnts north of the station, tl~e.mean elevation is 15 000 feet 
below the station (or the equivalent of that after the density of sea water is consitlered). ,4s 
the outer radius of ring 35 is only 22.8 ineters, the supposed condition represents a more abrupt 
slope than it is possible to fintl on thc earth. But thc meridian component of the topographic 
deflection a t  thp station computed by the more exact formula on page 34 correspontling to 
this extreine contlition is only Of'.0065 for each compartment, or 0".10 for the whole ring. 
Obviously the deflection produced by t l ~ c  topography in ring 35 a t  any station may approach 
but not exceed 0".10. If the same computation be made for successively smaller ?ings it will 
be found that the s~tccessive limits computed are in decreasing geometric progression in which 
the h e t l  ratio is T : $ ~ .  I t  follows from this law that the absolute limit to the sum of the topo- 
graphic tleflections for ring 35 and all smaller rings is 0".25. The actual neglected topography 
inside ring 35 probably corresponcis to topographic tlefiections which are on an average much 
sinaller than this absolute limit. 

All of tho computations of topographic deflections were esaminetl to ascertain the maxi- 
mum computed value for each ring in the 496 computations. The followi?g table shows these 
maxima for rings 37 to 30 in comparison with the absolute limits computetl as indicated in 
the precetling paragraph: 

Maximu~n valur Maximum value 
R1w. it1 computations In computations ',":,9",kd 

of meridian of prinlo vertical limit, 
deflection. deflection. 

With one exception the observed maxima are less than one-half the absolute limit. In 
the exceptional case it is only two-thirds the absolute limit. 
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For the hypothetical case of a compartment in ring 35 (outer radius 22.8 meters) having 
a mean elevation of 15 000 feet above the station, the computed deflection (see p. 125) is 
only OU.0065, corresponding to an effective mean elevation of only 65 feet above the station. 
The reason for the vcry large discrepancy between the effective elevation and the actual 
elevation is that in such a compartment much of the attracting material is above the station 
a t  such a large angle of elevation from the station that it is ineffective in producing a 
deflection of the vertical.* 

Computations for various rings made as indicated on page 125 have, as there stated, shown 
that the absolute limit varies from ring to ring in geometric progression with a constant ratio of 
1.43. This is the ratio between the outer radii of successive rings. (See p. 21.) Hence the 
maximum effective elevation of a compartment is proportional to the outer radius of the ring 
in which it is 1ocated.f The absolute limit O'j.59 for ring 30, increasing in geometric ratio 1.43, 
becomes 43" for ring 18, of which the outer radius is only 2 295 meters. The maximum value 
of the topographic deflection for ring 18 in this investigation was 1".80 in the meridian compu- 
tations, and in the prime vertical computations, 2".88 In general it is found that deflections 
for large rings as actually computed from the maps fall much farther below the absolute limit 
than do those for small rings. Hence, in estimating the effect of neglected topography for 
larger rings than ring 35, it is desirable to find some closer limit, some limit approaching actual 
conditions more closely, than does the absoIute limit. 

The following table is the basis of such an attempt to find a closer limit : 

Yaxlmum value In 
m y  one of the 231 

Riw. prim~1 vertical wm- 
putstIoM. 

8tstion at which said maximum was observed. 

35 - ". 01 No. 8, San Francisco, Washington Square, California 

No. 241, Avila, California 
32 - .05 
31 -- .04 No. 225, Arguello, California 

29 + .31 No. 228, Santa Cruz West, California 
28 + .29 30 + 4 0 t  

No. 26, Mount Conness, California 
25 + .46 
34 - 

' 6 6 ' ~ o .  25, Virginia City, Nevada 23 - 1.021 
22 - 1.391 
21 - l' 85b0. 23, Genoa, Nevada 
20 - 2.50 

18 + 2.88 
17 + 2. 83)N~. 43, Waddoup, Utah 

16 + 2.86 
15 + 2.73 No. 44, Salt Lake City, Utah 
14 + 2.39 1 
13 + 3.92) 

+ 4' "ko. 1, Point Arena, California 
11 + 5.90 

Bum of maxlma 
wlthout regard to 
sign to and includ- 

ing thls rlng. 

- 

*It would be effective in producing a change of the intensity of gravity st the etation. 
f This conclueion is reached here by the use of the regular formula used in thia investigation. One who cam to do 

KI may prove it more elegantly by deriving the formula which L b d h t l y  applicable to the limiting case. 



Maximum value In 
uny oneol the 231 

Rin*. Brims vertical  om- Btatlon at whkh said maximum was olmrved. 

9 + 7". 24 No. 222, Castle Mount, California 
8 + 9 .72 KO. 239, Monterey Bay, California 
7 t 9 .47 KO. 4, Mount Helena, California 
6 + 10 . 15 No. 3, Ukiah, California 

' + ' D6)No. 19, Round Top, California 4 + lo  .64 
3 + 10 .04 No. 1, Point Arena, California 
2 - 8 .57 NO. 85, Gould, Ohio 
1 - 7 .40 No. 233, Provincetown, Massachusetts 

Sum of maxima 
without re nrd to 

slgn ing to thin andlnclud- ring. 

For the present purpose three facts are especially significant in this table: First, the values 
in the second column increase downward much more slowly than the absolute limits already 
discussed, which are in geometric progression with n constant ratio 1.43. Second, among the 
maxima both algebraic signs are found. Third, the different maxima occur at  different stations. 

The sums in the last column may be taken as furnishing R limit of the cleflections due to 
neglected topography which will probably not be reached in any actual case. Thus, for example, 
the deflection corresponding to the neglected topography for all rings smaller than ring 17 will 
probably. in no case exceed 15", for in order to be 15'' each ring smaller thnn ring 17 must pro- 
duce a cleflection as great as the maximum observed for that ring at any station, and moreover 
all of these extraordinarily largo values must have one algebraic sign. Such a coincitlence is not 
likely to occur in the United States.* 

To obtain a reliable estimate of the errors probably introduced by the neglected topography 
in the inner rings it is evidently desirable to go one step further, for it is probable that the limits 
fixed in the preceding paragraph are approached but seldom. I t  is desirable to secure some 
estimate of the average effect, as tlistinguished from the maximum effect, of the neglected 
topography. 

Ten prime vertical stations were selected at random by taking the twenty-third, forty- 
sixth, sixty-ninth, etc., stations in the prime vertical list as arranged in geographic order in the 
observation equations. The numbers of the selected stations in the prime vertical list are 193, 
147, 113, 106, 108, 65, 3, 2'19, 11, and 47. At No. 193 the smallest ring computed was ring 30, 
and the algebraic sum of the computetl topograpllic deflections for rings 30 to 18, inclusive, was 
- 0".20. The sum without regard to sign of the values i n  the second column of the table above 
for these rings is 14".66, of which the observed -Ot'.20 is but 0.01 part. I n  other words, the 
actual computed deflection for these rings at station No. 193 is only 0.01 of the probable maximum 
for these rings. Similar cohparisons were made for the other nine stations selected at random 
named above. In no case was the ratio of the actual value to the probable maximum greater 
than 0.1 1, and the average rntio was 0.03. I t  is fair to estimate, then, that though the probable 
maximum topogrephic deflection due to all topography in rings smaller than ring 17 is 15", 
the probable average effect of such topography is only 0".45 (0.03 of 15"). 

There were 117 of the 496 computations of tspographic deflections which included no ring 
smaller than ring 17. 

There were 322 of the 496 computations which were carried inward toward the station 
at least to ring 26. By the same reasoning ns in the preceding paragraphs it may be estimated 
that for computations carried to ring 26 the probable maximum topographic deflection corre- 
sponding to the neglected smaller rings is 1".4, ond the probable average topographic deflec- 
tion only OU.04. 

*It ehould be noted that in auch a table as that above, constructed from the meridian components of the 
deflections of the vertical, inetead of the prime vertical components, the valuee are in general much smaller th.e in 
the table shown. For example, the 15" limit for all rings smaller than ring 17 is, in the table, based on meridian 
deflections only 9". 
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Taking into account all of the considerations which have been given, and guided by 
judgment based upon much study of the details of the problem, it is estimated by the writer 
that the topographic deflection corresponding to the topography of neglected inner rings is 
about 0".3 on an average; that it is reasonably certain that in about two-thirds of the 496 
separate cases it does not exceed 1".5; that it probably exceeds 5" in a few cases only; and that 
i t  is improbable that it is as great as 15" in any case. 

The effect of errors from this source is nearly as great on solution G as on solution B, 
but in either case the errors are in the accidental class and their effect upon the final results is 
v e y  small. If it were possible to take all of the topography into the computation, to neglect 
no inner rings, the average of the residuals would probably be reduced by about 10 per cent. 

Errors due to the shrinkage and distortion of the maps used are negligible. 
The errors of each of the classes of errors discussed in the preceding paragraphs, and due 

to the errors of maps, have been made as small as possible by using the best maps for the 
purpose which are available. The errors of these classes still remaining could not be made 
smaller by any method of computation. They are inherent in the data, not due to the method 
of computation. 

ERRORS I N  TOPOGRAPHIC DEFLECTIONS DUE TO ERRORS I N  ASSUMED MEAN DENSITIES. 

So, too, the errors in the computed deflections due to the error in the adopted ratio of 
the surface density of the cart11 to the mean density-namely, 1 to 2.09*-are inherent in 
the data and can not be reduced by i~dopting any more refined methods of computation. I t %  
unlikely that this ratio is in error by as much as one-fifteenth of itself. Any error, expressed 
as a proportional part in the adopted value of this ratio, produces an error of the same pro- 
portional part in the computrd topographic d~flections and in the reduced deflections when 
compensation is considered (sw tllc. formuls on pp. 20 and 69). Hence i t  is unlikely that the 
computed deflections invo1vc.d in solutions B and G are in error by as much as one-fifteenth 
part. The computed deflections involved in solution G, corresponding to the assumption 
that the depth of corl~pensation is 113.7 kilometers, are. a t  more than two-thirds of the stations, 
less than 3".00 and the maxinlum is 20".00 (at prime vertical station No. 43, Waddoup, Utah). 
Hence an assumcd cllangc of on(.-fifteenth part in the adopted ratio 1 to 2.09 would produce 

changes in the residuals of solution G ivhich would be less than Off.20 ( = q) for more than 

20".00' 
ttvo-thirds of the stations, and the maximum change would be about Iff.3 (= --ij--). 

An error in this ratio introduces errors of the systematic class in-to the observation equations 
which will not be ~ f i r c t i~e ly  eliminated from the final results. For example, if the adopted 
ratio is one-fifteenth part too large the computed prime vertical deflections west of Colorado, 
which are all positive, are each too large by one-fifteenth, and those for stations cast of Colorado, 
which are all negative, are also too large by one-fifteenth. These will both tend to make the 
derived equatorial radius and polar sc~~nidinmcter from solution G too large. 

If the adopted ratio as used in solution G is changed from 1 to 2.08 to zero to 2.09, that is, 
is reduced by 100 per cent of itself, the computed deflection would become zero as in solution A. 
In  other words, such a reduction of 100 per cent in the assumed ratio in solution G reduces that 
solution to solution A. Hence, a reduction of one-fifteenth in the adopted ratio would change 
the final results from solution G by approximately one-fifteenth of the difference between 
those results and the corresponding ones from solution A, making them approach the results 
from solution A. Solution A gave an equatorial radids 337 meters less than solution G, and 
a polar semidiameter 433 meters less. Hence, an error of one-fifteenth in the adopted ratio, 

*Thh ratio is baaed upon the supposition that the surface density of the solid portion of the earth ie 2.67 and the 
mean denaity of the earth is 5.576. For the data and coneideratione upon which these valuen are baaed, see The Solar 
Plvallax an3 ita Related Constants, by IVilliam Harknese, Iyaahington, Government Printing Office, 1891, pp. 
89-92,139. The data there given ie also a part of the baais for the above estimate of the uncertainty in the adopted 
ratio 1 to 2.09. 



which is improbable, \vould produce changes of only about 22 and 20 meters, respectively, 
in the equatorial radius and polar semidiameter, as derived from solution G. I t  appears, 
therefore, that the error arising from this source is probably insignificant. 

ERRORS IN  TOPOGRAPHIC DEFLECTIONS DUE TO METHOD OF COMPUTATION. 

The remaining errors affecting the computed topographic deflections, which are discussed 
herein, are capable of being further diminished by using a more precise method of computation 
or by introducing greater refinements into the method which has been used. 

In  assuming, as has been assumed in the computation, that the d~flection produced by 
the masses within a given compartment is proportional to the mean elevation of the surface 
in that compartment, the fact is neglected that equal masses in different portions of the com- 
partment produce different- deflections a t  the station. Of two equal masses within a given 
com~artment and lying on the same radial line from the station, the one farthest from the 
station produces least effect. Of two equal masses within a given compartment and a t  the 
same-distance from the station, the one which lies more nearly a t  right angles to the reference 
line of the template (more nearly in the prime vertical if the meridian component of the deflec- 
tion is being computed) produces least effect. The errors arising from this source ar6 evidently 
smaller the smallcr the compartments used. In  this investigation it is believed that the com- 
partnlents are sufficiently small to insure that this error will, as a rule, be less than 0".02 for 
each con~partment, though in rare cases it may be greater than 01'.05. Moreover, in occasional 
cases when it was noticed, during the progress of the computation, that large and abrupt varia- 
tions of elevations occurred within a given compartment, especially within one of the larger 
compartments shown on the template, errors from this cause were guarded against by sub- 
dividing this particular compartment into smaller compartments. 

The smaller compartments, or subdivisions, were bounded by radial lines and circles which 
were located in mcordance with the principles used in fixing the boundaries of the large com- 
partments.* 

The errors under discussion arising from variations of elevations within each compartment 
belong mainly in the accidental class as there is great variety in the direction and steepness 
of slopes within the area covered by the computation for each station. Though there are a 
large number of compartments involved in the computation for a station, nearly 600 in the 
extreme case, it is believed that the errors are so small for each compartment and so nearly 
accidental in character that their effect upon the computed deflection for a station is ordinarily 
less than OU.10, though it may occasionally exceed Ot1.20. The basis for this estimate is an 
examination in .letail of the differences of computed deflections for adjacent compartments as 
sho\\.n in con~putations such as are reproduced on pages 29-33. The errors from this source tend 
to be less for inner rings with small compartments than for outer rings. Hence they are much 
smaller in their effect on solution G than on solution B, the reduction factor F (see p. 70)) 
being smaller for outer rings, and therefore effective in reducing the errors for those rinps in 
solution G. 

Errors arise from the computer's inability to estimate the mean elevation within a com- 
partment with absolute accuracy. The difficulty ot making the estimate increases with the 
increase in the size of the compartment, with increase ixl the total range of variation of eleva- 
tion within the compartment, and with increased irregularity of the contours. In making the 
computation for any given station there is no difficulty in estimating the mean elevation within 
less than 100 feet for the greater number of compartments, and thus securing each of the deflec- 
tions corresponding to these compartments within less than OV.01. There were, as e rule, 
however, a few compartments concerned in each computation in which there was difficulty 
in making the estimate. To secure greater accuracy in connection with these difficult com- 
partments, to obtain a check on the results, and to obtain a measure of the accuracy attained, 
a second conlputer was required to make independent estimates for each station of the mean 

" -- *Set footnote on p. 33. 
I 8 r r 1-09-9 
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elevation of a t  least 10 per cent of the compartments estimated by the original computer. The 
compartments for which it was presumably most difficult to make the estimates were selected, 
by inspection of the maps, to be subjected to this second estimate. Slight tlifferences, of course, 
developed between the two computers for many of the compartments. If the estimate of the 
second computer agreed with that of the first computer within less than 0".20 on each com- 
partment, and also within 0".20 on the total topographic deflection for the station, the work 
of  the first computer was allowed to stand unchanged. Otherwise, the computers revised 
their work together with extra care, subdividing into smaller compartments,'if necessary, until 
they had agreed within the spccifictl limits. In 58 per cent of all the cases it was not found 
necessary to reexamine together any compartments. 

I t  is believed that these precautions insure that the errors due to inaccuracies in estimates 
are so small that the computed topographic deflection for any station is ordinarily in error 
from this cause by less than 0".20, though occasionally the error may be as great at  0".30. 
These errors are, apparently, of the acciclcntal class. They tend to be larger for outer rings 
than for inner rings, ant1 therefore have much less effect on solution G than on solution B. 

How large are the errors introduced into the computed topographic cleflections by the 
interpolation of values corresponc.ling to outer rings? The complete computation was made 
for 68 stations. Each new station to be computed was so chosen, if possible, as to lie within 
the triangle defined by the nearest three stations for which the computation hat1 already been 
made, and near the center of the said triangle. Prom these three surrounding stations the 
interpolation, if any, was made. 

The computation was commenced with the inner smaller rings and proceedecl outward. 
The three rules used by the computers in deciding a t  what ring it was allowable to begin to 
accept the interpolated values and to accept them for all larger rings were, as stated on page 43, 
as follows: 

Rule I. Commence to accept the interpolated values as final with the first ring for which 
such interpolation is allowable under either rule 2 or rule 3, and which is beyond the one 
containing the nearest of the three stations from which the interpolation is made. 

Rde 2.-Let 1".00 divided by the number of a ring be called the interpolation limit for 
that ring. Subject to rule 1, acceptance of the interpolation may begin with a given ring if 
the three rings next within it each shows an agreement between the interpolated and computed 
values which is within the interpolation limit. 

Rule 3.-Subject to rule 1, acceptance of the interpolation Inay begin with a given ring, 
if the next ring inside of it shows an agreement within the interpolation lirnit ancl it at  the near- 
est of the three stations from which the interpolation is made, the agreement was also within 
the interpolation limit for the corresponding ring and for all rings farther out for which the 
comparison was made. - 

U n d e ~  these rules the total error made by accepting interpolated values would always be 
less than 1".00, if the error of interpolation was of the same sign and magnitude for all larger rings 
as was 1 4  (interpolated minus computccl) on the last ring for which the comparison was made. 

.It was believed, however, that the agreement between the interpolated and computed 
values (commencing with rings not smaller than those contemplated under rule 1) would 
tend strongly to be closer and closer for successive rings proceeding outward. I t  was also 
believed that there would be a strong tendency for the various differences between interpolated 
and computed values for several rings such as are interpolated under the rules to include values 
having both the plus and minus signs, and, therefore, for the errors in the accepted interpola- 
tions to tend to be eliminated from the final result for the station. Both of these be) ;fs were 
based, a t  first, on theory only. If they are correct the total error introduced a t  ~ n y  station 
by accepting interpolated values will be, in general, much less than lV.00. 

The correctness of these beliefs is establishccl by the results secured cli~ring the pregress of 
the computations. During the progress of 479 computrtions a comparison between the corn- 
putod end interpolated values was securetl on from 2 to 15 rings. In 73 pcr cent of tho cases 
the average value, without regard to sign, of 1-41 (interpolated minus computed) was less for the 
outer one-half of tho rings on which but11 interpolation and computation was made a t  that 
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station than for the inncr half of such lings. So, too, in 84 per cent of tho cascs there were 
fount1 to bc both plus anti lninus signs of the values of I-C at thr station. 

Thcse tests confirm the theory to such an extent that it is belirvetl that tho total error 
introtlucecl into thc coiliputed topogl.uphic deflection at a station 1)y the acceptance of inter- 
polatetl values is seltlom greatcr than 0".50 anil is, as a rule, less than 0."25. 

Morc than 90 per cent of tho accepted interpolations were for rings larger than ring 13. 
For these the reduction factn1.s (see y .  70)) used in connection with solution G.  are all less 
than 0".50. Ilence thc effect upon the absolute terms in the observation cvlrlations of  solution G 
of errois of interpolation is probably seltlom greater than 0".20, anrl is, as IL rolr, less tllrtn 0".10. 

The errors tluc to the accepted interpolation must be almost entirely in t l ~ r  accitltm tal c>lass. 
The possiblc 'magnitude of the following errors has been c.onsitleretl ant1 in each casc the 

conclusion reachetl that these errors arc negligible; in other words, that they affect the hun- 
dretlths of sccontls only, not the tenths: 

(1) Errors due to inaccuracy in thc construction of templates. 
(2) Errors due to inaccuracy in placing the templates on the maps. 
(3) Errors due to the omission of slope corrections known to be each less than 0".01. 

The slope corrections which were larger than 0".01 were computed. The slope corrections 
referret1 to are those necessary toJake account of the fact that in certain cases the mean surface 
within the compartment is so far above or below the station that the masses concerned in tllc 
computation can not be considered to be sensibly in the horizon of the station. 

(4) Errors due to omitted decimal places. 
The conlprehensive conclusion is that the total error in the computed.value of one com- 

ponent of the topographic cleflection at a station, due to all errors of such a character that they 
are capable of being further diminished by using a more precise methoct of computation or by 
introducing additional refinements into the method which has been used, is seldom more than 
Ot1.60 ant1 is probably less than 0".30 in about one-half of the cases. This total error affects 
each absolute term of the observation equation in solution B. Similarly, it is believed that the 
total error of this character which affects solution G is seldom greater than 0".30 and is less 
than Ot1.15 in about one-half of the observation equations. The average residual from solution 
G being more than 3", it is believed that the accuracy with which the topographic deflections 
have been computed is amply sufficient and that any changes or refinements in this part of the 
corllputations which would increase the timc required to make the computations would not be 
\varrantetl by thc slight additional accuracy securetl. 

IVould a gain in accuracy result, from extending the computation of topographic deflections 
to a greater distance from each station? The considerations which led to stopping the com- 
putations a t  the ring (No. 1) having an out& mtlius of 4 126 kilometers (2 564 miles) instead of 
extending it to the antipodes have beengiven on page 29. Since the computations have been 
completed it has been estimated that not more than four more such rings as have been used woultl 
be necessary to extend the computations to the antipodes. In this connection it must be 
recalled that the rings rapidly increase in width at  great distances from the station, partly on 
account of curvature (see p. 23). I,t was also estimated that the sum of the conlputed topo- 
graphic deflections for these three or four rings woultl not in any case exceed 20t1, and woultl 
probably be less than lo", as a rub, for each station. The basis for this estimate is indicated 
on page 29, and again in the table on page 127, in which it will be noted that the observed maxi- 
mum for ring 1 is much less than for either ring 4 or ring 3. The omitted portion, probably 
less than lo", of each computed topographio deflection introduces errors into solution B \vllich 
are of the systematic class since, for example, the omitted portion of the prime vertical deflec- 
tion will have a decided tendency to be of one sign for stations near the Atlantic coast and to be 
of the opposite algebraic sign for stations near the Pacifio coast. The computed results from 
solution B might, therefore, be appreciably altered by extending the computation to the 
antipodes. 

I t  is reasonably certain, ho\vever, thnt such an extension of the computation would not 
affect any residual in solution G by more than Ot'.O1, ancl that it would have no effect upon the 
last significant figure retained in each final result from this solution. This certainty nrises 



from the fact that the reduction factor F (see p. 70) for ring 1 is only Off .001, and would be still 
smaller for larger rings. The reduced topographic deflection with isostatic compensation 
extending to a depth of 113.7 kilometers is only Of'.O1 at any station for ring 1, the largest ring 
for which the computation was made, and would be still less for each of the larger rings which 
have been omitted. 

EFFECTS OF ERRORS IN COEFFICIENTS. 

The coefficients are used in forming the normal equations and in computing the residuals 
of the observation equations. The accuracy necessary in connection with these uses depends 
mainly upon the magnitude of the derived values of the unknown quantities and of the abso- 
lute terms in the observation equations. In  solution G the derived values of the unknowns are 
so small as to contain two significant figures only, except (a,), which is 5".40 (see p. 105), and 
the absolute terms of the observation equations are as a rule less than 10". Under these cons 
ditions an examination of the manner in which the coefficients are used shows that if each were 
correct to the nearest unit in the second decimal place the derived values of the unknowns 
would probably be correct to the last decimal place now retained and the computed residuals 
would ordinarily differ from their true values by hundredths of eeconds only, not tenths. As 
each unknown as now computed has two uncertain figures (two significant figures in its prob- 
able error), and as the average residual is more than 2", this grade of accuracy in the coefficients 
would be sufficient. As a matter of fact, however, each coefficient was computed to three or 
more decimal places and was so used. Therefore the effect of omitted decimal places in the 
coefficients, in the computation as made, is so small as to be of no consequence. 

The coefficients have been computed by formulae which are known to be approximate. 
An exhaustive examination has not been made of the magnitude of the quantities neglected in 
this approximation, but the extensive investigation which- has been made enables the writer 
to state with considerable confidence that the errors in the coefficients due to approximations 
in deriving the formulae from which they are computed probably do not affect the second 
decinlal place in any case and, as a rule, do not affect even the third decimal place. Therefore 
the errors due to this cause are of no consequence. 

As an illustration it may be mentioned that the errors of -2" in nrJ - 7" in a,, and of one 
in the fifth decimal place in log s, as computed for latitude station No. 164, from the adopted 
approximate formulae for that purpose (see p. 89), produce errors in the fifth decimal place only 
in any of the coefficients for that station. 

GENERAL CONCLUSION AS TO CAUSE OF RESIDUALS. 

Various sources. of error, each of which contributes something to the residuals of the 
adopted solution G, have been discussed somewhat in detail. Among these sources have been 
the astronomic observations of latitude, longitude, and aaimuth, the observations of angles, 
the measurement of base lines in the triangulation, the errors in the computations of topo- 
graphic deflections due to the errors and incompleteness of available maps and also to the 
method of computation, the errors in the assumed mean densities, and, finally, errors in the 
co~nputed coefficients used in the equations. The detailed examination of these separate sources 
of error has shown that no one class of errors nor the combination of all classes enumerated is 
sufficient to account for such large residuals as those in solution G. These residuals must be 
due mainly to some other cause. 

Neither does an examination in detail of these various classes of errors show any reason 
why the residuals of solution G should be smaller than those from solution A. 

From a long and careful study of the details of the evidence the writer is firmly convinced 
on two main points. 

The first is that the residuals of solution G are smaller than those of any other solution 
made, simply because the assumption upon which solution G is based ia a closer approxima- 
tion to the truth, as a statement of a general law controlling the variation of subsurface densitim, 
than any of the other assumptions made. The assumption for solution G is that the isostatic 
compensation is complete and uniformly distributed throughout the depth 113.7 kilometen. 
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The second main point is that the residuals of solution G are mainly due to irregular varia- 
tions of subsurface densities from the law indicated in the preceding paragraph, the densities 
being excessive for various areas of greeter or less extent and deficient for various other 
areas. No general law controlling these variations has, as yet, been discovered by the writer. 

As these two conclusions are of fundamental importance, some of the evidence on which 
they are based will now be set forth in considerable detail. 

Illustration No. 10, at  the end of the volume, shows the residuals of solution G, of which 
the numerical values are tabulated on pages 100-114. 

The arrows are drawn to the scale indicated on the sketch, to represent the residuals of 
solution G. Arrows representing residuals which are almost zero have been lengthened suffi- 
ciently to make them show. 

The butt of each arrow is placed as nearly as possible in the position of the station of 
observation. In  some cases it has been necessary to displace the arrows from their true position 
in order to avoid confusion with other arrows. 

The number on each arrow is the same as the number given to the corresponding observrr- 
tion in the list printed on pages 12-19. 

An arrow pointing to the southward indicates that the observed astronomic latitude is 
greater than the computed latitude, and an arrow pointing to the northward indicates a differ- 
ence of the reverse sign. In  other words, the arrow indicates the direction of the nadir point 
from its normal position as fixed by solution G. The arrow must tend, therefore, to point toward 
regions in which the Q d t y  is in excess of that postulated in solution G, and away from regions 
in which it ia less than that postulated. 

Similarly, an arrow pointing to the eastward or westward indicates the prime vertical 
component of the deflection of the nadir point, as fixed by a determination of astronomic longi- 
tude or astronomic azimuth, said deflection being expressed with reference to the normal powi- 
tion of the nadir as fixed by solution G. At stations where both longitude and azimuth were 
observed, only the residual corresponding to the longitude determination was plotted. 

The residuals represented by these arrows are due, in part, to errors of observation and 
computation. Subject to this reservation, they represent the effectas of the departures of the 
actual distribution of densities from that postukted in solution G. 

To facilitate a comparison of the residuals with the topography with a view to detecting 
any possible relation, certain contour lines have been drawn, namely, the shore line, the 1 OO-foot 
contour, the 1 000-foot contour, and the 4 000-foot contour, in the eastern part of the United 
States; and in the western part, the shore line, the 1 000-foot, 5 000-foot, and 10 000-foot 
contours. I n  each ocean the 1 000-fathom curve hw also been drawn. This serves to indicate 
the position of the submerged edges of the continent. 

This illustration No. 10 contains a great mass of material whichis availableforexten~ivesturi~. 
Even a hasty examination indicates that for certain areas there is (L decided tendency for 

all of the residuals to be of one sign. For example, in s large continuo~is ares comprising nearly 
811 of Utah, all of Nevada, and nearly a11 of that part of California which lies between latitudes 
3 7 O  and 40") all of the meridian residuals are negative, indicating either an excess of density to 
the northward or a defect of density to the southward, or both. 

The grouping together of residuals of the same sign is more clearly shown in illustrations 
Nos. 11 and 12, a t  the end of the volume. 

Within each area on illustration No. 11 which is inclosed by a solid black Iine and marked 
++ , the meridian residual of solution G is positive for every latitude station, corresponding to 
an excess of density to the southward of the station. Similarly, in areas marked q5 - all meridian 
residuals in solution G are negative, corresponding to an excess of density to the northward. 
Note the large +- area in Utah, Nevada, and California to which attention has already been 
called,* and the very large + + area covering Missouri, Illinois, Indiana, and a part of Wisconsin 

*A single latitude etcrtion. No. 10, New Presidio, Sun Francisco, Cd., within t h i ~  erea haa aamall poeitive meridian 
residual +N.16. The illustration, No. 11, is so small that this could not be conveniently shown ae distinct from other 
Snn Francbm latitude ohtiom. 
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Note also that three q5+ areas together make a nearly continuous ++ area extending 
from northern Maryland to Louisiana, along the Allegheny Mountains antl the Gulf coast. 
These three areas are separated hy two r$ - areas, each of which contains 1)tlt a single latitude 
station. Aside fronl these exceptionally large groups cach group shown ill illustration No. I 1 
is too large, as a rule, to be probably due merely to accidental errors. For example, it is improb- 
able that the largo ++ group containing 10 stations on the shores of Lake Ontario and Lake 
Erie is clue to accidental errors. Neither will any of the classes of ermrs previously discussed 
to which the observations and computations are subject, procluce such a geographic grouping 
of residuals. The grouping must be due to irregular variations of densities from the general 
!aw postulated as the basis of solution G. 

Within each area on illustration No. 12 which is inclosed by a solid black line and marked 
PV + , the prime vertical residual of solution G is positive for every longitude and every azimuth 
station, corresponding to an excess of density to the eastward of the station. Similarly, in 
afeas marked PV - all prime vertical residuals are negative, corresponding to an excess of density 
to the westward.* Two PV+ areas together extend almost without interruption from western 
Marylancl to southern Mississippi; another PV+ area contains nearly all of the stations on the 
shores of Lake Erie,Lake Ontario, and the St. Lawrence River; and 8 stations are grouped in 
one PV - area in northern Wisconsin and the northern peninsula of Michigan. There are various 
other groups too large to be due to accidental errors. They must be due to variations in density 
from the law postulated as the basis of solution G, the departures being of one sign for consid- 
erable areas. 

Illustrations Nos. 1'1 antl 12 are a graphic proof that ,,he residuals of iike sign are grouped 
together geographically to such an extent as to show that they arc due largely not to accidental 
errors but to systematic disturbances having a regional distribution. 

An analytical proof of the same point follows. The 507 astronomic stations concerned in 
this investigation have been divided into ten groups, each geographically as compact as possible 
and each containing about 50 stations. The limits of these groups are indicated on illustration 
So. 13 a t  the end of the volume. In  each group the mean of the latitude residuals with regard 
to sign was taken. The probable error of that mean was also computed upon the supposition 
that the residuals represent accidental errors only, the basis of the computation being the prob- 
able error of one latitude observation equation as computed from the 265 latitude residuals. 
The longitude residuals and the azimuth residuals were treated in the same manner. The results 
are given below in tabular form. The probable error of a single latitude observation equation 
is f 2".38, of a single longitude equation f2".00, and of a single azimuth observation equation 
f 3lI.26. 

'There are five prime vertical stations, viz, NOR. 8, 42, 44, 78, and 194, each of which hm a residual of oppmitc sign 
from that for other stations in the group surrounding it. In each of there caror the exreptio~lal *talion in either (win- 
cident with another station g so nearly so that no distinction can be made on the nmall scale of illustration'So. 12. 

Group. 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

Latltude realduals. 

Number 
Of 

m4dua's' 

24 
28 
26 
24 
39 
25 
22 
21 
29 
27 

Longitude residuals. Azimuth rcsldu&. 

Mean 
wlth 

regard 
to dgn. 

/I 

+O. 30 
+O. 87 
-0.44 
4-2 03 
+O. 44 
+2.36 
-1. 10 
-3.45 
-1.97 
+O. 31 

NU$kr 

5 
15 
6 
9 
6 
9 
7 
5 

13 
4 

Probable 
error 

I /  

&. 49 
.45  
.47 
. 4 9  
.38  
.48 
.51 
.52  
.44  
.46  

Probable 
error. 

I /  

+. 68 
.98  
.79  
.79  

1.15 
.79 
.79 
. 79 
.84  
.71  

1 

Mean 
wlth 

mgard 
to sign. 

I /  

+2.58 
$0. 63 
-2.48 
+O. 68 
-4.16 
-0.04 
-1.56 
+3.67 
-0.42 
+l .  93 

N"$kr 

residuals. 

23 
11 
17 
17 
8 

17 
17 
15 
15 
21 

Probable 
error. 

/I 

+. 89 
.52 
.82  
.67  
. 8 2  
.07 
.75 
.89  
. 5 5  

1.00 

Mcen 
with 

regard 
to 

/ I  

+l. 40 
-2.94 
-2.13 
+2.19 
-3.80 
-0.37 
-0.09 
-1.72 
-3.35 
+a. 20 
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If the residuals were entirely due to accidental errors, only about one-half of the means 
with regard to sign would exceed the corresponding probable errors. I n  the above table in 23 
cases out of 30 the mean exceeds its probable error, and in 3 cases it is Inore than 5 times its 
probable error, namely, groups 4 and 8 of the latitude residuals ant1 group 5 of the longitude 
residuals. This test agrees, therefore, with the graphic test in sllowi~lg that the residuals are 
due to regional disturbances. 

Are the conclusions that the El H, and G solutions are much nearer the truth than the B 
and A solutions, and that solution G is nearest the truth, dcpendent on the effects of n few large 
miduals? Are these conclusions dependent upon and vitiated by the geographic grouping of 
residuals of like sign to which attention has been directed? Do astronomic observations in all 
parts of the area treated ancl all three classes of astronomic observations cooperate in confirming 
the conclusions reached! I n  answer to these questions the following tables are presented with 
comments: 

Mean values rlf the squares of the r~s id~~(12s  in various f/roups.* 

United States froup .-All the observa- 
tions, 507 resi uals 

All latitude observations, 265 residuals 
All longitutle observations, 79 residuals 
All azimuth observations, 163 residuals 
Group 1 (Maine, New Hampshire, Mtissu- 

chusetts, Rhode Island), 52 resjtluals 
Group 2 (Connecticut, New York, Pennsyl- 

vania, Ohio, Michigan), 54 residuals. 
Group 3 (New Jersev, Pennsylvania, Dela- 

ware, Marylancl, virginin), 49 residuals 
Group 4 (Yirginirt, North C'rlrolinti, Tennes- 

see, Georgla, Alabama, Jlississippi, Lou- 
isianrr) , 50 ~.csitluuls 

Group 5 (Jl iclligan, Minnesota, Wisconsin), 
53 residuuls 

Grou 6 (Virginia, West Virginia, #en- 
tuc%y, Ohio, Indiana, Illinois, Jlissouri, 
Wisconsin), 5 1 residuals 

Group 7 (Missouri, Kansas, Colorado, 
Utah), 46 residuals 

Group 8 (Utah, Nevada, Californiu), 43 re- 
siduals 

Group 9 (California, northern part), 57 re- 
siduals 

Group 10 (California, southern port), 52 re- 
siduals 

Solution I3. Solutlon E. I Solution A.  

-- 

* Certaln numerical \.aiuesprlnted in this table and on the follqwlng differ ~l lght lyf~om thmaplwn In "Grodetlc Ofwrutlons In tht* I'nllrd 
Btates, 1903-18(ki. A Heport to the Fifteenth General Conference of thr Pntrrnstlonal Geodetic Assoclalion," hecause of thecorrectlon of an error i r ~  
computation whlch \VIU dlscovc.n?d after that rrport went lo the printer. 
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Mean value of r e d u d s  without regard to sign. 

Percentage of residuals less than. ZU.00. 

t 

United States $"UP . -All the observlt- 
tions, 507 resi uals 

All latitude observations, 265 residuals 
All longitude observations, 79 residuals 
All azimuth observations, 163 residuals 
Group 1, 52 residuals 
Group 2, 54 residuals 
Group 3, 49 residuals 
Group 4, 50 residuals 
Group 5, 53 residuals 
Group 6, 51 residuals 
Group 7,46 residuals 
Group 8, 43 residuals 
Group 9, 57 residuals 
Group 10, 52 residuals 

Perc~7)tage oj' residuc~ls greater than 5" .00. 

Solution B. 

II 

8.86 
7.29 
8.85 

11.42 
11.95 
6. $3 
4.15 
6.00 
4.33 
5.11 

18.47 
11.59 
9.83 

11.56 

- 
Solution I3. 

Solutlon H. 

I I  

3.04 
2. 76 
2.30 
3.85 
2.50 
2.51 
3.34 
2. 71 
3.85 
2.36 
2.21 
3.54 
2.82 
4.56 

Solution E. 

I I 

3.06 
2.78 
2.22 
3.91 
2.50 
2.43 
3.35 
2.69 
3.83 
2.31 
2.19 
3.95 
2.86 
4.55 

United States group.-,411 the observlt- 
tions, 507 residuals 

All latitude observations, 265 residuals 
All longitude observations, 79 residuals 
All azimuth observations, 163 residuals 
Group 1, 52 residuals 
Group 2, 54 residuals 
Group 3, 49 residuals 
Group 4, 50 residuuls 
Group 5, 53 residuals 
Gmup 6, 51 residuals 
Group 7, 46 residuals 
Group 8, 43 residuals 
Group 9, 57 residuals 
Group 10, 52 residuals 

Solutlon E. 

15 
18 
18 
10 
4 

15 
45 
16 
30 
20 
0 
2 

11 
10 

-- 

41 
43 
57 
29 
40 
52 
35 
46 
26 
53 
54 
28 
46 
27 

United States group.-All the observrt- 
tions, 507 residuals 

All latitude observations, 265 residuals 
All longitude observations, 79 residuals 
All azimutll observations, 163 residuals 
Group 1, 52 residuals 
Group 2, 54 residuals 
Group 3,49 residuals 
Group 4, 50 residuals 
Group 5,53 residuals 
Group 6, 51 residuals 
Group 7, 46 residuals 
Group 8, 43 residuals 
Group 9,57 residuals 
Group 10, 52 residuals 

Solution G. 

I I  

3.04 
2. 76 
2.34 
3.85 
2.50 
2.53 
3.33 
2. 72 
3.86 
2.37 
2.26 
3.48 
2.83 
4.57 

Bolutlon A. 

29 
23 
30 
38 
10 
28 
24 
18 
34 
14 
30 
40 
40 
54 

43 
45 
56 
34 
46 
48 
41 
48 
28 
49 
57 
40 
46 
29 

Solutton B. 

66 
61 
66 
75 
94 
52 
27 
58 
36 
53 

100 
95 
72 
83 

1 

'I 

Solution A. 

I I  

3.92 
3.34 
4. 18 
4.72 
2.46 
3.69 
3.33 
2.94 
4.32 
2.66 
4.83 
4.41 
4.42 
6.17 

i 

43 
45 
56 
34 
48 
48 
41 
44 
28 
51 
57 
40 
46 
29 

34 
40 
39 
23 
46 
33 
39 
38 
25 
37 
33 
37 
44 
12 

Solutlbn 0. 

18 
13 
10 
30 
12 
13 
22 
16 
28 
6 

11 
19 
12 
40 

Solution E. 

18 
14 
8 

29 
10 
11 
22 
14 
25 
10 
9 

30 
14 
37 

So~ution XI. 

18 
13 
9 

30 
12 
13 
22 
16 
28 
8 
7 

2 1 
12 
38 
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Ma&mum ~e8idual in each group. 

The above tables are placed in the order of the reliability of the tests furnished by them, 
the moat reliable t e s t  being placed first. 

The geographic limits of groups 1 to 10 are shown on illustration No. 13 at the end of the 
volume. 

In the first table, giving mean values of the squam of the residuals, every geographic 
group and every class of astronomic observations all cooperete in indicating that the E, H, 
and G solutions, representing isostatic compensation, are much nearer the truth than either 
solution B, on the basis of extreme rigidity, or solution A, based upon the assumption that 
the deflections of the vertical are independent of the topography. 

The first table indicates but slight differences between the E, H, and G solutions. Though 
the mean square is less for solution G than for E or H in the group comprising all observations 
(507 residuals) and also in the group of latitude observations (265 residuals) and the group 
of azimuth observations (163 residuals), this is not true for the smaller group of longitude 
observations (79 residuals) and the geographic groups 1 to 7, inclusive (46 to 54 residuals each). 
It is noticeable, however, that the differences in favor of solution G, as against solution E, in 
groups 8,9, and 10 are-much larger (from .69 to 3.97) than the differences against solution G 
in groups 1 to 7 (from .03 to .42). While the preponderance of evidence is in favor of solution 
a, the evidence contains contradictions. 

The evidence shown in the aecond table, of mearl values of residuals without regard to 
sign, corroborates closely that shown in the fimt table. The only exceptional features are 
that in group 1 the mean residual for solution A is slightly smaller than for the G, H, and E 
solutions, and in group 3 it is the same as for the G solution. 

The evidence in the thirtl table, the percentage of residuals less than 2".00, corroborates, 
in a general way, that in the first table. I t  is, however, stronger in favor of solution G than 
is the first table. Of the 14 groups there are but three in which the percentage of residuals 
less than 2".00 is not at  leest as large in the G sohtion as in the H and E solutions. An excep- 
tional feature of the table is that for groups 3 and 5 the percentage of residuals less than 2".00 
i greater for solution B than for any other solution. This is, however, offset by the fact that 
in group 7 not a single residual is less than 2".00 in solution B, all being in fact greater than 5".00. 

The fourth table, showing the percentage of residuals greater than 5".00, furnishes a general 
corroboration of the first table and contains no exceptional features. 

United States grou .-All the obser- B vations, 507 resi uals 
All latitude observations, 265 resid- 

u als 
All longitude observations, 79 raid- 

rials 
All azimuth observations, 163 resid- 

uals 
Group 1, 52 residuals 
Group 2,54 residuals 
G r o ~ p  3,49 residuals 
Group 4, .50 residuals 
Group 5, 53 residuals 
Group 6, 51 residuals 
Group 7, 46 residuals 
Group 8, 43 residuals 
Group 9, 57 residuals 
Group 10, 52 residuals 

Elolutlon B. 

It 

+43.84 

- 23.74 

f37.14 

+43.84 
-22.64 
-20.64 
+17.45 
+15.47 
$16.77 
+11.64 
+43.84 
-23.74 
-31.48 
-32.98 

Solution E. 

I/ 

- 16.47 

- 16.47 

+ 9.96 

- 15.89 
+ 6.64 
- 7.99 
- 9.91 + 8.07 
+13.86 
+ 6 . 0 1  
- 8.32 
-16.47 
-15.89 
+14.89 

Solution 0. 

It 

+ 15.94 

- 15.45 

+ 8.95 

+ 15.94 
+ 7.02 
- 7.25 
-10.03 + 8.14 
+13.14 
+ 6 . 1 9  
- 7.28 
-15.45 
-14.99 
+15.94 

Elolutlon H. 

/I 

+ 15.74 

- 15.61 

+ 9.13 

+ 15.74 
+ 6.98 - 7.33 
-10.02 
+ '8.12 
+13.26 
+ 6 . 1 3  
- 7.42 
-15.61 
-15.12 
+15.74 

Solution A. 

It 

-22.35 

- 14.34 

-22.35 

- 20.04 
+ 8.40 
-12.83 
-10.23 
+ 8.89 
+11.48 
+ 6 . 8 6  
-20.86 
+14.48 
-22.35 
+20.03 



The last table, showing the maximum residual in each group, corroborates the first table. 
I t  is slightly stronger than the first table in favor of solution G as against solutions E and H. 
Its exceptional features are that in groups 5 and 8 and in the group of latitude residuals the 
maximum residual is, in each case, smaller for solution A than f o ~  any other solution. 

The residuals have also been studied in four geographic groups, known as the northeastern, 
southeastern, central, and western groups, of which the limits are shown on illustration No. 13. 

The tables for these groups are given below in the same form as the tables already shown. 
For convenience of comparison the line for "all the observations" is repeated from above in 
each table. In the first table, moreover, the subdivision of each geographic group into lati- 
tude, longitude, and azimutl~ observations is also shown. 

Mean value of the squares of the residuals in various groups. 

Mean value of re&ual.s without regard to sign. 

United States group, all the observations, 
507 resitluals. 

Northeastern group, 118 residuals 
Latitude observations, 58 residuals 
Ilongitude observations, 22 residuals 
Azimuth observations, 38 residuals 

Southeastern group, 105 residuals 
Latitude observations, 53 residuals 
Longitude observations, 16 residuals 
Azimuth observations 36 residuals 

Central poup, 102 residuals 
Latltude observations, 63 residuals 
Longitude observations, 15 ~esiduals 
Azlmuth observations, 24 residuals 

Western group, 182 residuals 
Latitude observations, 91 residuals 
Longitude observations, 26 residuals 
Azimuth observations, 65 residuals 

Percentage of reduals less than dU.00. 

Golutlon B. 

129.06 
112.46 
81.16 
93.14 

171.41 
41.57 
29.35 
29.30 
65.03 
86.22 
43.64 

179.07 
139.94 
214.31 
132.09 
203.70 
333.66 

Solution E. Solutlon 11. 

Solution A. 

f /  

3.92 
3.09 
3.10 
3.54 
5.14 

Unitecl States goup, &11 the observntions, 
607 residuals. 

Northeastern goup, 118 residuals 
Southeastern group, 105 residuals 
Central group, 102 residuals 
Western group, 182 residuals 

801utlon 0. 

15.81 
10.17 
7.78 
8.82 

14.61 
13.11 
9.47 
5.83 

21.69 
16.23 
16.84 
13.39 
16.38 
20.78 
15.32 
8.59 

33.30 

16.21 
10.03 
7.71 
7.26 

15.19 
13.02 
8.84 
6.39 

22.12 
16.01 
16.84 
11.66 
16.55 
22.18 
17.14 
8.93 

34.53 

15.82 
10.14 
7.77 
8.52 

14.70 
13.09 
9.36 
5.91 

21.78 
16.17 
16.81 
13.05 
16.42 
20.88 
15.56 
8.41 

33.31 

Boluttpn B. 

/ I  

8.86 
8.97 
5.07 
6 . 4 4 .  

12.34 

Bolutlon A. 

34 
38 
39 
32 
30 

Bolution A. 

27.46 
15.37 
10.99 
20.97 
18.80 
15.09 
13.11 
5.28 

22.37 
20.07 
19.45 
23.64 
19.48 
46.57 
27.10 
73.26 
63.16 

Sul~''0n 0. 

43 
46 
46 
41 
4 1 

United States group, all the observations, 
507 residuals. 

Northeastern group, 118 residunls 
Southeastern group, 105 residuals 
Central group, 102 residuals 
Western group, 182 residuals 

' 

Solutlon E. 

t t  

3.06 
2.57 
2.88 
3.02 
3.50 

Solutlon B. 

15 
11 
30 
22 
7 

Bolution H. 

/ I  

3.04 
2.60 
2.89 
3.06 
3.40 . 

Solution G. 

I I  

3.04 
2.60 
2.89 
3.07 
3.40 

Solution E. 

4 1 
44 
44 
40 
37 

Bolutbn H. 

45 
48 
40 
4 1 
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Percen,tuge of residuals greater than 5".00. 

Maximum res-.ldual in each g ~ o u p .  

United States group, all the observations, 
507 residuals. 

Northeastern group, 118 residuals 
Southeastern group, 105 residuals 
Central group, 102 resitluuls 
Western group, 1.82 residuals 

These tables corroborate the conclusions already drawn. 
The exceptional features of the tables are that, in the longitude observations of the south- 

eastern group, the mean value of the square of the residuals is less in solution A than in any of 
the other solutions, and that in the central group the maximum residual is less for solution A than 
for any other solution. 

From these statistical studies of the residuals taken in various groups the following three 
conclusions may be drawn. 

(I) That solution B (extreme rigidity) is much farther from the tnith than any of the other 
solutions and that this conclusion is not dppendpnt upon nor vitiated by a few largo residuals or 
by the geographic grouping of the residuals and is a necessaly oonclusion regardless of what, 
class of observations is utilized (latitudes, longitudes, or azimuths). The evidence is prac- 
tically unanimous on this point. 

(2) That solution A (depth of conlpensation zero) is farther from the truth than any of the 
three solutions G, H, and E (depth of compensation 113.7, 120.9, and 162.2 kilometers, respec- 
tively), but much nearer the truth than solution B (extreme rigidity), and that this conclusion 
is nearly free from doubt due to the influence of exceptionally large residuals, to geograpllic 
grouping of residoals, or to contradiction between different classes of astronomic observations. 

(3) That the p~ponderance of evidence is in favor of solu tionG (depth of compensation 1 13.7), 
being nearer the truth than either solutions H or E (depths of compensation 120.9 and 162.3 
kilometers), but that this conclusion is drawn from conflicting evidence indicating that the 
nearness of approach to the truth is so nearly tho same in these three solutions that the choice 
between them is made uncertain by the influence of a few unusually large residuals, and by the 
influence of the geographic grouping of residuals. Moreover, the three classes of astronomic 
observations do not agree in the choice among these three. In  other words, though it is certain 
that an approach to perfect isostatic compensation exists extending to a moderate depth (cer- 
tainly not greater than 200 kilometers) if it is uniformly distribtlted, the precise depth is diffi- 
cult to determine from the data in hand. 

Solutlon H. 

18 
14 
18 
17 
2 1 

Solution U. 

66 
69 
47 
40 
85 

United States group, all the observations, 
507 resitlufrls. 

Xorthetlstern group, 118 residuals 
Southettstern group, 105 residuals 
Central group, 102 residuals 
Western group, 182 residuals 

- 

Solution E. 

18 
12 
18 
15 
24 

Bolutlon 0. 

18 
14 
17 
18 
21 

Solutlon H. 

t t  

+15.74 
- 7.33 
-10.02 
f13.26 
+ 15.74 

Solution A. 

20 
19 
20 
24 
4.2 

Solutlon l3. 

11 

+43.84 
- -).) ,-. 64 
+ 1 7 : 4 5  
+30.16 
+43.84 

801utlon 0. 

I / 

+15.0.2 
+ 7. '19 
-10.03 
t13.14 
+ 15.94 

Solution E. 

) I  

-16.47 
- 7.99 
- 9.91 
+13.86 
- 16.47 

Solutlon A. 

/ I  

-22.35 
-'12.83 
-10.23 
$11.48 
- '12. .35 
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SOLUTIONS OF EQUATIONS I N  FOUR SEPARATE OEOQRAPHIC QROUPS. 

During the progress of this investigation as the data gradually became available the normal 
equations corresponding in form to those shown on page 106 were formed separately for each 
of the four geographic groups known as the northeastern, southeastern, central, and western 
groups (see illustration No. 13). For some of these, other depths of compensation were assumed 
than those involved in solutions G, H, and E. These various solutions served as a recon- 
naissance of the problem. 

They are now superseded by the much stronger solutions which involve all of the data at  
one time. They are much weaker than the final solutions not simply or mainly because each 
involved only about onequarter of all the data. The fact that each was restricted, roughly 
speaking, to onequarter of the total area is much more important in reducing the strength of 
the conclusions drawn from each solution. 

The results of the various solutions are, however, of value as an indication of the degree of 
instability in derived results and conclusionp which may be expected whenever studies are 
made of the figure of the earth and isostasy from data confined to a small area, and as an indi- 
cation of possible characteristic differences between different parts of the United States as to 
the depth and completeness of isostatic compensation. 

Comparison of various solutione made separately for f i r  grmcps. 

[Corrsctlons to the arsumed United States Standard Datum and Clarke 1866 values.] 

I t  is to be noted that, in each group, some solution for a moderate depth of compensation 
gave a smaller mean square of the residuals than did solution A. This shows that it is possible 
to derive the depth of compensation separately from each group. From the results here given, 
supplemented by certain approximate computations, the most probable depth of compensation 
was derived from each of the first three groups in June, 1905, before the solution for the western 
group or for all groups combined had been made. 

Mean 
squared 
reslduda. 

34.119 
10.31 

9.31 
13.62 

23.10 
12.38 
10.88 
10.10 
10.16 

16.80 

17.01 

49.d 
18.72 
18.47 
43.29 

NORTHEASTERN OROW. 

Bdutlon B extreme rlgldlty) 
Bololation D [depth ofcompensation 329.8 bm.) 
Bolutlon E (depth olwrnpensation 162.2 km.) 
Bolutlon A (depth olcompenaation zero) 

SOulnEA81ERN OROUP. 

Bolutlon B (extrame rigidity) 
Bolutlon D depth of compensation 329.8 bm. 
Bolution E [depth ofcompemtlon 162.2 km.1 
Bolution F (depth of compenlstlon 79.8 hn.) 
Bolutlon A (depth ofcompensation zero) 

CENTRAL OROUP. 

8olutIon B {extreme rlgldlty) 
801utlon L) (depth ofcompensation 329.8 h.) 
Bblutlon E (depth o f c o m ~ s a t i o n  102.2 hn.) 
Bolution A (depth of compensation zero) 

WESTERN OROUP. 

BolutIon B extreme rfgldlty) I Bolutlon E depthofcompfmsatlon 102.2km. 
BolaWon O depth ofarm-tlonll3.7hn.] 
Bolutlon A (depth dcompensation zero) 

(4) 

Ssondr. 
+19.1&1. 60 + 1:32*0.71 - O.1MO. 73 - 0. R8 

+19.14fO.C3 + l.4if 0.40 + 0.22f 0.43 - 0. 3Of 0.42 - l.aOf0.42 

+11.-0.58 + 1.13f 0. MI + 1.05f 0.55 + 1.07f0.69 

+?I. 15fO.C2 - 1.80f0.38 - 2.39f0.38 - 3.25f0.58 

(4 

Ssondr. + 1.87*4.13 - 6. 63f 1.99 - 4. OZf 1.69 - 0.38f 2.28 

-11.24f2.22 + 2.28f 1.61 + 6.92f 1.62 + 7.82f 1.46 + 9.08*1.47 

+18.50f1.51 + 2.70f 1.44 
0.00f 1.43 

- 3.87f 1.52 

+63.74* 2.68 + 5.4Zf1.58 + 2. e l .  57 
- 2.26f 2.40 

(4 

Saonds. - 9.34&834 + 6. (Wf 1.61 + 4. Wf 1.62 + 3.43f 1. M 

+ 2.26f 1.31 
- 1.61f 0.85 - 3.67f0. 89 - 4. 85f0.88 - 644f0.80 

-14.42f 0.93 - 2. Qlf 0.89 
- 1.32f 0.88 + 0. -0.94 

-31.87f 1.42 - 8.02f0.87 - 6.0f1f0.87 - 5. 00f 1.33 

f 

(a) 

Meterr. 
+2276f358 + 379f 172 + 12& 184 - 110* 197 

+44%f106 
+ 34% 120 - 112f 113 - 401f 108 - SW*lO9 

+ 860f18a - 378f 166 - 1- 1M 
+ nf 164 

+11 MOflBO 
+ [I(Yif 116 + 374f115 - 740f 178 

(@)in 
unitsof 

the slxth 
dedmd 
plsce. 

fBMf212 
+%f 102 
+ 2 , f  97 
+10Bf 117 

+922f 82 
-210f 60 
-317f W 
-30M M 
-438& M 

-473f 87 
-381f 83 
-287f 82 
-126f 88 

+BOBflll 
-ZaOf 08 
-208f 67 - 43i103 



Most probable depth o f  compensation. 

From northeastern group, 146 kilometers, estimated weight 1 
From southeastern group, 48 kilometers, estimated weight + 
From central group, 127 kilometers, estimated weight 3 - 

Weighted mean, 117 kilometers 

The weight estimated for the most probable depth of compensation from the northeastern 
group was made double that for each of the other two groups because the solutions for different 
depths showed a tendency to a more rapid variation in the mean square of the residuals with 
respect to assumed depth of compensation. 

These three values of the most probable depth of compensation differ considerably. But 
the weighted mean, which was a prediction, is very close to the most probable value derived 
a year later from the complete investigation, namely, 112.9 kilometers. 

No estimate of the depth of compensation was made from the western group. If made 
it would apparently have been not far from 117 kilometers. 

Though the derived depth of compensation is much smaller for the southeastern group 
than for the %hers, it is not certain that this difference is real. It may be merely a result of 
the unavoidable errors in the derivation. The writer considers it merely an indication, not a 
proof, that the depth of compensation is smaller for this region than for the remainder of the 
United States. 

The degree of instability in the determination of the equatorial radius and the square of 
the eccentricity is shown by the four corrections to the Clarke 1866 values as derived from 
the best solution for each group. The best solution is considered to be in each case that for 
which the mean square of the residuals is least. 

(a) (e2) 
From the northeastern group + 126 + 164 meters + .000280 f .000097 - - 
From the southeastern group - 401 f 108 meters - .00036.5 f .000054 
From the central group - 183 f 154 meters - .000267 rt .000082 
From the western group + 374 f 115 meters - .000208 f .000067 

The adopted final results from the complete investigation involving all the observations 
are (a) = + 76 f 34 meters and (ea) = - .000065 f .%00021. 

If weights be fixed, as is usual, in inverse proportion to the squares of the probable errors, 
no one of the values of the equatorial radius derived from separate groups is to be wsigned a 

weight as great as h =- 8) of that assigned to the final adopted value. Similarly, no 

one of the valaes of the correction to the square of the eccentricity derived from a separate 

group is to be assigned a weight as great as & (:Ei::=&) of that of the final adopted 

value. In  other words, though the combined group on which the final results dppend contains 
only about four times as many observations as each of the four separqte groups, because of the 

effect of increased area, the weights of its results are from 6 to 23 ($s2\) times as great as . 
the weights of those from the separate groups. 

The total range of the four values of the equatorial radius from the four groups is 775 
meters. The difference between the Bessel and the Clarke 1866 values of the equatorial 
radius is 809 meters. The total range in the four values of ez is .000645, corresponding to a 
range of 28 in the reciprocal of the flattening. The difference between the Besael and the 
Clarke 1866 values of the reciprocal of flattening is only 4.2. 
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CONSTANCY OF THE DEPTH OF COMPENSATION. 

I t  has been assumed in this investigation that the depth of compensation is the same in 
all parts of the area concerned in this investigation. This area includes all of the United 
States and large adjacent areas. The area concerned is that over which the computation of 
topographic deflections was extended, the areas covered by rings of moderate radius (neither 
very small or very large) being concerned to the greater extent, while the outer larger rings 
are concerned to a progressively smaller extent. I t  matters little in this investigation whether 
the actual depth of compensation is great or small in the distant areas covered only by outer 
rings in the computation of topographic deflections. This investigation can furnish little or 
no information as to the depth of compensation in such distant areas. The investigation 
does, however, furnish some indications of the possible variation of depth of compensation 
within the limits of the United States. 

In  connection with the preceding paragraph, note that in the table on page 70 of reduction 
factors a change in the assumed depth of compensation produces a very small change in 
the factor for the outer ring (No. 1). Note also that for such a ring as No. 11 (outer radius 
113.7 kilometers) a change in the assumed depth produces a comparatively large change in 
the factor F. Thus, for the two cases cited a change of the assumed depth frbm 120.9 to 
113.7 kilometers makes changes in F of less than .001 and of .024, respectively. Similarly, 
it should be noted that, for the small ring No. 24 (outer radius 1.13 kilometers), this change 
of assumed depth makes a change of only .001 in F, and for smaller rings the corresponding 
change is still smaller. The more sensitive are the factors to change of assumed depth of 
compensation the more sensitive are the computed deflections to such changes of assumption, 
$nd therefore the stronger the determination of the depth of compensation in the area covered 
by the ring in question. 

The most reliable evidence obtained in this investigation in regard to the possible varia- 
tion in the depth of compensation is contained in the residuals of the A, G ,  H, and E solutions 
for all of the observations treated as one group. These residuals arcb tabulated on pages 106-1 14 
and statistics in regard to them are given in the tables on pages 135-139. For any given region 
the most probable depth of compensation is that for which the mean square of the residuals of 
the corresponding solution is least. 

I n  the table on page 138 showing the statistics of the residuals indicated above, as sepa- 
rated into four geographic groups, solution E has the smallest mean square of the residuals in 
the first three groups, and for the western group solution G has the smallest. As solution E 
was made for an assumed depth 162.2 kilometers, and solution G fcv 113.7 kilometers, this 
indicates that the depth of compensation is greater for the other three groups than for the 
western group. The evidence is very weak, however, since the mean square of the residuals 
varies less than 2 per cent among solutions E, H, and G, in the nodheastern group, and still 
less in the southeastern and central groups. The determination of the dapth of compensation 
in these three groups is, therefore, weak. The depth of compensation is much more strongly 
determined in the western group, in which the mean square of the residuals shows a range of 
variation among solutions E, H, and G of more than 6 per cent. 

If in the same table on page 138 the mean squares of the residuals for the latitude, longi- 
tude, and azimuth equations of each group separately are studied, the weakness of the evidence 
h o m e s  still more apparent. Of the nine testa possible in this way for the three groups, 
northeastern, southeastern, and central, there are five which show the H or G solution having 
smaller valaes than the E solution and thus contradicting the result for the group as a whoIe. 

Similarly, if the evidence given by the tables on pages 138, 139 of mean residuals without 
regard to sign, of percentage of residuals less than 2".00, of percentage of residuals greater 
than 5".W, and of maximum residuals, is studied, it will be found to be weak and to contain 
many contradictions within itself though its general tendency is to indicate that the depth 
of is somewhat greater for the other three groups than for the western group. 
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If the evidence from the ten geographic groups given in the tables on pages 135-137 is 
examined, it will be found to lead to the same conclusion as above. In the first table, giving 
the mean squares of the residuals, groups 8,9,  and 10,in the far west, show a minimum for solu- 
tion G and each of the remaining gmups show a minimum for either solution I3 or solution 11. 
The evidence is weak, as it consists of small differences. Moreover, the evidence from the four 
tables following this first one is both weak and contradictory, though in general trend it cor- 
roborates that from the first table. 

Finally, it may be noted that, as shown on page 141, from the preliminary solutions made 
separately for the northeastern, southeastern, and central groups, it was predicted that the 
depth of compensation was 117 kilometers and that this afterwards proved to agree almost 
exactly with the final result. These solutions indicated, therefore, that the mean depth of 
compensation is substantially the same for these three groups as for the western group. The 
evidence from these preliminary solutions for separate groups is weaker than that already 
discussed, depending upon the final solutions, because in the preliminary solutions the values 
of the five unknowns, including (a) ancl (ea), were determined with much less accuracy than 
in the final solution. 

The general conclusion is that while there are indications that the depth of compensation 
js greater in the eastern and central portions of the United States than in the western portion, 
the evidence is not strong enough to prove that there is a real difference in depth of compen- 
sation in the different regions. Possibly such a difference may exist, but it is not safe now 
to assert that it exists. 

METHOD OF COMPUTING THE MOST PROBABLE DEPTH OF COMPENSATION. 

On page 115, after calling attention to the relative values of the sums of the squares of the 
residuals for various solutions and to the fact that this sum is less for solution G than for an)- 
of the others, it was stated that the most probable depth of compensation, as derived from 
these sblutions, is 112.9 kilometers. The method by which this particular value, 112.9 kilo- 
meters, was derived was not there stated. Tt will now be given. 

Having made three complete solutions for three assumed depths of compensation, ant1 
having obtained the sums of the squares of the residuals for each, the problem is to compute 
the most probable depth of compensation, or that depth for which the sums of the squares 
of tho residuals would be a minimum. The concrete case in hand is, having made the three 
solutions E, H, and G, for which the sums of the squares of the residuals are, respectively, 8 220, 
8 020. and 8 013, and the corresponding assumed depths am 162.2, 120.9, and 113.7, to com- 
pute the most probable depth. 

The fundamental assumption made for this purpose is that the carve which has for abscissre 
the logarithms of the depths corresponding to the three solutions and for ordinates the sums 
of the squares of the residuals in those solutions, is a parabola, with its axis vertical. This 
wsumption is based on three considerations. First, for smalI changes of assumed depth of 
compensation the computed deflection varies nearly proportionally to the variation in the 
logarithm of the depth; second, the consideration just stated being approximately true, it 
follows that when the assumed depth is changed the residual for any one station will vary 
nearly in proportion to the change in the computed deflection, and the curve having logarithms 
of depth for abscissae and that residual squarea for ordinates will therefore bo a parabola with 
its axis vertical; third, any short portion of the curve referred to at  the beginning of this 
paragraph, which is a composite of many such parabolas, will be nearly a parabola with its axis 
vertical. This assumption is a generalization of which no proof is offered. Its safety depends 
upon the fact that it is applied to short portions only of the curve. 

The proposition made above, that for small changes of assumed depth of compensation 
the computed deflection varies nearly proportionally to the variation in the logarithm of the 
depth, is one which it is not easy to prove from the formulre. I t  may be rnade evident in 
another way. In the table of reduction factors, see page 70, three columns are headec! 
162.2, 113.7, and 79.76 kilometers. The logarithms of these three depths are 2.210, 2.056, 
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and 1.902, with the successive differences .154. The two successive differences of the factors 
for corresponding rings, in these eolumns are 

Dife~ences qf Factors F. 

These two columns of differences are identical except that in the second column each differ- 
ence is raised one line higher than in the .first.* Hence the mean difference in the second column 
is identical with the mean difference in the first column. If the values of the computed topo- 
graphic deflections for separate rings, such as are shown on page 72, into which these factors 
are multiplied to obtain the computed deflection when isostatic compensation is considered, 
were all equal, it is evident that the two successive differences between the computed deflections 
corresponding to these three depths would be equal, just as the Merences of the logarithms of 
the depths are equal. In other words, the computed deflections would be proportional to the 
logarithms of the depths. But the computed topographic deflections for the separate rings at a 
station are not equal. They ordinarily vary somewhat irregularly from ring to ring, with a 
tendency to increase, as a rule, with increase in the size of the rings, except for the last few 
outer rings. Hence in the table above, in addition to comparing mean differences, the actual 
corresponding differences must be compared. The greatest disparity between corresponding 
differences occurs on ring 9, for which the smaller difference (.062) is nearly two-thirds as great 
as the larger difference (.095). For other rings the disparity is less. Hence, even though the 
computed topographic deflection is different for different rings, it is still approximately true 
that for small changes of assumed depth of compensation the computed deflection varies nearly 
proportionally to the logarithm of the depth. Of course the smaller the assumed change of 
depth the closer is the approach to proportionality. Finally, i t  should be stated that for many 
cases the law stated has been tested by comparing the deflections computed for various assumed 
depths of compensation and has 6een found upon an average to be approximately true (see 
tables on pp. 48-56). 

*This ar~lleo from the peculiar relation of the fwtora, in such columne aa the three mlected, which hm already 
been pointed out on p. 72. 

26 
25 
24 
23 
22 
2 1 
20 
19 
18 
17 
16 
15 
14 
13 
12 
11 
10 
9 
8 
7 
6 
5 
4 
3 
2 
1 

Factor for de th  162.2 
nllnm that for &pth 113.7. 

.001 

.001 

.003 

.004 

.005 

.007 

.011 

.014 

.021 

.030 

.041 

.058 
,080 
. l o 3  
. 125 
. I35  
,124 
.095 
.062 
.037 
.020 
.010 
.005 
.002 
.002 
. 000 

Factor for de th 113 7 
minus that for g p t h  7b.76. 

.001 

.003 

.004 

.005 

.007 

.011 

.014 

.021 

.030 

.041 

.058 

.080 

. l o 3  

. I25  

. I35  

. 124 
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The proposition which lms been made, that when the assumed depth of compensation is 
changed the residual at a station varies nearly in proportion to the change in the computed 
deflection, may be tested by comparing the computed deflections on pages 48-56 with the 
resitluals on pages 106-1 14. 

The abscissa of the lowest point on the actual curve having logarithms of depths for 
abscisste and sums of squares of residuals for ordinates is obviously the logarithm of the most 
probable depth of compensation, as for that depth the sum of the squares of the residuals is a 
minimum. 

To find the abscissa of the lowest point of a parabola with its axis vertical, having given 
three points on the curve, two properties of such a parabola were used. The slope of the chord 
joining two points on the curve is the same as the slope of the curve at the point of which the 

LOGARITHMS OF ASSUMED DEPTHS OF COMPENSATION 
No. 14. 

abscissa is the mean of the abscissae of the two points. The slope of the curve at any point is 
proportional to the distance measured along the horizontal from the lowest point of the curve 
to that point. 

The method may be illustrated numerically by the case at  hand, namely, the sums of the 
squares of the residuals in the three solutions E, H, and G being 8 220,8 020, and 8 013, respec- 
tively, what is the most probable depth of compensation? 

On the curve shown in illustration No. 14 having for abscissae the logarithms of the 
assumed depths of compensation and for ordinates the sum of the squares of the corresponding 
residuals, the three abscissae corresponding, respectively, to the ordinates 8 220,8 020, and 8 013 
are 2.210, 2.082, and 2.056, these being the logarithms of the depths 162.2, 120.9, and 113.7 
kilometers, assumed in solutions E, H, and G. 

78771&10 
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Hence the slope of the chord from the point H to the point E on the curve is 

and this is assumed to be the slope of the curve itself at  the point of which the abscissm is 2.146 
(the mean of 2.210 and 2.082). 

Similarly the slope of the chord from the point43 to the point H is 

and this is assumed to be the slope of the curve at the point of which the abscissse is 2.069. 
Hence the rate of change of slope of the curve is 

The distance from the point having the abscissm 2.069 back to the point at  which the slope 
269 

of the curve is zero is, therefore, mO ,= '016, and the abscissse of this minimum point (M) on 

the curve is 2.069 - 0.016 = 2.053. The most probable depth of compensation has this logarithm 
and is 113.0 kilometers.* 

A consideration of the approximations involved in such a computation shows that the 
accuracy of the determination of the most probable depth will be greater the nearer are the 
three points (such as El H, and G) for which the solutions are made, to each other and to the 
~ o i n t  sought, and that it is desirable that the point sought shall be included between two of 
the three points. For these reasons it is important to make a good prediction as early as possible 
in the investigation of the most probable depth of compensation. 

The method of determining the most probable depth here described was evolved grndually 
during the progress of this investigation. The best proof of the general soundness of the 
method is the fact that successive camputations of the most probable depth showed a rapid 
convergence upon one value, that which has been adopted as final. 

To obtain an idea of the accuracy with which the most probable depth of compensation is 
determined by this investigation, seven other computations of it were made in addition to that 
shown above, using in each cake a part of the residuals only, as indicated in the following table: 

Probable de th 
01 cornperuslion 

(kilometers). 

From all latitude residuals 98 
From all longitude residuals 156 
From all azimuth residuals 105 
From' all residuals of the central group 174 
From all residuals of the northeastern group 187 
From all residuals of the southeastern group (t) 
From all residuals of the western group 107 

This indicates that the probable error of the derived depth of compensation is a few 
kilometers, not tens of kilometers nor tenths of kilometers. 

Other tests were made with still smaller groups of residuals which confirmed this conclusion. 
The general conclusion reached on this point, from all the evidence available, is that for the 

United States tlnd adjacent areas, if the isostatic compensation is uniformly distributed with 
respect to depth, the most probable value of the limiting depth is 70 miles (113 kilometers), 
and it is practically certain that the limiting depth is not less than 50 miles (80 kilometers) 
nor more than 100 miles (160 kilometens). 

*The difference, 0.1 kilometer, between this value and the value 112.9 kilometers (see p. 116) obtained from the 
original computation is too small to be of any importance and is due to a slight difference In the arrangement of the 
two computations and to the effect of omitted decimal places. 

t The obeervatiom indicated this part of the curve, near the points correeponding to E, H, and G of illustration 
No. 14, to be nearly straight, but convex upward inatead of downward. Hence, no determination of the probable 
depth of compensation could be made from thwe three points alone. The A and B eolutions (depth ~ e r o  and depth 
infinite) for the southeastern group ahow the general shape of the curve to be concave upnard. 



IJNIFORM DISTRIBUTION OF COMPENSATION, WIIY ASSUMED. 

In  order to make it feasible to compute the deflections of tho vertical, taking into account 
both the topography and the isostatic compensation, it has been assumed in the principal 
portion of the investigation that the compensation is uniformly distributed with respect to 
depth from the surface to the limiting depth of compensation; that is, it is assumed that the 
defect of density below any given portion of an elevated continental area, as compareti with 
the density at  the same level below a coast area lying at sea level, is a constant for all levels 
between the surface and the limiting depth of compensation. I t  is assumed that below- that 
depth no defect or excess of density exists. 

This assumption was adopted as a working hypothesis, because it happens to be that one 
of the reasonable assumptions which lends itself most readily to computation, and because it 
seemed to be the most probable simple assumption. 

I t  was necessary to make some assumption as to the distribution of the compensation with 
respect to depth. Various considerations should influence one in deciding which of various 
possible assumptions is probably nearest the truth. 

Near the surface of the earth to the depth to which the observations of temperature have 
been extended, the temperature has been found to increase about 1" C., upon an average, for 
each 30 meters increase in depth. The temperature probably continues to increase down to 
the limiting depth of compensation, though possibly the average rate of increase in the lower 
half of the interval is less than that stated. At 100 kilometers below the surface very high 
temperatures must exist, so high as to tend to decrease the strength of the material, assuming 
for the moment that the material is all solid. With increasing temperatures and, consequently, 
decreasing strength as the depth below the surface increases, one should expect stress differences 
of a given intensity to produce motion, or stresses to produce a change of volume, at  the greater 
depths rather than near the surface. If this consideration alone be taken into account, the 
readjustment of material to eliminate stress differences and equalize stresses, and, consequently, 
the isostatic compcnsation, should be expected to increase with incresse of depth. 

If, however, a consideration of the probable increase of temperature with increase of depth 
leads one to believe that, in spite of the tendency of increase of pressure to raise the melting 
points of the various materials composing the earth, the material below a critical depth is liquid 
while that above is solid, his belief as to the probable distribution of compensation with respect 
to depth must be correspondingly modified. In this case one may conceive that a light solid 
crust is floating on a heavier liquid substratum. On this basis the thinner portions of the crust 
(oceanic areas) should have their upper surfaces lower and their lower surfaces higher than the 
corresponding parts of the thicker portions of the crust (continents), this being the necessary 
condition of stability, as for an indefinitely extended floe of ice. I t  is here assumed that the 
crust itself has the same density at  all parts at  a given level, this being the assumption ordinarily 
made by those who deal with a crust floating in a liquid substratum. The isostatic compensa- 
tion in this case all occiirs near the bottom of the crust. I t  extends, below a continental mass, 
from the level of the lower surface of the crust under the seacoast down to the bottom of the 
actual crust under tho continental mass. I t  is representod by the protuberance on the under 
side of the crust, which corresponds for equilibrium to the continental protuberance above sea 
level. The isostatic compensation on this basis is therefore zero down to a deep level, and from 
that point is uniform down to a still deeper level, at  which it suddenly changes to zero again. 

G. H. Darwin, in his memoir entitled "On the Stresses Caused in the Interior of the Earth 
by the Weight of Continents and Mountains,"* assumes that the earth is a competent, elastic 
structure, solid throughout. Upon that aasumption the stresses which must exist in it, due to 
the weight of the continents and mountains, are computed. The computation indicates that 
continents of such dimensions and form as those now in existence would produce stress-differ- 
ences which would increase from the surface downward to a maximum at a depth of from 600 
to 1 000 miles, said maximum being as great as 4 tons per square inch. On this basis the failure 
of the material on account of the stress-differences, due to the continents, would be more apt to 

Philosophical TrPnsrctiom of the Royal Society of London, 1882, vol. 173, pp. 187-230. 
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occur a t  greater depths than near the surface, and therelore the readjustment of material and the 
isostatic compensation should increase with increase of depth for the first 600 or 1 000 miles 
below the surface. Darwin's computation also indicates that the stress differences produced 
by parallel mountain chains; separated by valleys, increases rapidly with increase of depth, 
down to a maximum at a depth which is part of the distance between adjacent mountain 
chains. Thus, if two parallel mountain chains are 500 kilometers apart, the depth at  which the 
maximum occurs will be 80 kilometers. Two such mountain chains, rising 4 000 meters above 
the intervening valley bottom, would produce maximum stress differences of 2.6 tons per square 
inch on the assumption stated. According to this point of view, the stress differences due to 
the existing inequalities of the earth's surface must increase with increasing depth to several 
tens of kilometers below the surface. Beyond this depth at  which the maximum stress differ- 
ences must occur, according to Darwin's computation, ~ n d  which is directly proportional to 
the distance between successive ridges, the stress differences must decrease slowly with increase 
of depth. On this basis the failures under stress, readjustment, and consequent isostatic com- 
pensation, due to the inequalities in the surface of the continents, should increase with increase 
of depth to a level far below the surface and then slowly decrease. 

The distribution of stress differences was computed by Darwin, with the results stated 
above, upon the assumption that every part of the earth is a competent, elastic structure, that 
is, that no failure under stress occurs at  any point. If failup does occur a t  any point, per- 
manent deformation of the material takes place, there is readjustment in form and position, 
and the stress differences below that point are reduced in amount, the stress-differences pro- 
duced by the inequalities of load a t  the surface not being transmitted below that level with 
their full value corresponding to purely elastic deformation. Hence, in so far as failure and 
readjustment occur a t  a given level, they tend to prevent similar failure and readjustment 
a t  lower levels. From this point of view it appears that isostatic compensation should increase 
with increase of depth to a short distance only below the surface and beyond that should decrease 
with increase of depth. 

In  the preceding paragraphs it is tacitly assumed that failure (yielding) under the stress 
differences at  certain levels is accompanied by isostatic readjustment produced either by 
bodily transfer of material or by changes of density, or by both, at  that level. 

Prof. T. C. Chamberlin has reached the conclusion that, according to the planetesimal 
theory of the formation of the earth, the isostatic compensation would be greatest a t  a level 
slightly below the surface, and from that point would decline at  a varying rate, which rate 
increases rapidly at  first and at greater depths decreases slowly, approaching zero a t  great 
depths. This peculiar distribution is indicated as being due to differential weathering and 
vulcanism during the process of growth of the earth.* 

These different considerations as to the probable distribution of isostatic compensation 
with respect to depth are not mutually exclusive. I t  may be that the actual distribution is a 
resultant of several or all of the actions and modifying influences which have been indicated 
briefly. Some of these tend to produce a uniform distribution of isostatic compensation with 
respect to depth, some to produce a maximum of isostatic compensation near the surface, 
some to produce it a t  moderate depths neither very near the surface nor very near the limiting 
depth of compensation, and some tend to produce a maximum near the limiting depth. There- 
fore it has seemed that the most probable simple assumption is that the compensation is uni- 
formly distributed from the surface to the limiting depth. 

I t  is not supposed that a t  the limiting depth of compensation there exists a perfectly 
abrupt change of conditions with respect to compensation. But it is believed to be possible 
that the decreaae of isostatic compensation from its mean value to zero may all take place 
within so small a range of depth that the difference between the actual mode of distribation 
and the abrupt change postulated in the stated assumption may not be capable of detection 
by the geodetic observations. Hence, i t  is deemed justifiable to make the assumption in the 
form stated, which is such as to lend itself most readily to computation. 
- - -- - -- - - - 

*Journal of Geology, 1907, p. 76, and Geology, by T. C. Chamberlin and R. D. Salisbury, Vol. 11, pp. 107-111. 



I t  should be noted that each of the considerations brought forward in the preceding para- 
graphs indicates that the isostatic compensation must be sensibly limited to some finite depth 
much less than the radius of the earth. The writer knows of no plausible conception of the 
conditions within the earth that would lead one to believe that isostatic compensation extends 
to the center. Hence, throughout this investigation it is assumed that, whatever the mode 
of distribution of the isostatic compensation with respect to depth, it extends to a limiting 
depth which is but a small fraction of the radius. 

While it seems desirable, in connection with the present investigation, that the first assump- 
tion made as to the distribution of compensation should be a reasonable one and, preferably, 
that it should be the most probable simple assumption, it was evident, at  the outset, that a 
failure to make the best selection would not be fatal to ultimate success and would probably 
not even hamper the investigation. I t  appeared on the preliminary reconnaissance of the 
problem that the most efficient method of attack is probably to make some one assumption 
as to the distribution of the isostatic compensation with respect to depth, to make full compu- 
tations on this assumption, and then to test other assumptions by comparison with this one; 
not by complete new computations, but by a computation of the small differences in computed 
deflections produced by the change from one assumption to the other. As various assumptions 
wore to be tested, it was not of paramount importance which should be tested first. . Relative 
ease of computation was properly one of the controlling elements in making the choice. 

I t  seemed desirable to test the assumption that poasibly the compensation is complete and 
uniformly distributed through a comparatively thin stratum, lying at a considerable depth 
below the surface. I t  was decided to assume the thickness of said stratum to be 10 milea 
(16 kilometers) and to derive the most probable depth for it. 

Such an assumption corresponds roughly (see p. 147) to the hypothesis that the outer por- 
tion of the earth is a light solid crust floating on a heavier liquid substratum. The cormpond- 
ence is not exact, for under said hypothesis the thickness of the stratum within which the 
compensation occurs is variable, and the mean depth of compensation is variable, as indicated 

' in the discussion later in this pubIication under the heading, "The floating crust hypothesis," 
page 163, whereas, under the assumption to be tested, the thickness is constant (10 miles), 
and the depth (to be derived) is assumed to be constant. 

As a first approximation, i t  waa assumed that the compensation occurs in a stratum 10 
d i e s  thick of which the bottom lies at  the depth 35 miles. Let A be a uniform distribution 
of defect (or excess) of density through the depth 35 miles from the surface and with the defect 
(or excess) 3.5 times as great as that necessary for complete compensation within said depth. 
Let B be a uniform distribution of defect (or excess) of density through the depth 25 miles 
from the surface and with the defect (or excess) 2.5 times as great as that necessary for com- 
plete compensation within said depth. Then the uniform distribution of density which will 
produce complete compensation within the specified stratum lying between depths 25 and 
35 miles, and which will for convenience be called X, is the exact equivalent of the difference, 
A-B, of the two distributions, A and B, or X=A-B. 

This may be made clear by a reference to page 68. I t  is there shown that for complete 
h compensation between the surface and depth h,, 6h - - Blhl, or 6, = - -6 in which 6, is the 
h, 

compensating defect of density, h is the mean elevation above mean sea level of the surface 
in the area under consideration, and 6 is the mean surface density of the earth (2.67). In  the 

h assumed distribution A, h, = 35 miles and the corresponding value of 6, is - The assumed 
defect of density in distribution A is stated to be 3.5 times this and is, therefore, 

Similarly, the assumed defect of density in distribution B is 
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Therefore, when the distribution B is subtracted from distribution A, it leaves no compen- 
sation between the surface and the depth 25 miles, but does leave the compensating defect 

h 
of density, 6, = - -6, uniformly distributed between depth 25 and depth 35 miles. This is 10 
exactly the value of 6, necessary for complete compensation in a stratum 10 miles thick, a s  

may be seen by comparing with the formula 6, = 8 with h, = 10 miles. -K 
If the area in question is a plateau a t  an elevation of one mile .above mean sea level 

6 -2.67 ij*=&= --=- - 
10 10 -i - .287. This compensating defect of density in the stratum ten miles 

thick between depth 25 and depth 35 miles, under one square mile of the surface, is exactly 
equivalent to a defect of mass of one cubic mile of material of density 2.67, which is equal to 
the excess of mass above mean sea level. The compensation is, therefore, complete. 

Let Fx be a reduction factor, similar to the reduction factors F shown on page 70, such 
that if the topographic deflection D is multiplied by F, the product DF, is the resultant deflec- 
tion D+Dx, due to both the topography and the compensating defects or excesses of mass 
supposed to lie between depths 25 and 35 miles, according to the assumed distribution of density 
which has been called X. As indicated on pages 69,70, the deflection due to the compensation 
is necessarily opposite in sign to the topographic deflection. As there the deflection due to 
compensation alone is - D( 1 - F) , so, in the case in hand, it is Dx = - D( 1 - Fx) . 

Let F,, and F,, be such factors F as are shown on page 70 for complete compensation 
extending from the surface down to the depths 35 and 25 miles, respectively. Then the deflec- 
tion due to complete uniform compensation extending to depths 35 miles would be - D(l - F a  
and that due to the assumed compensation called A would be 3.5 times this, or -3.5D(1 -F,J. 
Similarly the deflection due to the assumed compensation called B would be - 2.5D(1 -FA. 
Hence the deflection due to the assumed compensation called X, which is equivalent to A-B, is 

Dx=  -{3.5D(1 -Fa,) -2.5D(1 -FA}= -D{1 -(3.5F3,-2.5F25)} 

By  lacing this equal to the value of D,, already derived, namely, - D( 1 - Fx), it appears that 
F, -3.5F3, - 2.5F2, 

The factor Fx was computed by this formula for each ring of topography. To do this it 
was necessary first to obtain F,, and F,, for each ring of topography, as they had not yet been 
computed, though F had been computed for various other depths, as shown on page 70. It 
was possible to compute I?,, and F,, directly from the formula for F, shown on page 70. The 
final computations of their values were made, however, by a much shorter process, given later 
in this publication under the heading, "Various reduction factors obtained grsphically," see 
page 154. 

The reduction factors F, so computed are shown below in comparison with the factors F, 
taken from page 70, for uniform compensation extending to the depth 113.7 kilometers (70.67 
miles). 

Dlflmnce. 
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-. 029 -. 086 
-. 066 -. 047 
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.493 
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I t  appears that the factor F, for each ring of topography is not very different from the 
factor F for depth 113.7 kilometers for that same ring. If tho agreement were cxact for each 
ring, the computed total deflection for a station with the compensation assumed to be completc 
and uniformly distributed to depth 113.7 kilometers-namely, the sum of the quantities DF 
(one for each ring), see page 72-would be identical with the computed total deflection for a 
station with the assumed compensation X-namely, the sum of the quantities DF,. I t  would 
then he absolutely impossible by observations of deflections of the vertical to determine which 
of these two assumed compensations is nearer the truth. As the agreement of the two factors 
for each ring is close, it is evident that it will be difficult to discriminate by observation between 
the two kinds of compensation. 

Ta obtain more concrete evidence on this point, it was decided to compute the resultant 
deflections due to topography and to the assumed compensation X for ten meridian and ten 
prime vertical statiom, selected aa being fair representatives of the 496 such stations. The 
following table shows the selection 04 stations made, the computecl deflections with the X 
compensation considered, the .computed deflections corresponding to solution G-that is, with 
complete compensation uniformly distributed from the surface to depth 113.7 kilometem-and 
the small differences between the two sets of computed deflections. 

MERIDIAN STATIONS. 

PRIME VERTICAL BTATIONS. 

Of the twenty differences for these representative stations, only three are greater than 
OU.50, and only one is greater than 1 ".00, whereas the average residual without regard to sign 
from the C f  solution, in which the isostatic compensation is assumed to be complete and uni- 
formly distributed from the surface to the depth 113.7 kilometers, is 3".04 (see p. 136)) and but 
43 per cent of these residuale are less than 2".00 (see p. 136). I t  is evident that the agreement 
of the deflections computed with the X compensation with those computed with the CI com- 
pensation is well within the limits of the accidental errors, and that it is therefore very difficult 
to ascertain which of the assumed compensations is nearer the truth. 

The assumption of the particular depth 35 miles for the bottom of the stratum 10 miles 
thick within which compensation X is assumed to lie, was made after a preliminary reconnais- 

Corn nsatlon 
u n E m  to 
de th 113.7 
klPorneters. 

- 1.80 + 3.33 - .59 - 2.72 + 2.14 - .30 
- 3.49 
+ . 6 8  
- 2.03 
-12.35 

x 
cornpnnsatlon. 

- 1.69 + 3.48 
- .45 - 2.66 + 2.27 
- .29 
- 3.80 
+ . 5 6  
- 1.51 
-12.13 

No. 

152 
169 
100 
123 
189 
76 
60 
35 
17 
238 

r 

163 
175 
103 
128 
202 
81 
62 
36 
14 
229 

a 

+. 11 +. 15 
+.14 +. 06 +. 13 
+.01 
-. 31 
-.I2 +. 52 
+.22 

Name. 

Mount Independence, Maine 
Hcwlett, New York 
Hill, M land. 
~ a w n e e y e o  a 
Thoom  ill, %icbigan 
Weed Patch, Indiana 
ElPsaoE.R.,C~lorsdo 
Ibepah Utah 
Yolo ~ b .  R., California 
Santa Barbara, California 

Mount Independence, Maine 
Howlett, New York 
Hill, Mar land. 
Snwnw, b o  a 
Thones ~ill,%chigan 
Weed Patch Indiana 
El Pmo E. d., Colorado 
Ibepah, Utah 
Yolo NW. B., California 
Santa Barbara, California 

Sum without regard to sign, 

-3.14 + .70 - .75 - .14 
-2.23 + .6l 
-6.03 
-2.37 + .27 
+3.9& 

49.03 

-3.33 + .66 
-1.02 - .15 
-2.14 + .62 
-6.67 
-2.28 
+l. 40 
+4.76 

52.46 

+ .19 
f .m + .27 + .Ol - .09 - .01 + .64 - .09 
-1.13 - .81 
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sance of the problem, in which an attempt was made to predict the assumed depth for which 
the agreement with the G compensation would be closest. An examination of the preceding 
table shows that the deflections computed with the X compensation are on an average slightly 
smaller than those computed with the G compensation. Since, with any assumecl distribution 
of compensation, the greater the assumed depth the larger are the computetl deflections (see 
pp. 70-72), it appears that a closer agreement would be obtained if the assumed depth were made 
slightly greater. I t  was decided as a second approximation to increase the assumetl depth by 
2 miles-that is, to try a compensation, which will be called X,, complete and uniformly dis- 
tributed through a stratum 10 miles thick with its bottom a t  the depth 37 miles. 

The computations were then made for this compensation, X,,  precisely as outlined above 
for compensation X. The factors F, and the corresponding deflections were computed and 
the deflections compared with those for compensation G. The factors F,, were found to be as 
follows : 

These factors are also shown graphically on illustration No. 15 at the end of the volume. 
The differences, taken in the same manner as in the table on page 151, between the deflec- 

tions computed with compensation X, and the corresponding deflections computed with com- 
pensation G, were found to be as follows: 

XI deflection 
mlnus 

C deflectlon. 
Meridian atations: 

No. 152 +. 08 
No. 169 +. 26 
No. I00 +. 13 
No. 123 .00 
No. 189 +. 19 
No. 76 +. 02 
NO. 60 -. 37 
No. 35 -. 07 
No. 17 +. 44 
No. 238 -. 20 

Rlng. 

27 
26 
25 
24 
23 
22 
21 
20 
19 
18 
17 
16 
15 
14 

.Y, deflwtlon 
minus 

G deflection. 
Prime vcrtical statios~s: 

No. 163 + . 09  
No. 175 + . 0 9  
No. 103 + .22 
No. 128 + . 02  
No. 202 - . 16 
No. 81 + . O l  
No. 62 + .27 
No. 35 - . 2 6  
No. 14 -1.04 
No. 229 - .57 

Factor F ~ s .  

1. 000 
1.000 
1.000 
1.000 
1. OOO 
1.000 
1. OOO 
1.000 
.998 
.993 
.987 
.976 
.925 
.840 

The sum without regard to sign of the twenty X, deflections was found to be 51 'j.05, which 
is slightly smaller than the corresponding sum of G deflections-namely, 52".46. This indicated 
that the assumed depth should have been slightly greater, apparently about 1 mile. I t  was 
now possible to determine approximately for each station the assumecl tlepth which would 
make the X deflection agree with the G deflection a t  that station, since there was available 
the change in the X deflection a t  that station produced by a small change in assumed tlepth- 
2 miles-from 35 to 37. A study in detail for the separate stations led to the conclusion that 
for no other assumed depth would the agreement of theax deflections with the G deflections be 
closer than for the depth 37 miles. 

Therefore the general conclusion from this special investigation is that if complete com- 
pensation is wumed  to be uniformly distributed through a stratum 10 miles (16 kilometers) 
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thick the depth for the bottom of this stratum which will make the effects of this compensation 
rllost nearly agree with the G compensation is 37 miles, and, moreover, that 37 miles is the 
most probable depth for the bottom of such a compensation. 

The basis of the second part of the above conclusion will appear more clearly if the com- 
parison of the F,, and F factors, shown in the table on page 152 and in illustration No. 15 at the 
end of the volume, is considered. The two kinds of factors agree closely for all corresponding 
rings-that is, the two curves in illustration No. 15 follow each other closely. In  eithercase 
a slight change in assumed depth requires simply that the new factors are to be secured (as 

under the heading "Various reduction factors obtained graphically," p. 154) by reading 
them from a slightly different part of the proper curve, Corresponding changes in the assumed 
deptlls, as indicated in the abscisss of illustratioq No. 15, will produce nearly equal changes 
in the F and F,, factors and therefore nearly equal changes in the computed deflections and 
con~puted residuals. Hence, having proved that the sum of the squares of the residuals is a 

for the G solution (depth, 113.7 kilometers) as among solutions for assumed com- 
pensation extending from the surface to a limiting tlepth, and having proved that for the X, 
compensation the computed deflections and therefore the computed residuals are practically 
the same as for the G compensation, it follows that for the X, compensation the sum of the 
squares of the residuals is probably less than for any other assumed compensation in a stratum 
10 rniles thick. Therefore 37 miles is the most probable depth for the bottom of an assumed 
stratum 10 miles thick through which complete compensation is assumed to be uniformly 
distributed. 

The general conclusion is also reached from this special investigation that it is not possible 
to ascertain whether the X, compensation is more probable 'than the G compensation, since 
the two sets of computed deflections agree so closely that their differences are much smaller 
than the accidental errors. 

This conclusion might be tested further after a study of the curves on illustration No. 15 
and the computed topographic deflections for separate rings for each station, such as those on 
pages 26-33, by selecting the stations at which the computed X, deflections would differ most 
from the computed G deflections and ascertaining whether the sum of the squares of the X, 
residuals is much smaIler at  such stations than the corresponding sum of the squares of the G 
rc.sitluals. 

The theoretically complete test would be to compute the X factors and make complete 
X solutions for various assumed depths in precisely the manner in which the solutions E, H, 
and G have been made. 

I t  is the judgment of the writer, based on a stutly of details, as well as upon the general 
considerations indicated in the preceding pages, that neither of the additional tests suggested 
would probably make much change in the present conclusions and that therefore it is inadvis- 
able at present to make the test. At some future time, when more data are available, one or 
both of these tests may be advisable. 

To make this special investigation complete in form, other assumptions should be made 
as to the thickness of the stratum in question; that is, for the assumed thickness 10 miles 
there should be substituted 5 miles, 15 miles, 20 miles, etc. The results of computations, based 
upon such assumptions as to the thickness of the stratum, may, however, be anticipatetl closely. 
If the stratum is assumed to be 10 miles thick, it is shown above that its bottom is at  the depth 
37 miles, its top a t  the depth 27 miles, and its mean depth is 32 miles. The G compensation 
is uniformly distributed through a stratum 71 miles thick, of which the bottom is a t  the depth 
71 miles and the top a t  depth zero, the mean depth being 354 miles. This may be considered 
ay a special X compensation. Hence for any assumed thickness of the stratum, considered 
in the X compensation, between 10 miles and 71 miles, it is evident that the complete solution 
would show the mean depth to be between 32 and 351 miles. Similarly, by extrapolation, it 
appears that if the stratum is assumed to be less than 10 miles thick its mean depth will be 
found to be slightly less than 32 miles. 
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The method of testing the riasumption that possibly the compensation is complete and 
uniformly distributed through a thin stratum, lying at a considerable depth below the surf-, 
has been set forth fully in the preceding pages, because it is a general method, capable of appli- 
cation to any assumed mode of distribution of the compensation with respect to depth, provided 
only that the limiting depth of compensation is assumed constant for all of the area considered. 
Any assumed distribution of compensation with respect to depth may be treated, as in the 
preceding case, as  made up of sums and differences of several compensations each aaeumed to 
be uniformly distributed from the surface down to the limiting depth. I t  then follows that 
from the reduction factors F, computed as indicated on page 70, it is possible to compute the 
factors correspondmg to the particular case, and to make the test by the general method indi- 
cated on the preceding pages for the aasumed compensation X. 

This general method has been followed, as shown later in this publication, in testing the 
assumption that possibly the compensation is greatest at the surfaoe and decreases uniformly 
downward to zero at some limiting depth, and to test the assumption that the compensation 
is distributed with respect to depth according to a particular law postulated by Prof. T. C. 
Chamberlin. 

VARIOUS REDUCTION FACTOR8 OBTAINED GRAPHICALLY. 

The reduction factors F, shown in the table on page 70, corresponding to isostatic compen- 
sation uniformly distributed from the surface to depth 113.7 kilometers (70.67 miles), are also 
shown in the curve drawn as a solid line on illustration No. 15 at the end of the volume. The 
ordinates of the curve are the values of F for the depth 113.7 kilometers, corresponding to the 
rings indicated by the first line of abscissse at the bottom of the figure 

I t  will now be shown that the use of this curve is not restricted to the aasumed depth 113.7 
kilometers, but that i t  may be used to obtain the reduction factors F for any ring and for any 
assumed depth. 

The formula for F, as derived on pages 69,70, is 

r ' 
anci is subject to the restriction that - = 1.426. 

=I 

Imt R -;, that is, R is defined as the ratio of the outer radius of a ring r' to the assumed 
1 

depth of compdsation, h,. 

Then, 
h R r' -P h,R and r, -1- 
1.426 

By substituting these values of r' and r, in the above formula for F and simplifying there ie 
obtained 

This formula for F contains but one variable, R. Therefore for any ring and any depth 
of compensation uniform from the surface down, F depends simply upon R, the ratio of the 
outer radius of the ring to the depth of compensation. 

I t  is important to note that the preceding statsment and formula are subject to the 
r ' 

restriction that the ratio of radii of succegsive rings, K, is 1.426, the ratio used throughout the 
- *  

present investigation. 
On illustration No. 15, in the second line of absciasse a t  the bottom of the figure, are the 

values of log R, placed in proper relation to the curve which is drawn aa a solid line. Therefore 
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if this second line of abscissse is used the curve gives the values of F for any ring and any depth 
of uniform compensation, subject to the restriction of the preceding paragraph as to the ratio 
of radii of rings. 

As the ratio of radii of successive rings is constant, being 1.426: and the corresponding 
logarithms of the radii, therefore, have a constant difference 0.1541, the successive corresponding 

r ' 
values of R ( -  ) are in the ratio 1.426, and the successive corresponding differences of log R -k 
are 0.1541, as indic'ated at the bottom of illustration No. 15. 

The curve was used to determine the factors I?,, see page 150, for a compensation assumed 
to be uniformly distributed from the surface to depth 35 miles. For example, for this case 

1' 
70'67 and log R -0.305. The value read from the curve corraspondi~ and for ring 11, R = h , = = m J  

49'56 log R -0.151, and to the abscissa log R =Q.305 is I?, = .141. Similarly, for ring 12, R =m, 
the value of F,, read from the curve, is .236. Note that, on account of the relation to which 
attention was called in the preceding paragraph, the two values of log R differ by 0.154, the 
difference between successive numbers on the second line of abscissae. As that for ring 11 
falls .02 space to the right of 0.308 on the second line of abscissse, so, also, that for ring 12 falls 
.02 space to the right of 0.154, and the values for rings 13, 14,15, etc., ai-e necessarily at  intervals 
of one spacs (0.154 in log R). I t  was necessary, therefore, to compute log R for a single ring 
only to locate the proper point on the curve to be read to obtain the values of F, for all rings. 

The readings of the curve thus obtained are identical with those which might be obtained 
by displacing the whole plotted curve 1.98 spaces to the right and using the first line of abscissae 
a t  the bottom of the figure. 

Similarly, in obtaining the factors, Fs,, for a compensation assumed to be uniformly dis- 
tributed from the surface to depth 37 miles, log R was first computed for ring 11 and was found to 
be 0.281 (.I8 space to the right of 0.308 on the second line of abscissae on illustration No. 15) 
and the corresponding Fay as scaled from the curve was found to be .153. The remaining 
values of F,, for various rlngs were then read off from the curve at points an integral number 
of spaces (each corresponding to 0.154 in 1ogR) to the right and left of this point. This was 
equivalent to displacing the curve 1.82 spaces to the right and then using the fimt line of 
abscissse a t  the bottom of the figure. 

Required valuea of the reduction factors F, for the assumed depths of uniform compen- 
sation, 25 miles, 27 miles, and various other depths, were also obtained quickly from this curve. 

As indicated on pages 150, 152, reduction factors, F,,, were computed by the formula 

Fx2-3.7 I?,-2.7 Fw 

in which F, and F, were obtained as indicated above. 
F,, is the reduction factor corresponding to complete compensation uniformly distributed 

through a stratum 10 miles thick, with its bottom a t  %he depth 37 miles. The values of F,, 
so computed for the rings indicated in the fimt line of abscissse at  the bottom of illustration 
No. 16 are plotted on the curve drawn as a aeries of dashes in that figure. The corresponding 

r ' 
values of log R -log - in which h, has the value 37 milea, are shown in the first line of absciascs h, 
a t  the top a€ the illustration. 

As Fa, and F, are each functions of R only, so F,, must necessarily be a function of R 
only. Therefore it follows that the curve marked X, and drawn as a series of dashas may 
be used to determine the reduction factors F!, for complete compensation uniformly distributed 
through rt, stratum 10 miles thick for any ring and for any assumed depth of the bottom of 
the stratum. 

* This statement is not strictly true, though nearly ao, for ringa 6 to 1, see p. 22. The values of log R on illuatrption 
No. 16 have, for convenience, been entered there ae if it were strictly true, aa the small errore ao introduced are 
negligible. 
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The process is similar to that already indicated for using the curre drawn as a solid line 
to derive the F factors for any depth and any ring. Thus, if the bottom of the 10-mile stratum 

70'67 and log R =0.305. The corresponding be assumed to be at  depth 55 miles for ring 11, R = 

value of F, read from the curve of dashes using the first line of abscissae at  the top of the illus- 
tration No.15 is 0.292. For other rings and this depth the readings are taken from the curve at 
integral numbers of spaces (each equal to 0.154 in log R) to the right or left of this point. This 
corresponds to displacing the curve of dashes 0.16 space to the right and then using the first 
line of abscissae at  the bottom of the illustration. 

The curve on illustration No. 15, marked D and drawn with alternate dashes and dots, 
gives the reduction factors corresponding to complete compensation which is greatest at  the 
surface and diminishes uniformly with respect to depth until it becomes zero at the limiting 
depth. If this curve is read with the first line of abscissae below the illustration, it gives such 
factors for the assumed limiting depth 109.0 miles. If it is read with the second set of abscissm 
above the illustration, it gives such factors for any depth. Information in regard to the test 
of this mode of distribution of compensation is given below under the heading "Uniformly 
decreasing compensation.'' 

The curve on illustration No. 15, marked C and drawn by dots only, gives the reduction 
factors corresponding to complete compensation distributed with respect to depth according to 
a law postulated by Prof. T. C. Chamberlin. If this curve is read with the first line of abscissae 
below the illustration, i t  gives such factors for the aasumed depth 178.6 miles. If it is read 
with the third set of abscissae above the illustration, it gives such factors for any depth. Infor- 
mation in regard to the test of this mode of compensation is given later (p. 159) under the 
heading, "The Chamberlin compensation." 

On the scale of publication of illustration No. 15 it is difficult to read the third decimal 
place of a factor. The numerical values of each set of factors are given in this publication, 
pages 70, 152, 158, 161: One may, therefore, reconst~~uct the illustration to any desired scale 
and then use it in deriving factors for various depths. It is believed that few, if any, of the 
numerical values of the factors given are in error by more than .002. 

UNIWRMLY DECREASING COMPENSATION, 

I t  seemed desirable, for reasons indicated on page 148, to test the assumption that, possibly 
the compensation is complete within a certain limiting depth, but that it is greatest a t  the 
surface, and decreases uniformly with respect to depth until i t  becomes zero a t  the limiting 
depth. 

The same general plan was followed in baking this test as that outlined on pages 149-154, 
in connection with a test of possible compensation in a stratum ten miles thick. 

As before, let h =the mean elevation above mean sea level of the surface in the area under 
consideration, let h, =the limiting depth of compensation, and let b = the mean surface density 
of the earth (2.67). 

Then, under the assumptions stated, the compensating defect of density at  the surface is 
2h - - b and is zero a t  depth h,. For any intermediate depth d, the compensating defect of 
hl 

h -d 2h density is bd = -L 
h, 7;; it; that is, it is proportional at  any point to the elevation of that point 

above the limiting depth bf compensation h,. The average compensating defect of density or 
h 

average value of bd, which will be called 6,) is which is that necessary for complete com- 
1 

pensation uniformly distributeci to the depth h, (see pages 68, 149). 
As a convenient approximation to this assumed distribution of compensation, decreasing 

uniformly with respect to depth from the surface to depth h,, the following assumed values 
were adopted : 



From depth zero to depth .I h, let ad = 2.06, 
From depth .lh, to depth .3h, let ad = 1.66, 
From depth .3h, to depth .5h, let ad = 1.26, 
From depth .5h, to depth .7h, let, ad = .86, 
From depth .7h, to depth .9h, let a d =  .46, 
From depth .9h, to depth 1 .Oh, let ad =zero 

These arbitrary assumptions insure that Bd has its proper value at  the surface and at depth h,. 
Between those points the assumption makes ad vary by sudden changes of .46" at  such points 
as to insure that the average value of bd is correct (namely, =av) and that, at  any depth, the - 

assumed value of ad does not differ much from the value -hid which it would have if 
h1 h1 

it decreased continuously and uniformly from the surface to depth h,. 
These arbitrary assumptions serve to substitute for a uniformly decreasing compensation 

another compensation which approximates closely to it and consists of the sum of several com- 
pensations, each uniformly distributed from the surface down to its own limiting depth. The 
separate uniform compensations of which the sum is utilized are 

No. 1 ad =.4BU from the surface to depth .9h, 
No. 2 b d  = .4au from the surface to depth .7h, 
No. 3 dd = .46" from the surface to depth .5h, 
No. 4 Bd = .46" from the surface to depth .3h, 
No. 5 bd =.4Rv from the surface to depth .lh, 

If uniform compensation from the surface to depth .9h1 were complete, the compensating 
h 

defect of density would be 8, = -=,a (see p. 68). In  the first of the five compensations indi- 

cated above, the compensating defect of density 6. = .46, = - '4h6, and is therefore .36 of that -6 
h 

necessary (namely, - -6) for complete compensation uniformly distributed from the surface .9h, 
to depth .9h, 

Similarly, in the second of the five compensations indicated above, ad is .28 of that nec- 
essary for complete compensation within depth .7h1, -and the corresponding quantities for the 
third, fourth, and fifth compensations are 20, .12, and .04. 

By the same line of reasoning as that followed on pages 149, 150 in proving the formula 
Fx  =3.5F,, -2.5FZ, it follows that 

I n  this formula FD, is a compensation factor by which the computed topographic deflection 
must be multiplied to secure the resultant deflection if the sum af the five compensations indi- 
cated on the preceding page exists. F(,Ohl) is the factor, such as those shown in t.he table on 
page 70, or on the solid curve on illust.ration No. 15 a t  the end of the volume, for complete 
compensation, extending from the surface to depth .9h,. F(.lhl), F(.5bl), etc., each has the cor- 
responding meaning with respect to depths .7h,, .5h,, etc., respectively. 

Let FD be the compensation factor corresponding to complete compensation which 
decreases uniformly from a maximum a t  the surface to zero a t  depth h,. Then, since the suxh 
of the five compensations indicated above is nearly equivalent to this uniformly decreasing 
compensation, F D ,  is a close approximation to FD. 

In  the concrete case to be investigated h, was first assumed to be 141.3 miles. Fo, was 
then computed for each ring from the above formula. The necessary values of F(.Ob,),  F( . th l )  

etc., in the formula were those indicated by the solid curve marked F on illustration No. 
15, for depths 127.2, 98.9, 70.7, 42.4, and 14.1 miles. 
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In order to ascertain the closeness with which I?, approximates to FD, ten (instead of five) 
separate compebsations, each with bd =.2bU (instead of .4bu), were next assumed, extending to 
depths &hi, &hi, &hi -- - - )#hl. The formula for computing the compensation factors then 
became 

F~lo =. lgF(.whl) + .17F(.aih1) + .15F(.mhl) -k - - - - - - + .OIF(.mhl) 

The values of F D l ,  were computed from this formula for seven selected rings. No difference 
between F D l o  and F D s  was greater than .003. Hence it appeared that if the number of sepa- 
rate assumed uniform compensations were increased indefinitely beyond ten to secure a closer 
approximation of F D l 0  to F D ,  probably no computed factor would be changed by more than 
.001. Therefore it was assumed that, with sufficient accuracy, FD1, may be assumed to be equal 
to FD. By inspection the necessary corrections, not exceeding .003, were applied to the values 
of F-for all rings to make then1 agree with FDl0, and the corrected values were taken as FD 
for each ring corresponding to the limiting depth, 141.3 miles. 

These values for F D  were then compared with the corresponding values of F for depth 
70.67 miles, see page 70, and it appeared that the two sets of factors would agree much more 
closely if the limiting depth for the decreasing compensation were made 118.3 miles instead 
of 141.3 miles. Accordingly new factors F,, corresponding to this limiting depth, were 
computed. 

The resultant deflections due to both the topography and assumed complete compenscc 
tion decreasing uniformly with respect to depth from the surface down to the depth 118.3, 
were then computed for the same ten meridian stations and ten prime vertical stations which 
were taken as representative in the investigation of possible compensation complete within a 
stratum ten miles thick, see page 151. These computed deflections were compared with corre- 
sponding values for these stations computed for complete compensation uniformly distributed 
from the surface to depth 70.67 miles. The maximum difference was found to be only 0".71. 
But an examination in detail showed that the differences would be still smaller and probably a 
minimum if the limiting depth for the decreasing compensation were changed to 109.0 miles. 
Accordingly, the factors and the resultant deflections for the 20 representative stations were 
computed for the depth 109.0 miles and are shown below in comparison with corresponding 
quantities for uniform compensation extending to depth 70.67 miles. 

The factors F, are shown graphically on illustration No. 15 at  the end of the volume 
on the curve marked D and drawn with alternate dote and daahes. If this curve is read with 
the finst line of abscissse below the illustration it gives suoh factors for the assumed limiting 
depth 109.0 miles. If it ia read with the second set of abscissae above the illustration it gives 
such factors for any depth. 
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C m p t e d  dejection. 

MERIDIAN STATIONB. 

PRIME VERTICAL STATIONS. 

No. 

152 
169 
100 
123 
189 
76 
60 
35 
17 

238 

Twelve of the 20 differences are each less than Or'.lO, and the maximum difference is only 
Otr.38. The average residual without regard to sign from the G solution, in' which the isostatic 
compensation is essumed to be complete and uniformly distributed from the surface to the 
depth 113.7 kilometers, is 3Ir.04 (see p. 136) and but 43 per cent of these residuals are less than 
2".00 (see p. 136). The above differences are small in comparison with the residuals of the G 
solution. 

By the lines of reasoning indicated on pages 152, 153 the following conclusions have been 
reached: First, the most prdbable limiting depth is 109.0 miles for complete compensation, which 
is assumed to be greatest a t  the surface and to diminish uniformly with respect to depth until 
it becomes zero a t  the limiting depth. Second, it is not possible to ascertain whether this com- 
pensation is more probable than the G compensation, uniformly distributed from the surface 
to the depth 70.67 miles, since the two sets of comjuted deflections agree so closely that their 
differences are much smaller than the accidental errors. 

Name. 

Mount Independence, Maine 
Howlett, New York 
Hill, Ma land. 
Sawnee,%o 
l!honea ~ill,%$higan 
Weed Patch, Indiana 
ElPaaoE.B.,Colorado 
Ibepah, Utah 
Yolo NW. B., California 
Santa Barbara, California 

163 
175 
103 
128 
202 
81 
62 
35 
14 

229 

THE CHAMBERLIN COYPENBATION. 

Prof. T. C. Chamberlin has reached the oonclusion that, according to the planitesimal 
theory of the formation of the earth, the isostatic compensation would be greatest at  a level 
slightly below the surface and from that point would decline a t  a'varying rate, which rate 
increases rapidly a t  first and a t  greater depth decreases slowly, approblching z e ~  a t  greet depth. 
This peculiar distribution is indicated as being due to differential weathering and vulcanism 
during the p r o m  of growth of the earth.* 

It esemed desirable to test the geodetic evidence for any indication that thie mode of 
distribution of the compenmtion with respect to depth is more probable than the Q compense- 
tion, which is aseumed to be uniformly distributed from the surfsce to the limiting depth. 

* J o d  of Geology, 1807, p. 76; and Geology, by T. C. Chber l in  and R. D. Salisbury, Vol. XI, pp. 107-111. 

Compensatlon 
decress~ng 

unlforml to 
depth 1h.0 

milea. 

I /  

- 1.84 + 3.25 - .65 - 2.73 + 2.03 - .30 - 3.39 + .63 
- 2.15 
-12.23 

Mount Independence, Maine 
Howlett, New York 
Hill, Ma land 
sawnee, 8eorg 
Thonea Hill, ichigan 
Weed Patch, Indiana 
ElPeaoE.B.,Colorado 
Ibepah Utah 
Yolo ~ k .  B., California 
Santa Barbara, California 

Com nsatlon 
unErm to 
depth 113.7 

kilometers, or 
70.07 miles. 

/I 

- 1.80 + 3.33 
- .59 - 2.72 + 2.14 - .30 - 3.49 + .68 
- 2.03 
-12.35 

Dlflerence. 

I /  

-. 04 
-. 08 -. 06 
-. 01 -. 11 

.00 +. 10 
-. 05 
-. 12 +. 12 

-. 05 
-. 08 -. 11 
-. 04 +. 07 -. 02 +. 02 +. 29 
+. 17 
+. 38 

-3.38 + .60 
-1.13 - .19 
-2.07 + .w 
-6.86 
-2.06 
+%78 
+4.93 

-3.33 + .66 
-1.02 - .15  
-2.14 + .62 
-6.67 
-2.28 
+1.40 
+4.76 
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The general plan followed is that indicated on pages 149-159 in connection with tests of pos- 
sible compensation in a stratum 10 miles thick, and of possible compensation decreasing uni- 
formly from the surface to the limiting depth. 

Illustration No. 16 is a copy of the figure published by Professor Chamberlin in the Journal 
of Geology. According to Professor ChamberIin the most probable mode of distribution of the 
compensation with respect to depth is indicated by the curve CCC. On this figure the ordinates 
represent depths below the surface and the abscissae represent the compensating defects (or 

A A excesses) of density. The origin is a t  the upper left-hand corner of the figure. 
The rectangle AAAA represents the G compensation, uniformly distributed 
from the surface to the depth 113.7 kilometers (71 miles). The triangle 
included between the line BBB and the axes represents compensation which 
is a maximum a t  the surface and decreases uniformly downward to the 
limiting depth 109.0 miIes. The figure serves, therefore, to compare three 
assumed modes of distribution of the compensation with respect to depth. 

I t  is the writer's understanding of the curve CCC of this figure that 
Professor Chamberlin intends i t  to represent the most probable mode of distri- 
bution of the compensation with respect to depth, but does not intend i t  to 
indicate the particular depths a t  which the compensation has certain values. 
If this understanding is correct the curve CCC would represent Chamberlin's 
hypothesis equally well if it were either somewhat contracted or somewhat 
expanded in the vertical direction without other change. This interpretation 
of the curve has been used in the following investigation. 

To make the problem concrete, and as a first approximation, it was assumed 
that the depth indicated a t  the two dots* near the bottom of the figure is 100 
miles, that the curve CCC is a straight line below this point, and that this 
straight line intersects the vertical axis, and consequently the compensation 
becomes zero a t  the depth 141.3 miles. 

Following the same line of reasoning as on pages 156,157, and using the cor- 
responding notation, let h, be the limiting depth of compensation (which is for 

I I h 
the moment aasumed to be 141.3 miles) and let 6,- - - 8 be that average value 

hl 
of the compensating defect of density necessary for complete compensation 
within the depth h,. By scaling off the abscissae of curve CCC a t  short inter- 
vals, and examination of the values so found, i t  becomes evident that the 
Chamberlin compensation is approximated closely by the sum of the following 
six compensations, each uniformly distributed from the surface down to its own 
limiting depth. 

No.1 8d=1.496ufromthesurfrtcetodepth .Ih, 
d 

NO. 16. No. 2 ad = 1.278, from the surface to depth .3h, 
No. 3 ad = .490aU from the surface to depth .5h, 
No. 4 ad = .143av from the surface to depth .?h, 
No. 5 ad = .0926, from the surface to depth .9h1 
No. 6 ad = .028aU from the surface to depth l.Oh, 

Also, by the same reasoning as on page 157 i t  appeared that 

F. = . lSIFl.lbl)) + .a86 F(.sh,, + .249F(.ml1 + -101 F(-?n,) + .084 + -028 F(lml) 

In this formula Fc, is a compensation factor by which the computed topographic deflection 
must be multiplied to secure the resultant deflection if the sum of the six compensatiops in- 
dicated above exists. Fc.lhl) is the F factor such as those shown in the table on page 70, or 
in the solid curve on illustra$ion No. 15 a t  the end of the volume, for complete compensation 
extending from the surface to depth .lh,, F(.Sh,), FLwl)  etc., each has the corresponding mean- 
ing with respect to depths .3h,, .5h1, etc., respectively. .. 

* Them dots have been added to the original figure. 
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Let Fc be the compensation factor corresponding to complete Chamberlin compensation, 
extending to the depth h,. Then, since the sum of the six compensatioris intlicated above is 
nearly equivalent to this Chamberlin compensation, Fc, is a ck>se approximation to Fc. 

In the concrete case to be investigated, in which h, has been assumetl to be 141.3 miles, 
Fc, was then computed for each ring from the above formula. The necessary values of Fclhll, 
F( etc., in the forrnula, were those which had already been utilized (see p. 157). 

In  order to ascertain the closeness with which Fc, approximates to Fc, elrven (instcacl of 
six) separate compensations were next assumed, extending to depths &hll i,,hll Ahll-  - - - -. 
$$h,, and representing as closely as possible the Chamberlin compensation (curve CCC) . The 
formula for the compensation factors was then found to be- 

Fell =.024F(.,h1) + .178F( I,,, + -211F( ~ h , ,  + .131F(.,,,, + .l.ilF, a h , ,  + .098F(.,h1) 
+ .049F(.~b,) + .049F( 76hl) + .053F( ~ i h , !  + .042F( oml) + .015F(1 oh,) 

The values of Fc,, were computed from this formula for rings 7, 14, and 20. The differences 
Fc,, - Fc, were found to be - .001, - ,009, and + .002, respectively. I t  appeared from an ex- 
amination in detail that if the number of separate assumed uniform compensations were in- 
creased indefinitely beyond 11 to secure a closer approximntion of Fell to Fc probably.no com- 
puted factor would be changed by more than .003. Therefore it was assumed' that, with 
sufficient accuracy, Fcl, may be assumed equal to Fc. By inspection the necessary corrections, 
not exceeding .009, were applied to the values of Fc, for all rings to make them agree with Fell 
ant1 the corrected values were taken as F, for each ring, corresponding to the limiting depth 
141.3 miles. 

These values for Fc were then compared with the corresponding values of F for depth 
70.67 miles (see p. 70), and it appeared that the two sets of factors would agree much more closely 
if the limiting depth for the Chamberlin compensation were made 201..5 instead of 141.3 miles. 
Accordingly, new factors Fc, corresponding to this limiting depth, were computed. 

The resultant deflections, due to both the topography end assumed Chamberlin compensa- 
tion, extending to the depth 201.5 miles, were then computed for the same 10 meridian sta- 
tions and 10 prime vertical stations which were taken as representative in the investigation 
of possible compensation complete within a stratum 10 miles thick (see p. 151). These computed 
deflections were compared with the corresponding values for these stations, computed for com- 
plete compensation uniformly distributed from the surface to depth 70.67 miles. The maximum 
difference was found to be only 1".30. But an examination in detail showed that the difference 
would be still smaller and probably a minimum if the limiting depth for the Chamberlin com- 
pensation were changed to 178.6 miles. Accordingly, the factors and the resultant deflections 
for the 20 representative stations were computed for the depth 178.6 miles, and are shown 
below in comparison with corresponding quantities for uniform compensation extending to 
depth 70.67 miles. 

27 
26 
25 
24 
23 
22 
21 
20 
19 
18 
17 
16 
15 
14 

Factor Fc 
lor depth 
287.4 ''lo- 
meters or 

178.8 milea. 

.996 

.995 

.993 

.989 

.983 

.974 

.965 

.952 

.930 

.902 

.861 

.805 

.737 
. .651 

Factor F io 
depth 113.; 

kilometersor 
70.67 

.997 

.996 

.995 

.992 

.988 

.983 

.976 

.965 

.951 

.930 

.900 

.859 

.801 

.721 

Dlfler- 
ence. 

-.Nl 
- . W 1  
-. 002 
- .W3  
-. 005 
-. 009 
- .011 -. 013 
-. 021 
-. 028 
-.039 
-. 054 
-.064 -. 070 

Ring. 

13 
12 
11 
10 
9 
8 
7 
6 
5 
4 
3 
2 
1 

Factor Fc 
for de th dIo- 

or 
178.6 m11ar. 

.555 

. 453 

.344 

.245 
,160 
. 098 
.055 
.029 
.015 
.008 
.005 
.003 
.OOO 

Factor 
depth 113.7 

kllometersor 
70.G7 

.618 

.493 

.358 

.234 

.139 
,077 
.040 
.020 
.010 
.005 
.W3 
.001 
.001 

Dl* 
ence. 

-.063 
-.040 
-. 014 
+.011 
+.021 
+.@?I 
+.015 
+.m +. 006 +. 003 
+.(lo" 
+.Ox 
-.MI 



162 THE FIGURE OF THE EARTH AND ISOSTASY FROM MEASUREMENTS I N  U. S .  

The factors Fc are shown graphically on illustration No. 15 a t  the end of the volume, on 
the curve marked C and drawn with dots. If this curve is read with the first line of abscissae 
below the illustration, it gives such factors for the assumed limiting depth 178.6 miles. If it 
is read with the third line of abscissa: above the illustration, it gives such factors for any depth. 

Computed deflection. 

MERIDI.4N STATIONS. 

PRIME VERTICAL STATIONS. 

r 

No. 

152 
169 
100 
123 
189 
76 
60 
35 
17 
238 

Seven of the twenty differences are each less than Or'.10, and the maximum difference is 
only 0".80. These differences are small in comparison with the residuals of solution G of which 
the average without regard to sign is 3".04, and of which only 43 per cent are less than 2".00 
(see p. 136). 

By the lines of reasoning indicated on pages 152, 153 the following conclusions have been 
reached. First, the most probable limiting depth is 178.6 miles for complete compensation with 
the mode of distribution with respect to depth postulated by Professor Chamberlin. Second, i t  is 
not possible to ascertain whether this compensation is more probable than the G compensation. 
uniformly distributed from the surface to the depth 70.67 miles, since the two sets of com- 
puted deflections agree so closely that their differences are much smaller than the accidental 
errors. 

The first of the above conclusions may be made more definite. The details of the postu- 
lated mode of distribution of the Chamberlin compensation with the limiting depth 178.6 
miles are shown in the curve CCC, on illustration No. 16, on which the depth indicated by the 
two dots must now be considered to be 127 miles, and from that point downwsrd the curve 
must he considered to be a straight line intersecting the vertical axis a t  the depth 178.6 miles. 
Let 6, be the defect of density necessary for complete compensation uniformly distributed 
from the surface to the depth 178.6 miles. Then, according to the above conclusion, the 
Chamberlin compensation st various depths is as followe: 

Nsme. 

Mount Independence, Maine 
Howlett, New York 
Hill, Mar land, 
Sannee, &eor la 
Thonee Hill, &ichigan 
Weed Patch, Indiana 
El Pacro E. B., Colorado 
Ibepah, Utah 
Yolo NW. B., California 
Santa Barbara, California 

1 

-. 03 -. 15 -. 21 
-. 06 
+. 09 
-. 05 
+. 06 +. 41 +. 80 
t.38 

r 

163 
175 
103 
128 
202 
81 
62 
36 
14 
229 

Chamberlln 
compensation' 

degkA18'6 

/ I  

-1.90 
+ 3.10 
- 0. 73 
- 2. 72 
+ 1.96 
- 0.32 - 3. 26 
+ 0.57 
-2.28 
- 12.12 

Mount Independence, Maine 
Howlett, New York 
Hill, Ma land. 
~awnee ,xeo  a 
Thonea  ill, %chiBen ' 

Weed Patch, Indiana 
El Pam E. B., Colorado 
Ibepah, Utah 
Yolo NW. B., California 
Sand Barbara, California 

'",f E,"p 
depth 113.7 kilo- 
meters or 70.67 

mlles. 

/ I  

-1.80 + 3.33 
- 0.59 
- 2. 72 + 2.14 
- 0.30 - 3.49 + 0.68 
-2.03 
- 12.36 

DltIerence. 

I /  

-. 10 
-. 23 
-. 14 
.00 

-. 18 
-. 02 
+. 23 -. 11 
-. 26 +. 23 

-3.36 
+O. 51 
-1.23 - .21 
-2.05 
+O. 57 
-8.61 
-1.87 + 2.20 
+$.I4 

-3.33 
+O. 66 
-1.02 
-0.15 
-2. 14 
+O. 62 
-6.67 
-2. 28 
+l. 40 
+4.76 
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For a concrete case in which the mean eleva.tion of the surface 'is .67 mile (3 540 feet) 
h a O = -  - 8 -  

.67 
h, -178.6 2.67 = - .01. For this case the defect of density at  depth 5 miles is .037 or 

1 .037 1 
about of the normal surface density -%). At depth 62 miles the defect of density 

Chamhrlin 
compensation. 

. 6  dU 

. 4  du 

. 3  du 
3 6u 
. 2  bu 
. 2  du . 1 du 
. I  bv 
.O 

is only .009, and is less than .002 for all depths between 100 and 178.6 mibs. 
I t  is the judgment of the writer that it is not advisable, at  this time, to apply to the Cham- 

berlin compensation the two additional tests, indicated on page 153. I t  is probable that the 
additional evidence obtained would be too weak to be convincing. When more data are avail- 
able it may become advisable to apply these additional tests. 

Depth. 

Miles. 
80 
89 
98 

107 
116 
125 
142 
160 
178.6 

Depth. 

Miles. 
0 
5 
9 

18 
27 
36 
44 
53 
62 
71 

THE FLOATING CRVST HYPOTHESIS. 

Chamhrlln 
cornpeasation. 

3 . 6  du 
3. 7 du 
3 . 6  8, 
3 . 2  8u 
2 . 6  du 
2 . 0  Bu 
1 . 4  bu 
1 . 1  dU 
. 9  du 
. 8  bU 

The hypothesis has been made a t  various times and by various persons that the outer 
portion of the earth is a solid crust a few miles thick, floating on a liquid substratum of greater 
density. In order to show the bearing of the present investigation on this hypothesis, it will be 
taken in the concrete form in which it has recently been used in a discussion of deflections of 
the plumb line in India.* It is there essumerl that the solid crust is 25 miles thick below areas 
which are at  sea level, that its density (uniform) is 2.68 (that of grenite) and that the density 
of the liquid substratum on which it floats is 2.96 (that of basalt). I t  is assume(\ that this 
crust floats in the denser liquid substratum in the same manner that a laqe field of ice of vari- 
able thickness floats on water. To each elevated area on the surface of the cn~s t  there cor- 
responcia, on this assumption, a protuberance on the lower side of the crust such that the buoy- 
ancy due to the protuberance corresponds to tAe weight of the excess of mass above sea level. 
The buoyancy of the protuber~nce is represented by the excess of density (0.28 -2.96 -2.68) of 

1 0.28 
the liquid substratum. This is fi part of the density of tho crust (2.6R -g'6) and therefore 

the protuberance under each surface feature must be 9.6 times the elevation of that featlire 
above sea level. In the srt.icle referred to the elevation of the Tibetan plateau is stated to be 3 
miles, and the corresponding protuberance into the substratum to be 29 miles. 

Apply this hypothesis to the United States. The average protuberance, under the clrva 
covered by group 8 of the residuals (Nevada, and parts of California ancl IJtah, see p. 135 and 
~llustration No. 13) should be about 67 000 feet (20 000 meters) or nearly 13 miles. since the 
average elevation of this area is about 7 000 feet. On the other hantl, the area coveretl by grodp 
3 (portions of New Jeney, Delaware, Pennsylvania, Maryland, and Virginia) is nearly at sea 
level, the average elevation b ~ i n g  less than 100 feet, and ~hould have a corresponding pro- 
tuberance of less than 1 000 feet. So, also, the average elevations for groups 1 to 6, inclusive, 
is about 1 000 feet, and the corresponding protuberance should be-about 9 600 feet (2  900 

'On Deflections of the Plumb Line in India, by Rev. 0. Fisher, Appendix No. 1 of Vol. XVIII of Account of the 
Operatiom of the Great Tripnometrical Survey of India. The title of thin volume in Astronomical Observationn for 
Lstitude Made During the Period 1885-1WM and the Deduced Values of the Deflections of the Plumb Line. 



164 THFI FIGURE O F  THE EARTH A N D  ISOSTASY FROM MEASUREMENTS IN U. 8. 

meters) or nearly 2 miles. According to the hypothesis the thickness of the crust below sea 
level should be 38 ( =25 + 13) miles under group 8, 25 miles only under group 3, and about 27 
miles, on an average, under groups 1 to 6 combined. All of the isostatic compensation would, 
therefore, on this hypothesis occur between the depths 25 and 38 miles below sea level, under 
group 8, between 25 and 27 miles below sea level under groups 1 to 6, and the little compensa- 
tion under group 3 would occur at  depths slightly greater than 25 miles. I t  is obvious that, 
if this state of affairs actually existed, the mean depth of compensation would be much greater 
under group 8 than under groups 1 to 6, and the various tests applied in this investigation, see 
pages 142 and 143, to determine whether the depth of compensation is variable should show this 
relation of the depths of compensation. As a matter of fact the tests indicate that the depth 
of compensation is greater under groups 1 to 6, inclusive, than under group 8, instead of less. 
Though, as stated on page 143, the evidence of these tests is not strong enough to prove that there 
is a real difference of depth of compensation in the different regions,it is certainlysufficient to show 
that the depth of compensation can not be so much less under groups 1 to 6 than under group 8, 
aa is required by the hypothesis of a floating crust. The evidence is, therefom, suflicient to 
show that the floating crust hypothesis in the form stated above is not true for the United States. 

DEGREE OF COMPLETENESS OF COMPFNSATION. 

An indirect definition has already been given on page 67 for the expression "complete 
isbstatic compensation," "Let the depth within which the isostatic compensation is complete 
be called the depth of compensation. At and below this depth the condition as to stress of q r  

element of mass is isostatic; that is, any element of mass is subject to equal pressures from all 
directions as if i t  were a portion of a perfect fluid. Above this depth, on the other hand, each 
element of mass is subject, in general, to different pressures in different directions-to stresses 
which tend to distort it and to move it." 

In  other words, above the depth of compensation each element of mass is subject to a 
compressive stress which is appreciably greater in the direction of maximum compressive stress 
at  that point than is the compressive stress in the direction of minimum stress at  that point. 
This difference between the maximum compressive stress and the minimum compressive stress 
at  a given point is conveniently called a stress-difference. 

I t  is impossible, from any investigation based on deflections of the vertical alone, to deter- 
mine accurately the degree of completeness of the isostatic compensation, unless the mode of 
distribution of the isostatic compensation with respect to depth and the limiting depth of com- 
pensation are both known. For the deflections of the vertical, the observed quantities, depend 
upon the distribution and depth of the isostatic compensation a s  well as upon its degree of 
completeness. 

The residuals of solution G furnish a test of the departures of the facts from the assumed 
condition of complete isostatic compensation uniformly distributed to a limiting depth of 113.7 
kilometers. In  order to obtain definite ideas, let the whole of the residuals of this solution be 
credited to the incompleteness of the compensation. The conclusion as to the completeness of 
compensation will then be in error in that the actual approach to completeness will be con- 
siderably closer than that represented by the conclusion-that is, the conclusion will be an 
extreme limit of incompleteness rather than a direct meaaure. For by this process of reasoning 
every portion of a residual of solvtion G, due to the departure of the actual distribution of com- 
pensation with respect to depth from the assumed distribution, or due to the error in the assumed 
mean depth of compensation, or to regional variation from s fixed depth of compensation, or 
due to errors of observation in the astronomic determinations and the triangulation which 
affect the observed deflection of the vertical, or due to errors of computation, is credited to 
incompleteness of compensation. 

Such a limit to the degree of incompleteness of compensation is furnished by the following 
table. The ten groups of stations represented in the table are the same that were used in the 
tables on pages 135-137. Their geo&phic limits are shown on illustration No. 13. 
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The fourth column of the table furnishes a limit of the degree of incompleteness of the 
isostatic compensation. The approach to complete isostatic compensation is certainly closer 
than is represented by mean residuals without regard to sign. These means vary from 2".26 
in group 7 to 4".57 in group 10, and the mean is 3".04 for all observations. 

This measure is indefinite and not enlightening considered by itself, for the reason that from 
it alone one obtains no idea as to whether these residuals would be much larger if no isostatic 
compensation existed. 

The computed topographic deflections are the deflections which would necessarily be found 
if no isostatic compensation existed and if the densities beneath the surface were merely a 
function of the depth. Their mean values without regard to sign, as shown in the third column 
of the table, vary from 9".13 in group 5 to 66".35 in group 10, and is 32".26 for all observations. 
The reduction of the residuals below these mean values is the effect of the isostatic compensation. 
In  group 1 the isostatic compensation of the kind postulated in solution G has reduced the mean 
residual from 35".48 to 2".50 (the mean residual of bolution G)-that is, to only 0.07 of 35''.48. 
The departure from complete compensation as measured by this group is less than 0.07. 

The various groups separately indicate the departure from complete compensation to be 
from less than 0.42 for group 5 to less than 0.05 for group 9, and all observations combined indi- 
cate the departure to be less than 0.094. Group 5 shows a much wider departure from the 
mean value 0.094 than does any other group. The remaining groups show a range from 0.0.5 
to 0.13 only. 

The various values in the last column of the table do not indicate the departures from com- 
plete compensation within the areas covered by the separate groups-that is, one must not 
reason that complete isostatic compensation is approached within less than 0.05 by thr arrange- 
ment of densities beneath the area covered by group 9, and that it is only approached within 
somewhat less than 0.42 beneath the area covered by group 5. I t  should he recalled, in this 
connection, that in computing the topographic deflections all areas within 4 126 kilometers of 
each station were considered (see p. 131) and that the computed topographic deflection is not 
small for the outer rings of topography (see p. 127). These outer rings of topography which lie 
far beyond the limits of the particular group of observations which may be under consideration, 
necessarily produce deflections a t  the station unless isostatic compensation exists beneath said 
outer rings. Hence each value in the last column of the tabla is a test furnished by one group 
of the completeness of the isostatic compensation in and around the United States, rather than 
a test of the completeness within the area covered by that group alone. 

For the United States and adjacent areas it is safe to conclude from the evidence just sum- 
marized that the isostatic compensation is so nearly complete on an average that the deflections 
of the vertical are thereby reduced to less than one-tenth of the mean values which they would 
have if no isostatic compensation existed. One may properly characterize the isostatic com- 
pensation as departing on an average less than one-tenth from completeness or perfection. 

- 
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1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

All combined 

Number of 
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52 
54 
49 
50 
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43 
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t /  
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Tllis statement should not be interpreted as meaning that there is everywhere a slight 
deficiency in compensation. I t  is probable that under some areas there is overcompensation, 
as well as undercompensation in others. 

If one wishes to form some itlea of the extent to which the stress-differences in the earth 
have been reduced by the isostatic compensation below what they would have been if no iso- 
static compensation existed, it is necessary to supplement the evidence given by the above 
table by that given on illustrations Nos. 10,l I ,  and 12. A departure of one-tenth from complete- 
ness in the isostatic compensation under a given small land * area represents an excess or defi- 
ciency of mass above the 114-kilometer level (the assumed tlcpth of compensation) of one-tenth 
of the mass which is above sea level within that area, being an excess of mass if there is under- 
compensation and a deficiency if there is overcompensation. In order to estimate stress- 
diffewnces it is important to know whether the continuous land areas beneath which there is 
un<lercompensation, and therefore excess of load, are large or small, and similarly for the over- 
conlpensrttetl areas. The average elevation of the surface of the Unitecl States above sea level 
is about 2 500 feet.+ Therefore an average departure of one-tenth part from complete compen- 
sation corresponds to excesses or deficiencies of mass represented by a stratum only 250 feet 
thick on an average. The greater the size of the continuous areas over which there is an excess 
corresponcling to such a stratum the greater will be the existing stress differences. Illustrations 
Nos. 10, 11, arld 12 show that the residuals of solution G place themselves in many groups with 
respect to sign-that is, the continuous groups in which the residuals of the same kind are all of 
one sign are small, there being from 40 to 60 such groups within the area covered by this inves- 
tigation. From this it may be fairly inferred that the land areas of continuous undercompen- 
sation (excess of loat1 at  the 114-kilometer level), or, on the other hand, of overcompensation 
(deficiency of load at the 114-kilometer level), are about 50 in number in the area covered by 
this investigation, and 'are, therefore, of small average extent. If no isostatic compensation 
existed 'there. woulcL be an excess of load over the whole of the one continuous area covered by 
the continent. 

Keeping this cont~ast in mind, the writer believes that the stress-differences in and about 
the Ijnitetl States have been so reduced by the isostatic compensation that they are less than 
one-t wentieth as great as they would be if the continent were maintained in its elevated position 
an0 the ocean floor maintained in its depressed position by the rigidity of the earth. 

In making this estimate, the writer has also kept in mind that, even if the isostatic compen- 
sation were everywhere complete, the stress-differences in the material would not be zero, for 
as statetl in the definition of isostasy (see p. 66)) the condition ralletl isostasy is a condition of 
approxima te equilibrium (that is, small stress-differences), not perfect equilibrium (no stress- 
differences). 

EXTREME RIGIDITY VERSUS ISOSTASY. 

As statetl in connection with the definition of isostasy, page GG, if the heterogeneous material 
cornposing the earth were not a t  the outset so arranged that the density at  any point was simply 
a function of the tlcptli, the stresses protlucrtl by gravity would tent1 to bring about such an 
arrangelnent. An the material is not rt perfect fluid, as it has considerable viscosity, at least 
nenr tilt* surface, the rearrangement by gravity will be in~perfect . The contlition reached will 
tend to be that clondition o f  npprosimate rcluilibrium known u s  isostasy. 

In this investigation it has been found that the existing condition in ant1 around the United 
States is a close approach to isostasy. I t  has been tacitly assumed througllout this publication, 
as shown by the wording at various points, as for example on page 114, that the proofs that 

*The word "land" ie introduced here n~erely tct avoid confunion in the statement. The correnponding ~tate- 
ments of this and later wntencen may be made for wean areas, but, in making them, certain obvious exchanges of 
m i t i o n  of the word8 "exre~e" and "deficiency" and of ~"overcompeneation" and "undercompensation" must be 
made. 

f '. The Average Elevation of the United States," by Henry Gannett, Thirteenth Annual Report U. S: Geological 
Snrvey. Part 2, pp. 284-289. 
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the existing condition is a closc approach to perfect isostasy are necessttrily proofs that isostatic 
reatljustment has taken place, antl that, therefore, the material concerned in this readjustment 
is suficiexltly lacking in rigidity to allow of the readjustment. I t  has thus been tacitly assumed 
that the closer is the approach to perfect isostasy at present the less must be tlie effective 
rigidity of the material. 

I t  may be urged in objection to this tacit assumption that possibly the heterogeneous 
niaterial composing the earth was arranged at the outset in the particular manner corresponding 
to isostasy. 

Prof. T. C. Chamberlin has reached the conclusion that, according to the planetesimal 
theory of the formation of the earth, the effect of differential weathering and of vulcanism 
woultl tend to tlrrange the densities in the growir~g earth in this particular manner.* When 
the earth had attained sensibly its present size it woultl, according to this conclusion, be in 
an initial isostatic condition. On this basis it may appear, at first sight, that the discovery 
that isostasy now exists does not disprove the preaent existence of extreme rigidity. 

To proceed no farther than this in one's thinking is to ignore the overwhelming geologic 
evidence that, within the interval covered by the geologic record, which interval must have 
begun after the earth attained approximately its present size, many thousands of feet of material 
have been eroded from some parts of the United States antl adjacent regions and have been 
transferretl to and deposited upon other parts; that changes of elevation of the solid surface 
brought about in these antl other ways, amounting to thousancls of feet in each area critically 
examined by geologists, are the rule rather than the exception; and that these changes in eleva- 
tion have continued to take place in recent geologic time, and are probably still in progress. 
As soon ss this mass of geologic evidence is consideretl it becomes evident that if an initial con- 
dition of complete isostasy existed, antl if no isostatic readjustment hat1 taken place since that 
time, the departure from perfect isostasy would now be measurecl by the algebraic sum for 
each region of the great changes in elevation of its solid surface which have certainly taken 
place. But the present investigation shows that a much closer approach to perfect isostasy 
than this now exists. As stated on page 166, the excesses and deficiencies of mass which con- 
stitute the present departure from perfect isostasy are memured by a stratum only 250 feet 
thick on an average. The algebraic sum of the changes in elevation of the solid surface have 
probably been as mucli as ten times this, on an average, for the United States and adjacent 
regions. 

Moreover, it is not simply the variation in the elevation of the solitl surface which must 
be considered. I t  is estimated by competent authority that a series of strata from 8 to 10 
miles thick has been erotletl and carried away from certain areas in tlie western part of the 
Unitetl States, which are now broad antl lofty platforms carrying mountain ranges. The 
present elevation of these areas is less than 3 miles-the average elevation, not the elevation 
of the summits. The solid surface of this area was probably never as much as 11 to 13 milee 
above sea level. Tlie region probably rose as erosion ancl transportation took place and the 
solid surface may never have been more than 5 miles above sea level. The total change of 
elevation of the soli(1 surface may have been only 2 miles. But the clisturbance of initial istmtasy 
by such a change is measured by the difference of elevation between the present solid surface 
antl the position wllicll the restoretl surface woultl have if the removetl material were returned 
to its original position in relation to the present surface. The disturbance of the initial isostasy 
is measur~tl by the 8 to 10 miles of material which has been removecl. Tlie geologic eviclence 
indicates many l ~ r g e  changes of this character. I t  is, therefore, safe to say that the ciepartures 
from perfect isostatic compensation which exist at present in the Unitecl States and adjacent 
areas are much less than one-tenth of the disturbances of a possible initial isostatic condition 
which have occurred since the earth attained approximately its present size and the geologic 
record began. 

If isostatic readjustment had not been in progresR during the interval in which the 
geologic record waa being made, it would be impossible for the isostatic compensation to be so 

* See reference in footnote on p. 148. 
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nearly complete as it is now. I t  is necessarily true that isostatic readjustment has occurred 
and, therefore, it is necessarily true that the effective rigidity of the portions of the earth 
insolved in this readjustment has been low enough to allow the readjustment to take place. 

These are the considerations that lead to the belief that the smallness of the present depar- 
tures from complete isostatic cbmpensation is a proof of small effective rigidity. 

SOLUTION C, DEALING WITH LAND ONLY. 

There are many things in the literature of geography that tend to lead one to the belief 
that the sea bottom under the great oceanic areas is nearly horizontal and unbroken, having 
moderate slopes only, in contrast with the surface of the land areas, which are broken up by 
many mountain chains and are characterized by much steeper and more irregular slopes than 
seem to occur in the deep portions of the ocean. So, too, the literature of geology seems to 
indicate that many geologists believe that there has been comparatively little folding and 
crushing of the strata beneath the ocean, that the strata lie comparatively unbroken in nearly 
horizontal position, whereas on every continent folded, crumpled, and broken strata abound. 
These observations and beliefs lead naturally to the supposition that possibly under the oceans 
the vertical forces control in fixing the elevation of the sea bottom, and that, on the other hand, 
the continents are built, or a t  least largely modified, by the influence of the horizontal forces 
which produce fdlding, crumpling, overthrusts, and other phenomena. Upon this supposition 
one must expect that isostatic compensation will be found to exist under the ocean where the 
vertical forces control, and that under the land, though there might be some tendency toward 
isostasy, it would be so greatly obscured by the effects of horizontal forces as not t o  be clearly 
recognizable. 

I t  seemed desirable to make a solution of the observation equations, during the progress 
of this investigation, which would serve to test the validity of the above supposition. Accord- 
ingly, a solution, known as solution C, was made, in whibh the absolute term in each observation 
equation was the observed apparent deflection minus the topographic deflection as computed 
from the land areas only, all ocean areas being entirely ignored. This was readily done, since 
in the regular computations of the topographic deflections all values corresponding to ocean 
areas (negative elevations) were written in red, while for land areas (positive elevations) they 
were written in black (see p. 26). Solution C corresponds to the assurription that there is 
complete isostatic compensation of the defects of mass represented by the water of the oceans, 
by excesses of density in the material at  the ocean bottom, and that under land areas there is 
no isostatic compensation. The assumption is the same as for solution A (see p. 93) for sea 
areas (complete isostetic compensation at depth zero), and is the same as for solution B for 
land areas (no isostatic compensation). 

The following table shows the statistics of the residuals of this solution in comparison with 
those of the five principal solutions: 

These five tests nlade with all the residuals in one group all agree in showing that solution C 
is intermediate between solution A and solution B, being somewhat farther from the truth 
than solution A and niuc-11 nearer the truth than solution B. I t  is evidently much farther 
from the truth than any one of solutions E, H, and G. 

Similar tests applied to the smaller groups of residuals which were used in the tables on 
pages 135-137 confirm the tests made above. The only important exception to this is that for 

Solutlon 
C 

43.76 
4. 59 

31  
32 

+30.06 

Solbtion 
A 

27.46 
3. 92 

34 
29 

-22.35 

Solution 
B 

Solution 
E 

16.21 
3.06 

41 
18 

-16.47 

Mean value of the quare8 of the residuals 
Mean values of residuals without regard to sign 
Percentage of residuals lese than 2/'.00 
Percentage of residuals greater than 5".00 
Maximum residual 

C 

129.06 
8.86 

15 
66 

+43.84 
I 

Bolution 
I3 

15.82 
3.04 

43 
18 

-15.74 

&lutlm 
G ------ 

15.81 
3.04 

43 
18 

+15.94 



group 5 (Michigan, Minnesota, and Wisconsin), the four tests by the mean square of the residuals, 
by mean residuals, by percentage of residuals less 'than 2".00, and by percentage of residuals 
greater than 5".00, each indicates that solution C' is as near or nearer to the truth than solutions 
E, H, and G. 

The evidence rts u whole indicates that the assumption lisetl in solution C, that there is 
complete isostatic compensation close to the bottom of the sea and no isostatic compensation 
under the land, is somewhat farther from the truth than the assumption used in solution A, 
that there is conlplete isostatic compensation a t  depth zero everywhere under both sect ancl 
land. I t  also proves that the assumption of solution C is much farther from the truth than 
the assumption used in solution G, that everywhere under both sea and land there is complete 
isostatic cornpensation uniformly distributed throughout the depth 113.7 kilometers. 

The evidence contains no indication that sea and land areas differ with respect to isostatic 
compensation. 

The assunlption upon which solution C is based differs from that on which solution A is 
based in one respect only, namely, that, whereas in solution C there is assumed to be no isostatic 
compensation beneath land areas, in solution A there is assumed to be complete isostatic 
compensation a t  depth zero beneath the land areas. The fact, then, that the residuals are 
considerably smaller in solution A than in solution C, the mean square of the residuals being 
lass than two-thirds as great, is positive proof that isostatic compensation exists beneath the 
land areas. 

I t  follows, moreover, that it is an isostatic compensation of the separate topographic 
features of the continent, not a compensation merely of the continent as a whole. In solution 
A it is a compensation of separate features which is assumed. An inspection of the numerical 
values of the computed topographic deflections, and of the deflections computed with isostatic 
compensation considered, shows that merely to have assumed the continent as a whole to be 
con~pensated, not its separate topographic features, would have given a solution resembling 
solution C much more closely than solution A. 

In  the above statement that the separate topographic features of the continent are com- 
pensated, it is not intended to assert that every minute topographic feature, such, for example, 
as a hill covering ct single square mile, is separately con~pensated. I t  is believed that the 
larger topographic features are compensated. I t  is an interesting and important problem 
for future stutfy to determine the nlaximun~ size, in the horizontal sense, which a topographic 
feature may have and still not have beneath it an approximation to complete isostatic com- 
pensation. I t  is certain, from the results of this investigation, that the continent ~9 a whole 
is closely compensated, and that areas as large as States are also closely compensated. I t  is 
the writer's belief tliat each area as large as one degree square is generally largely compensated. 
The writer predicts that future investigations will show that the maximum horizontal extent 
which a topographic feature nluy have and still escape compensation is between I square mile 
and 1 square degree. This prediction is based, in part, upon a consideration of the mechanics 
of the prohlenl. 

THE AREA METHOD SUPERIOR TO THE ARC METHOD. 

The nrc method of deducing the figure of the earth may be illustrated by supposing that 
a skillet1 model maker is given several stiff wires, each representing a geodetic arc,either of a 
parallel or a meridian, each bent to the radius deduced from the astronomic observations on 
that arc, and is told in what latitude each is located on the gmid, and then requested to con- 
struct the ellipsoid of revolution \vhich will conform most closely to the bent wires. Similarly, 
the area methoci is illustrated by supposing that the model maker is given a piece of sheet 
metal cut to the outline of the continuous triangulation which is supplied with the necessary 
wtronornic observations, nncl nccurntely molded to fit the curvatures of the geoid as shown bx 
the astronomic observations, iind that he is then requested to ronst~vct the ellipsoid of revo- 
lution ~-11ich will conform most uccu~.ately to the bent sheet. Such a bent sheet essentially 
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includes within itself the bent wires referred to in the first illust~.ation, and, moreover, the 
wires are now held rigidly in their proper relative positions. The sheet is much more, however, 
than this rigid system of bent lines, for each arc usually treated as a line is really a belt of con- 
siderable width, which is now utilized fully. I t  is obvious that the model maker would succeed 
much better in constructing accurately the required ellipsoid of revolution from the one bent 
dee t  than from the several bent wires. 

The preceding paragraph is a general statement by analogy of the advantage of the area 
method over the arc method. The three paragraphs which follow give, in more acc.urate and 
definite form, the advantages of the area method as considered from three different points of 
view. 

If one is to use the area method it is not necessary to carry the triangulation approxi- 
mately along arcs of meridians or along arcs of parallels, and similarly to limit the location of 
astronomic stations. One is psrfectly free to carry the triangulation forward wherever and in 
whatever direction the topography and other conditions are most favorable to rapid and 
economical progress. The solution by the area method is general, and will fully utilize all the 
observations of astronomic latitude, longitude, and azimuth in whatever way they are distrib- 
uted with respect to each other. This is the important and essential advantage of the area 
method over the arc method, as seen from the point of view of one who is in general charge of 
field operations. 

In  the arc method some important rigid conditions, connecting arcs which intersect each 
other, are neglected, with a consequent loss of accuracy in the derived results. This neglect 
does not occur in the area method. For example, if an arc of a meridian and an arc of a parallel 
cross each other, the triangulation involved in the two arcs being in reality continuous, no 
account is taken in the arc method of the fact that for any triangulation station common to the 
two arcs the two latitudes derived from the two arcs must be identical, the two longitudes 
must be identical, and the two azimuths from that station to some other station must be iden- 
tical. These are three rigid conditions which exist in nature, but do not occur in the arc method 
of solution. On the other hand, in the area method all such conditions are fully taken into 
account in the equations used, with a consequent increase in the accuracy of the derived 
results. The increase in accuracy will evidently be greater, the greater is the number of arcs 
involved and thegreater is the number of connections which exist between them. For the United 
States the increase in accuracy is believed to be great. This is the advantage of the area method 
over the arc method from the point of view of one who is in general charge of comptltationa 
having for their purpose the determination of the figure and size of the earth. 

The dotermination of the figure and size of the earth is not the only valuable scientific 
result to be obtained from-geodetic observations. Probably the slight increase in accuracy of 
this determination is not the most important result to be obtained from a further study of 
existing observations and from additional observations. Still more important than this are the 
determinations of the existence or nonexistence of isostasy, the determination of the com- 
pleteness and distribution with respect to depth of the isostatic cornpensetion, and, in general, 
the determination of the distribution of subsurface densities. These are prob~bly more impor- 
tant because they have a broad bearing upon many of the fundamental problems of geology and 
geophysics. Theae determinations may be made by studying the residuals of computations 
of the figure and size of the earth, these residuals representing the unexplained deflections of 
the vertical. Evidently the greater t,he continuous area covered by any one computation all 
on one geodetic datum, and the greater the number of observed deflections within this area, 
the more reliable will be the conclusions from that investigation. If the area is small, the con- 
clusions may be vitiated by some abnormal or unusual distribution of densities having a 
systematic effect over a considerable portion of the area. If a small number of deflections 
are used, the conclusions reached may be biased by the existence of one or a few very large 
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residnals. Hence, there is great advantage, as seen from the point of view of one who desires 
to study the distribution of subsurface densities, in the flexibility of the area method, which 
allows of the ready extension of both field and office work continuously and on one basis over 
large areas of any shape. 

INCREASED ACCURACY RESULTING FROM THE RECOGNITION OF ISOSTASY. 

I n  the computations of the figure am1 size of the earth heretofore made from geodetic 
observations, as, for example, the Ressel and the Clarke computations, the possible existence 
of isostasy was not recognized in the methods used. The computations were made on the 
same basis as solution A of this investigation. This basis is the assumption that there is com- 
plete isostatic compensation at  depth zero; that there exists immediately below every elevation 
(either mountain or continent) the full compensating defect of density, and that at  the very 
surface of the ocean floor there lies material of the excessive ensity necessary to compensate X for the depression of this floor. But that this was really the asis of the computation has not 
apparently been recognized. The practice has been merely to treat deflections of the vertical 
as accidental errors. This is an implicit assumption that the deflections of the vertical are 
independent of the known topography, which can not be true unless complete isostatic com- 
pensation exists at  depth zero. 

If in the present investigation the existence of isostasy had not been definitely recognized, 
solution A would have been the only solution. But the existence of isostasy wlis recognized. I t  
was realized that it must be dealt with in some more reasonable way than that represented bv 
solution A with its extreme and improbable assumption of complete isostatic compensation a t  
the very surface. There was introduced into the investigation the idea that the isostatic com- 
pensation must be distributed through some finite depth much less than the earth's radius, and 
the processes of computation were so arranged as to give a determination of the most probable 
value of the depth of compensation. The final outcome of the introduction of the assumption 
of isostasy in a definite and reasonable form into the problem of determining the figure and size 
of the earth has been solution G of this investigation. The increased accuracy of solution G 
over solution A is, therefore, the measure of the improven~ent in the determination of the figure 
and size of the earth due to a proper recognition of isostasy. The substitution of solution G 
for solution A reduced the sum of the squares of the residuals from 13922 to 8013. If the weight 
of the determination of the figure and size of the earth-that is, of the equatorial radius, flatten- 
ing, and polar semidiameter-from solution A be called unity that of the determination from 

If the isostatic compensation is as nearly complete under other countries as it IS undcr 
tho United States, and the writer sees no reason to doubt that it is, a similar increase in accu- 
racy may be matle by a similar recognition o f  isostasy in connection with computations of the 
figure and size of tha earth from tho great Inass of geodetic observations which have already 
been rnatle in rarious parts of the worid. 

COMPARISON WITII OTHER DETERMINATIONS OF THE DIMENSIONS OF THE EARTH. 

I t  is desirable to compare the dimensions of the earth, tlerivetl from such an investigation 
as this, in wllich wide departures have been made from past practice, with the tlimensicjns 
previously derived by methods which have been generally accepted. It is desirable that one 
who is skeptical in rcgartf to the validity of the new cleparturcs shoultl seo such a comparison 
in ortlcr that ho may have a check upon tho new methods. On tlio other hand, it is clesirable 
that on0 who believes fully in the new methods should have a definite idea of the size and sign 
of the corrections which must, according to the new determination, be applied to previously 
accepted values. 
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The following tables show a comparison of the accepted final values from this investigation 
(from solution G) which will, for convenience, be designated as Coast and Geodetic Survey 
1906 values, with the well-known Bessel and Clarke values: 

Equatorial Reciprocal of Polar semi- 
radius. Battening. diameter. 

Meters. Meurr. 

Bessel 1841 6377397 299.2 6356079 
Clarke 1866 6378206 295.0 6356584 
Clarke 1880 6378249 293.5 6356515 
Coast ant1 Geodetic Sur- 

vey 1906 6378283 297.8 6356868 
f 3 4  f 0 . 9  

The comparisons expressed jn the form of corrections which must be applied to the older 
values to give the new valiles ate as follows: 

Equatorlai Reciprocal of Pol= aeml- 
radlus. Battening. diameter. 

Metcta. Mcicrr. 

C. & G. S. 1906 - Bessel 1841 +886 - 1 . 4  + 789 
C. & G. S. 1906 - Clarke 1866 + 7 6  + 2 . 8  + 284 
C. & G. S. 1906 - Clarke 1880 f 3 4  + 4 . 3  + 353 

The flattening as derived from this investigation falls between the Bessel and the Clarke 
values. The equatorial radius agrees closely with the Clarke values. The polar semidiameter 
agrees more closely with the Clarke values than with the Bessel values. Both the equatorial 
radius and polar semidiameter are greater than the values derived by either Bessel or Clarke. 
The comparison shows no wide departures of the new values from previously accepted values, 
but does contain a strong indication that, as judged by the new investigation, both the equatorial 
radius and polar semidiameter formerly accepted are too small. 

I t  is desirable to supplement these comparisons with the old classical values by comparisons 
with the best recent values. 

According to Dr. F. R. Helmert, the director of the Central Bureau of the International 
1 

Geodetic Association, the best) value now available for the flattening is 29i.3. This value was 

derived from pendulum observations alone, being the flattening corresponding to Helmert's 
formula of 1901, expressing the relation between gravity at  sea level and the latitude, namely, 

Helmert considers this value to be more exact than any value which can be obtained from 
measurements of geodetic arcs even though the arcs of recent decades be utilized.+ 

~- 

*Der normale Theil der Schwerkraft im Xeeresniveau, von F .  R. Helmert, S .  318-396. Sitzung~berichte / der 
Kijniglirh Preussischen / Akademie der Wiesenschaften / zu Berlin, Jahrgang 1901, 1 E ~ t e r  Halbband, Januar \,in 
Juni. See also, Bericht iiber die relativen Messungen der Schwerkraft mit Pendelapparaten fur den Zeitraum von 
1900 bis 1903, unter hlitwirkung von F. R. IIelmert erstattet von E .  Rorraae, S. 138-136, Verhandlungen / der vom 4 bis 
13 August 1903 in Kopenhagen abgehaltenen / Vierzehnten hllgemeines Conf'erenz der / Internationalen Erdmeseungl 
Redigirt vom standigen Secret* / H. G. van de Sancle Bakhuyzen. / 11. Theil : Bpezialberichte. 

t H i s  statement on this point is eo important that it is here reproduced in full. "In den Sitzungsberichten von 
1901, Marz, habe ich die Abplattung der Erde aus den ?ile~sungsergebniesen for die Sqhwerkraft zu 1:298.3 abgeleitet. 
Der niittlere Fehler des Nenners dieser Zahl ist nur -c 1 .l. Sie erevheint dadnrch besonders peeichert, dass liustennta- 
tionen und Festlands~tationen je fur sich ganz zu tlemrelben Kerte fiihren. Seitdem i.ut di~rch I-Ierkere Reetimmung 
der Schwerkraft auf dem Atlantischen Ozean die Grosoe der Schwere daselbst alw gut entrprerhend der Fertlandsformel 
fiir die Anderung der Schwerkraft mit der peographirchen Rreite erkannt worden (Sitzungsberichte von 1902, Februar). 
Ich glaube darin eine weitere ISestatigung de* Abplnttungenertez 1 :298.8 erblicken zu konnen, insofern dadurch die 
Existenz der elliptischen Gestalt gesicherter geworden i-st. Jedenfalls dtirfte deraelbo erheblich genauer seiri nls 
derjenige, den man aus den Gradrnessungen ableiten kann, trotzdem dieselben in den 1etzten.Jahrzehnten auecler- 
orclentlichan Umfang zugenommen haben." SeeDie Groree der Erde, von F. R. Helmert, S .  525-537. Sitzungeberichte/ 
der / Iiiiniglich Preus~ischen / Akadernie der LVissenschaften. / Jahrgang 1906 / Ertter EIalbband, Januar bie Juui.  
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Again in 1907 in response to a request for best values to be used in concluding the triangula- 

tion of Egypt, Doctor fielmert furnished* this same value for the flattening, ggg I t  is 

important to note that this value was furnished for use in connection with triangulation. 
I n  view of the great confidence placed by Doctor Helmert in this value 298.3 f 0.7f it is 

important to note the close agreement with it of the C. & G. S. 1906 value for tho reciprocal of 
the flattening, namely, 297.8f 0.9. The two values agree within the probable error of either 
one, though the two values depend on different kinds of observations made in different parts of 
the earth. The close agreement of the value from this investigation with Helmcrt's valuc is 
significant as showing what accuracy can be secured with the geodetic observations of a single 
country when treated by the method pursued in this investigation. 

The latest statement known to the writer from Doctor FIelmert in regard to the most 
probable value of the equatorial radius is dated February, 1907.* Referring to his own article, 
entitled, "Die Grosse der Erde," from which the quotation in the footnote on the preceding page 
is made, he gave as the mean valuc derived from that investigation, a = 6 378 150 meters, and 
adds that this becomes about a = 6  378 140 meters, if the condition be introducetl that the 

1 
flattening is - The C. & G. S. 1906 value is a = 6  378 283 f 3 4  meters, only 143 meters 

298.3' 
greater than the above value which is consideretl to be the most probable by Doctor IIelmert 
when he excludes from consideration the measures made in the United States.$ I t  is significant 
that here again the value from this investigation is slightly larger than that derived from arc 
measures elsewhere computed by a different method. 

From the data given in the preceding paragraph, being those consideretl most probable by 
1 

Doctor Helmert, r~amely, a = 6  378 140 antl the flattening ,---, it follows that khe polar semi- 298.3 
diameter is b-6 356 758 meters. The C. & G. S. 1906 value is b = 6  356 868 meters, only 110 
meters greater than the value considered by Helmert as most probable when observations 
comprised in tohe present investigation are excluded from consideration. I t  is again significant 
that though the agreement is close the C. & G. S. 1906 value is the larger o f  the two. 

Is  i t  mere chance that for both the equatorial radius and the polar semitliameter the C. & 
G. S. 1906 values are larger than the Bessel, Clarke, and Helmert values? Or is there a funtlu- 
mental reason for expecting such a relation? The Bessel, Clarke, antl IIelmert values have 
been derived from computations in which the deflections of the vertical are treatetl as being 
accidental errors, this being the practically universal method of treatment. Unusunlly large 
deflections observed in mountainous regions have frequently been rejected from such compu- 
tations, but the remaining deflections which were retained have been treatetl as accit lentttl 
errors. According to the present investigation they should not be so treatetl. Accortling 
to this investigation, the deflections are systematic with respect to the topography, nntl the 
relation is approximately such an one for each continent as that fixed (in solution G )  hy the 
computations of topographic deflections with isostatic compensation considered as complete 
and extending to a finite depth. Considered broadly, such deflections are tlisplaccments of 
the zenith a t  each station away from the center of mass of the continent, or a tlisplacemcnt 
of the nadir toward it. Consult, for example, the computed deflections for tleptll 113.7 kilo- 
meters, as given on pages 48-56, and use illustration KO. 13, at the entl of this volume, to 
show the relation of sach station to the continent. Such systematic deflections when allowetl to 

*Rapport sur lee Travaux du BureauCentralde l'hssociation Geodhique Internationale en 1906 et Programme des 
Travaux pour IfExercice de 1907, p. 5. 

t.4 probabie error of k0.7 corresponds to the mean error of %1.1, given by Helmert in the quotation shown in the 
lest footnote on the preceding page. 

$In the aeme publication, after taking into account the recent geodetic measurements made in the United State, 
those concerned in thia investigation, the moet probable value as given by Helmert is a = 6 378 200 metere, differing by 
only 83 meten, from the value derived in this investigation from observations in the IJnited States alone. 
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enter as if they were accidental errors into a computation of the earth's dimensions, in accord- 
ance with the usual past practice, must evidently tend to make the computed values of the 
radii of curvature and of the earth's dimensions somewhat too small if the geodetic arcs used 
are confined to one continent. As this is true for each separate determination from a single 
continent, it is also true that even when results from various continents are combined the 
computet\ values must still beslightly too small. Of course, any particular one of the arcs 
used, if it spans a part of a continent only, and especially if .it simply spans a single broad 
valley, may be affected by a systematic deflection of the zenith toward, instead of from, its 
center and so give too large a value for the earth's dimensions. But, broadly speaking, and for 
averages of many arcs, continental arcs span elevations, rather than depressions, and the 
topography within the area covered by the triangulation of each continent is properly repre- 
sented by a dome rather than a basin. hforeover, the effect of the negative masses represented 
by the great oceanic depths which surround every continent produce deflections of the zenith 
which are systematically toward the oceans and so cooperate with the effect of the topography 
of the continent itself in tending to make the derived dimensions of the earth too small as 
ordinarily computed in the ptmt. In considering the relations of ddections of the vertical to a 
continent, one should think of the continent as the whole of the great mass which stands above 
the level of the ocean bottoms rather than the comparatively small mass which stands above 
sea level. 

In  this connection an examination of illustration No. 17 at the end of the volume and 
the ogmments upon it, on pages 63-65, will be instructive. This illustration shows the shape of 
that portion of the geoid which lies beneath the United States. Note that the highest part 
of the geoid corresponds approximately in horizontal position to the highest great land masses 
in the United States; that the contour lines of the geoid near the coast by their approach to 
parallelism with the coast and by steep slopes indicate that the oceans have a strong influence 
on the deflections of the vertical; and that, as a whole, the geoid surface for the United .States 
as referred to the Clarke spheroid, tends to be convex upward. 

For the reasons given in the preceding paragraphs, one should expect the C. & G. S. 1906 
values of the tlimensions of the earth to be systematically larger than values previously derived, 
and that is the observed fact. Moreover, if an approach to complete isostatic compensation 
exists, extending to a moderate depth, the C. & G. S. 1906 equatorial radius and polar semi- 
diameter have been brought nearer to the truth in being made larger than formerly accepted 
values by properly taking into account the systematic portion of the deflections of the vertical, 

SUMMARY OF CONCLUSIONS. 

The princi~al conclusions are here summarized for the convenience of anyone who wishes 
to obtain a general view of the scope and of the results of this investigation. Page references 
are given for the convenience of those who desire to look up the basis of particular conclusions. 

The most probable values for the dimensions of the earth which can be derived from the 
observed deflections of the vertical in the United States used in this investigation are: 
Equatorial radius of the earth, meters.. ........................................................ 6 378 283 j= 34 
Reciprocal of flattening.. .................................................................... 297.8 & 0.9 

................................................................. Polar semidiameter, meters. 6 356 868 

The probable errors given above were computecl directly from the residuals on the assump- 
tion that all the errors involved are accidental in character. As there is some evidence of 
systematic errors, these probable errors shoulcl be slightly increased to represent the actual 
uncertainties in the values (pp. 105, 106, 115, ant1 116). 

From general studies of observed deflections of the vertical in the United States, corrobo- 
rated by similar observations in other countries, it appears that there must be some general 
law of distribution of subsurface densitiep which fixes a relation between subsurface densities 
and surface elevations such as to bring about an incomplete balancing of deflections procluced 
by the topography, on the one hand, against deflectdone produced by variations in subsurface 
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densities, on the other hand. The theory of isostasy postulates such a relation between sub- 
surface densities and surface elevations. Therefore it is important to investigate the condition 
called isostasy in connection with any extensive investigation based on observed deflections of 
the vertical (pp. 65-66). In the condition called isostasy the excess of matter above sea level at  
each part of the earth's land surface is compensated by a defect of density below that part, 
and the surface defect of matter a t  each part of the earth's surface which lies below sea level 
is compensated by an excess of density below that part. For full definitions of "Isostasy," 
"Isostatic compensation, " and "Depth of compensation" see pages 66-68. 

For the United States and adjacent areas it is certain that the assumption that the condi- 
tion called isostasy exists is a much closer approximation to the truth than the assumption 
that it does not exist (pp. 114, 115, 139). 

The best working hypothesis as to the relation of the isostatic compensation to depths 
below the surface is that the isostatic compensation is uniformly distributed with respect to 
depth from the surface to the limiting depth of compensation. This hypothesis lenda itself 
very readily to computation. It seems to the writer to be the most probable simple assumption. 
Other plausible assumptions which are not mutually exclusive differ in different directions 
from it in such a manner that it may be considered to be a mean of several such aeaumptiona 
(pp. 147-149). 

For the United States and adjacent areas, if the isostatic compensation is uniformly distrib- 
uted with respect to depth, the most probable value of the limiting depth is 70 milea (113 
kilometers), and it is practically certain that the limiting depth is not less than 50 milee (80 
kilometers) nor more than 100 miles (150 kilometers) (p. 146). 

The observations of deflections of the vertical now available in the United States are not 
competent to determine the distribution of the isostatic compensation with respect to depth 
(pp. 153, 159, 162). 9 

For the United States and adjacent areas, if the isostatic compensation is greatest at  the 
surface and decrews uniformly with respect to depth until it becomes s m  at the limiting 
depth, the most probable value of the limiting depth is 109 miles (175 kilometers) (p. 159). 

For the United States and adjacent areas, if the isostatic compensation is uniformly dis- 
tributed through a stratum 10 miles (16 kilometers) thick, the most probable depth for the 
bottom of this stratum is 37 miles (60 kilometers) (p. 153). 

For the United States and adjacent areas, if the isostatic compensation is distributed with 
respect to depth according to the law postulated by Prof. T. C. Chamberlin, the most probable 
value of the limiting depth is 179 miles (287 kilome&rs) (p. 162). The Chamberlin distribution 
of compensation within this limiting depth is illustrated by numerical values on pages 162, 163. 

The assumption, which, from certain geographic and geologic evidence appears reasonable, 
that isostatic compensation exists under sea areas, but not under land areas, is far from the 
truth (pp. 168, 169). 

The isostatic compensation existing under land areas is not merely a compensation of a 
continent as a whole. I t  is a compensation of the separate large topographic features of the 
continent (p. 169). 

There are some indications in the evidence that the depth of compensation is greater in 
the eastern and central portions of the United States than in the western portion. The indi- 
cations are not sufficient, however, to prove that there is any real variation in depth of com- 
pensation (pp. 142, 143). 

The hypothesis that the outer portion of the earth is a solid crust a few miles thick floating 
on a liquid substratum of greater density is not true for the United States (pp. 163, 164). 

For the United States and adjacent areas it is'a safe conclusion that the isostatic colhpen- 
sation is now so nearly complete, on an average, that the deflections of the vertical are thereby 
reduced to less than one-tenth of the mean values which they would have if no isostatic compen- 
sation existed. In  this sense one may properly characterize the isostatic compensation as 
departing, on an average, less than one-tenth from completeness or perfection. I t  is probable 
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that under some areas there is overcompensation, as well as undercompensation in others 
(pp. 165, 166). 

The present close approach to perfect isostatic compensation in the United States and 
adjacent areas is not due to an initial arrangement of densities giving such a close approxima- 
tion at the time of the beginning of the geologic record. The present close approach to perfect 
isostatic compensation in the United States and adjacent areas is a proof that the outer por- 
tion of this part of the earth has a small effective rigidity. The departures from perfect isostatic 
compensation are a measure of the effective rigidity of the material involved in isostatic read- 
justment (pp. 166-168). 

The two paragraphs which immediately precede this are combined in the statement in the 
following two sentences: For the United States and adjacent areas the assumption of extreme 
rigidity is far from the truth. The United States is not maintained in its position above sen 
level by the rigidity of the earth but is, in the main, buoyed up, floated, because it is composed 
of material of deficient density. 

The writer estimates that the stress-differences in the material in and about the United 
States have been so reduced by isostatic compensation that they are less than one-twentieth as 
greet as they would be if the continent were maintained in its elevated position and the ocean 
floor maintained in its depressed position by the rigidity of the earth (p. 166). 

This investigation of the figure and size of the earth and of isostasy would be appreciably 
strengthened by the introduction into the triangulation of more Laplace points (points at  
which there are coincident determinations of astronomic longitude and astronomic azimuth) 
(pp. 101, 122). 

The area method of dealing with observed deflections of the vertical is superior to the arc 
method, both in furnishin a higher degree of accuracy in the determinations of the figure and % size of the earth, and in being more effective in developing the facts as to the distribution of 
subsurf ace densities.(pp. 169-17 1 ). 

The ilitroduction into the computation of the assumption of isostasy in a definite and 
reasonable form has reduced the sum of the squares of the residuals from I 3 922 to 8 013, and 
has increased the weight of the determinations of the equatorial radius, flattening and polar 
semidiameter from 1.0 to 1.7 (p. 171). 

The writer believes that a similar increase in accuracy may be made by a similar recognition 
of isostasy in other parts of the world, in connection with computations of the figure and size of 
the earth from the great mass of geodetic observations which have already been made (p. 171). 

The size of the earth as computed from observed .deflections of the vertical without taking 
isostasy into account should, in general, be smaller than the truth (pp. 173, 174). 

A emparison of the value of the flattening of the earth, as derived from this investigation 
based on observed tleflections of the vertical in 8: single country, with the value derived from 
observations of a different kind (of the intensity of gravity), scattered over the whole earth, 
indicates that the method pursued in this investigation is very effective in confining both the 
accidental and the systematic errors of the final results within narrow limits. A similar com- 
parison of the equatorial radius, flattening and polar semidiameter, as derived from this investi- 
gation, with values based upon the general consensus of all evidence available from geodetic 
observations, furnishes a confirmation of this indication. In  other words, the external evidence 
cited confirms the internal evidence of this investigation that the methods used in it are very 
effective in eliminating the effects of systematic as well as accidental errors (pp. 171-173). 
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